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Considere o campo vectorial F : R3 \ {(0, 5, 0)} → R3 dado por

F(x, y, z) =
(x, y − 5, z)

||(x, y − 5, z)||3
,

e considere os subvariedades

E0 =
{

(x, y, z) ∈ R3 :
(x

3

)2

+
(y

2

)2

+
(z

4

)2

= 1
}

e

E1 =

{
(x, y, z) ∈ R3 :
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2
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+
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)2

= 1

}

de R3. Mostre que o fluxo do campo F, através de Ei, é ±4π se i = 1 e nulo se i = 0.

Resolução:

Tem-se

divF =
∂

∂x

x

||(x, y − 5, z)||3
+

∂

∂y

y − 5
||(x, y − 5, z)||3

+
∂

∂z

z

||(x, y − 5, z)||3

=
1

||(x, y − 5, z)||3
− 3
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||(x, y − 5, z)||5
+

1
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− 3
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+
1

||(x, y, z)||3
− 3

z2

||(x, y − 5, z)||5

= 0

O interior do elipsólido Ei, em que i = 0, 1 é o aberto

Ωi =

{
(x, yz) ∈ R3 :

(x

3

)2

+
(

y − i5
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+
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4

)2

< 1

}
,

e ∂Ωi = Ei tem um vector normal unitário

νi(x, y, z) =

(
2
9x, y−i5

2 , z
8

)
‖

(
2
9x, y−i5

2 , z
8

)
‖

No caso i = 0 o campo F é de classe C∞ em Ω0 e E0. Aplicando o teorema da divergência obtém-se∫
E0

F · ν0 =
∫
Ω0

div F = 0.

No caso i = 1 considere a bola fechada B(ε) = {(x, y, z) ∈ R3 : x2 +(y−5)2 +z2 ≤ ε2} e o seu bordo
S(ε) = {(x, y, z) ∈ R3 : x2 + (y − 5)2 + z2 = ε2}, em que 0 < ε ∈ R. Se ε < 2, tem-se B(ε) ⊂ Ω1, e



F é um campo vectorial de classe C∞ em Ω1 \ B(ε). O bordo ∂
(
Ω1 \ B(ε)

)
é E1 ∪ S(ε), e o vector

normal exterior unitário à fronteira é dado por

ν(x, y, z) =


(

2
9x, y−i5

2 , z
8

)
‖

(
2
9x, y−i5

2 , z
8

)
‖

se (x, y, z) ∈ E1,

− (x,y−5,z)
ε se (x, y, z) ∈ S(ε).

Aplicando o teorema da divergência, obtém-se

0 =
∫

Ω1\B

div F

=
∫

E1∪S(ε)

F · ν =
∫
E1

F · ν +
∫

S(ε)

F · ν

=
∫
E1

F · ν1 −
∫

S(ε)

(x, y − 5, z)
||(x, y − 5, z)||3

· (x, y − 5, z)
ε

=
∫
E1

F · ν1 −
∫

S(ε)

1
ε2

=
∫
E1

F · ν1 −
área de S(ε)

ε2

Portanto
∫

E1
F · ν1 = 4π. Utilizando o vector normal interior unitário n(x, y, z) = −

(
2
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2 , z
8

)
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(
2
9x, y−5

2 , z
8

)
‖

de E1, obtém-se
∫

E1
F · n = −4π.
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