On the Optimal Control of
Non-Newtonian Fluids
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Abstract. We consider optimal control problems of systems governed by sta-
tionary, incompressible generalized Navier-Stokes equations with shear-dependent
viscosity in a two-dimensional or three-dimensional domain. We study a general
class of viscosity functions which switches between shear-thinning and shear-
thickening behaviour. We prove an existence result for such class of optimal
control problems.
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1 Introduction

This paper is devoted to the proof of existence of solution for a distributed
optimal control problem of a viscous and incompressible fluid. The control and
state variables are constrained to satisfy a system with shear dependent viscosity
which switches between shear-thinning and shear thickening behavior.

More specifically, we deal with a quasi-linear generalization of the stationary

Navier-Stokes system described as

—div (S(Dy))+y-Vy+Vp=u in Q
divy =0 in (1)
y=0 on 0N ,
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where S is the extra stress tensor given by

S(m) = (1 +[n))*=~2y

and a(z) is a positive bounded continuous function. The vector y denotes the
velocity field, p denotes the pressure, Dy = %(Vy + (Vy)T) is the symmetric
part of the velocity gradient, u is the given body force and Q (n =2 or n = 3)
is an open bounded subset of IR".

System (1) can be used to model steady incompressible electro-rheological fluids.
It is based on the assumption that electro-rheological materials, composed by
suspesions of particles in a fluid, can be considered as a homegenized single
continuum media. The corresponding viscosity has the property of switching
between shear-thinning and shear-thickening under the application of a magnetic
field. This model is described and analyzed in [13, 14, 15] or [7]. More recently,
in [5], the authors proved the existence and uniqueness of a C1:7(Q) N W22(Q2)
solution under smallness data conditions for the system (1). This regularity
result motivate us to the analysis of the associated distributed optimal control
problem that we describe in the following.

Let us look for the control u and the corresponding y,, solution of (1) such that

the pair (y.,u) solves

Minimize J(u,y,)
(Pa) '
subject to (1)

where J : L2(Q) x Wy*(2) — IR is given by

1 v
J(u,y) = §/|yu—yd|2dx+§/|u|2da:. (3)
Q Q

and y, denotes a fixed element of L%().

Such type of optimal control problems has been subject of intensive research in
the past decades. For systems governed by non-Newtonian fluids we mention
the results in [1, 3, 4, 8, 9, 12, 16] where the authors used several techniques to
deal properly with the shear-thickening and shear-thinning viscosity laws, both
in the 2D and 3D cases. For the existence of solution, such techniques consist in

exploring correctly the properties of S in order to establish compactness results



necessary for the application of the direct method of the calculus of variations.
Our purpose here is to show that, based on the regularity results in [5], it is
possible to easily extend these ideas to the case of electro-rheological fluids
modeled by (1). Treating the optimality conditions associated to (P,) is also
an important, yet delicate, issue. We will therefore postpone this to be treated
elsewhere.

In section 2 we introduce the notation that we are going to use, and we recall
some useful results. In section 3 we characterize the tensor S including the
continuity, coercivity and monotonicity properties. Finally, in section 4 we

prove our main existence result.

2 Notation and classical results

We denote by D(£2) the space of infinitely differentiable functions with compact
support in Q, D’(Q) denotes its dual (the space of distributions). The standard
Sobolev spaces are represented by W*<(Q) (k € IN and 1 < a < 00), and their
norms by || - [|x,p. We set W%*(Q) = L*(Q) and || -||o = || - ||z« The dual space
of W*(Q) is denoted by W14 (Q) and its norm by | - || _1.or. We consider

the space of divergence free functions defined by
V={yeD@)|V-v=0},

to eliminate the pressure in the weak formulation. The space V,, is the closure

of V with respect to the gradient norm , i.e.
V, = {wewé’“(ﬂ) |v-¢=o}.
The space of Holder continuos functions is a Banach space defined as

Cm(Q) ={y e C™Q): |yl

C7n,'y(Q) < OO}

where

¥lcmr@ = D 1Dl + Ylema@), (4)
|| =0



Wloma (@)= 30 swp PRl o,

la|=m {z1,52€Q,21#72}

for m a nonnegative integer and 0 < v < 1 and

dlaly

Dy = ——+
y Oxit...0xp"

n
for a = (v, ..., ), a; € INg and |a| = > ;.
i=1
We recall now two important inequalities.
Lemma 2.1 (Poincaré’s inequality). Let y € Wy*(Q) with 1 < o < +oo.
Then there exists a constant Cy depending on « and € such that

[¥lla < Cr(a, D[ Vyla-

Proof. [2].

Lemma 2.2 (Korn’s inequality). Let y € Wy ®(Q) with 1 < a@ < +00. Then

there exists a constant Co depending on € such that

Ca2(Q)ly|

1,a < HDya||(x~

Proof. [11].

Finally two simple, yet very useful, properties of the convective term.

Lemma 2.3. Let us consider u in Vo and v, w in Wy(Q), then

(u-Vv,w)=—(u-Vw,v) and (u-Vv,v)=0. (5)

3 Extra tensor properties

We assume that the tensor S : IRy, — IRZ " has a potential, i.e. there exists

a function ® € C2(IR}, IR}) with ®(0) = 0 such that



0% (|n|*)

=29 (|n*)nij,  S(0)=0
i (In17) m4 (0)

Sij(n) =

for all n € IR (here IR]" consists of all symetric (n x n)-matrices). An

example of such tensor is the one we are going to work with:
S(m) = (1+ [n)*@ =2
where a(x) is a continuous function in  such that

a(r) : Q— (1, +00)
and
1< s <alz) <ay < 400 (6)
min a(r) = deo,

max a(zr) < a9 for ap> 2.

The case 1 < a(z) < 2 corresponds to shear-thinning behaviour fluids for vis-
cosity, whereas a(x) > 2 corresponds to shear-thickening. The case a(z) = 2
corresponds Newtonian case. For such a(z), it can be proved that S satisfies

the standard properties

PROPERTIES 3.1. Consider « € (1,00), C3 and Cy positive constants we have

Al-
‘ dSke(n)

C 1+ a(z)—
22l)] < cata+1nl

A2-
oS, -
wm««=2‘ﬁ@m@z@uﬂmw”m2

ijke v

for alln, ¢ € IR?X" and i,j,k,£=1,---,d.

sym

Proof. In fact,

‘ 0Ski
(‘3%

= (@) = 2) (1 + )" G+ (1 -+ 1al) ) G

‘ — 2 1 + | Da(m 5zk6jl =+ (1 + |77|)a(w)72 5ik5jl‘
S|a<>——2u1+-mna@f S0l + (14 ) 7 880l (7)



Taking into account that

(1 ti=kj=1
Oidji = { 0 otherwise

we can write

(7) < la@) = 2| (1 + )" + (14 )2

= (1+ 1)@ (Ja(z) — 2| + A + [n]) 8)

Considering that a(z) < ag, we have

(8) < (1+ )7 (a0 — 2) + (14 [n]))
< (1417 (a0 = 2) (L4 [nl) + (1 + [nl))
= (14 1) (@0 — DA+ )
= (a0 = 1) (14 [p)*™~2,

and therefore we have A1 with C3 = g — 1. To obtain A2 we write

S'(n):¢: (= Za?jj_(_’”cugj

ijke v
=> [ (14 )™ 600 + (1 + )2 5ik5jl:| GijCe
ijkl
= (a(z) —2) (1 + [p))*@? > GikbGijCre + (1 + ]y =2 > 6ik651GijCre
ijht ijhke
(9)
Considering that
> 0ikbiGiiChe =D CiiGij = I¢I?
ijhe ij
expression (9) is equal to
(o) = 2) (14 )™ 72 ¢ + (14 )2 ¢
= (L4 )™ () = 2) + (L + )] ¢
(10)

Taking account a(x) — 2 < 0 and a < a(x) it follows that



1+ )7 [(alw) = 21+ [nl) + A+ )] ¢
1+ )7 (@) — 1)1+ 0] [¢[?

(@) = 1) (1+ ) * @72 [¢]?

0rso = 1) (14 )2 ¢ 2.

(10) =

(
(
= (
> (
Instead, a(x) — 2 > 0 gives

(10) > (1 + [n))* ™2 (1 + [n]) ¢
= (1+ )2 ¢

Then we have

(oo — 1) (14 D@72 |2 i a(z)—2<0
S'(m):¢:¢>
(1 + [n))* 2 (¢ if a(r) —2>0.

Assumptions A1-A2 imply the following standard properties for S (see [11]):

e Continuity

[S()| < (1 + ) 2n), (11)
e Coercivity
v(1+ )2 i a(z) -2 <0
Sn):n= (12)
In|? if a(z)—-2>0

e Monotonicity

(S(m) = S(Q)) : (= ¢) = v+l + N2 — > (13)

For continuity we have

1S = [(1+ )@ =2n] = |1+ )2 In] = (L + o) >~

Coercivity is equivalent to monotonocity taking S(¢) = ¢ = 0y therefore is

enough to prove monotonocity. Taking account that



Sij(n) — Si;(¢)

Sij(tn + (1 —t)¢) dt

SIS

9Si;(tn + (1 —)()
: 9D, (=

o O~ _

=
=

we can write

(S(n) - B

17 kl

1
/Z 85” tn+(1_t)o(n Ot (n—C)ijdt
0

=/S(tn+(1—t)é)):(n—C):(n—C)dt (14)
0

Using A2 and considering o(z) — 2 < 0 we have

(14) > / (oo — 1) (1 [t + (1 = H)C)™ = ¢ dt (15)
0

Once we have (t € [0,1])
L+ ftn+ (1 =t)¢| <1+ [n+{ <1+ |n+C] (16)
we can write

1
a(z)

<15>z/<aoof1><<1+|n|+\<|>> 2 (Pt

0

Using A2 and considering a(z) — 2 > 0 we have

(L+ |ty + (1 = )¢ 2 Ip = ¢Pat (17)

O\H

e (18)

%
o\

> |n—¢[? (19)

Then we conclude that

(oo = (A + [0l +[CN* =2 —¢[* i a(z) —2<0
(S()=5(0) : (n=¢) = .
In—¢? if a(z)—2>0



4 Main Result

DEFINITION 4.1. Assume that u € L2(Q)). A function y is a C'7-solution of
(1) if y € CY(Q), for v € (0,1), divy = 0, yloo = 0 and it satisfies the

following integral equality

(S(Dy), Dp) + (y - Vy, @) = (u,9), forallp € V. (20)

Next proposition, due to [5], present us an existence and uniqueness result of a
C170 solution of the system (1) with certain conditions made on u, but without

adicional conditions on exponent a.

PROPOSITION 4.2. We assume u € L%(Q) for some ¢ > n. Let us consider
Q a C¥° domain, and a € C%(Q), with v = 1 — %. Then there exist
positive constants Cs and Cg, depending on ||al|co~(q), 7, ¢ and Q such that,
if lully < Cs, for some v < ~q there exists a C*7 solution (y,p) of problem (1)
with

[I¥llers @) + IPlcom (@) < Cellullg- (21)

Furthermore, there exists a constant C7 depending on a, ||alco~qy, n; ¢ and

Q such that if ||ully < C7 the solution is unique.

PROPOSITION 4.3. Assume that A1 and A2 are fullfilled. Consideringy € C*7(Q)

we have

| Dyll2 < Cgllull2 (22)
where y is the associated state to u.

Proof. Taking ¢ = y in (20) and recalling the convective term properties we

have
(S(Dy), Dy) = (u,y). (23)

The fact y € C17(Q) implies that y belongs to C'(2) which means that y and
Dy are limited functions in Q and consequently belong to L%(Q) for any a > 1,
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in particular we consider y € L?(Q2). Then, on one hand, by using Holder ‘s
inequality and the Poincaré and Korn inequalities there existes a constant Cg

such that

[(w,y)| < [lullzllyllz < Csllull2][ Dy |2

On the other hand, by coercivity we write
IDyl3 < (S(Dy), Dy)

Putting together both inequalities with (23) we have the pretended result.

Once we have the guaratee of existence of a solution for (1) provided by Propo-
sition 4.2 and a estimative of energy for Dy given by proposition 4.3, we can

now formulate and prove the following existence result for the control problem

(Pao)-

THEOREM 4.4 (Main Result). Assume that A1-A2 are fulfilled, with1 < o < 2.

Then (P,) admits at least a solution.

To prove this theorem we have to establish some important results:

PROPOSITION 4.5. Assume that (ug)k>o converges to u weakly in L2(2). Then
there exists y € W2 (Q) and S € L2(Q) such that

(yu)r =y in W§Z(Q) (24)
(Dyi)r = Dy in L*(Q) (25)
(S(Dyp)k — S in L*(Q). (26)

Proof. The convergence of (u;)r>o to u in the weak topology of L?(Q) implies

that (ug)r>o is bounded, ie, there exists a positive constant M such that

luglle < M, for k > ko. (27)

Due to (22) and (27), it follows that



11
| Dyill2 < CsM

By Korn s inequality yy, is then bounded in W{?(Q2) and thus there is a subse-
quence still indexed in k£ that weakly converges to a certain yj, in Wé’Z(Q). Also,
by using a Sobolev’s compact injection, yj converges strongly (then weakly) to
y in L(Q). Tt is straightforward to conclude (25).

Finally, the previous estimate, together with (11) implies

IS(Dy)I2 < / (1 + |Dys )@@ =22\ Dy, ? de
Q

< / (1+ |Dys) @221 4 | Dyy))? da
Q

B / (14 |Dyy])> @)= dg
Q

<y /(1 + | Dy[2@) D) g
Q

< Cy |Q|+/|Dyk|2(a°_1)dm
Q

= (191 + Dyl

The last expression is then bounded once Dy € C(€) and consequently the
sequence (S(Dyy))y is bounded in L2(£2) and we finish the proof by establishing
the existence of a subsequence, still indexed by k, and S € L2(Q) such that
(S(Dy4))x>0 weakly converges to S € L2(Q).

PROPOSITION 4.6. Assume that (25), (24) and (26) are verified. Then the weak
limit of (yk)k, ¥, s the solution of (20) corresponding to u € L?(Q).

Proof. Let us consider
(S(Dyx) = S(y), Dp) + (v - Vyr —y - Vy, ) = (w —u, ),  (28)

for all ¢ € V4. Taking account the convective term properties and the regularity

results assumed on y, we have
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(yr - Vye —y - Vy, )
((ye =) Vyr, o)+ (v V(ye —¥), 9l
®)

(Y —¥) V¥, ) = (y - Vo, (ye —¥))l

< yr—Y) Vyr, o)+ [y - Vo, (yr —¥))I
< Ch (IVykllzlliells + lyllallVell2) lye — ylla
— 0 when k — +o0.

This result is a consequence of the compact injection of Wy*(2) into L*(9)
which provide a strong convergence in L*(Q) once we have (24). Note that Cg
corresponds to the embedding constant.

Hence, passing to the limit in

(S(Dyw), D) + (yr - Vyr, @) = (ug, ), forall ¢ € Vo,

we obtain

(S, Do)+ (y - Vy,p) = (u,p) forall ¢ € Vy, (29)

In particular, taking ¢ =y and considering (5) we may write

(5, Dy) = (S, Dy) + (v - Vy,y) = (0, y). (30)
On the other hand, the monotonocity assumption (13) gives
(S(Dyx) — S(Dy), D(yr) —Dp) > 0 forall ¢ € Vs. (31)
Since,
(S(Dyr), Dyx) = (ak, yx),
replacing the first member in (31), we obtain

(ug,y&) — (S(Dyw), Do) — (S(D¢), Dyr — Do) >0 for all ¢ € Vs.

Passing to the limit it follows
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(u,y) — (S,Dyp) — (1(Dg), Dy — Dyp) >0 forall ¢ € V.
This inequality together with (30), implies that
(S—S(Dy),Dy —Dyp) >0 forall @€V,

Taking ¢ = y — Av (see [10]), which is possible considering any v € V3 and

A > 0, we have

(S—S(D(y —Av)),Dy — (Dy —Av)) >0 forall o€V, (32)
which is equivalent to
AMS —S(D(y —Av)),Dv)) >0 forall veV, (33)
once A > 0,

(S=S(D(y —Av)),Dv)) >0 forall veV, (34)

Passing to the limit when A — 0 and considering the continuity of S we obtain

(S —=S(D(y)),Dv)) >0 forall veVy, (35)

and this implies that

and then
(S(Dy), De) + (v - Vy, ) = (u,¢p) forall ¢ eV,
Hence, y =y, i.e, ¥ is the solution associated to u.

PROPOSITION 4.7. Assume that Ay and Ay are satisfied. Then (yi )i strongly
converges to y, in Wy>(€).
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Proof. Setting ¢ = yr, — y,, in (20) and taking (13) we obtain
(S(Dyx) = S(Dyu), D(yk — yu)) = | D(ye — yu)ll3 (36)

Therefore, using (5) and classical embedding results, we obtain

lim ||D(yx —yu)l3
JJm Dy = ya)llz

< lim (S(Dyi) — S(Dy.), D(yr — yu))

T k—+oco

= lim (W —Wyr —Yu) = Y& V¥t = Yu VY0 Yk — Yu))

k—4o00

= lim ((ug =W, yr —Yu) = (Y& = Yu) - VYu: Yk — Yu))
k——+oo

= lim ((we—wyr—yu) = lyr = YulilVyullz) = 0.
k—+oo

and therefore, by Korn’s inequality,

lyx = ylli2 — 0.

We can now prove our main result.

Proof of Theorem 4.4. Let (u), be a minimizing sequence in L2(Q) and (yi)x

the sequence of associated states. Considering the properties of J, we obtain

Yugll3 < J(uk,yr) < J(0,y0) for k> ko

implying that (uy)x is bounded in L?(Q2). From Proposition 4.7, we deduce
that (yx) converges strongly to y,,. On one hand J is convex once it is a sum of

quadratic terms, on the other hand, if

(Vi,zx) = (v,z) in L3(Q) x Wy?(Q)

implies

J(vi,zi) = J(v,z) in IR

then the funcional J is also a continuous function. In fact, once we have

[T (Vi zk) = J(v,2)| = |2k = yall3 + [vell3 = [z = yall3 = V3]
2 2
< |((@k = ya) = (2 = ya)ll2 + Iz = ya)ll2)” + (Ivie = vll2 + [IV]l2)” = llz = yall3 = V]2

2 2
< (2 —zll2 + 11z = ya)12)” + (Ve = vll2 + [IV]|2)" = llz = yall3 - IIVHg‘ :
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Since z;, — z strongly also in L2, last expression converges to zero when k — oo
and therefore, J is a semicontinuos function (see result in [2]). We may now

apply the direct method of the Calculus os Variations (see for instance [0])
iI]%fJ < Ju,y.) < limkinf J(vi,zi) < irl;fJ

to conclude that (u,y,) is in fact a minimizer and therefore a solution for (P,).
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