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Dual Bases and Discrete Reproducing Kernel Hilbert
Spaces: A Unified Framework for RBF and MLS

Approximation

G. E. Fasshauer(1)

Abstract: We present a new framework of dual bases and discrete reproducing kernel
Hilbert spaces that can be used to describe both least squares radial basis function ap-
proximation and (polynomial) moving least squares approximation. Standard radial basis
function interpolation is included as a special case.

Keywords:Radial basis functions, moving least squares, dual bases, reproducing kernel
Hilbert spaces.

1 Introduction

Definition 1.1 Let H be a real Hilbert space of functions f: Ω → R. A function K:
Ω×Ω → R is calledreproducing kernel forH if

1. K(·,x) ∈ H for all x ∈ Ω,

2. f(x) = 〈 f ,K(·,x)〉H for all f ∈ H and all x∈ Ω.

2 Radial Basis Function Approximation

In the literature on radial basis function (RBF) approximation, usually an expansion of
the form

P f(x) =
n

∑
j=1

c jΦ j(x), x∈ Rs,

is considered. Here the basis functionsΦ j are generated by a single basic functionφ which
is composed with the Euclidean norm, and then shifted to the centersx j , j = 1, . . . ,n, i.e.,
Φ j(x) = φ(‖x− x j‖2). Common choices forφ include the Gaussian, (inverse) multi-
quadric, polyharmonic splines, or Wendland’s compactly supported RBFs. The coeffi-
cientsc j are found by solving a system of linear equations of the formAc= f generated
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by enforcing a set of conditions ensuring interpolation off by P f on the setX = {xi}n
i=1.

Therefore, the matrixA has entries

Ai j = φ(‖xi −x j‖2),

and the vectorsc and f have componentsc j , j = 1, . . . ,n, and f (xi), i = 1, . . . ,n, respec-
tively.

The functionΦ(x,y) = φ(‖x−y‖2) is now viewed as the reproducing kernel of a space
H (which usually is only a pre-Hilbert space, and therefore has to be completed). It then
follows from well-known results that the expansionP f provides the optimal interpolant to
the functionf in the sense that it has minimum norm inH (see [1, 7, 8] for more details).

We present a different approach to defining a reproducing kernel Hilbert space asso-
ciated withP f . This discussion is motivated by the paper [2, 4]. However, our view is
slightly different than the one presented in those papers.

First, we generalize the approximation problem to also include the case of discrete
least squares approximation. We still sample the given functionf on the setX , but now
introduce a second setΞ = {ξi}m

i=1 at which we center the basis functions. Usually we will
havem≤ n, and the casem= n recovers the traditional interpolation setting. Therefore,

Q f(x) =
m

∑
j=1

c jΦ j(x), x∈ Rs, (1)

and the coefficientsc j can be found by minimizing‖Q f − f‖2, where the norm

‖ f‖2 =
n

∑
i=1

( f (xi))
2

is induced by the discrete inner product

〈 f ,g〉=
n

∑
i=1

f (xi)g(xi).

Equivalently, we can solve the Gram system

Gc= f Φ,

whereG has entries

G jk = 〈Φ j ,Φk〉=
n

∑
i=1

Φ j(xi)Φk(xi) =
n

∑
i=1

Φ(xi ,ξ j)Φ(xi ,ξk), j,k = 1, . . . ,m,

and the right-hand side vector consists of the projections off onto the basis functions,
i.e.,

f Φ = [〈 f ,Φ1〉, . . . ,〈 f ,Φm〉]T = [〈 f ,Φ(·,ξ1)〉, . . . ,〈 f ,Φ(·,ξm)〉]T .

Of course, this is also equivalent toG= ATA and f Φ = AT f , whereA is the rectangular
analogue of the interpolation matrix mentioned above.

We are interested in the space of functionsH generated by (1) for all possible coeffi-
cient vectorsc. The reproducing kernel of this space will be defined as

K(x,y) =
m

∑
j=1

λ j(x)Φ j(y),
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where the functionsλ j , j = 1, . . . ,m, form adual basisfor H . The dual basis is found by
solving the Gram system

Gλ = Φ, (2)

whereG is as above, and the vectorsλ andΦ collect the dual basis functions and basis
functions, respectively.

Note that the dual basis allows us to see the coefficientsc j in a new light. In fact, we
know thatc = G−1 f Φ, and alsoλ = G−1Φ. Therefore,

f λ = G−1 f Φ = c,

where, as above, the notationf λ stands for

f λ = [〈 f ,λ1〉, . . . ,〈 f ,λm〉]T .

This shows us that the coefficients in the expansion (1) with basis functionsΦ j are ob-
tained by projecting the data onto the dual basis.

The functionsK(·,xi) can be shown to be the generating functions of a quasi-interpolant,
i.e.,

Q f(x) =
n

∑
i=1

f (xi)K(x,xi).

In fact, in the case of interpolation they form acardinal basis.
Using the definition ofK along with the dual basis we can derive

Q f(x) =
n

∑
i=1

f (xi)K(x,xi)

=
n

∑
i=1

f (xi)
m

∑
j=1

λ j(x)Φ j(xi)

=
m

∑
j=1

[
n

∑
i=1

f (xi)Φ j(xi)

]
︸ ︷︷ ︸

=〈 f ,Φ j 〉=d j

λ j(x).

This shows us that the coefficients in the dual expansion are given as projections of the
data onto the original basis functionsΦ j .

SinceK is a reproducing kernel, i.e.,f (x) = 〈 f ,K(·,x)〉H for all x∈ Ξ, we have the
three equivalent representations

Q f(x) =
m

∑
j=1
〈 f ,λ j〉Φ j(x) =

m

∑
j=1
〈 f ,Φ j〉λ j(x) =

n

∑
i=1
〈 f ,K(·,xi)〉H K(x,xi),

where the inner product inH is defined as

〈 f ,g〉H =
n

∑
i=1

n

∑̀
=1

f (xi)g(x`)K(xi ,x`)

=
m

∑
j=1
〈 f ,λ j〉〈g,Φ j〉.

Moreover, we can establish the bi-orthogonality relationship

〈λk,Φ j〉= δ jk

of the basis and dual basis.
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3 Moving Least Squares Approximation

In the moving least squares (MLS) literature there exist already two interpretations: the
discrete (moving) least squares formulation, and the Backus-Gilbert formulation which
corresponds to constrained quadratic optimization. For an overview of these two ap-
proaches see, e.g., [3].

The main difference between the RBF and the MLS settings lies in the definition of
the discrete inner product. In the MLS method we require positive weight functionsWi

which we will interpret in a way similar to RBFs, i.e.,Wi(x) = W(x,xi), with the pointsxi

coming from the same setX as earlier. Now, the discrete inner product is defined as

〈 f ,g〉W =
n

∑
i=1

f (xi)g(xi)W(x,xi). (3)

We point out that this is a significant difference since this inner product depends on the
fixed (evaluation) pointx. This will cause the Gram matrix as well as the coefficientsc j

to depend onx as well.
In the moving least squares method one usually takes a (multivariate) polynomial basis

for the approximation, i.e.,

Q f(x) =
m

∑
j=1

c j(x)p j(x), x∈ Rs.

The formalism for determining the coefficientsc j is still the same as before, i.e., we need
to solve thex-dependent Gram system

Gc= f p,

whereG has entries

G jk = 〈p j , pk〉W =
n

∑
i=1

p j(xi)pk(xi)W(x,xi), j,k = 1, . . . ,m,

and the right-hand side vector consists of the projections off onto the basis functions,
i.e.,

f p = [〈 f , p1〉, . . . ,〈 f , pm〉]T .

In the Backus-Gilbert approach one assumes a quasi-interpolant of the form

Q f(x) =
n

∑
i=1

f (xi)Ψi(x).

The generating functionsΨi(x) = Ψ(x,xi) are found by minimizing

1
2

n

∑
i=1

Ψ2
i (x)

1
W(x,xi)

subject to the polynomial reproduction constraints

n

∑
i=1

p(xi)Ψi(x) = p(x), for all p∈ P s
d,
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whereP s
d is the space ofs-variate polynomials of total degree at mostd which has dimen-

sionm=
(s+d

d

)
.

This kind of problem is solved with the aid of Lagrange multipliersλ j(x). The gener-
ating functionsΨi are then given as

Ψi(x) = W(x,xi)
m

∑
j=1

λ j(x)p j(xi),

where the Lagrange multipliers are obtained by solving the Gram system

Gλ = p (4)

with p = [p1(x), . . . , pm(x)]T . Since the entries of bothp andG depend on the pointx, so
will the Lagrange multipliers.

By comparing (4) with (2) we can immediately recognize that the Lagrange multi-
pliers play the role of the dual basis. Moreover, the generating functionsΨi define the
reproducing kernel, i.e.,

K(x,y) = Ψ(x,y) = W(x,y)
m

∑
j=1

λ j(x)p j(y).

Within our new framework we now have the more general formulas (just as in the case
of RBFs)

Q f(x) =
m

∑
j=1
〈 f ,λ j〉W p j(x) =

m

∑
j=1
〈 f , p j〉Wλ j(x) =

n

∑
i=1
〈 f ,K(·,xi)〉H K(x,xi)

which hold for arbitrary (linearly independent) polynomials.
As for RBFs we obtain orthogonality of the basis polynomials to the dual basis func-

tions, i.e.,

〈λk, p j〉W = δ jk.

The inner product inH is given by

〈 f ,g〉H =
n

∑
i=1

n

∑̀
=1

f (xi)g(x`)K(xi ,x`).

3.1 Plots of Basis-Dual Basis Pairs

To obtain plots of a typical Gaussian basis function and dual basis function for the RBF
framework we letX = Ξ be the set of 13 equally spaced points in[−5,5].

Notice that the kernel is a cardinal function, i.e., equal to 1 atξ7 = 0, and equal to
zero at all otherξ j . In the case of true approximation, i.e., whenm< n, the plots will look
similar. However, the kernel is no longer a cardinal function – but only an approximate
cardinal function (a generating function for a quasi-interpolant).
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Figure 1: Plot of Gaussian basis function (left), dual basis (center), and reproducing kernel
(right) centered atξ7 = 0.
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