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What is a topology?

Ingredients: set X, subset 7 C 2%

Requirements:

o), XeT
° {A,’},'G/GT:> UA,’GT
i€l
e Ai,Ay,...,AneT = [ AT

1<i<n

> A€ T is called an open set and F = X \ A is a closed set
> () Fiand |J F; are closed

i€l 1<i<n

>if ), X € BC T and A= | B; for B; € B then B is a basis.
iel
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Topology on the integers Z
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Firstenberg's Topology, T

Topology on the integers Z

> Basis for T¢

’aZer:{an—kb,nGZ}‘

forae Z\ {0},b € Z.
Eg.2Z 3Z-1 42Z+6

> Simultaneously open and closed (clopen):

aZ+b=7\ | (aZ+ (b+ 1))

a—1
i=1
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There is an infinity of prime numbers!

> P ={peN]|pis prime}

> pZ closed set

Z\{-1,1} = U pZ

pEP

!

if this was a finite union, it would be closed, but...

{—1,1} is not open!
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Golomb'’s Topology, T¢

Topology on the positive integers N

> Basis for Tg

’aN0+b:{an+b,nEZzo}‘

for a,b € N and (a,b) = 1.

g: 2N0 +1 3N0 +7 42N0 + 25



Hausdorff
connected
not regular

not compact

Some properties



A reformulation

Dirichlet’s Theorem

There is an infinity of primes of the form an + b, with (a, b) = 1. ‘




A reformulation

Dirichlet’s Theorem

‘There is an infinity of primes of the form an + b, with (a, b) = 1. ‘

Topological translation:

‘The set of primes is dense in the set of the positive integers. ‘




Elementary facts about integer polynomials

f € Z[x] non-constant polynomial
Pr={peP:p]|f(n)forsomeneZ}

Properties:

> Takes on infinitely many composite values

> Is divisible by an infinite amount of primes (that is, Pr is an
infinite set)

> If it is separable, given p € Py, there are arbitrarily big numbers
m € Z such that p || f(m)



Not so elementary “facts” about integer polynomials

Bunyakovsky conjecture
> f € Z[x]

e positive leading coefficient
e irreducible over the integers
o there is no p € P such that p | f(n) forall n e N



Not so elementary “facts” about integer polynomials

Bunyakovsky conjecture
> f € Z[x]

e positive leading coefficient
e irreducible over the integers
o there is no p € P such that p | f(n) forall n e N

then f(n) is prime for an infinite amount of positive integers n € N.
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The polynomial f(x) = x*> +1

Are there infinite values n € N such that n? + 1 is prime?
Gaussian integers: Z[i] ={a+ bi:a,bc Z}
> = a+ biis prime iff:

e it's a rational prime (b =0) and 7 =3 (mod 4) or

e |7|?> = a% 4 b? is a rational prime.
Are there infinitely many Gaussian primes in the set

N+i={n+i|neN}?
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Known generalization of Dirichlet’s Theorem:

There is an infinity of primes in {ov + 39 | 6 € Z][i]}, with (o, 5) = 1.‘

Golomb's idea:

e find a topological proof of Dirichlet’s theorem
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> Extending Fiirstenberg’s:

basis {ov + 50 | 0 € Z[i] and «, 5 € Z][i]}

> Extending Golomb'’s:
basis {a+ 50 | 6 € Z[i] and (o, ) = 1}

> Straight Line Closed Set Topology:
closed sets {« + n| ne€Z and (o, ) =1}
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> Extending Fiirstenberg’s:

basis {ov + 50 | 0 € Z[i] and «, 5 € Z][i]}

> Extending Golomb'’s:
basis {a+ 50 | 6 € Z[i] and (o, ) = 1}

> Straight Line Closed Set Topology:
closed sets {« + n| ne€Z and (o, ) =1}

None of these work ®

Some possibilities
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More reformulations using Fiirstenberg’s

e NeN
e Pr={peP:p=2orp=1(mod4)}
e x2= -1 (mod p) — x = +i, (mod p)

x€ {12, N=1}\ U (p +p2)
P>

!

x2 4+ 1 is prime



Another approach

o P; ="Pr\{2}
o Jog=1{€{0,1,...,pq — 1} : pg{j? +1}



o P;="Pr\{2}
o Jpg = 1{j €10,

Another approach

1,...,pq =1} : pqtj® +1}

X €

N

p,q € Pf

VAS

( U Jj+pqZ

Jpq

)ﬂzz




Another approach

o P; ="Pr\{2}
o Jog=1{€{0,1,...,pq — 1} : pg{j? +1}

xe (Ujﬂ?qZ)ﬂ?Z

P.q € P \J € Jpq

!

x2 4+ 1 is prime
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Prime powers represented by polynomials

o Z,(f)={aec{0,1,...,p—1}|f(a) =0 (mod p)}
e Ur={a+pL|pePrhac Z,(f)}
— open cover of Z \ f~1({-1,1})

If we have

a+pZ¢ U b+gqZ

q#p
bEZ4(f)

then f(a + px) = p* for some x € Z and k € N,



Prime powers represented by polynomials

Otherwise, for almost all p,

U b+eZ=2\f"({-1,1})
a#p
bEZ4(f)




Prime powers represented by polynomials

Otherwise, for almost all p,

U b+eZ=2\f"({-1,1})
a#p
bEZ4(f)

4
f is reducible
or
dp € Pr such that p | f(x), Vx € Z7



Thank you! :)
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