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Hilbert Spaces

Definition

A linear space V with a inner product 〈·, ·〉 : V × V → C such that all
Cauchy sequences in V converge to an element of V is denoted a Hilbert
space.

Examples:

Rn is a Hilbert space with the usual dot product.

`2(X ), the space of functions f : X → C such that∑
x∈X |f (x)|2 <∞ is a Hilbert space.

L2[0, 1], the space of Lebesgue integrable functions f : [0, 1]→ R
such that

∫ 1
0 |f (x)|2dx <∞ with the inner product:

〈f , g〉 =

∫ 1

0
f (x)g(x)dx .
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Bounded linear operators

Definition

A function A from a Hilbert space V to a Hilbert space H is said to be a
bounded linear operator if it is linear:

A(x + y) = A(x) + A(y) A(αx) = αA(x)

and there exists a number ‖A‖ ∈ R such that

‖A(x)‖ ≤ ‖A‖‖x‖

for any x ∈ V . The space of all bounded linear operators from an Hilbert
space H to itself is denoted by B(H).

Examples:

Matrix are the bounded linear operators between Rn or Cn spaces.
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Bounded linear operators

Theorem

Given a Bounded linear operator A, its adjoint A∗ is the only bounded
linear operator such that 〈A(x), y〉 = 〈x ,A∗(y)〉 for any x , y.

Definition

A bounded linear operator U : H1 → H2 is said to be unitary if UU∗ = I
and U∗U = I , where I denotes the identity function. This is equivalent to
U being surjective and satisfying

〈Ux ,Uy〉 = 〈x , y〉

Unitary operators correspond to the isomorphisms in the category of
Hilbert spaces, and play a main role in theory of representations.
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Group Representations

Definition

A representation of a group G on a Hilbert space H is a group
homomorphism ρ : G → B(H). ρ is said to be irreducible if there is no
proper invariant subspace K of H such that ρ(K ) ⊂ K .
Given a group G , the representations ρ1 : G → B(H1) and
ρ2 : G → B(H2) are said to be unitarily equivalent if there is a unitary
operator U such that for any g ∈ G , Uρ1(g) = ρ2(g)U.

H1 H2

H1 H2

U

ρ1(g) ρ2(g)

U
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C*-algebras

Definition

A sixplet (A,+,×, ·, ‖ · ‖, ∗) is said to be a C*-algebra if the triplet (A,+, ·)
is a complex vector space, and the function × satisfies the identities

1 (x × y)× z = x × (y × z)

2 (x + y)× z = x × z + y × z

3 α · (x × y) = (α · x)× y = x × (α · y) for any α ∈ C.

Furthermore the norm ‖ · ‖ satisfies ‖xy‖ ≤ ‖x‖‖y‖, and every Cauchy
sequence in A converges to an element of A. The function ∗ is called an
involution and satisfies

(x∗)∗ = x (xy)∗ = y∗x∗ (λ · x + y)∗ = λ · x∗ + y∗ ‖xx∗‖ = ‖x2‖

Theorem

Every C*-algebra A is a sub C*-algebra of B(H) for some Hilbert space H.
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Cuntz algebras

Definition

The Cuntz algebra On is the C*-algebra generated by the n isometries
{s1, s2, . . . , sn} satisfying

n∑
j=1

sjs
∗
j = 1 s∗i sj = δij

for any i , j ∈ {1, 2, ..., n}.
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Higman-Thompson groups

Definition

The Higman-Thompson group Vn is the group of piecewise linear functions
g : [0, 1[→ [0, 1[ such that:

1 g is bijective in [0, 1[.

2 g(M) = M.

3 g ′(x) = nk for some k in the points where it is differentiable.

4 If g is not differentiable in x , then x ∈ M.

The Higman-Thompson group Tn is the subset of Vn such that g has at
most one discontinuity. The Higman-Thompson group Fn is the subset of
Tn such that g has no discontinuities.
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Higman-Thompson groups
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Higman-Thompson groups

Francisco Araújo (IST) Embeddings of Cuntz Algebras 3 Setembro 2020 11 / 40



Higman-Thompson groups

Definition

Let A be an alphabet with n letters. An admissible language
L := {a1, . . . , am} is a subset of A∗ such that Aω =

⋃m
i=1 aiA

ω and no ai is
a prefix for aj , for all i , j ∈ {1, . . . ,m}.
If {a1, . . . , am} and {b1, . . . , bm}, we say that T is an admissible
transformation

T =

[
a1 a2 . . . am
b1 b2 . . . bm

]
,

The Higman-Thompson group Vn, is the group of all admissible
transformations of a n-letters alphabet. We may assume, without loss of
generality, that b1 < b2 < . . . < bm, where ≤ is the lexicographic order. In
order for a table to be associated to a function that belongs to Tn, we
additionally need to have: ai < ai+1 < . . . < am < a1 < . . . < ai−1 for
some i ∈ {1, 2, . . . ,m}. For the table to be associated to a function that
belongs to Fn, we need to have i = 1.
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Higman-Thompson groups

Examples: [
1 . . . i . . . n
1 . . . n . . . i

]
[

1 . . . i1 i2 . . . in . . . n1 n2 . . . nn
1 . . . n1 n2 . . . nn . . . i1 i2 . . . in

]
[

1 21 22 23 24 3 4
1 2 3 41 42 43 44

]
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Higman-Thompson groups
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Embeddings of the Algebra On

Theorem

Given any integer k ≥ 1, the Cuntz Algebra Ok(n−1)+1 is embedded in On.
An embedding is the function ι : Ok(n−1)+1 → On satisfying:

ι(ŝ1) = sk1 ι(ŝ1+i(n−1)+(j−1)) = ι(ŝi(n−1)+j) = sk−i1 sj

for 0 ≤ i < k, 2 ≤ j ≤ n.

proof:

sk1 (s∗1 )k +
k∑

i=1

n∑
j=2

sk−i1 sjs
∗
j (s∗1 )k−i = 1
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Embeddings of Higman-Thompson groups

Theorem

Let Ψn : Vn → On be defined as

Ψ(g) = Ψ

([
a1 a2 . . . am
b1 b2 . . . bm

])
= sa1s

∗
b1

+ sa2s
∗
b2

+ . . .+ sams
∗
bm

Then Ψ is a faithful unitary representation of Vn in the group of unitaries
of On.

Our objective is that there is a group homomorphism E such that

Ok(n−1)+1 On

Vk(n−1)+1 Vn

ι

Ψ−1
nΨk(n−1)+1

E
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Embeddings of Higman-Thompson groups

Definition

Let γ : Y → X ∗ be the function such that, for all y ∈ Y :

ι(ŝy ) = sγ(y)

Also, let f : Y ∗ → X ∗ be such that

f (u) = f (u1u2 . . . um) = γ(u1)γ(u2) . . . γ(um)

. That is, the function such that:

ι(ŝu) = ι(ŝu1u2...um) = ι(ŝu1) . . . ι(ŝum)
= sγ(u1) . . . sγ(um) = sγ(u1)γ(u2)...γ(um) = sf (u)

So, for example, since ι(ŝ1) = s1 . . . s1︸ ︷︷ ︸
k times

, we have γ(1) = (1) . . . (1)︸ ︷︷ ︸
k times

.

Francisco Araújo (IST) Embeddings of Cuntz Algebras 3 Setembro 2020 17 / 40



Embeddings of Higman-Thompson groups

Theorem

The function E such that,

E :

[
u1 u2 . . . um
v1 v2 . . . vm

]
7→
[
f (u1) f (u2) . . . f (um)
f (v1) f (v2) . . . f (vm)

]
is an embedding of V1+k(n−1), T1+k(n−1) and F1+k(n−1) in Vn,Tn and Fn
respectively.
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Embeddings dos grupos de Higman-Thompson

Lemma

f is injective.

Corollary

If f (a) is a prefix of f (b), then a is a prefix of b.

Proof Sketch: we prove that it sends elements of V1+k(n−1) to elements of
Vn, this is:

Y ω =
m⋃
i=1

uiY
ω =

m⋃
i=1

viY
ω ⇒ Xω =

m⋃
i=1

f (ui )X
ω =

m⋃
i=1

f (vi )X
ω

and that f preserves the lexicographic order,

a < b ⇒ f (a) < f (b)
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Embeddings of Higman-Thompson groups
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Embeddings of Higman-Thompson groups

Theorem

There is an embedding of V2 in Vn. Given any i , j ≥ 2 there are
quasi-isometric embeddings from Fi to Fj . There is a quasi-isometric
embedding from Tk(n−1)+1 to Tn, but that there are no embeddings from
T2 to Tn. If there is a non trivial embedding from Om to On, then m
must be equal to k(n − 1) + 1, for some k ≥ 1.
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Representations of Higman-Thompson groups

Theorem

Given a Hilbert space H and a representation π : On → B(H), the
function ρπ : Vn → B(H):

ρπ(g) = (π ◦Ψ)(g)

is a unitary representation of Vn in H.
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The Hilbert space Hx

Definition

Fix x ∈ [0, 1[. We define its orbit as orb(x) := {f z(x) : z ∈ Z}, where

f (y) = ny mod 1. Note that f −1(x) = { xn ,
x+1
n , . . . , x+(n−1)

n },

f −2(x) =
⋃

y∈f −1(x)

f −1(y)

and so on.
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The Hilbert space Hx

xx+i
n

...

x
n

...

x+(n−1)
n

nx(mod1) n2x(mod1) . . .

...

...

...

...

...

...
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The Hilbert space Hx

Theorem

Let ∼ be a binary relation in [0, 1[ such that y ∼ x if and only if
y ∈ orb(x). This is equivalent to existing a, b ∈ Z such that
f a(y) = f b(x). ∼ is an equivalence relation whose equivalence classes are
the different orbits.

Theorem

Denote by Hx = `2(orb(x)). The set {δy : y ∈ orb(x)}, where
δy : orb(x)→ R is the function

δy (z) =

{
1 y = z
0 y 6= z

is an orthonormal basis of Hx .
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The Hilbert space Hx

Definition

Define Si ∈ B(Hx) as
Siδy = δ y+(i−1)

n

Since these are linear bounded operators of a Hilbert space, they have an
adjoint, which is given by

S∗i δy =

{
δyn−(i−1) y ∈ [ i−1

n , i
n [

0 y /∈ [ i−1
n , i

n [

for the basis of Hx . One can easily verify that the operators Si satisfy the
Cuntz relations. We therefore have the following result.

Theorem

The function πx : On → B(Hx) such that πx(si ) = Si is a representation
of On in Hx .
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Representations ρx

Theorem

Given g ∈ Vn and y ∈ orb(x), we have

1 g(y) ∈ orb(x)

2 ρx(g)(δy ) = δg(y)
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Representations ρx

Lemma

Let k ∈ orb(x). Then, given m ∈ Z, knm mod 1 ∈ orb(x)

Lemma

Let k ∈ orb(x). Then for any a ∈ N such that the number of digits in base
n of a is m, we have that kn−m + an−m ∈ orb(x).

Lemma

Let g ∈ Vn, f (x) = nx mod 1 and orb(x) =
⋃

m∈Z{f m(x)}. Then, for all
y ∈ orb(x), g(y) ∈ orb(x).
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Representations ρx

Lemma

Let y ∈ orb(x) and u ∈ X ∗, such that u = u1 . . . uk . Then
Suδy = Su1 . . . Suk δy = δa, where

a = yn−k +
k∑

i=1

ui − 1

ni
.

Lemma

Let y ∈ orb(x) and v ∈ X ∗, such that v = v1 . . . vmvm+1. Then, y ∈ φ(v)
if and only if b ∈ φ(vm+1), where

b = nm

(
y −

m∑
i=1

vi − 1

ni

)
.
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Representations ρx

Lemma

Let y ∈ orb(x) and v ∈ X ∗, such that v = v1 . . . vm and y ∈ φ(v). Then
S∗v δy = δb, where

b = nm

(
y −

m∑
i=1

vi − 1

ni

)
.

Lemma

Let v ∈ X ∗. If y /∈ φ(v) then S∗v δy = 0.

Lemma

Let y ∈ orb(x). Then, ρx(g)δy = δg(y).
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The operator U

Definition

Let ι′ : πx(Ok(n−1)+1)→ B(H
(k(n−1)+1)
x ) be defined as

ι′(Ŝ1) = Sk
1 ι′(Ŝi(n−1)+j) = Sk−i

1 Sj

for 0 ≤ i < k , 2 ≤ j ≤ n.

Ok(n−1)+1 πx(Ok(n−1)+1)

On π′x(On)

ι

π−1
x

ι′

π′x
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The operator U

Theorem

Let y ∈ orbm(x) for some m ≥ 2 and M = {Ŝ1, . . . , Ŝm, Ŝ
∗
1 , . . . , Ŝ

∗
m}.

Then there exist T1,T2, . . . ,Tk ∈ M such that δy = T1T2 . . .Tkδx .

Theorem

Let U : H
(k(n−1)+1)
x → H

(n)
x be the function such that, given

δy ∈ H
(k(n−1)+1)
x

U(δy ) = U(T1 . . .Tkδx) = ι′(T1 . . .Tk)δx .

Then U is a unitary operator.
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The operator U

δxδ x+(i−1)
n

δ x
n

δ x+(n−1)
n

δnx(mod1)

...

...

Si

S1

Sn

Sj

S∗j
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Main results

Theorem

Let x ∈ [0, 1[. Then, πx : Ok(n−1)+1 → B(H
(k(n−1)+1)
x ) and

ι′ ◦ πx : Ok(n−1)+1 → B(U(H
(k(n−1)+1)
x )) are unitarily equivalent.

H
(k(n−1)+1)
x U(H

(k(n−1)+1)
x )

H
(k(n−1)+1)
x U(H

(k(n−1)+1)
x )

U

πx (a) ι′(πx (a))

U
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Main results

Theorem

Given x , y ∈ [0, 1[, the transformation πx : Ok(n−1)+1 → B(H
(k(n−1)+1)
x ) is

unitarily equivalent to πy : Ok(n−1)+1 → B(H
(k(n−1)+1)
y ) if and only if

ι′ ◦ πx : Ok(n−1)+1 → B(U(H
(k(n−1)+1)
x )) is unitarily equivalent to

ι′ ◦ πy : Ok(n−1)+1 → B(U(H
(k(n−1)+1)
x )). Furthermore, πx is irreducible in

H
(k(n−1)+1)
x if and only if ι′ ◦ πx is irreducible in U(H

(k(n−1)+1)
x ).

Proof:

U1(H
(k(n−1)+1)
x ) U2(H

(k(n−1)+1)
y )

U1(H
(k(n−1)+1)
x ) U2(H

(k(n−1)+1)
y )

K

ι′(πx (a)) ι′(πy (a))

K
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Main results

By the previous theorem, we obtain the following commutative diagram

U1(H
(k(n−1)+1)
x ) H

(k(n−1)+1)
x H

(k(n−1)+1)
y U2(H

(k(n−1)+1)
y )

U1(H
(k(n−1)+1)
x ) H

(k(n−1)+1)
x H

(k(n−1)+1)
y U2(H

(k(n−1)+1)
y )

U∗1

ι′(πx (a))

K

πx (a)

U2

πy (a) ι′(πy (a))

U∗1 K U2
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Main results

Corollary

Let x ∈ [0, 1[. Then, ρ
(k(n−1)+1)
x : Vk(n−1)+1 → B(H

(k(n−1)+1)
x ) and

ρ
(n)
x ◦ E : Vk(n−1)+1 → B(U(H

(k(n−1)+1)
x )) are unitarily equivalent.

Corollary

Given x , y ∈ [0, 1[, ρ
(k(n−1)+1)
x ∼ ρ(k(n−1)+1)

y if and only if

ρ
(n)
x ◦ E ∼ ρ(n)

y ◦ E. Also, ρ
(k(n−1)+1)
x is an irreducible representation in

H
(k(n−1)+1)
x if and only if ρ

(n)
x ◦ E is irreducible in U(H

(k(n−1)+1)
x ).
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Main results

Using

Corollary

Let x , y ∈ [0, 1[. Then, given ι′ ◦ πx : Ok(n−1)+1 → B(U(H
(k(n−1)+1)
x )),

ι′ ◦ πy : Ok(n−1)+1 → B(U(H
(k(n−1)+1)
y )), we have that ι′ ◦ πx ∼ ι′ ◦ πy if

and only if x ∼ y. Also, ι′ ◦ πx is irreducible in U(H
(k(n−1)+1)
x ).

Theorem

Let x , y ∈ [0, 1[. Then, given ρ
(n)
x : Vn → B(H

(n)
x ), ρ

(n)
y : Vn → B(H

(n)
y ),

we have that ρ
(n)
x ∼ ρ(n)

y if and only if x ∼ y.
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Main results

Theorem

Let n ≥ 2. Then
C ∗
ρ

(2)
x

(E (Vn)) = ι′(πx(On)).

Theorem

Let n ≥ 2. Then, ρ
(n)
x and ρ

(n)
y are irreducible representations of Vn in

H
(n)
x , and ρ

(n)
x ∼ ρ(n)

y if and only if x ∼ y. For any k ≥ 1, (ρ
(n)
x ◦ E ) is an

irreducible representation of Vk(n−1)+1 in U(H
(k(n−1)+1)
x ), a subspace of

H
(n)
x . Furthermore, given another such representation (ρ

(n)
y ◦ E ),

(ρ
(n)
x ◦ E ) ∼ (ρ

(n)
y ◦ E ) if and only if x ∼ y.
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