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Levy processes and fractional Laplacians
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—/A: Brownian motion
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Levy processes & Fractional Laplacians,
type of “anomalous diffusions” in:

e Dislocation of crystals
(boundary reactions: the Peierls-Nabarro Problem)

e Micro-magnetism (thin films)
e Mathematical finance (American options,...)

(=A)%, 0 < s < 1: Levy processes ® Quasigeostrophic equations
e The Signorini problem (“thin obstacle problem”)
7 ?%{

e Fluids, biology (front propagation, travelling waves)
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Phase transitions: boundary reactions
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Phase transitions: boundary reactions
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Phase transitions: boundary reactions
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NONLOCAL ELLIPTIC EQUATIONS IN BOUNDED DOMAINS:
A SURVEY =

XAVIER ROS-OTON

The aim of this paper is to survey some results on Dirichlet problems of the form

e
f mQ

{LZ _ 4 imR"\Q (L1)

L]
Here. Q is any bounded domain in R". and L is an elliptic integro-differential oper-

ator of the form (
I Lu(zr) =PV Q“{u(r) —u(r+ y)}K(y)dy. (1.2)

The function K(y) > 0 is the kernel of the operatoﬂ and we assume

K(y)= K(—y) and A Imn{|y|2 I}K(y)dy < 00,



NONLOCAL ELLIPTIC EQUATIONS IN BOUNDED DOMAINS:
A SURVEY

XAVIER ROS-OTON

The aim of this paper is to survey some results on Dirichlet problems of the form

Lu = f mQ
{ u = g inR"\Q. (L1)

Here. Q) is any bounded domain in R”. and L is an elliptic integro-differential oper-
ator of the form

Lu(x) =PV {u(:r:) —u(xr+ y)}I\"(y)dy. (1.2)
Hn
The function K(y) > 0 is the kernel of the operat.orﬂﬂ and we assume

Ko) =Ky ad [ minfly 1)Ky < .

1

Lu(r) == [ {2u(z) — u(zr +y) — ulz — y) } K(y)dy.

2 Rn

with A (y) = K(—y). We will use this last expression for L throughout the paper.
As an example, let Q C R" be any bounded domain, and let us consider a Lévy

rocess X;, t > 0, starting at = € Q). Let u(z) be the expected first exit time, 1.e.,
the expected time IEH where 7 = mf{t > 0 : X, ¢ Q} is the first time at which

the particle exits the domain. Then, u(z) solves
Lu 1 mQ ‘__
{ u 0 i R™\Q,

where —L 1is the mfinitesimal generator of X,.



The aim of this paper is to survey some results on Dirichlet problems of the form

Lu = f mQ
{ u = ¢ nR"\Q. i1}

Here, Q) is any bounded domain in R”, and L is an elliptic integro-differential oper-
ator of the form

Lu(z) = {u — u(x +y) } K(y)dy. (1.2)
The function K (y) > 0 1s the kernel of the operatoﬂﬂ and we assume

K(y) = K(—y) and '[Rﬂ min{|y|2, I}K(y)dy < 0.

The energy functional associated to the problem (1.1)) is
[=—=——=—a——apee e i —— S L= ~————— = *—"

£(u) = / fE . (u(z) — u(2)’K(z — r)dzdz — ] fu.  (31)

The minimizer of £ among all functions with © = g in R" \ Q will be the unique
weak solution of (1.1).
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The aim of this paper is to survey some results on Dirichlet problems of the form
Lu f mQ
{ u g in R™\Q. (L.1)

Here.  is any bounded domain in R”, and L is an elliptic integro-differential oper-
ator of the form

|

Lu(x) =PV A {u(z) —u(z + y) } K(y)dy. (1.2)

The function K(y) > 0 is the kernel of the Dperatorlﬂﬂ and we assume

K{y) = K(—y) and / min{|y|2, l}K(y)dy < 0.
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DENSITY ESTIMATES FOR A VARIATIONAL MODEL
DRIVEN BY THE GAGLIARDO NORNM
s Optmal creqy_
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We define also
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the ) contribution in the H* norm of «

|u(z) — u(y)?
_/n/n |z — y|n+2s 4 dy,

i.e we omit the set where (z,y) € €Q x ¥ since all u € X are fixed outside (2.
The energy functional J; in (2 is defined as

| Je(u: Q) 1= ¢ (u; Q) + [ W(n)dz.

Throughout the paper we assume that W : [-1,1] — [0, ),
(1.1) W e C¥([-1,1]), W(x1)=0, W>0 in(-1,1)
W' (=1)=0, and W"(xl)>0.
We say that u is a minimizer! for J; in  if
T(w:) < L(; )

for any ¢ which coincides with u in €2.
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o Front propagation under fractional diffusion
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Xavier Cabré CNMC curves and surfaces



o lYaV&(ln\q wowve S @V bOMVtO(QL//V /\€C(C7L)OM5
[ Colorg ~Cousvl- Noude™ ‘4 arXiv]
V=V(EXY)

CXO/) & {'}22 = H)Q} U;"‘AV =0 I (0/+'00) X [R;Z_ (’
Y>o 2_ { _.,.\/Ej :~CCV) on [0/+00) X(c?ﬂzi ’."
2k |

> Jﬁﬂaxeﬂz B
SOk V3 g woes : vIEXy)= ux-h )




‘ lmV@l‘Vtg waves for bouwo(a//v rea.chionc
[ Colorg ~Cousvl- Naude™ ‘4 arXiv]

V=V(E%y) _ 2

xy) e R, =1 3>O} -Av=0 i (h0)xRy , |

Y>0 ~Vy =L(v) On (0+00) xR, |

sl ® |

\Lﬁ XGIR B
9[!23 % y !mveer3 wowes - Vﬁ})@}’): U(X~CC, ¥ )
¢ bistable Autcu, =0 in IR
—ly =) on R f

%ﬂu .
o@ A u(@OY*O)O&“WOVo)M
or
v/_Lg L>0 [y lager” solition jgowwcw/

Srcomtzus{iovl C = el PAIR
! —
0 @ . |




{ MisCll=0 R z={y>0f . c=0 ¢ [Gbé -k Morales, CoAN o5 |
Uy =) R DRY=Y=0r |5 g AU=D o CAfU =0
UC-00,0)=0 , uct0,0)=4 T [ Cang -Sire , ATHP Y4 XW%MSJ

mh:«d Fiy f:ﬁ =0




{ M+Cl =0 i B :{7>Of . c=0  [Ghid-Sh Moraks, cpry o5 |
Sty =fU R ORy=Y=op |0 p g Au=0~o (Afu=0

UC-00,0)=0 , uct0,0)=4 T [ (g -Sive , ATHP Y4 & W”AMSJ
{

: w[combusﬁq_/ll (> wihalueed) balantced | de., LWC -0
gl Nelet e, bkt 42]

T - o) & uX0) N —e%.& as xX=>-00 (u==0)

ha




{ M+CU=0 M % Z—‘{y>0§ . =0+ [Gbie- Sk Morales, coan o5 ]
—ly =) R OR Y =HY=0r [ 5 g AUSD Mo (ATU =0

w0)=0 , utk0)=d r (G -Sire, ATHP ‘14 § THANS ]
{

’ qCCOV“LEUEﬁO'_/ll (> unhalbiced ) ba(avlced_r) 1e., fo £=0
Q[@}{mui _Hellef Sive, Adv.Mafh 42 ]

T Jiow) § o) wm ey, as x=>-w0 (4=0)

s

.M [ CCool-Mawde 't4 ] [ bistable o combuchoy =\ P
(@) 3N U) olofon pair }
(b) Uy>0O in /Rf;

(€) 4242 &4#H, 2G>C, b & suxo)<b <
) § W - ﬁ“{

L maaplees a o o l X"/Z




AWrClL)(:O N [Qiz{\\f>0(( ; ==
iy = few) o O’ 4 =0 f JZ<->_/r (-9 = C K f\/:jcév) n i
S where  vix) =U C>(/o)

.-———:—.-—-._.__...4—-..-,_...

/T FRACTIONAL DIFUSSON ?B
| Thn [eeM] - FLGW) guen §




Muscug =0 in [ =1y>01 ——
iy =Qen) O O, ={y=0 } JZ<=>ﬂ (‘Qxx_chf\/:_ﬁCV) m R
C o where  vix) =U0)
TRACTIONAL DIFUSSION PB
| Thn [eem] - 3L GV) g L

]

o Tusked -
Troveling woues for N o4,
o=t
W+ ) W =pw) iR )
V =
@—_> (- Xx)q\/ —cv =fv) R J{ (x)

L Stoded
o fNe”e]L f?o%fd‘&t{ng Jor W ‘.

C*; 4c JTW 1§ e(to)1) % V=0 as /lelzo(-y | X—>—00

[ ui-2hoo 4] for ' bistable

FEV) k v—Q a5 ffx , x>F00




)T by e_@lﬂOuMQU’Z q/p/proxf‘maﬁbw,.
[CKF\C“MQ(H‘WQJ '{.A@ympgﬁtg: w=e*¢ then ~Ad+p=0 (c2)

— | Helmoltz szua?{f‘am |




. i e by @V@ kouma(ag qppmxf‘maﬂbn,
[Cﬂ\.{‘.{ Meﬂle SI\V‘QJ : {o;ﬁgymf)“‘oﬁ\cgf u:e—xqg ‘WG/L “A#H*ﬂbt() (C:Z)

| Helmolfz szl,(m%m |

[C~Consul-Mandé 1 -

* ] j’y o V&”'Qﬁoma( Wﬁ{OOI ( H€MZ€> :
win § [ e¥6lvexo)dx | [ €™l drdy 45
"R !

(previous Tesults i cylinders - ylownded - [Heingeo!Ckyed 08 ] )
[laudes 09 '12]

r- ._@grug_tf_ss ; g[r‘c(fwg m@‘&oa/ 07[ %@/egﬁc/f/'_/v,mée@



oS T . 40T by pre boundary approximcdhion
[Cﬂ\.{‘.{ Meﬂle S\V‘QJ : {o;ﬁgymﬁ“o\h\cgf u:e—xqg ‘WG/L “A#H*ﬂbt() (C:Z)

| Helmoltz eggumﬁ‘om |

[C~Consul-Mandé 1 -

f» o ] J»y i3 Vom'qfv‘oma( mdﬁoo/ ( Hemz?e) :
win § [ &% 6(vey0))dx | i éa"lelzo’xc{y =4E
VR RS
(previous Tesults i cylinders - ylownded - [Heinezeo!ICkyed 08 ] )

[laudes 09 2]
e _@i@rugf_ss : g[r‘c(fwg method of %@/es“ﬁ/c/f/—/\//remg@@

e Mousoncily : Reamugemet of [laudes 01 . 2=€™ e (gv0)
ofu Cdecveagf‘ug n 2z - ) n MT:O

ol o £ =50, o Asymitoiee o priciple
L 17, 12 17 2 -}’m o \
v — FHETS S oo o gt



cfvSyw,(p]Loﬁcs i [Cabvt ~Consul-Mawde 14 ] ﬁmug)/t :
.MA rcoH4] . Yo Yoo ]C:]Ct’c pistable for which

t * 2 t

N |
& (") o)= (1)) ==X mcdiped Bessel gt op 2

| ot L




cfvSyw,(p]Loﬁcs i [Cabve ~Consul-Mawde 4 ] ﬁmug)/t :
.T_M/\ [ceH'4] . VEs0 Ye>o 3 ]C:]Ct’c istable for wihith

x
t | z  Y+C | IR _ y
(/L(Y/Y): S;oo & A= Ks ( (Y""&) +2 )dZ‘ IS @ /a}/er#r ﬂ'[

% (j;t’c)'(o): (£) ) - %% | W@lﬁff‘e’c{ Bessel {on of 2 Hind
1 al
A i [Cabléﬁ l‘fej CQ/(SMC](@:I Jrom

e lhat temel
e (y-t)
GVt (‘Qxx- Cok >ZU_ - O\

Y
| %\ﬂo,x):\lgo() R M for ,
Aw+cW, =0 m K,

L{ W(x,0) = W,(x) oh ‘&IQ%L




0,75
0,5
0,25
-20 -15 -10 S50
(a) —22<x<2andy=0 (b) =22 < x<2and 0<y <2

Figure: The explicit bistable front u!

Xavier Cabré Front propagation with fractional diffusions



T piud the Fisom fenel v (€=2)
Aw+ 2V, =0 R ={y>0f
% W(,0)=Wo on 9, :{y:o}

We use ala (den. of Z—@Qﬁ@. \N@”@F Sire T.
- =>|-dprb=0 M RL - telwle <pn

~Aged=S, I R? R
S

- Pr)= L Ko(r) =
o @
—H‘e,gi\

eclion /\)-..K;C’“)...
%

X
/af/er:f toison Kerne) , O/ .
—00



e Curves and surfaces with constant nonlocal mean

curvature
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