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Av. Rovisco Pais 1, 1049-001 Lisboa, Portugal.

{calves,pant}@math.ist.utl.pt

Keywords: eigensolutions, plate problem, method of fundamental solutions.

Abstract. In this work we study the application of the Method of Fundamental Solutions (MFS)
to the numerical calculation of the eigenvalues and eigenfunctions for the 2D Bilaplacian in
simply connected plates. This problem was considered in [20] using wave-type functions and
in [14] using radial basis function for a circular and rectangular domain. The MFS is a mesh-
free method that was already applied to the calculation of the eigenvalues and eigenfunctions
associated to the Laplace operator (cf. [21], [10] and [2]). The application of this method to
the Bilaplacian was already considered in [13], but only for simple shapes. Here we apply an
algorithm for the choice of point-sources, as in [2], that leads to very good results for a fairly
general class of domains.
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1 Introduction

The determination of the eigenvalues and eigenfunctions associated to elliptic operators in
a bounded domainΩ is a well known problem with a lot of applications in engineering and
acoustics. In some particular domains we have an explicit formula for the eigenvalues and
eigenfunctions. However, when the shape is non trivial the use of a numerical method for
PDEs is required. A standard finite differences method can produce good results when dealing
with a particular type of shapes defined on rectangular grids, while for other type of shapes
the finite element method or the boundary element method are more appropriate (e.g. [24]).
These classical methods require extra computational effort; in one case, the construction of
the mesh and the associated rigid matrix, and in the other, the integration of weakly singular
kernels. Here we propose a meshfree method for solving the eigenvalue problem of a simply
connected clamped plate using the method of fundamental solutions (MFS). The MFS has been
mainly applied to boundary problems in PDEs, starting in the 1960s (e.g. [23]). This method
can be applied to Helmholtz equation (eg. [21], [2]), Stokes (cf. [3]), elasticity (cf. [23])
and biharmonic problems (eg. [22]). The application of the MFS to the calculation of the
eigenfrequencies of a membrane problem was introduced by Karageorghis in [21], and applied
for simple shapes. In [2] it was proposed a particular choice for the point-sources which can
lead to very good results for a general class of simply connected domains. J T Chen et al.
studied the application of the MFS for the eigencalculation of multiply connected domains (cf.
[10]). They find the appearance of spurious solutions and to filter them out, they applied the
singular value decomposition (SVD) and the Burton & Miller method. In [21] it is presented a
comparison with the boundary element method used by De Mey in [24], and the results obtained
for simple shapes (circles, squares), show a better performance for the MFS. The application of
other meshless methods to the determination of eigenfunctions and eigenmodes has also been
subject to recent research, mainly using radial basis functions (e.g. [7], [8]) or the method of
particular solutions (cf. [4]).

The plate problem was already considered using meshfree methods. Kang and Lee proposed
a method based on non-dimensional influence functions (cf. [20]). That method results in
spurious solutions that need a special treatment. Later, J T Chen et al. proposed a method based
on radial basis functions and made an analytical study for the circular plate (cf. [14]). The MFS
was already applied for the calculation of the eigenvalues of an annular domain (cf. [13]). It
was shown that spurious eigenvalues appear when dealing with multiply connected domains.
To extract the true eigenvalues it was applied the Burton & Miller method.

In this work we consider the application of the MFS to general simply connected shapes. In
this case the choice of the source points in the MFS becames more important to retrieve with
accuracy the eigenvalues. We adopt the choice proposed in [2] which revealed to lead to very
accurate results. Having determined an approximation of the eigenvalue, we apply an algorithm
based on the MFS to obtain the associated eigenmodes.

2 The plate problem

Let Ω⊂R2 be a bounded simply connected domain with regular boundary∂Ω. We will con-
sider the 2D eigenvalue problem for the Bilaplacian. This is equivalent to obtain the frequencies
λ that satisfies the problem  ∆2u−λ4u = 0 in Ω,

u = 0 on∂Ω,
∂nu = 0 on∂Ω,

(2.1)
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for a non null functionu, where∂nu is the normal derivative of the functionu. If a pair (λ,u)
satisfies the problem 2.1, then we say thatλ is an eigenfrequency andu is an eigenmode. As
an application, this corresponds to recover the resonance frequenciesλ > 0 associated with a
particular shape of a plateΩ.

A fundamental solutionΦω of the biharmonic eigenvalue equation verifies(∆2−ω4)Φω =
−δ, whereδ is the Dirac delta distribution. In the 2D case, we consider

Φω(x) =
i

8ω2(H(1)
0 (iω |x|)+H(2)

0 (ω |x|)) (2.2)

whereH(1)
0 andH(2)

0 are Ḧankel functions of the first and second type. We will considerΓ̂ an
admissible source set as defined in [1], for instance, the boundary of a bounded open setΩ̂⊃ Ω̄,
consideringΓ̂ surrounding∂Ω and using the approximation (x∈Ω),

u(x) =
∫

Γ̂
ϕ(y)Φω(x−y)dsy +

∫
Γ̂

ϖ(y)∂nyΦω(x−y)dsy ≈

um(x) =
m

∑
j=1

αm, jΦω(x−ym, j)+
m

∑
j=1

βm, j∂nym, j
Φω(x−ym, j). (2.3)

where∂ny is the normal derivative at the pointy∈ Γ̂.

3 Numerical Method using the MFS

3.1 Determination of the eigenfrequencies

Now we present a procedure to find the eigenfrequencies. We definem collocation points
xi ∈ ∂Ω andm source pointsym, j ∈ Γ̂ and obtain the system{

um(xi) = 0
∂nu(xi) = 0

(3.1)

As described in [2], an arbitrary choice of source points may lead to worst results than the
expected with the MFS applied to simple shapes as in [21]. We will choose uniformly on the
boundary∂Ω the pointsx1, ...,xm and for each of these points we calculate the unitary vectornxi

that is normal to the boundary at the pointxi . Then, we calculate the point sources

yi = xi +βnxi

The parameterβ is a constant choosen such thaty j /∈ Ω, j = 1, ...,m. We will assume that
nym, j = nx j and denote this vector simply byn j and definedi, j = xi − ym, j . Using this notation
the system 3.1 becames{

∑m
j=1αm, jΦω(di, j)+∑m

j=1βm, j
(
n j •∇Φω(di, j)

)
= 0

∑m
j=1αm, j

(
ni •∇Φω(di, j)

)
+∑m

j=1βm, j
(
ni •∇

(
n j •∇Φω(di, j)

))
= 0

(3.2)

Therefore a straighforward procedure is to find the valuesω for which the(2m)× (2m)
matrixM(ω) has a null determinant.

3



Carlos J. S. Alves, Pedro R. S. Antunes

M(ω) =



A(ω) B(ω)

C(ω) D(ω)


This matrix is composed by the following fourm×m blocks

A(ω) =
[
Φω(di, j)

]
m×m B(ω) =

[
n j •∇Φω(di, j)

]
m×m

C(ω) =
[
ni •∇Φω(di, j)

]
m×m D(ω) =

[
ni •∇

(
n j •∇Φω(di, j)

)]
m×m

Remark 1. As described in [20], one possibility to reduce the system matrix is to calculate the
N(ω) = C−D.B−1.A. This reduces the dimensions of the system matrix from(2m)× (2m) to
m×m, however we prefered to avoid the calculation of the inverse matrix.

The components of the matrixA(ω) are complex numbers, so the determinant is also a com-
plex number. We consider the real functiong(ω) = |Det[M(ω)]|. It is clear that the functiong
will be very small in any case, since the MFS is highly ill conditioned and the determinant is
quite small.

First we plot the graph of log(g(ω)) using a fewer number of points to choose an interval
]a,b[ where there is only one eigenfrequency.

Golden Ratio Search.To search the point where the local minimum is attained we use an
algorithm based on the golden ratio search method. See [2] for details.

3.2 Determination of the eigenmodes

To obtain an eigenmode associated with a certain eigenfrequencyλ we use a collocation
method onn+ 1 points, withx1, · · · ,xn on ∂Ω, a pointxn+1 ∈ Ω and an extra point source
yn+1 ∈ Ω̄C. The approximation of the eigenmode is given by

ũ(x) =
m+1

∑
j=1

αm+1, jΦω(x−ym+1, j)+
m

∑
j=1

βm, j∂nym, j
Φω(x−ym, j). (3.3)

To exclude the solution ˜u(x) ≡ 0, the coefficientsα j are determinated by the solution of the
system 

ũ(xi) = 0, i = 1, . . . ,n
ũ(xn+1) = 1
∂nu(xi) = 0, i = 1, . . . ,n

(3.4)

This is equivalent to solve the(2m+1)× (2m+1) system
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A(ω) B(ω)

Φω
(
dm+1, j

)
0

C(ω) D(ω)





αm+1, j

αm+1,m+1

βm, j


=



0

1

0


Remark 2. This procedure may fail if the selected point xn+1 is on the nodal line (cf. [11],
[12]). Depending on the multiplicity of the eigenvalue, we will add one or more collocation
points to make the linear system well determined.

3.3 Error bounds

An error estimate can be derived using the following result which is attributed by Collatz
(cf. [17]) to Kryloff and Bogoliubov and to D. H. Weinstein (See [19]).

Theorem. Let A be a self-adjoint operator on a Hilbert space with inner product(., .). Let
λn and un be the eigenvalues and orthonormal eigenfunctions of A. Assume{λn} as no finite
accumulation point. Let v be any element in the space spanned by{un} and let

ρ =
(v,Av)

‖v‖2 (the Rayleigh quocient) (3.5)

and

σ =
‖Av‖
‖v‖

. (3.6)

Thenσ≥ ρ and there exists at least one eigenvalueλk satisfying

ρ−
√

σ2−ρ2 ≤ λk ≤ ρ+
√

σ2−ρ2 (3.7)

As the bilaplacian is a self-adjoint operator inH2
0 , the previous theorem can be used to obtain

a bound for the error of the approximations of the eigenfrequencies.

Corollary. Let Ω be a Lipschitz domain and̃κ and ũ ∈C4(Ω)∩C1(Ω̄) be an approximate
eigenfrequency and eigenfunction which satisfy the following problem: ∆2ũ− κ̃4ũ = 0 in Ω,

ũ = ε(x) on ∂Ω,
∂nũ = δ(x) on ∂Ω,

(3.8)

with ‖ũ‖L2(∂Ω) = 1. Then there exists an eigenfrequencyκp such that∣∣κp− κ̃
∣∣

|κ̃|
≤

√
2γ+ γ2

1−2γ+ γ2 (3.9)
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where

γ = c
(
‖ε‖L1(∂Ω) +‖δ‖L2(∂Ω)

)
(3.10)

where|Ω| is the area of the domainΩ.

4 Numerical Results

In Figure 1 we plot the graph oflog(g(ω)), ω ∈ [2.9,6.2] for the unit ball obtained with
m= 15 andβ = 1.5.

3.5 4 4.5 5 5.5 6

-340

-330

-320

Figure 1:Plot of the graph of oflog(g(ω)) for the unit ball.

In Table 4 we present the results of the absolute errors for the unit ball (withβ = 1.5).

m abs. error (λ1) m abs. error (λ2) m abs. error (λ3)

20 4.23176×10−6 20 7.88573×10−5 20 5.54069×10−3

25 4.17119×10−8 25 8.80722×10−7 25 7.58151×10−5

30 3.66573×10−10 30 3.85887×10−8 30 3.57842×10−6

Table 1: Absolute errors for the unit ball.

Now we test the method for the domain with a boundary given implicity by

sin2(y) =
3+ 3−4sin2(x)

3

4

We will by Ω1 this domain, which is plotted in Figure 2. We will now consider three cases
of different choices for the point-sources. In the first case we consider as artificial boundary
the ”expansion” of the boundary of the domain; in the second case we consider the boundary
of a circular domain and in the last case we consider our choice withβ = 0.8 (Figure 3). In
Figure 4 we present the plot of log(g(ω)) with the points plotted in Figure 3. We note that in
Figure 4 the first two plots present rounding errors generated by the ill conditioned matrix. With
the proposed choice of points the ill conditioning decreases and the rounding errors are much
smaller (third plot). This phenomenon also occurs in the membrane problem (cf. [2]).
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Figure 2:Plot of the domainΩ1.
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Figure 3:Collocation points and three different choices for the point-sources withm= 70.

Will call by Ω2 andΩ3 the domains which can be parametrized (resp.) by

t 7→
(

cos(t),sin(t)+
5sin(t)cos(2t)

9

)
and

t 7→
(

cos(t),sin(t)+
sin(2t)

3

)
.

In Figure 5 we plot the eigenmodes and the respective nodal domains associated to the first
and second eigenfrequencies of the domainΩ2. In Figure 6 we plot the eigenmodes and the
respective nodal domains associated to the 14-th and 16-th eigenfrequencies of the domainΩ3.

In Figure 7 we plot ˜u|∂Ω and∂nũ|∂Ω for the eigenmode associated to the first eigenfrequency
of the domainΩ2.

It’s well known that the eigenmode associated to the first eigenfrequency of the laplacian in
a domainΩ does not change the sign inΩ. For the bilaplacian it was proven that this is not true
(cf. [5] and [16]). For some poligonal domains with a sufficiently small internal angleθ any
eigenmode changes sign an infinite number of times in the neighbourhood of this corner. One
of these domains is the equilateral triangle. In Figure 8 we plot the eigenmode associated to the
first eigenfrequency of the equilateral triangle, the respective nodal domains and the behaviour
of the eigenmode near one of the corners.
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Figure 4:Plot of the function log(g(ω)) with m= 70 for three choices of points.
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Figure 5:Plots of eigenmodes and the respective nodal domains associated to the first and second eigenfrequencies
of the domainΩ2.
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Figure 6:Plots of eigenmodes and the respective nodal domains associated to the 14-th and 16-th eigenfrequencies
of the domainΩ3.
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Figure 7:Plot of ũ|∂Ω and∂nũ|∂Ω for the eigenmode associated to the first eigenfrequency of the domainΩ2.
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Figure 8: Plot of the eigenmode associated to the first eigenfrequency, the respective nodal domains and the
behaviour of the eigenmode near one of the corners.
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