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Sejam Π, α e σ funções cont́ınuas.

dXt = α(Xt)dt + σ(Xt)dWt

V (x) = sup
τ∈T

E
[∫ τ

0
e−ρs Π(Xs) ds

∣∣∣∣X0 = x

]
,

ρh =

∫ t

0
r(Xs) ds, 0 ≤ t < τI .

Sejam z , ε tais que V (x) > 0 sempre que |x − z | < ε. Considere-se:

θ = inf{t ≥ 0 : |Xt − x | ≥ ε}.
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Qualquer τ que verifique P{τ < θ} > 0 não pode ser ótimo.

V (x) = sup
τ

Ex

(∫ τ∧h∧θ

0
e−ρs Π(Xs) ds + e−ρτ∧h∧θV (Xτ∧h∧θ)

)

André Bento Problemas de Paragem Opcional em Finanças 4 / 21



Horizonte Infinito Horizonte Finito Método Numérico

Qualquer τ que verifique P{τ < θ} > 0 não pode ser ótimo.

V (x) = sup
τ

Ex

(∫ τ∧h∧θ

0
e−ρs Π(Xs) ds + e−ρτ∧h∧θV (Xτ∧h∧θ)

)
reduz-se a

V (x) = Ex

(∫ h∧θ

0
e−ρs Π(Xs) ds + e−ρh∧θV (Xh∧θ)

)
,

ou seja

Ex

(
V (x)−

∫ h∧θ

0
e−ρs Π(Xs) ds + e−ρh∧θV (Xh∧θ)

)
= 0.
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Usando a fórmula de Itō com X0 = x :

e−ρh∧θV (Xh∧θ) = e0V (x)+∫ h∧θ

0
−r(Xs)e−ρsV (Xs) + e−ρsV ′(Xs)α(Xs)+

+
1

2
e−ρsV ′′(Xs)σ(Xs)2 ds +

∫ h∧θ

0
e−ρsV ′(Xs) dWs .
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Usando a fórmula de Itō com X0 = x :

e−ρh∧θV (Xh∧θ) = e0V (x)+∫ h∧θ

0
−r(Xs)e−ρsV (Xs) + e−ρsV ′(Xs)α(Xs)+

+
1

2
e−ρsV ′′(Xs)σ(Xs)2 ds +

∫ h∧θ

0
e−ρsV ′(Xs) dWs .

O processo estocástico

Yh =

∫ h∧θ

0
e−ρsV ′(Xs) dWs

é uma martingala e E(Yh) = 0.
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Eh := Ex

[∫ h∧θ

0
e−ρs

(
r(Xs)V (Xs)− V ′(Xs)α(Xs)

−1

2
V ′′(Xs)σ(Xs)2 − Π(Xs)

)
ds

]
= 0.

Tomando limh→0
Eh
h = 0,

r(x)v(x)− v ′(x)α(x)− 1

2
v ′′(x)σ(x)2 − Π(x) = 0.
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α, r ,Π : I → R, σ : I → R+, I = ]m,M[ 6= ∅

X : dXt = α(Xt)dt + σ(Xt)dWt

τ̂ = arg maxEx

∫ τ

0
e−ρs Π(Xs) ds

ρt =

∫ t

0
r(Xs) ds, 0 ≤ t ≤ τI
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Hipótese 1

1

σ2
,
α

σ2
e

r

σ2
são localmente integrável em relação à medida de

Lebesgue em I .

Hipótese 2

Π

σ2
é localmente integrável em relação à medida de Lebesgue em I .

Os conjuntos {x ∈ I : Π(x) > 0} e {x ∈ I : Π(x) < 0} têm medida

de Lebesgue positiva e

Ex

∫ τI

0
e−ρt Π+(Xt) dt < +∞.
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Função valor

V (x) = sup
τ

Ex

∫ τ

0
e−ρs Π(Xs) ds

r(x)v(x)− α(x)v ′(x)− σ(x)2

2
v ′′(x)− Π(x) = 0

w ′(x) = A(x)w(x) + b(x) −→ Φa(x) =

[
φ11(a, x) φ12(a, x)
φ21(a, x) φ22(a, x)

]
.
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Função valor

v(x) = v(a)φ11(a, x) + v ′(a)φ12(a, x)−
∫ x

a

2Π(z)

σ(z)2
φ12(z , x) dz

v [a,b](x) =

∫ b

a

2Π(z)

σ(z)2
φ12(z , b) dz

φ12(a, b)
φ12(a, x)−

∫ x

a

2Π(z)

σ(z)2
φ12(z , x) dz

B.V.P. v(a) = v(b) = 0.
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Teorema

Seja {]ak , bk [, k = 1, 2, ...} a coleção de todos os intervalos

maximais para a condição

a < b , v [a,b](x) > 0 ∀ x ∈ ]a, b[.

Tem-se

V (x) =


v [ak ,bk ](x) para x ∈]ak , bk [, k = 1, 2, ...

0 para x ∈ I \
⋃
k

]ak , bk [.

O tempo de paragem τ = inf{t ≥ 0 : V (Xt) = 0} ∧ τI é ótimo.
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Horizonte Finito
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Sejam Π, α, σ funções cont́ınuas e T > 0 fixo.

dXt = α(Xt)dt + σ(Xt)dWt

V (t, x) = sup
τ∈T

Ex

∫ τ∧T

t
e−ρs Π(Xs) ds,

ρh =

∫ h

t
r(Xs) ds, 0 ≤ t ≤ h < τI ∧ T .

Sejam x , t, ε tais que V (t, x) > 0 e V (t, z) > 0 sempre que
|x − z | < ε. Considere-se:

θ = inf{s ≥ t : |Xs − x | ≥ ε} ∧ T .

min

{
r(x)v(t, x)− vt(t, x)− vx(t, x)α(x)− 1

2
vxx(t, x)σ(x)2 − Π(x),

v(t, x)
}

= 0.
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Problema Multidimensional

Sejam Π, α, σ1, σ2, u, v funções cont́ınuas e T > 0 fixo.

dRt = u(Rt)dt + v(Rt)dW2,t

dXt = α(Xt ,Rt)dt + σ1(Xt ,Rt)dW1,t + σ2(Xt ,Rt)dW2,t ,

V (t, x , r) = sup
τ∈T

Ex ,r

∫ τ∧T

t
e−ρs Π(Xs) ds,

ρh =

∫ h

t
Rs ds, 0 ≤ t ≤ h < τI ∧ T .
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Problema Multidimensional

Sejam x , r , t, ε, δ tais que V (t, x , r) > 0 e V (t, y , z) > 0 sempre
que |y − x | < ε e |z − r | < δ. Considere-se:

θ = inf{s ≥ t : |Xs − x | ≥ ε ∨ |Rs − r | ≥ δ} ∧ T .

min
{
rV (t, x , r)− Vt(t, x , r)− Vx(t, x , r)α(x , r)− Vr (t, x , r)u(r)

−1

2
Vxx(t, x , r)

[
σ1(x , r)2 + σ2(x , r)2

]
− 1

2
Vrr (t, x , r)v(r)2

−Vrx(t, x , r)σ2(x , r)v(r)− Π(x), V (t, x , r)
}

= 0.
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Método Numérico
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Método das Diferenças Finitas

vt(t, x) ≤ r(x)v(t, x)− α(x)vx(t, x)− σ(x)2

2
vxx(t, x)− Π(x),

v(t, x) ≥ 0,

com igualdade em pelo menos uma das equações e condição na
fronteira: v(T , x) = 0.
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Método das Diferenças Finitas

vt(t, x) ≤ r(x)v(t, x)− α(x)vx(t, x)− σ(x)2

2
vxx(t, x)− Π(x),

v(t, x) ≥ 0,

com igualdade em pelo menos uma das equações e condição na
fronteira: v(T , x) = 0.

Fórmula de Taylor

f (t −∆t, x) = f (t, x)−∆t
∂f

∂t
(t, x) + O

[
(∆t)2

]
∂f

∂t
(t, x) ≈ f (t, x)− f (t −∆t, x)

∆t
.
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Método das Diferenças Finitas

Notação

∆t =
T

N
, ∆x =

K

M
,

ti = t0 + i∆t, i = 0, 1, 2, . . . ,N,

xj = x0 + j∆x , j = 0, 1, 2, . . . ,M,

Πj = Π(xj), rj = r(xj), αj = α(xj), σj = σ(xj), j = 0, 1, 2, . . . ,M,

vi ,j = v(ti , xj), i = 0, 1, 2, . . . ,N, j = 0, 1, 2, . . . ,M.

vN,j = 0;

vi+1,j − vi ,j
∆t

≤ rjvi+1,j − αj
vi+1,j+1 − vi+1,j

∆x
−

−
σ2
j

2

vi+1,j+1 − 2vi+1,j + vi+1,j−1

(∆x)2
− Πj .
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Método das Diferenças Finitas

vi ,j = max

{
vi+1,j −∆t

(
rjvi+1,j − αj

vi+1,j+1 − vi+1,j

∆x
−

−
σ2
j

2

vi+1,j+1 − 2vi+1,j + vi+1,j−1

(∆x)2
− Πj

)
, 0

}
.

(
Id −∆t

(
R − 1

∆x
A− 1

(∆x)2
B

))
vi+1 + ∆tΠ.
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Método das Diferenças Finitas

α(x) = 0.3x σ(x) = 0.1x Π(x) = x − 2 r(x) ≡ 0.2
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