KAHLER-SASAKI GEOMETRY OF TORIC SYMPLECTIC CONES IN
ACTION-ANGLE COORDINATES

MIGUEL ABREU

ABSTRACT. In the same way that a contact manifold determines and is determined by a sym-
plectic cone, a Sasaki manifold determines and is determined by a suitable Kahler cone. Kéhler-
Sasaki geometry is the geometry of these cones.

This paper presents a symplectic action-angle coordinates approach to toric Kahler geometry
and how it was recently generalized, by Burns-Guillemin-Lerman and Martelli-Sparks-Yau, to
toric Kéhler-Sasaki geometry. It also describes, as an application, how this approach can be
used to relate a recent new family of Sasaki-Einstein metrics constructed by Gauntlett-Martelli-
Sparks-Waldram in 2004, to an old family of extremal Kéhler metrics constructed by Calabi in
1982.

1. INTRODUCTION

This paper presents a particular symplectic approach to understand the work of Boyer-Galicki [9],

Lerman [21], Gauntlett-Martelli-Sparks-Waldram [18, 19], Burns-Guillemin-Lerman [12] and Martelli-
Sparks-Yau [25], regarding the following general geometric set-up:
toric toric
contact form N2n+1 symplect. M2+D) — N« R symplectic cone
Sasaki Kahler
Einstein Ricci-flat
quotient reduction
toric \L /
symplectic on
Kahler BT = N/ K
Einstein

The basic example is given by B = CP" with the Fubini-Study metric, N = $?"*! with the round
metric and M = R2"+1) \ {0} with the flat Euclidean metric.

Let us start with a few comments on the top row of this diagram. A contact manifold determines,
via symplectization, and is determined, via R-quotient, by a symplectic cone. Hence, contact
geometry can be thought of as the R-invariant or R-equivariant geometry of symplectic cones.
Similarly, a Sasak: manifold determines and is determined by a suitable Kdhler cone. Hence,
Sasaki geometry can be thought of as the R-invariant or R-equivariant geometry of these cones
and that is what we mean by Kdhler-Sasaki geometry.

Recall that the symplectization M of a (co-oriented) contact manifold N is diffeomorphic to
N x R, but not in a canonical way. The choice of a contact form on N gives rise to a choice of
such a splitting diffeomorphism. Since any Sasaki manifold comes equipped with a contact form,
any Kéhler-Sasaki cone comes equipped with a splitting diffeomorphism.

In our symplectic approach, a suitable Kahler cone is a symplectic cone equipped with what we
will call a Sasaki complex structure, i.e. a suitable compatible complex structure. Such a cone will
be called a Kdhler-Sasaki cone and the corresponding Kéahler metric will be called a Kdhler-Sasaki
metric.
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When a Kahler-Sasaki metric is Ricci-flat, the associated Sasaki metric is Einstein with positive
scalar curvature. There is a lot of interest on Sasaki- Finstein metrics due to their possible relation
with superconformal field theory via the conjectural AdS/CFT correspondence. For example, the
above mentioned work of Gauntlett-Martelli-Sparks-Waldram, a group of mathematical physicists,
is motivated by this.

Regarding the left column of the above diagram, recall that a choice of a contact form on a
contact manifold N gives rise to a Reeb vector field K. Denote also by K the contact R-action
given by its flow. The quotient B := N/K, when suitably defined, is a symplectic singular space.
When N?7+1 is Sasaki (resp. Sasaki-Einstein with scalar curvature = n(2n + 1)), the Reeb vector
field K generates an isometric flow and the quotient B2" is Kihler (resp. Kdhler-Einstein with
scalar curvature = 2n(n + 1)).

As Boyer-Galicki point out in the Preface of their recent book [10], Sasaki geometry of N is
then naturally “sandwiched” between two Kéahler geometries:

(i) the Kédhler geometry of the associated symplectic cone M;
(ii) the Kéhler geometry of the base symplectic quotient B.

As it turns out, there is a direct symplectic/Kéahler way to go from (i) to (ii): symplectic/Kdhler
reduction. That is why the symplectic approach of this paper will mostly forget N and use only
the diagonal part of the above diagram, i.e. M, B and the reduction arrow between the two.

The word toric implies that M and B admit a combinatorial characterization via the images
of the moment maps for the corresponding torus actions:

(i) a polyhedral cone C C R™*! for the toric symplectic cone M2+,
(ii) a convex polytope P C R™ for the toric symplectic space B>".

The symplectic reduction relation between M and B corresponds to C' being a cone over P.

The word toric also implies that, in suitable symplectic action-angle coordinates, the relevant
compatible complex structures on M and B can be described via symplectic potentials, i.e. appro-
priate real functions on C' and P. It follows from a theorem of Calderbank-David-Gauduchon [14]
that the Kdahler reduction relation between M and B gives rise to a direct explicit relation between
the corresponding symplectic potentials on C' and P. As an application, we can use this to show
that a particular family of Kahler-Einstein spaces, contained in a more general family of local
U(n)-invariant extremal Kéhler metrics constructed by Calabi in 1982 [13], gives rise to Ricci-flat
Kahler-Sasaki metrics on certain toric symplectic cones.

More precisely, let n, m and k be integers such that

n>2, k>1 and 0<m<kn.

Consider the cone C(k,m) C R"™! with n + 2 facets defined by the following normals:

where
n

e € R" i=1,...,n, are the canonical basis vectors and d= Z €; € R™.
i=1
Each of these cones C'(k,m) C R"*! is good, in the sense of Definition 3.9, hence defines a toric
symplectic cone M,f (:fl). Because their defining normals lie on a fixed hyperplane in R?*!, the
first Chern class of all these symplectic cones is zero.

Theorem 1.1. When

(1)
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the toric symplectic cone MQ(nH) has a Ricci-flat Kdhler-Sasaki metric. The corresponding re-
duced toric Kahler-Finstein space belongs to Calabi’s family.

Let N,f’f; ! denote the corresponding toric Sasaki-Einstein manifold. Using a result of Ler-
man [23], one can easily check that IV, ,3"7:1 is simply connected iff

(2) gedm+n,k+1)=1.

When n = 2 one can determine an explicit relation between N7, and the simply connected toric
Sasaki-Einstein 5-manifolds Y79, 0 < ¢ < p, ged(q,p) = 1, constructed by Gauntlett-Martelli-

Sparks-Waldram [18]. In fact, as we will see, the assomated 3-dimensional moment cones are
SL(3,7Z) equivalent iff k =p — 1 and m = p+ ¢ — 2. Note that in this case
k—1
%<m<kn@0<q<p
and
gedim+n,k+1) =1« ged(g,p) =1.
Since

YP12 82 x 5% forall 0 < ¢ < psuch that ged(q,p) = 1,
we conclude that
N, 2 8% %x 8% forall k,m € N satisfying (1) and (2) (with n = 2).

Gauntlett-Martelli-Sparks-Waldram construct in [19] higher dimensional generalizations of the
manifolds Y?4. They do not describe their exact diffeomorphism type and they do not write
down the associated moment cones. The later should be SL(n + 1,Z) equivalent to the cones
C(k,m) C R""! with k,m € N satisfying (1) and (2), while the former should be diffeomorphic
to the corresponding NQ”+1 C Mz(nﬂ) The cones C(k,m) C R""! can be used to determine the
diffeomorphism type of these manlfolds The following theorem is a particular example of that.

Theorem 1.2. Givenn > 2 and m € N, consider the (toric) complex manifold of real dimension
2n given by
H2' :=P(O(—m) @ C) — CP" !,

When k =1 and 0 < m < n, the toric symplectic cone Mz("H) is diffeomorphic to the total space
of the anti-canonical line bundle of H2" minus its zero sectwn, while the toric contact manifold

Nf;ﬁl is diffeomorphic to the total space of the corresponding circle bundle.

Remark 1.3. Theorems 1.1 and 1.2 give rise to two natural sub-actions of the torus action on
the toric contact manifold N2+

1m
(i) the R-action given by the flow of the Reeb vector field K, determined by the contact form
associated with the Sasaki-FEinstein metric given by Theorem 1.1;
(ii) the S'-action coming from the identification between Ni’;jl and an S'-bundle over H2".

Although in other more regular examples, like the basic one given by an odd-dimensional round
sphere, the analogues of these two actions coincide, they cannot coincide in the present situation.
If that were the case, we would have that H2™ could be identified with fo;:l/K and would then
admit a Kdhler-Einstein metric. That is well-known to be false. In fact, the complex manifolds
H2" are used by Calabi [13] as ezamples that do not admit any Kdhler-Einstein metric but do
admit explicit extremal Kdahler metrics.

As we will see, the quotient Ni’:,jl/K can be identified via its moment polytope as a toric
symplectic quasifold, in the sense of Prato [20].

The paper is organized as follows. In Section 2 we give some background on symplectic toric
orbifolds and recall the definition and properties of symplectic potentials for toric compatible
complex structures. Section 3 is devoted to symplectic cones, their relation with co-oriented
contact manifolds and the classification of toric symplectic cones via their moment polyhedral
cones. The definition and basic properties of (toric) Kéhler-Sasaki cones is the subject of Section 4,
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which includes a brief description of their relation with (toric) Sasaki manifolds. Cone action-
angle coordinates and symplectic potentials are introduced in Section 5, where we also discuss the
behaviour of symplectic potentials and toric Kéhler-Sasaki metrics under symplectic reduction.
Section 6 contains the proofs of Theorems 1.1 and 1.2.

Acknowledgments. I thank A. Cannas da Silva and R. Loja Fernandes, organizers of the Ge-
ometry Summer School, Instituto Superior Técnico, Lisbon, Portugal, July 2009, where this work
was presented as part of a mini-course. I also thank Gustavo Granja and José Natario for useful
conversations.

2. Toric KAHLER ORBIFOLDS

In this section, after some preliminary background on symplectic toric orbifolds, we recall the
definition and some properties of symplectic potentials for compatible toric complex structures in
action-angle coordinates, including a formula for the scalar curvature of the corresponding toric
Kéhler metric. For details see [2, 3].

Preliminaries on Toric Symplectic Orbifolds.

Definition 2.1. A toric symplectic orbifold is a connected 2n-dimensional symplectic orbifold
(B,w) equipped with an effective Hamiltonian action 7 : T™ — Diff (B, w) of the standard (real) n-
torus T™ = R"™ /27 Z™. The corresponding moment map, well-defined up to addition by a constant,
will be denoted by u: B — t* =2 R™.

When B is a compact smooth manifold, the Atiyah-Guillemin-Sternberg convexity theorem
states that the image P = pu(B) C R™ of the moment map p is the convex hull of the image of the
points in B fixed by T™, i.e. a convex polytope in R™. A theorem of Delzant [15] then says that the
convex polytope P C R™ completely determines the toric symplectic manifold, up to equivariant
symplectomorphisms.

In [24] Lerman and Tolman generalize these two theorems to orbifolds. While the convexity
theorem generalizes word for word, one needs more information than just the convex polytope P
to generalize Delzant’s classification theorem.

Definition 2.2. A convex polytope P in R™ is called simple and rational if:

(1) there are n edges meeting at each vertex p;

(2) the edges meeting at the vertex p are rational, i.e. each edge is of the form p + tv;, 0 <
t < oo, where v; € Z";

(3) the v1,...,vy in (2) can be chosen to be a Q-basis of the lattice Z™.

A facet is a face of P of codimension one. Following Lerman-Tolman, we will say that a labeled
polytope is a rational simple convex polytope P C R™, plus a positive integer (label) attached to
each of its facets.

Two labeled polytopes are isomorphic if one can be mapped to the other by a translation, and
the corresponding facets have the same integer labels.

Remark 2.3. In Delzant’s classification theorem for compact symplectic toric manifolds, there
are no labels (or equivalently, all labels are equal to 1) and the polytopes that arise are slightly
more restrictive: the “Q” in (3) is replaced by “Z”. These are called Delzant polytopes.

Remark 2.4. Fach facet F' of a rational simple convex polytope P C R™ determines a unique
lattice vector vp € Z™ C R™: the primitive inward pointing normal lattice vector. A convenient
way of thinking about a positive integer label mp € N associated to F is by dropping the primitive
requirement from this lattice vector: consider mpvg instead of vp.

In other words, a labeled polytope can be defined as a rational simple polytope P C R™ with an
inward pointing normal lattice vector associated to each of its facets. When dealing with the effect
of affine transformations on labeled polytopes it will also be useful to allow more general inward
pointing normal vectors (see the end of this section).
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Theorem 2.5 (Lerman-Tolman). Let (B,w,T) be a compact toric symplectic orbifold, with mo-
ment map p : B — R™. Then P = p(B) is a rational simple convex polytope. For every facet
F of P, there exists a positive integer mp, the label of F, such that the structure group of every
p e u YF) is Z/mpZ (here F is the relative interior of F).

Two compact toric symplectic orbifolds are equivariant symplectomorphic (with respect to a fixed
torus acting on both) if and only if their associated labeled polytopes are isomorphic. Moreover,
every labeled polytope arises from some compact toric symplectic orbifold.

Recall that a Kdahler orbifold can be defined as a symplectic orbifold (B,w) equipped with a
compatible complex structure J € Z(B,w), i.e. a complex structure on B such that the bilinear
form

9s(-) =w(, J+)

defines a Riemannian metric. The proof of Theorem 2.5, in both manifold and orbifold cases, gives
an explicit construction of a canonical model for each toric symplectic orbifold, i.e. it associates
to each labeled polytope P an explicit toric symplectic orbifold (Bp,wp,7p) with moment map
up : Bp — P. Moreover, since this explicit construction consists of a certain Kahler reduction
of the standard C¢, for d = number of facets of P, Bp has a canonical T"-invariant complex
structure Jp compatible with wp. In other words, each toric symplectic orbifold is Kahler and to
each labeled polytope P C R™ one can associate a canonical toric Kéhler orbifold (Bp,wp, Jp, 7p)
with moment map up : Bp — P.

Symplectic Potentials for Toric Compatible Complex Structures. Toric compatible com-
plex structures, and corresponding Kéhler metrics, can be described using the following symplectic
set-up.

Let P denote the interior of P, and consider Bp C Bp defined by Bp = u;l(]B). One can
easily check that Bp is a smooth open dense subset of Bp, consisting of all the points where the
T"-action is free. It can be described as

ép%pr":{(x,y):xeﬁCR”, yER"/ZwZ"},

where (z,y) are symplectic or action-angle coordinates for wp, i.e.

wp:dx/\dy:dej/\dyj.

Jj=1

If J is any wp-compatible toric complex structure on Bp, the symplectic (z,y)-coordinates on
Bp can be chosen so that the matrix that represents J in these coordinates has the form

where S = S(x) = [s;,(2)]} ., is a symmetric and positive-definite real matrix. The integrability
condition for the complex structure J is equivalent to S being the Hessian of a smooth function
s € C™(P), ie.

0?s

S = Hess,(s), sjr(v) = OOy,
J

z), 1<jk<n.
Holomorphic coordinates for J are given in this case by

z2(x,y) = u(z,y) +iv(z,y) = %(w) + 1y .
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We will call s the symplectic potential of the compatible toric complex structure J. Note that the
Kahler metric gs(-,-) = wp(-,J-) is given in these (z,y)-coordinates by the matrix

5 N (PP
0 : St
We will now characterize the symplectic potentials that correspond to toric compatible complex

structures on a toric symplectic orbifold (Bp,wp,7p). Every convex rational simple polytope
P C R™ can be described by a set of inequalities of the form

(x,vpy+pr >0, r=1,...,d,
where d is the number of facets of P, each v, is a primitive element of the lattice Z™ C R"
(the inward-pointing normal to the r-th facet of P), and each p, is a real number. Following

Remark 2.4, the labels m,. € N attached to the facets can be incorporated in the description of P
by considering the affine functions £, : R™ — R defined by

L.(x) = (&, mpv) + A\ where A\, = mpp. and r =1,...,d.

Then z belongs to the r-th facet of P iff £,(z) =0, and # € P iff {,(z) >0 forall 7 =1,....d.
The following two theorems are proved in [3]. The first is a straightforward generalization to
toric orbifolds of a result of Guillemin [20].

Theorem 2.6. Let (Bp,wp,Tp) be the symplectic toric orbifold associated to a labeled polytope
P C R". Then, in suitable action-angle (x,y)-coordinates on Bp = P x T", the symplectic
potential sp € C°(P ) of the canonical compatzble toric complez structure Jp is given by

ZZ Ylogl,(x) .

The second theorem provides the symplectic version of the d0-lemma in this toric orbifold
context.

Theorem 2.7. Let J be any compatible toric complex structure on the symplectic toric orbifold
(Bp,wp,Tp). Then, in suitable action-angle (x,y)-coordinates on Bp = P x T™, J is given by a
symplectic potential s € C*°(P ) of the form

s(z) = sp(x) + h(z),
where sp is given by Theorem 2.6, h is smooth on the whole P, and the matriz S = Hess(s) is

positive definite on P and has determinant of the form
1

.
DM&zGH&>7

with § being a smooth and strictly positive function on the whole P.

Conversely, any such potential s determines a complex structure on Bp =~ P x T, that extends
uniquely to a well-defined compatible toric complex structure J on the toric symplectic orbifold
(Bp7 wp, Tp) .

Scalar Curvature. We now recall from [1] a particular formula for the scalar curvature in action-
angle (z,y)-coordinates. A Kéhler metric of the form (3) has scalar curvature Sc given by

*Zi jkalogDet(S)
— O, oz, ’
7,k

which after some algebraic manipulations becomes the more compact

2k
() Se = Z 0z ;0xy’
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where the s/* 1 < j,k < n, are the entries of the inverse of the matrix S = Hess,(s), s =
symplectic potential (Donaldson gives in [17] an appropriate interpretation of this formula, by
viewing the scalar curvature as the moment map for the action of the symplectomorphism group
on the space of compatible complex structures).

Symplectic Potentials and Affine Transformations. Because the labeled polytope P C R”
of a symplectic toric orbifold is only really well defined up to translations (i.e. additions of
constants to the moment map) and SL(n,Z) transformations (i.e. changes of basis of the torus
T" = R"/27Z"), symplectic potentials should transform naturally under these type of maps.
While the effect of translations is trivial to analyse, the effect of SL(n,Z) transformations is more
interesting. In fact:

symplectic potentials transform quite naturally under any GL(n,R) linear transformation.
Let T € GL(n,R) and consider the linear symplectic change of action-angle coordinates

z:=T"12 and y:=T'%.

Then
d
P = ﬂ{x' eER™ : L (2)):= (2", V) + N, > 0}
a=1
becomes
d
P.=TYP)= ﬂ{x ER" : Ly(x) := (m,ve) + Ag = 0}
a=1

with

ve =T, and A\, =\,
and symplectic potentials transform by
s=soT (in particular, sp = spoT).
The corresponding Hessians are related by
S=TYS" oT\T

and
Se=8coT.

Example 2.8. Figure 1 illustrates two equivalent descriptions of a toric symplectic rational ruled
4-manifold or, equivalently, of a Hirzebruch surface

H? :=P(O(-m)@®C) — CP', meN.
The linear map T € GL(2,R) relating the two is given by
m —1
=[5
The inward pointing normal that should be considered for each facet is specified. The right

polytope is a standard Delzant polytope for the Hirzebruch surface H2,. The left polytope is very
useful for the constructions of section 6 and was implicitly used by Calabi in [13].

3. Toric SYMPLECTIC CONES

In this section, after defining symplectic cones and briefly reviewing their direct relation with
co-oriented contact manifolds, we consider toric symplectic cones and their classification via good
moment cones.
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(1,0) (m,—1)
(-1/m,~1/m) T (-1,0)
(1/m,1/m) T (1,0)
(0,1) 0,1)

FIGURE 1. Hirzebruch surfaces.

Definition 3.1. A symplectic cone is a triple (M,w, X), where (M,w) is a connected symplectic
manifold, i.e. w € Q*(M) is a closed and non-degenerate 2-form, and X € X (M) is a vector field
generating a proper R-action p; : M — M, t € R, such that p} (w) = e*'w. Note that the Liouville
vector field X satisfies Lxw = 2w, or equivalently

1
w= §d(L(X)w) .
A compact symplectic cone is a symplectic cone (M, w, X) for which the quotient M /R is compact.

Definition 3.2. A co-orientable contact manifold is a pair (N, &), where N is a connected odd
dimensional manifold and & C TN is a maximally non-integrable hyperplane distribution globally
defined by some contact form o € Q'(N), i.e.

E=kera and daole is non-degenerate.

A co-oriented contact manifold is a triple (N, &, [a]), where (N, ) is a co-orientable contact man-
ifold and [a] is the conformal class of some contact form a, i.e.

[a] = {e"a | he C®(N)} .

Given a co-oriented contact manifold (N, &, [a]), with contact form a, let

M:=NxR, w:=d(e'a) and X := 2%,
where t is the R coordinate. Then (M, w, X) is a symplectic cone, usually called the symplectization

of (N, ¢, [a]).

Conversely, given a symplectic cone (M,w, X) let
N :=M/R, & :=m.(ker(t(X)w)) and «a:=s"((X)w),

where m : M — N is the natural principal R-bundle quotient projection and s : N — M is any
global section. Then (N,¢&,[a]) is a co-oriented contact manifold whose symplectization is the
symplectic cone (M, w, X).

In fact, we have that

. . 1:1 .
co-oriented contact manifolds «— symplectic cones

(see Chapter 2 of [22] for details). Under this bijection, compact toric contact manifolds, Sasaki
manifolds and Sasaki-Einstein metrics correspond respectively to the toric symplectic cones, Kahler-
Sasaki cones and Ricci-flat Kéhler-Sasaki metrics that are the subject of this paper.

Example 3.3. The most basic example of a symplectic cone is R2("+1) \{0} with linear coordinates

(U]_,..-,U/n+1,'U1,--.,'Un+1),

symplectic form
n+1
wst = du N\ dv := Zduj A dv;
j=1
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and Liouville vector field
9 asy ) d
Xot = u— — = f — ).
‘ u8u+1}8v ;(ujauj +U]8vj>

The associated co-oriented contact manifold is isomorphic to (S%"*1, &), where S?" 1 C C™* is
the unit sphere and & is the hyperplane distribution of complex tangencies, i.e.

& =TSP NiTs?n L

Example 3.4. Let Q be a manifold and denote by M the cotangent bundle of Q with the zero
section deleted: M := T*Q \ 0. We have that M is a symplectic cone since the proper R-action
pt : M — M, given by p(q,p) = (q,e'p), expands the canonical symplectic form exponentially.
The associated co-oriented contact manifold is the co-sphere bundle S$*Q.

Example 3.5. Let (B,w) be a symplectic manifold such that the cohomology class

1
—[w] € H*(B,Z) c H*(B,R) is integral

2m
and denote by 7 : N — B the principle circle bundle with first Chern class
1
a(N) = 5[]
A theorem of Boothby and Wang [8] asserts that there is a connection 1-form « on N with

da = m*w and, consequently, « is a contact form. We will call (N, := ker(«)) the Boothby-Wang
manifold of (B,w). The associated symplectic cone is the total space of the corresponding line
bundle L — B with the zero section deleted.

When B = CP", with its standard Fubini-Study symplectic form, we recover Example 3.3, i.e.

(N, €) = (S, &)

Definition 3.6. A toric symplectic cone is a symplectic cone (M,w,X) of dimension 2(n + 1)
equipped with an effective X -preserving symplectic T -action, with moment map p: M — t* =
R such that p(pi(m)) = e*p(m), Vm € M, t € R. Its moment cone is defined to be the set

C:=u(M)u{o} c R*.

Remark 3.7. On a symplectic cone (M,w,X), any X-preserving symplectic group action is
Hamiltonian.

Example 3.8. Consider the usual identification R2("t1) = C"*1 given by
zj=u;+w;, j=1,....,n+1,
and the standard T"*!-action defined by
Y1y Yna1) (21, Zng1) = (e7W0zy, ... e Wty ).

The symplectic cone (R2™FD\ {0}, wy, Xst) of Example 3.3 equipped with this T"*!-action is a
toric symplectic cone. The moment map g : R2™+1)\ {0} — R**+! is given by
1

/’Lst(ula ey Un41,V1,- - 7U’I’L+1> = 5(”% + ’U%, . "u?7,+1 + v’l%r‘rl) .
and the moment cone is C = (R} )"+ c R**+1.
In [21] Lerman completed the classification of compact toric symplectic cones, initiated by
Banyaga and Molino [6, 7, 5] and continued by Boyer and Galicki [9]. The ones that are relevant

for toric Kahler-Sasaki geometry are characterized by having good moment cones.

Definition 3.9 (Lerman). A cone C C R™"! is good if there exists a minimal set of primitive
vectors vy, ...,vg € Z"L, with d > n+ 1, such that
(i) C =N {z e R™ : f,(z) := (z,v,) > 0}.
(ii) any codimension-k face F of C, 1 < k < n, is the intersection of exactly k facets whose
set of normals can be completed to an integral base of Z"+1.
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Theorem 3.10 (Banyaga-Molino, Boyer-Galicki, Lerman). For each good cone C C R™*1 there
exists a unique compact toric symplectic cone (M¢,we, X, pe) with moment cone C.

Remark 3.11. The compact toric symplectic cones characterized by this theorem will be called
good toric symplectic cones. Like for compact toric symplectic manifolds, the existence part of
the theorem follows from an explicit symplectic reduction construction starting from a symplectic
vector space (see [21]).

Example 3.12. Let P C R™ be an integral Delzant polytope, i.e. a Delzant polytope with integral
vertices or, equivalently, the moment polytope of a compact toric symplectic manifold (Bp,wp, pp)
such that 5-[w] € H?(Bp,Z). Then, its standard cone

(5) C:={z2(z,1) ER"xR: z€ P, 2>0} cR"™!
is a good cone. Moreover
(i) the toric symplectic manifold (Bp,wp,up) is the St = {1} x St C T"*! symplectic
reduction of the toric symplectic cone (M¢,we, X, pe) (at level one).
(i) (Nc = pg'(R™ x {1}), ac = (((Xc)we)|ne) is the Boothby- Wang manifold of (Bp,wp).
The restricted T"!-action makes it a toric contact manifold.
(iil) (Me,we, Xc¢) is the symplectization of (N¢, ac).
If P C R” is the standard simplex, i.e. Bp = CP", then its standard cone C C R™*! is the
moment cone of (Mg = C™"1\ {0}, wy, Xst) equipped with the T"1-action given by

(yla s 7yn»yn+1) : (Zla c '7Znazn+1)

— (e—l(y1+yn+1)Z1) e e—l(yn+yn+1)zm e Wntiz )

The moment map pc : C*1\ {0} — R™*! is given by
1

= 5(‘z1|27 DI ‘Zn|2, "Zl|2 +---+ |Zn|2 + |Zn+1|2)

pe(2)

and
Ne = pg' (R" x {1}) = {z € C"" + ||2|* =2} = $*"*1.

Remark 3.13. Any good toric symplectic cone can be obtained, in a very non-unique way, via
an orbifold version of the Boothby-Wang construction of Example 3.5, where the base is a toric
symplectic orbifold. In fact, one easily shows that any good moment cone can be written, in a very
non-unique way, as the standard cone, given by (5), of a labeled polytope.

4. Toric KAHLER-SASAKI CONES

In this section we define (toric) Kéhler-Sasaki cones, present their basic properties and briefly
describe their relation with (toric) Sasaki manifolds.

Definition 4.1. A Kéhler-Sasaki cone is a symplectic cone (M,w, X) equipped with a compatible
complex structure J € T(M,w) such that the Reeb vector field K := JX is Kdhler, i.e.

Lrw=0 and LrgJ=0.

Note that K is then also a Killing vector field for the Riemannian metric g;.

Any such J will be called a Sasaki complex structure on the symplectic cone (M,w, X) and the
associated metric gy will be called a toric Kahler-Sasaki metric. The space of all Sasaki complex
structures will be denoted by Zs(M,w, X).

Given a Kihler-Sasaki cone (M,w, X, J), define a smooth positive function 7 : M — R* by
ra= 1 X] = 17X = (1K1,

where || - || denotes the norm associated with the metric g;. One easily checks that

(i) K is the Hamiltonian vector field of —r2/2;
(ii) X is the gradient vector field of r2/2.
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Define o € Q' (M) by
o= u(X)w/r*.
We then have that
w=d(r*a)/2, a(K)=1 and Lxa=0.
If we now define
N:={r=1}cM and ¢{:=kera|y,
we have that
(N, &, aln,g7|n) is a Sasaki manifold (see [10] for the definition of a Sasaki manifold).
In fact, one can easily check from the definitions that

Sasaki manifolds <~ Kihler-Sasaki cones.
Let
B:=M//K=N/K
be the Kdhler reduction of (M,w,X,J) by the action of K. When B is smooth, we have that
TB=¢ and
(B, dale, J|e) is a Kahler manifold.
The smoothness of B is related with the regularity of the Kéhler-Sasaki cone.

Definition 4.2. A Kaihler-Sasaki cone (M,w, X, J), with Reeb vector field K = JX, is said to
be:

(i) regular if K generates a free S*-action.
(i) quasi-regular if K generates a locally free S*-action.
(iii) irregular if K generates an effective R-action.

Hence, B is

(i) a smooth Kéhler manifold if the K&hler-Sasaki cone is regular-
(ii) a Kahler orbifold if the Kahler-Sasaki cone is quasi-regular.
(iii) only a K&hler quasifold, in the sense of Prato [26], if the K&hler-Sasaki cone is irregular.

Remark 4.3. Note that the Sasaki manifold determined, as above, by a Kdahler-Sasaki cone is
always smooth.

Definition 4.4. A toric Kahler-Sasaki cone is a good toric symplectic cone (M,w, X, 1) equipped
with a toric Sasaki complex structure J € IST(M,w), i.e. a Sasaki complex structure invariant
under the torus action. The associated metric gy will be called a toric Kdhler-Sasaki metric.

Remark 4.5.

(i) It follows from the classification theorem that any good toric symplectic cone has toric
Sasaki complex structures.
(ii) On a toric Kdhler-Sasaki cone (M,w, X, u,J), the Kdhler action generated by the Reeb
vector field K = JX is part of the torus action (see Lemma 5.2 below).
(iii) The Kdihler reduction B := M//K of a toric Kdihler-Sasaki cone is a toric Kdhler space:
manifold (regular case), orbifold (quasi-regular case) or quasifold (irregular case).

Example 4.6. The toric symplectic cone (R0 \ {0}, wgt, X, ptst) of Example 3.8, equipped
with the standard linear complex structure Jy : R2(»+1) — R2(+1) given by

Jo= ..o

is a toric Kéahler-Sasaki cone.
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5. CONE ACTION-ANGLE COORDINATES AND SYMPLECTIC POTENTIALS

As explained in section 2, the space ZT of toric compatible complex structures on a compact
toric symplectic orbifold can be effectively parametrized, using global action-angle coordinates,
by symplectic potentials, i.e. certain smooth real valued functions on the corresponding labeled
polytope. In this section we present the analogue of this fact for the space ZE of toric Sasaki
complex structures on a good toric symplectic cone, due to Burns-Guillemin-Lerman [12] and
Martelli-Sparks-Yau [25]. We will also discuss how symplectic potentials and toric K&hler-Sasaki
metrics behave under symplectic reduction.

Let C C R™""! be a good cone and (M,w, X, 1) the corresponding good toric symplectic cone
(we omit the subscript C to simplify the notation). Let C' denote the interior of C, and consider
M C M defined by M = ;fl(Cu’). One can easily check that M is a smooth open dense subset
of M, consisting of all the points where the T™-action is free. One can use the explicit model for
(M,w, X, p), given by the symplectic reduction construction mentioned in Remark 3.11, to show
that M can be described as

M=CxT" = {(;c,y) czxeC,yeTtt ER”+1/2WZ”+1} ,
where in these (z,y) coordinates we have

N
wlyy =deANdy  p(e,y) = and X|M:2x%:2;mi%.

Definition 5.1. Any such set of coordinates will be called cone action-angle coordinates.

If J is any w-compatible toric complex structure on M such that LxJ = 0, i.e. for which
the Liouville vector field X is holomorphic, the cone action-angle (x,y)-coordinates on M can be
chosen so that the matrix that represents J in these coordinates has the form

e L

where S = S(z) = [s”(zzj)]:lj:ll"'Irl is a symmetric and positive-definite real matrix. The integra-

bility condition for the complex structure J is equivalent to S being the Hessian of a smooth real

9

function s € C*(C), i.e.
9%
o 8%8%

Holomorphic coordinates for J are given again by

(7) S = Hess,(s), sij(x) (), 1<é,j<n+1.

2(z,y) = ule,y) +iv(z,y) = (@) +iy.

ox
The condition LxJ = 0 is equivalente to S being homogeneous of degree —1 in z, i.e.
(8) S(etz)=e7tS(x), VteR, z e C.

The Reeb vector field K := JX of such a toric complex structure is given by
n+1 6 n+1

K = ;bla—yl with b; = Q;Siljl‘j.

Lemma 5.2 (Martelli-Sparks-Yau). If S(x) = [s;;(x)] is homogeneous of degree —1, then the
corresponding Reeb vector field K = (0, Ky), with Ks := (by,...,byt1), i a constant vector. In
other words, the action generated by K is part of the torus action. In particular, K is Kahler and

regularity of the toric Kdhler-Sasaki cone < rationality of K, € R**1,
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The norm of the Reeb vector field is given by
||KH2 = H(O,K;)H2 = bisijbj = bisij(QSjka) = 2b1177 = 2<Z‘,K§> .

Hence
IK||>0< (z,Ks) >0 and ||K||=1< (z,Ks)=1/2.

Definition 5.3 (Martelli-Sparks-Yau). The characteristic hyperplane Hg and polytope Pk of a
toric Kdhler-Sasaki cone (M,w, X, 1, J), with moment cone C C R"T1  are defined as

Hy ::{xeR"+1: (x,Ks)=1/2} and Pg:=HgnNC.

Remark 5.4. Note that N := =1 (H) is a toric Sasaki manifold and Py is the moment polytope
of B= M//K. Moreover, we see that K gives rise to compatible splitting identifications M =
N xR and C = Px xR

As we have just seen, any toric Sasaki complex structure J € IST(M ,w, X) can be written in

suitable cone action-angle coordinates (z,y) on M = C'x T**! in the form (6), with S satisfying (7)
and (8).

Definition 5.5. The corresponding smooth real function s € Coo(é) will be called the symplectic
potential of the toric Sasaki complex structure

Example 5.6. Consider the toric Kahler-Sasaki cone of Example 4.6. In cone action-angle coor-
dinates (x,y) on
G x Tl = (R+)n+1 « Tn+1 :
the symplectic potential
s:C =R SR
of the toric Sasaki complex structure Jy is given by
n+1

1
s(x) = 3 Z Tqlogx, .
a=1

We will now characterize the space of smooth real functions s € C“(C’) that are the symplectic
potential of some toric Sasaki complex structure J € Z% (M, w, X).

The symplectic reduction construction mentioned in Remark 3.11 is, in fact, a Kéhler reduction
construction. Hence, given a good cone C C R"*!, defined by

d
C= ﬂ{:z: eR™ ¢ 4,(2) = (x,v,) >0}
a=1

as in Definition 3.9, the explicit model for the corresponding good toric symplectic cone (M, w, X, 1)
has a canonical toric Sasaki complex structure Jo € IE(M ,w, X). Its symplectic potential is given
by the following particular case of a theorem proved by Burns-Guillemin-Lerman in [12].

Theorem 5.7. In appropriate action-angle coordinates (x,y), the canonical symplectic potential
sc:C =R for Jo

& 18 given by

1 d
SC(ZE) = 5 Z‘ga(x) logéa(m) .

a=1

One checks easily that Hess, (s¢) is homogeneous of degree —1. The corresponding Reeb vector
field K = (0, K¢) is given by

d
KC = Zua.
a=1

Example 5.8. The symplectic potential presented in Example 5.6 is the canonical symplectic
potential of the corresponding good cone C = (RJ)"** c R**! and

Koe=(1,...,1) e R*,
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Example 5.9. The standard cone over the standard simplex, considered in Example 3.12, is given
by

n+1
C= ﬂ {z e R"™ : 4,(2) := (x,v4) > 0},
a=1
where
Vo=¢€qs, a=1,...,n, and v,y =(-1,...,-1,1).
Hence, defining
r=> 7a,
a=1
we have that
1 n
sc(x) = 5 (Z xglogxy + (vpe1 — 1) log(xpser — 7’))
a=1

and
n+1
Ko=) va=1(0,...,0,1) e R""".
a=1

Remark 5.10. Ezamples 5.8 and 5.9 are isomorphic to each other under a SL(n + 1,7Z) trans-
formation.

Let 5,5 : C — R be two symplectic potentials defined on the interior of a cone C C R"*!.
Then

K, =Ky < (s —s') + const. is homogeneous of degree 1.

Given b € R™"!, define

({x,b) log(z,b) — (x, K¢) log({z, K¢)) .

DN =

sp(x) ==

Then s := s¢ + sp is such that Ky = b. If C is good, this symplectic potential s defines a smooth
Sasaki complex structure on the corresponding good toric symplectic cone (M, w, X, ) iff

(z,0) >0, Yz e C\ {0}, ie. be C*
where C* C R"*! is the dual cone
C*:={x e R"™ : (v,2) >0, Vo C}.
This dual cone can be equivalently defined as
C* =Na{z €R™' + (na,2) > 0},
where 7, € Z"*! are the primitive generating edges of C.

Theorem 5.11 (Martelli-Sparks-Yau [25]). Any toric Sasaki complex structure J € T on a good
toric symplectic cone (M,w, X, i), associated to a good moment cone C € Rt s given by a
symplectic potential s : C — R of the form

s=sc+sy+h,

where s¢ is the canonical potential, b € C* and h: C — R is homogeneous of degree 1 and smooth

on C'\ {0}.
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Symplectic Reduction of Symplectic Potentials.

Proposition 5.12 (Calderbank-David-Gauduchon [11]). Symplectic potentials restrict naturally
under toric symplectic reduction.

More precisely, suppose (Mp,wp, up) is a toric symplectic reduction of (M¢,we, pe). Then
there is an affine inclusion P C C' and

any J € I"(M¢, we) induces a reduced J € ZT (Mp,wp).
This proposition says that if
§5:C—>Risa symplectic potential for J
then
s:=38|p: P—>Risa symplectic potential for J.
This property is particularly relevant for the following class of symplectic potentials.

Definition 5.13. Let P C R™ be a convex polytope and C C R™"* its standard cone given by (5).
Given a symplectic potential s : P — R, define its Boothby-Wang symplectic potential s : C' — R
by

1 o
(9) 5(z, 2) ::zs(x/z)+§zlogz, Ve P, zeRt.
Note that
K;=(0,...,0,1) e R*!,
Example 5.14. In general,
Sp # sc .
IftpP= ﬂjzl{x €R™ 1 Ly(x) :== (x,v4) + Ao > 0}, consider

() = 5p(x) — 5 laor) g ()
where o () := >, la(z) = (T, Vo) + Aoo. Then
5(z,2) = sc(x, 2) + sp(x,2) with b= (0,...,0,1).

Toric Kéahler-Sasaki-Einstein Metrics. The following proposition is an immediate conse-
quence of well-known properties of Sasaki manifolds (see [10]) and the properties of symplectic
potentials that we have discussed,

Proposition 5.15. Let P C R" be a convex polytope and C C R"*1 its standard cone defined
by (5). Given a symplectic potential s : P — R, let § : C' — R be its Boothby-Wang symplectic
potential given by (9). Then

Sc(x/z) —2n(n+1) .

570(13, z) = .

In particular
Sc=0< Sc=2n(n+1)

and, when this happens, the corresponding toric Sasaki metric has constant positive scalar curva-
ture = n(2n + 1). Moreover,

s defines a toric Kahler-Einstein metric with Sc = 2n(n + 1)
if
§ defines a toric Ricci-flat Kdhler metric

and, when this happens, the corresponding toric Sasaki metric is Einstein.
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6. NEW SASAKI-EINSTEIN FROM OLD KAHLER-EINSTEIN

In 1982 Calabi [13] constructed, in local complex coordinates, a general 4-parameter family of
U(n)-invariant extremal K&hler metrics, which he used to put an extremal Kahler metric on

H2" =P(O(-m) & C) — CP" !,

for all n,m € N and any possible Kahler cohomology class. In particular, when n = 2, on all
Hirzebruch surfaces.

When written in action-angle coordinates, using symplectic potentials, Calabi’s family can be
seen to contain many other interesting cohomogeneity one special Kéahler metrics. Besides the ones

discussed in [4] and some of the Bochner-Kéhler orbifold examples presented in [3], it also contains
a 1l-parameter family of Kéahler-Einstein metrics that are directly related to the Sasaki-Einstein
metrics constructed by Gauntlett-Martelli-Sparks-Waldram [18, 19] in 2004.

Consider symplectic potentials s4 : Py C (RT)" — R of the form

sa(z) = % (Zn: (3:z + nil) log (wi + n«lkl) + hA(T)> )

i=1
where
=T+ Ty,

the polytope P, will be determined below and

1 r4 n—1
h;,l(r)zi n +( TL+1) )
T‘—‘rrﬂ pA(T>
with
n " 1 n"
10 = — —A d 0<A<———.
(10) pa(r) (r+n+1> (n+1 T) o SAS e

One can check (see [1]) that this family of symplectic potentials defines a 1-parameter family of
local K&hler-Einstein metrics with Sc = 2n(n + 1).
Let —a and b denote the first negative and positive zeros of p4. Then

(11) pa(r) = (r+a)(b—r)ga(r),

where g4 is a polynomial of degree n — 1,

n " 1 n " 1
— =A= _— .
(n+1 a) (n+1+a> (n+1+b> <n+1 b)

From (10) and (11) we get that

Pa(r) = —(n+ 1)r (7‘ + - i 1>n_1

= (b—=r)qa(r) = (r+a)ga(r) + (r + a)(b—r)qa(r)
which for r = —a and r = b implies that:

_(n41)b n \"!
a®) == P '
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This means in particular that

(a5 )"
pa(r) (r+a)(b—r)ga(r)

1 1
_ (n+1)a (n+1)b
r+a b—r  qa(r)’

Hence, the symplectic potential s4 defines a Kéhler-Einstein metric with S¢ = 2n(n + 1) on the
toric quasifold determined by the polytope P4 C R™ defined by the following inequalities:

1
zi+——2>20,1=1,...,n,

12 (r+a)>0 and

1
(n+1)a (n+1)b

Since P4 is never GL(n,R) equivalent to a Delzant polytope, these Kéhler-Einstein quasifolds
do not give rise to any interesting Kéhler-Einstein smooth manifolds. However, they do give rise
to interesting Sasaki-Einstein smooth manifolds. In fact, for suitable values of the parameter A,
the polytope P4 determines via (5) a standard cone C'4 C R"*! that is GL(n+ 1, R) equivalent to
one of the good cones C(k,m) C R"*! defined in the Introduction. The Boothby-Wang symplectic
potential

§A:CACRH+1—>R,

determined by s4 via (9), will then define a Ricci-flat Kéhler metric on the toric “quasicone”
determined by Cy4 and, for these appropriate values of A, also a Ricci-flat Kéhler metric on the
smooth toric symplectic cone determined by the appropriate C(k, m) and a Sasaki-Einstein metric
on the corresponding smooth toric contact manifold, thus proving Theorem 1.1.

The facets of C'4 are defined by the following set of defining normals:

/ (H 1 > .
vi=\ée,——),i=1,...,n;
n+1

where
n

e €R™ i=1,...,n, are the canonical basis vectors and d= Z € € R™.
i=1

To suitably express the condition implying that the cone C4 is GL(n 4 1,R) equivalent to one of
the good cones C(k,m) C R**! it is convenient to introduce the following auxiliar real parameter:

b n—(n+1a

Agi=— ————.

a n+(n+1)b
Note that, as A varies in the open interval (0, #), A4 assumes all values in the open interval
(0,1).

Proposition 6.1. If A4 € (0,1) can be written in the form

kn —m
12 Ay =
(12) AT Tt m
with k,m € N satisfying
k—1
(13) ( 2)n<m<kn7
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then Cy is GL(n +1,R) equivalent to the cone C(k,m) C R"*! defined by the following normals:
vi=(€,1),i=1,...,n—1;
(14) (m+1 = d1)
= (kén,1) ;
= (=én,1) .
Proof. Consider T € GL(n + 1, R) defined by
T'(&;,0) = (€; — Y¥€n,0) , i=1,....,n—1,
T'(7,0) = ((m+1-7)&, - d.0) ,
TY0,1) = ((n+ 1)yEn,n + 1) ,
for some v € R. Then:

T'W) =vi, i=1,...,n;

) kn+1)a—m

TH Y = v iff S S et

(o) =v— iy (n+Da—-mn "’
: —(n+1)b

Tt =, iff 4= Db
() =vy iff o nt (n+ 1)b

This implies that C4 is GL(n + 1,R) equivalent to C'(k,m) provided
kE(n+1)a—m m—(n+1)b
(n+1)a—n n+(n+1)b’
which is equivalent to (12). O

Remark 6.2. Note that, in the action-angle coordinates associated with the cone C(k,m), the
Reeb vector field of the Ricci-flat Kdhler-Sasaki metric is

K =(0,T%0,1)) with T%0,1)) = ((n+ 1)7&,,n +1)).

Since

_k(n+1)a—m m—(n+1)b

 (n+la-n  n+m+1b’
the (ir)regularity of K is determined by the (ir)racionality of the admissible values of a or, equiv-
alently, b.

When k = 1 we have 0 < m < n and each cone C(1,m) C R"*! is the standard cone over the
integral Delzant polytope P(m) C R™ defined by the following affine functions:

bi(z) ={z,&)+1,i=1,....n—1;

la(@) = (x, (m +1)&, —d) +1;

(_(x) = (x,&,)+1;

Ly(z) = (2w, =€) + 1.

If n = 2 then m = 1 and P(1) C R? is well known to be a polytope for the first Hirzebruch surface:
H{ =P(O(-1) & C) — CP*,

In fact, one easily checks that P(m) C R™, 0 < m < n, defines a smooth compact toric symplectic
manifold (H2",w) where

H2" =P(O(-m)®C) — CP" ! and [w] = 2mci (H2).

m

Hence the Sasaki-Einstein manifold N; 2”“ is diffeomorphic to the corresponding Boothby-Wang

manifold, cf. Example 3.5, which is the circle bundle of the anti-canonical line bundle of H2".
This proves Theorem 1.2.
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Remark 6.3. In general, i.e. when 1 < k € N, the cones C(k,m) C R"*! are standard cones over
labeled polytopes P(k,m) C R™ and the corresponding manifolds N,ff:l are given by an orbifold
version of the Boothby- Wang construction.

We will now check that, when n = 2, the cones C(k,m) C R3, with k,m € N satisfying (13)
and the simply connected condition

gedim+n,k+1)=1,

are SL(3,Z) equivalent to the cones C, , C R? associated to the Sasaki-Einstein 5-manifolds Y+,

0 < g < p, ged(q,p) = 1, constructed by Gauntlett-Martelli-Sparks-Waldram [18]. The defining
normals of the cones C(k,m) C R? are vy, vo, v_ and v, defined by (14) with n = 2. According
to [25], the cones Cp , C R? have defining normals given by

u1:(17piqilap7Q)a M2:(15170)7 ,u_:(l,(),()) and /’L+:(17p7p)
Consider the linear map Tk ., € SL(3,Z) defined by the matrix

0 0 1
k—m-1 -1 k
k—m -1 k

When £ =p—1and m = p+ g — 2 we have that

Tk,m(yl) = M1, Tk7m(V2) = U2, Tk,m<yf> = K- and Tk,m<l/+) = KU+,
ie. Ty m € SL(3,Z) provides the required equivalence.
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