BASIC ERGODIC THEORY: EXERCISES

EXERCISES FOR LECTURE 1

Exercise 1.1. Suppose (€, .%, ) is a probability space. Show:
(1) If A,B €. and A C B, then u(A) < p(B)
(2) If A,B € % then u(AUB) = u(A) + u(B) — p(AN B)
Exercise 1.2. Suppose A; € % and A; C A;41 for all i. Show that u(A,) ——

n—oo

pw(Us—; Ay) . (Hint: Write ()~ A, = )7~ B, for suitable disjoint sets B,,.)
Exercise 1.3. Suppose A; € F and A; D A;4q for all . Show that u(A,) ——

n—oo
1% (ﬂff:l Ay).

Exercise 1.4. A subset U C R is called open, if for every x € U there is a § > 0
s.t. for every y, |y — x| < 0 = y € U. Show:
(1) Every open set is union of open intervals
(2) Every open set is a countable union of intervals
(3) If a o-algebra & contains all open intervals, then it contains all open sets.
(4) If a o-algebra % on [0, 1] contains all open intervals, then every continuous
function f : [0,1] — R is .#-measurable

EXERCISES FOR LECTURE 2

Exercise 2.1. A simple function is a finite linear combination of indicators of
measurable sets. Show that every simple function is measurable.

Exercise 2.2. Suppose f,, are measurable functions for all n € N, and there is
a constant M st. —M < f, < M for all n. Show that f(w) := sup,ey fn(w),
g(w) := inf,en frn(w) are measurable.

Exercise 2.3. Prove that for every bounded measurable function | [ fdu| < [ |f|du

Exercise 2.4. We say that two bounded measurable functions f, g are equal almost
everywhere if u[f # g] = 0. Verify that [f # g] is measurable. Then, show that if

[ =g ae., then [ fdu= [ gdp.

Exercise 2.5. Suppose (X, %, u,T) is a probability preserving transformation.
Show that [ foTdu= [ fdu for all f: X — R bounded measurable.

Exercise 2.6. Prove Chebyshev’s Inequality: If f: X — R is bounded and mea-
surable, then p[f > t] < % [ f2dpu for all t > 0.
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1. EXERCISES FOR LECTURE 3

Exercise 3.1. Show that if f, g are bounded measurable functions satisfying f > g,
then [(f — g)dp = 0 implies that u[f # g] = 0.

Exercise 3.2. Show that f(w) = limsupy_,. & Zszl f(T*w) is T-invariant.
Conclude, using the Bounded Convergence Theorem, that if (Q, #, u, T) is ergodic,

then f(w) = [ fdu a.e.

Exercise 3.3. Show that H(q1,...,qN;P1,---,PN) is an invariant function for the
gas system discussed in lecture 1.

Exercise 3.4. Suppose p1, i12 are two different ergodic invariant probability mea-
sures for the same dynamical system T : Q@ — €. Prove that there are disjoint
measurable sets A, B s.t. p1(A4) =1, pao(B) =1, p1(B) =0, pu2(A) = 0.

Exercise 3.5. Complete the proof of the ergodic theorem by showing that [ fdu <
[ Adp, where A(w) = lim inf LS f(Thw).

2. EXERCISES FOR LECTURE 4

Exercise 4.1. Show that the angle doubling map T'(z) = 2z mod 1 is probability
preserving on [0, 1] with the Borel sets .# and the Lebesgue measure u. Guidance:
show that & = {E € # : T7'E € # and p(T~Y(E)) = u(E)} is a o-algebra
which contains the intervals.

Exercise 4.2. Prove the approximation lemma: Suppose FE is a Borel subset of

[0,1], then for every ¢ > 0 there is a finite collection of dyadic intervals Iy,..., Iy

s.t. p(EA ngl I) < e, where AAB = (A\ B)U (B \ A). Guidance: Show that
(1) The statement is true for E = [a, b)

) The statement is true for E = {a}

) The statement is true for every interval

) If the statement is true for E, then it is true for E€

) If the statement is true for Ey, Es, ..., Ex € %, then it is true for L—ijivzl E;.

) If the statement is true for Ey, Es,...,€ Z, then it is true for 4;°, E;.

Now deduce that & := {E C [0,1) : Ve3n, I1,..., I, dyadic s.t. wW(EAU;_, I) <

¢} is a o-algebra which contains .Z.
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Exercise 4.3. Prove that T(z) = 3xmod1 on [0,1] equipped with Lebesgue’s
measure is mixing.

Exercise 4.4. Prove that T'(z,y) = (z + amod 1,y + fSmod1) on [0,1)? is not
mixing.



