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An Efficient Least—Squares MFS Algorithm
for Certain Harmonic Problems

Yiorgos-Sokratis Smyrli$ andAndreas Karageorghid

Abstract: The Method of Fundamental Solutions (MFS) is a boundary—type meshless
method for the solution of certain elliptic boundary value problems. In this work, we pro-
pose an efficient algorithm for the linear least—squares version of the MFS, when applied
to the Dirichlet problem for Laplace equation in a disk.
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1 Introduction

In the MFS, the solution is approximated by a linear combination of fundamental solu-
tions of the operator of the partial differential equation of the problem under considera-
tion. This approximation thus satisfies the differential equation and the coefficients in the
linear combination are determined from the boundary conditions. The satisfaction of the
boundary conditions can be done in two ways: One way is by fixing and preassigning
the locations of the singularities and simply collocating the boundary conditions. This
leads to a linear system with the same number of equations as unknowns or a linear least—
squares problem. Alternatively, the locations of the singularities can be determined along
with the coefficients, which results in a non-linear least—squares problem. Details and
applications of these formulations can be found in the recent survey papers [2, 3, 5]. A
description of the linear least—squares MFS can be found in Golberg and Chen [4] and
Ramachandran [6]. In this paper, we consider the linear least—squares formulation of the
problem.
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2 The linear least-squares MFS

We consider the boundary value problem
Lu=0 in Q,
{ u=f on 0Q, 2.1)

wherelL is a second order linear elliptic operatfrjs an open bounded domaink? . In
the MFS, the solution is approximated by

N
W(CQP) = Y Gk(RQ)),  PeQ, (22)
=1

wherec= (cy,Cy,...,cn)T andQis a N-vector containing the coordinates of the singu-
laritiesQj, j = 1,...,N, which lie on the boundar§Q’, of the domairQ’, whereQ c Q’.
The functionk(P, Q) is a fundamental solution of the elliptic operatorThe satisfaction
of the boundary condition is imposed on a set of boundary pe@ﬁﬂ»ﬂl :

N(CQR) = f(R), i=1,...,M. (2.3)

This yields the linear syster@c = f, where the elements of the mati&e RM*N are
given by gi j =k(R,Qj),i=1,....,M,j=1,...,N. If M > N, we seek a least-squares
solution of this system, i.e. the coefficientscy, .. ., cn, which minimize the functional

M| N 2

®(c,...,CN) = ; > cik(R,Qj) - f(R)

=1

Therefore, these coefficients, . .., cy must satisfy theormal equations

0 :
—@ =0 =1,....N
aCj (017 7CN> ) J } s 1N

or equivalently

M N
.Z\k(PI,Qj){ijk(Plij)_f(H)} =0, i=1,....N,

thatis
G'Gec = G*f, (2.4)

whereG* is the transpose d@b.
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3 Efficient implementation

We consider the special case of Laplace’s equation in the disk of radius. L = A

and Q =B, = {x€ R? : [x < p}, with boundarydQ = §, = {x € R?: |x = p}. The

fundamental solutiok is given byk(P, Q) = —%Tlog|P— Q|, with |P — Q| denoting the
distance between the poirfisandQ. The singularitie@? are fixed on the boundai§g

of the diskBg concentric taB,, whereR > p . A set of collocation point§P, }M ,, where
M > N, is placed or§,. If B = (xp,yR ), then we take

2(i—1)m L 2i-ym .
— yp,_psmT, I=1,...,M.

The locations of the singularitieQ{ = (XQ‘,-’»VQ‘,-’) are defined by

Xqo = Rcos(z(J _ l)n+ ZO(T[)  Yor = Rsin(z(J _ 1)T[+ Zom) , (3.1)

Xp = PCOS

N M N M

wherej =1,...,N. The positions of the singularities differ by an ané’% from the

positions of the boundary points anddx < 1. The elements of the matr¥, are given
by gi‘fj = —2—1T[Iog]P. —Q‘J?‘|, i=1...,M,j=1,...,N. In the case wheM is an integer
multiple of N, i.e. M = mNwith me N, the matrixGy has the form (dropping the’s)

g1 G12 -+ O1N row 1
O21 Q922 -+  O2N row 2
On1  Om2 -  OmN row m
1N O11 -+ OiN-1 row m+1
OmN  Om1 - OmN-1 row 2m
Gy =
OiN-1 O1N - O1N-2 row 2m+1
OmN-1 ImN - OmN-2 row 3m
012 O13 -+ Q11 row (N—1)m+1
On2 Om3 - Oma row Nm

We observe that roun+ 1 is a rotation of row 1, row 2+ 1 is a rotation of ronm-+- 1
and in general rojam+K is ap— v rotation of roowvm—+k fork =1,--- . m.

3.1 Diagonalization of the matrix G3Gq

In order to achieve this, we must first examine the mathxGqUy, , where (U =

ﬁw&kfl}('*” with wy = eX . The matrixUy is clearly unitary. If we sehj =gj 1, j =
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1,...,M, and letAj, j =1,...,M, be the eigenvalues &1 = circ(hy,...,hm) then we
have the expression (see [1])

Zhoo'lkl (3.2)

The matrixUy Gq Is then

A A1 A A
N @ @, ahom,
. ;N O WL W (5'(\71_)(;1)me |
VM | Mgt AN+ 1 AN+1 AN+1 ’
oy R G@aN-tmy 6|(\;I\|—1)(2|i1—1)m}—\2N
)—\n.w w'(me 1)m - (B.:_A(mN—l)meN 6,(\;\1—1)(m|-\1 1)m -

that is, (UmGa)y, = TlmémM(k_l)(g_l)Xk, wherek=1,.... M and/=1,...,N. Post-
multiplication ofUnGq by Uy yields theM x N matrix

A 0 00 0 o
0 X 00 0 0
0 0 A3 0 0o o0
0O 0 00 A O
. 1| 0 0o 00 0 M
UnGen = 72 A 0 00 0 0 |
0 A2 0 0 -- 0 O
O 0 0 O0- 0 A
0 0 0 0. 0 Amn

that is, (UmGaUy) )y, = \}Bke)\k,where

SN 1 if k=/modN
K€ 1 0 if kz¢modN.

Finally,

(UMGaUR) "UmGaUf; = UNGa*UjUmGaUy; = UnGa*GaUy;
= diag(yy,...,Un) =
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where

Mo = ANl (3.3)

=1
M3

J

Thew, ¢=1,...,N, are the eigenvalues &*G. We have thus obtained the diagonaliza-
tion of G4 *Gq:

Gu*Ga = UfAUy . (3.4)
The following theorem guarantees the solvability of (2.4).
Theorem 3.1. For everya € [—%, %] and m> 2, the matrix G*Gq is nonsingular.
PrRooOF This follows from Theorem 2.11 of [8] according to which the only possibly
vanishing eigenvalues among thg j = 1,...,M, are
(i) A1(a), which may occur only foor e (-2, 2), and
(i) Amj241(3), if M is even.

Clearly, form= M/N > 2, formula (3.3) shows that no eigenvalyg ¢ =1,...,N,
vanishes. O

System (2.4) may be written as
UNGa*GaUp;UnC = UNGa*UpyUm f
or equivalently,
Ne = G f (3.5)

where ¢ = Unc, G = UNGy*Uy; and f = Uy f. Thus, if f = (fy,..., fu) and¢ =
(€1,...,Cn), thel-th element of the vectds; f is given by

A

2 1 m
(Gaf), = anzlA(j—l)Nw fi—DN+es (3.6)
where/=1,...,N. Therefore, the solution of (3.5) is given by

m ~
> A—one F—onae
& = ym . (=1,...N. (3.7)
2
> AN
=1

If we now letkj(P) =k(R.Qf), j=1,...,N, andk = (ki(P),....kn(P)), then (2.2) be-
comes

N
un(P) = 5 ciki(P) = (c,k) = (Unc,Unk) = (&k),
=1

where (-, -) is the inner product i€N .
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The algorithm

The following algorithm calculates the approximate solution (2.2):

Step 1 Compute f=Uwf.

Step 2 Compute the eigenvalues Aj, j=1,...,M, from (3.2).

Step 3 Compute the vector € from (3.7).

A

Step 4 Compute k= UpKk.

Remarks 3.1.

(i)

In Stepl, because of the form of the matrix,Uthe operation is equivalent to per-
forming aDiscrete Fourier Transform (DFT) of dimension M. This can be done at
a cost of @M logM) operations via an appropriat€ast Fourier Transform (FFT)
algorithm. In Ste®, we first calculate the eigenvalugs, j = 1,...,M, of the ma-
trix circ(hy,...,hyv), at a cost of @M logM) operations. Subsequently, we need
an additional QM) operations to calculate the vectér. In Step3, the vectort
can be computed at a cost of ) operations. Finally Sted, can be carried out
via inverse FFTs at a cost of @logN) operations. The total cost is therefore
O(MlogM).

The efficient algorithm we propose is only applicable when the domain we are con-
sidering is a disk, but can be applied to different second—order elliptic operators
with radial symmetry. For example, in the case of the Helmholtz equation

Au+M%u =0,

the fundamental solution is
i@
K(P.Q) = —2Hs (AIP— Q).

where I—éz) is the Hankel function of order 2. Clearly, the corresponding matrix
G; Gy is also circulant.
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