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Numerical simulation of acoustic wave scattering
using a meshfree plane waves method

Carlos J. S. Alves(1) andSvilen S. Valtchev(2)

Abstract: Density results using an infinite number of plane acoustic waves allow to de-
rive meshless methods for solving the homogeneous or the nonhomogeneous Helmholtz
equation. In this work we consider the numerical simulation of acoustic source problems
in a bounded domain using this method. We present several tests comparing with the
method of fundamental solutions and a recent extension to nonhomogeneous problems.
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1 Introduction

In this work we present a meshfree method of the Trefftz type, based on density results for
plane wave functions, to approximate the solution of a Helmholtz equation in a bounded
connected domainΩ ⊂ RN. For simplicity, we will consider Dirichlet conditions on the
regular boundary∂Ω,

{
(∆−µ)u = f in Ω
u = g on ∂Ω

(1)

It is well known that this problem is well posed with solution inH1(Ω) for g∈H1/2(∂Ω)
if µ is not a Dirichlet eigenfrequency for the Laplace operator in the domainΩ (e.g.
[6]). In the following we will assume thatµ = −κ2 is not an eigenfrequency, whereκ
is known to be the wavenumber or frequency (considering unitary constant speed of the
wave propagation).

We will consider both homogeneous( f = 0) and non homogeneous (f 6= 0) problems.
In the case of the homogeneous problems, the application of the Method of Fundamental
Solutions is straightforward and has been used widely (e.g. [7]). More recently, in [2],
the Method of Fundamental Solutions has been extended for non homogeneous problems,
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presenting good results compared to other meshfree methods (cf. [3]). The mathematical
justification for these approaches can be made using density results (cf. [2, 4]).
Similar density results are established for plane waves, and allow us to present theplane
wave method, a meshfree method of the Trefftz type, which shares features that are quite
similar to a Fourier transform, due to the expression of the plane waves.

– In the homogeneous case, for a fixedκ, we search for solutions of the form

um(x) =
m

∑
j=1

α je
iκx·d j (2)

with unitary directionsd j ∈ SN−1. Since each plane waveeiκx·d j is a solution of the
Helmholtz equation inΩ, we just have to fit the unknown coefficientsα j to getum(xi) =
g(xi) on boundary collocation pointsxi ∈ ∂Ω. This is partially justified by the following
density result (e.g. [6])

Theorem 1.
L2(∂Ω) = span

{
eiκx·d : d ∈ SN−1

}
,

if κ is not a resonance frequency for the bounded domainΩ. ¤

– In the non homogeneous case, we will search for a particular solutionuP of the Helmholtz
equation(∆+κ2)uP = f adapting an idea in [2]. From an approximation

f̃ =
p

∑
k=1

m

∑
j=1

ak, je
iωkx·d j (3)

the function

ũP =
p

∑
k=1

m

∑
j=1

bk, je
iωkx·d j (4)

with the coefficientsbk, j = ak, j

κ2−ω2
k

verifies(∆+κ2)ũP = f̃ .

ThereforeũP is an approximation of the particular solution, noticing thatκ must be
different from the chosen frequenciesωk. In particular, this approach also works for the
Poisson equation, takingκ = 0. The approximation can be made either for complex or
real valued functions. In the later case, we may choose the real or the imaginary part of
the plane wave. A similar observation, concerning the use of the nonsingular part of the
Helmholtz fundamental solution, has been made in [5].

We recall the fundamental solution of the Helmholtz equation,

Φλ(x) =

{
i
4H(1)

0 (
√−λ|x|) in 2D

ei
√−λ|x|
4π|x| in 3D

whereH(1)
0 := J0 + iY0 is the first Hänkel function, defined with the Bessel functions of

first and second kind,J0 andY0. TheJ0 function and sinc(r) = sin(r)/r are non singular
at the origin. Although this allows to avoid the singularity (ofY0 or cos(r)/r), the use of
this approach produces similar results.
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2 Density results

To justify the approximation off by (3), we need the following density theorem that holds
for bounded simply connected domains (cf. [1]):

Theorem 2. Let I be an interval in]−∞,0]. Then

L2(Ω) = span{e
√

λx·d|x∈Ω : d ∈ SN−1,λ ∈ I}. ¤ (5)

To ensure that the matrices generated by theplane waves methodhave independent columns
(for an appropriate choice of collocation points), we prove that the plane waves are linear
independent functions on∂Ω.

Theorem 3. Let d1, . . . ,dm ∈ S2. The plane wave functionseiκx·d1, · · · ,eiκx·dm, restricted
to x∈ ∂Ω, are linear independent functions.

Proof. Supposev(x) := ∑m
j=1α jeiκx·d j = 0, (∀x ∈ ∂Ω), then by the well-posedness of

problem (1), for non resonance frequencies, we havev = 0 in Ω. By the unique analytic
extension outside the domain,v≡ 0, in RN. Considering the Fourier transformF , we get

0 = v(x) =
∫

RN
e−ix·y

m

∑
j=1

α jδ(y+κd j)dy= F

(
m

∑
j=1

α jδ−κd j

)
(x) (6)

and the result follows from the linear independence of the Dirac delta distributions cen-
tered on the distinct points−κd1, · · · ,−κdm. ¤
Remark. Obviously, by the well posedness of the problem inΩ (for non resonance
frequencies), the plane waves are also linear independent inΩ. Using a recursive argument
it is also possible to conclude the linear independence inΩ considering plane waves with
different frequencies.

3 Numerical remarks

Take n points xi in an domainW ⊃ Ω, m unitary directionsd j and p valuesλk. The
coefficientsai, j in (3) will be obtained by solving a least-squares linear system of the
form:

F>Fa = F>f

wherea = [ai, j ]mp×1, f = [ f (xi)]n×1 and the matrixF is given by:

F=
[
[e
√

λkx1·d j ]1×(mp), . . . , [e
√

λkxm·d j ]1×(mp)

]
n×(mp)

The particular solutionuP of the initial problem is then easily obtained using equation (4).

Having obtained an approximation ofuP we approximate the solutionuH of the homoge-
neous Helmholtz problem:

{
(4−µ)uH = 0 in Ω
uH = g− ũP on ∂Ω.

(7)
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This can be done using standard methods or choosing between the method of fundamental
solutions and the plane wave method. In this work we will compare both possibilities.
In particular, forµ< 0, we may use the plane wave method to obtain an approximation of
the homogeneous solution of problem (7),

ũH(x) =
m

∑
j=1

c je
√

µx·d j (8)

Takenhom collocation pointsxi on the boundary∂Ω andmhom unitary directionsd j ∈
SN−1. The coefficientsc j in (8) will be obtained by interpolation (ifm= n) or by least-
squares (ifn> m) solving the linear system,U>Uc=U>h wherec= [c j ]m×1, h = [g(xi)−
ũP(xi)]n×1 and the matrixU is given by:U= [e

√
µxi ·d j ]n×m.

4 Numerical Simulations

In this section we consider two illustrative numerical examples. The first example con-
siders theplane waves methodapplied to a homogeneous 3D Helmholtz equation. In the
second example we consider the resolution of a nonhomogeneous 2D Helmholtz equation.

4.1 Helmholtz homogeneous equation in 3D

Consider a domainΩ1⊂R3 with boundary parametrization(t,s)→0.03(sin(4s)+6){(3+
cos(t))cos(s);(3+cos(t))sin(s);sin(t)} (see Fig.1-left). We take as exact solution:

u1(x) = (2+ i)Φµ(x−y1)+2Φµ(x−y2)+(2− i)Φµ(x−y3)

with point sourcesyi ∈ {(2,0,3);(0,0,−3);(−2,0,3)} andκ = 5 (thusµ=−κ2 =−25).
In Fig.1(center) we show the absolute errors obtained with theplane waves methodon
∂Ω1. In the same figure, on the right, we also show the plot of the absolute error on an
interior surface0.5∂Ω1. It is clearly seen that the errors are small and get smaller inside
the domain. We considered40×20 points (nt ×ns) on the boundary of the domain and
30×15 (mt ×ms) directions on the unitary sphere.
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Figure 1:The domainΩ1 and points representing the directions of the plane waves (left). Absolute error
on the boundary (center) and in the interior, on the surface0.5∂Ω1 (right)
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nt ns mt ms µ=−1 µ=−25 µ=−100
40 20 30 15 9.305E−7 2.220E−4 5.766E−1
50 30 30 15 7.136E−7 1.040E−6 1.552E−5
50 30 40 20 6.529E−7 1.377E−6 8.551E−4
60 40 40 20 6.703E−7 7.896E−8 5.931E−5

Table 1:The absolute error on∂Ω1 for several tests.

In Table 1 we show some results testing several possibilities by changing the number
of collocation points or the number of directions. It is rather difficult to analyze properly
the behavior of the method. There exist particular combinations of collocation points
and unitary directions for which the method shows better performance and more depth
analysis must be carried.

4.2 Helmholtz nonhomogeneous equation

We now consider a 2D example, considering a diskΩ2 = B(0,0.5). The solution of (1)
is given byu2(x,y) = cos(x2− y2) therefore the boundary data is given by the function
g2 = u2|∂Ω2

and f2(x,y) =−4(x2 +y2)cos(x2−y2)−µu2(x,y).
Since we have a nonhomogeneous Helmholtz equation, we must proceed in two steps.
(i) First, we will approximatef2 consideringn collocation points onW ⊃Ω2, p frequen-
ciesλk =−ω2

k andm unitary directions onS1.

(ii) Second, we will approximateh= g2−uP usingnhom points on the boundary∂Ω2, and
mhom unitary directions onS1.

In Fig.2 we show some results forµ = −11. We consideredn = 402 points on the
domainW = [−0.7,0.7]2⊃Ω2, m= 20unitary directions,nhom= 60andmhom= 40and
p = 12 frequencies. The absolute error is of magnitude10−6.
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Figure 2:DomainΩ2 and collocation points (left). Absolute error forf2 (center) and absolute error for
u2 (left).

Finally we present some numerical results in order to compare the behavior of the
plane wave method(PWM) and themethod of fundamental solutions(MFS) for the cur-
rent example. On Table 2 we present the maximum absolute errors of the approximated
f2 andu2 by each of the methods for some different values ofµ. From the Table 2 we
conclude that there is no significant difference between using the MFS or the PWM, with
small advantage for the PWM in the cases shown.
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µ PWM→ f PWM→ u MFS→ f MFS→ u
µ=−5 1.631E−6 1.555E−6 1.297E−6 5.446E−5

µ=−10.5 3.277E−6 1.967E−7 4.505E−6 1.761E−5
µ=−60 5.616E−5 1.080E−5 4.164E−5 1.398E−6
µ=−110 4.887E−5 1.481E−6 6.939E−5 1.215E−6

Table 2:Absolute error analysis on the domainΩ2 for the MFS and PWM

Although the accuracy of theplane waves methodis in general similar to the method
of fundamental solutions, the application of this method is restricted to bounded simply
connected domains, and it does not present the versatility on the choice of source points.
The plane waves methodpresents an advantage in 2D, since the plane waves are much
faster to calculate than the Bessel functions. In 3D a better choice of the directions (for
instance, using Gauss points in the sphere) may lead to even better results.
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