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In the recent 2006 FIFA World Cup, soccer balls curved and
swerved through the air in an attempt to confuse goalkeep-
ers and make their way to the back of the net. World class

soccer players such as Brazil's Roberto Carlos, Germany's
Michael Ballack and England's David Beckham have
perfected “bending” the ball from a freekick.

Digitizing a soccer ball (down to the stitching) and
computing the resulting air flow over the kicked ball,
researchers from the University of Sheffield's Sports
Engineering Research Group and Fluent Europe recently
found that the shape and surface of the ball, as well as its initial
orientation, play a fundamental role in the ball's trajectory
through the air. Wind tunnel measurements from the
University of Tsukuba in Japan verified these studies.

Among the researchers is PhD student Sarah Barber who
commented, “As a soccer player, I feel this research is invaluable
in order for players to be able to optimize their kicking strate-
gies.”

Research in computational fluid dynamics impacts various
sports including improvements in the aerodynamics in Formula 1
motor race cars, the circulation within sports arenas, and the
hydrodynamics of swimsuits.

Further Reading
http://www.fluent.com/solutions/sports/

http://www.shef.ac.uk/mecheng/sports/

Math Bends it like Beckham
Tim Chartier
Davidson College

Images courtesy of Fluent Inc.
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The lure of games
Games have a natural appeal that entices both amateurs and

professionals to become addicted to the subject. What is the
essence of this appeal? Perhaps the urge to play games is
rooted in our primal beastly instincts; the desire to corner,
torture, or at least dominate our peers. A common expression
of these dark desires is found in the passions roused by local,
national and international tournaments. An intellectually
refined version, well hidden beneath the façade of scientific
research, is the consuming drive “to beat them all,” to be more
clever than the most clever, in short—to create the tools to
Mathter them all in hot combinatorial combat! Reaching this
goal is particularly satisfying and sweet in the context of com-
binatorial games, in view of their inherent high complexity. 

The mainstream of the theory of combinatorial games
consists of the analysis of two-player games with perfect
information (unlike some card games where information is
hidden), without chance moves (no dice), and outcome
restricted to (lose, win), (tie, tie) and (draw, draw) for the two
players who move alternately (no passing). A tie is an end
position with no winner and no loser, as may occur in tic-tac-
toe for example. A draw is a “dynamic tie,” i.e., a nonend
position such that neither player can force a win, but each can
find a next nonlosing move. 

Throughout we assume that the two players move
alternately (no passing), and that the player first unable to
move loses and the opponent wins. 

Nim
The simplest combinatorial game is nim: Place identical

marbles on a directed graph, such as depicted in Figure 1, say
one on each of the circles 1, 2 and 4.  

A move consists of selecting a marble and moving it to a
neighboring circle, in the direction of an arrow. Multiple
occupancy is permitted. The player first unable to move loses,
and the opponent wins. Before reading on, answer the
following:

Question 1. Can you win from the given position? If so, by
what move(s)?

Nim has a very simple winning strategy. Write the number
of each occupied circle in binary notation, then add them
without carry, such as a kindergarten child might do. If this so-
called nim-sum is zero you cannot win by beginning to play
from that position: every move necessarily makes the nim-sum
nonzero. But if it’s nonzero, there always exists a move that
makes it 0, which is also the value at the end of the game when
all the marbles are in position 0, which is therefore a winning
move. The nim-sum of the given position is displayed in
Figure 2(a). The move  4 → 3 causes the nim-sum to become
0. It is a winning move—in this case, the only winning move.

Fundamental question
Nim and chess and go belong to the same family of games.

Why does the former have such a simple strategy, whereas
chess and go seem to be so complex?

Well, there are several mathematical differences between
these games. Here are a few of them. 

••          Cycles. Nim-like games are finite and “acyclic”: no

Why are Games
Exciting and Stimulating?
Aviezri S. Fraenkel
Weizmann Institute of Science
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Figure 1. The game of nim.

“We ascend along scenic trails that lead from sea-level nim to

alpine chess at a moderate gradient, via intermediate games

sampled from various strategic viewpoints along the trails.”
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position is assumed twice, but chess-like games are
cyclic. 
••          Marble interactions. In nim-like games, marbles
coexist peacefully, even on the same circle, whereas they
interact in various ways such as jumping, deflecting, cap-
turing, etc., in chess-like games. 
••            Partisanship. A game is impartial if the set of (direct)
followers of every position is the same for the two
players. If this doesn’t hold for all positions, the game is
partisan. Nim-like games are impartial, whereas chess-
like games are partisan (since the “black” player cannot
move a white piece and vice versa). 
••            Decomposition. For solving any large system, we
strive to decompose it into a number of smaller tasks, and
solve each one individually. This can be done for nim,
since the piles are distinct. But chess does not seem to
decompose into disjoint parts (except some very simple
configurations, such as those consisting of pawns and the
two kings only). 
••            Termination. Nim has only one terminating state,
when all piles are empty. But in chess, every checkmating
configuration is a terminating state, and they abound. 

In order to throw some light on the fundamental question let
us adopt Julius Caesar’s motto: 

DIVIDE AND CONQUER!

Thus, instead of trying in vain to scale the vertical cliff
separating nim from chess, we choose to ascend along scenic
trails that lead from sea-level nim to alpine chess at a moderate
gradient, via intermediate games sampled from various
strategic viewpoints along the trails. This is done by attacking
the above-mentioned mathematical differences between nim
and chess individually, step by step, rather than confronting
them simultaneously. 

Cycles
Figure 3 depicts a directed graph, played the same way as

nim, but it has cycles, such as FKL. Initially, place identical
marbles on some circles, say on A, B, E, F.  A move consists of
selecting a marble and moving it to a neighboring circle along
a directed arrow. Multiple occupancy is permitted. The player
first unable to move loses and the opponent wins. If there is no

last move, the outcome is a draw.
Question 2. From the given position ABEF, can the first player
win, or at least draw, or can the second player win?

Notice that draws are indeed possible in this game. For
example, place a single marble on Q. The first player will not
go to P, since then the opponent can go to N, winning.
Therefore the first player moves to R. It is not difficult to see
that as long as the players stick to the region F, K, L, Q, R, they
maintain a draw, but a player venturing out of this sanctuary
can be defeated by the opponent.

Marble interactions
In Figure 4, identical marbles are placed, say on the starred

circles, one marble per starred circle.  

Figure 4. A game of Innocent Marbles.

A move consists of selecting a marble and moving it to a
neighboring circle along a directed arrow. If the latter is
occupied, both marbles are annihilated and removed from the
game. Once again, the first player unable to move loses, and
the opponent wins; and if there is no last move, the outcome is
a draw. Notice that the 3 upper graphs are identical, and so are
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Figure 2. Two nim-sums in a play of nim.
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the two lower ones. The only difference between an upper and
a lower graph is the orientation of the top arrows. So things
look easy, hence the name “Innocent Marbles.”

Question 3. From the given position, can the first player win,
or at least draw, or can the second player win?

Actually, this may not be too easy to answer for a new
player, so let’s begin with two easier questions.

Question 4. Place 4 marbles: one on z0 and one on z2 in one of
the graphs; and one on z0 and one on z2 in another copy. We ask
the same question as in Question 3 for this position.

Question 5. Place 4 marbles: one on z0 and one on z2 in one of
the graphs; and one on y0 and one on y2 in another copy. We
ask the same question as in Question 3 for this position.

Now that you have mastered Innocent Marbles, you are
ready to attack the solar system as a homework problem.
Consider the stellar configuration marked by letters in
“Interstellar encounter with Jupiter” (Figure 5),  

Figure 5. Interstellar encounter with Jupiter.

where J is Jupiter, the other letters are various fragments of
the Shoemaker-Levy comet, and all the vertices are “space-
stations.” A move consists of selecting Jupiter or a fragment,
and moving it to a neighboring space-station along a directed
trajectory. Any two bodies colliding on a space-station explode
and vanish in a cloud of interstellar dust. Note that six space-
stations are “black holes,”  where a body is absorbed and
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cannot escape. Both players are viciously bent on making the
final move to destroy this solar subsystem. Is the given posi-
tion a win for player I or for player II? Or is it a draw, so that
a part of this subsystem will exist forever? And if so, can it be
arranged for Jupiter to survive as well? (An encounter of the
Shoemaker-Levy comet with Jupiter took place in mid-July
1994.) 

Note. If an odd number of marbles is placed on any of the 5
graphs of Innocent Marbles, the outcome of play is trivially a
draw, since marbles can disappear only in pairs. But in Figure
5, the placement of any number of marbles makes a priori
sense, because of the black holes. 

Partisanship
Two players, Vera and Horace, tile a 10×11 “chessboard”

by alternately covering a pair of adjacent squares with a
domino (Figure 6). 

Figure 6. Domineering position after the 14th move of Vera.

Vera tiles vertically and Horace tiles horizontally. The
player first unable to move loses and the opponent wins. Who
can win? Note that draws are not possible. On a 2×1 board,
Vera wins, on a 1×2, Horace wins, and on a 2×2, the first
player wins.

Question 6. Determine the winner for all m × n boards, with m
at most 3 and n at most 4.

Partisanship with marble interaction
The game board for the game Arrows, which was featured

in a games exhibition in Göttingen during July and August in
2005, is shown in Figure 7.

Continued on page 32
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When most people kick back for a beer in a bar, they
probably don’t see a lottery ticket and think
“Hypergeometric Distribution!” However, two

former probability students, curious as to how much the state
was making, did just that. While in a bar one day, they took a
Quick Draw lottery ticket (a popular bar game sponsored by
the New York State Lottery) and decided to calculate the
estimated payoff on the dollar. It wasn’t until a year and a half
later that their curiosity paid off… big time.

Let’s take a hypothetical Friday night and pretend you are
spending the evening out with your buddies at a local bar. On
the edge of your table are Quick Draw tickets, displaying the
numbers 1-80, with little boxes under each where you can
check them off. You have the option of selecting anywhere
between 1 and 10 of these numbers (or having your numbers
randomly picked for you). There is a colorful TV screen across
the room, and every five minutes, twenty new numbers
randomly selected by the state appear on the screen. If you are
feeling lucky this night out, you would pick your numbers,
decide how much you want to bet, and then eagerly wait. As
the new numbers appear on the screen, you would count the
number of matches there are between those and your picks,
and this number of matches would determine your payoff. 

That is what you would do if you were a typical person out
for a drink. However, maybe you just took a course in
probability and remember problems from your homework on
hypergeometric distributions, which result from sampling
without replacement. 

You start off with a set of size n, (the set of numbers 1–80),
and out of this set you choose a subset of size m (the ten
numbers you pick on your ticket). Out of the original set, there
are r “successes” (the 20 numbers selected by the state), and
you want to find the probability of some number x of these
successes being contained in your subset (the probability of
your picks having x matches with those on the screen). The
payoff per dollar for each number of matches is given on your
ticket, so once you have the probability of getting each

possible number of matches, it is a simple matter to calculate
what you really care about, the expected payoff.

The probability of getting x matches when choosing m
numbers, p (x), is found using binomial coefficients. We first
need to compute the number of possible combinations for
observing x matches, given a subset of size m. This is given by

The first term is the number of ways to choose the x successes
for your subset from the r total successes, and for each of these
possibilities, there are all the ways to choose the m – x failures
for your subset out of the n – r total failures. Thus the product
gives you the total number of ways to choose a subset of size
m containing x matches. To find p (x), we need to divide this
quantity by the total number of possibilities for choosing a
subset of size m (regardless of the number of matches). This is
given by

We thus observe

From here, it is a simple matter of plugging in numbers…
calculate p (x) for each possible x, from which you can find the
probability of each payoff, and then find the expected payoff
for your dollar.

In a small town in New York State, when Quick Draw was
introduced to the local bar, two former probability students did
just this. They saw the ticket and made the connection between
the lottery game and the hypergeometric distribution. Once the
connection was made, one of them “just took out his old
textbook, found the hypergeometric distribution, and plugged
in the numbers.” For example, choosing 4 numbers (referred to
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Mixing a 
Night out with Probability…
& Making a Fortune
Kari Lock
Williams College

“The only way we wouldn’t make money was if the game was

fixed—in which case we’d make even more money.”

Lock  1/30/07  8:21 PM  Page 8



WWW.MAA.ORG/MATHHORIZONS   9

MATH HORIZONS

in bar lingo as “4 Spot”), they simply had to compute the
probability of getting 0, 1, 2, 3, or 4 matches. The probability
of getting 1 match, p (x), is worked out below:

The remaining probabilities can be computed without much
difficulty, resulting in p (0) = .308, p (1) = .433, p (2) = .213,
p (3) = .043, and p (4) = .003. The game ticket in Figure 1
shows the payoff per dollar bet for each number of matches.

Thus the expected payoff can be computed by summing
over the probability of each number of matches times the
payoff for that number of matches. So we find the expected
payoff per dollar for the 4 Spot game to be .308(0) + .433(0) +
.213(1) + .043(5) + .003(55) = $0.59. Since this is the payoff
per dollar bet, any intelligent person will realize that odds are
you will lose money playing 4 Spot Quick Draw.

However, about one year later one of these guys was back
at the bar and read an advertisement for Quick Draw—an ad
stating that every Wednesday in November, payoff on the 4
Spot game is doubled! Having already utilized his probability
background and computed the average payoff to be about 60¢
for the dollar (as we did above), this guy saw the ad doubling
this payoff, and immediately thought “Holy ****!!! They’re
giving away money!” And it was immediately clear that these
students were going to earn more than just an “A” from their
probability class. 

Together they worked out the number of times they would
have to play in order to ensure making a profit. When asked
about his confidence prior to playing, one of them commented
“I was very confident. The sample size was large enough so
that the only way we wouldn’t make money was if the game
was fixed—in which case we’d make even more money.”
They had no fear going into the event, for they both had total
faith in statistics, probability, and the law of large numbers.

When the bar opened at 10 am the first Wednesday in
November, they were there and ready to go. From opening
until the deal expired at midnight, for all four Wednesdays in
November, these two guys feverishly played 4 Spot Quick
Draw. Purchasing around 1500 tickets a day, they played the
maximum amount of 20 games with each ticket, betting $5 a
game. As they played more and more games, they started
making a profit as predicted, and were able to use their
winnings to keep purchasing more tickets. The only factors
limiting the number of tickets they played were the printer—it
took a certain amount of time for the machine to process and
print out a ticket—and the actual process of cashing in the
tickets. As for the colorful monitor displaying the results, it
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could have been turned off for all the guys cared. They were so
confident in the outcome and so busy trying to maximize the
number of tickets played that they didn’t even pause to observe
the results on the screen overhead. It turns out that their faith
in probability was justified. Their final profit after the four
days of playing ended up within $100 of what they had
originally computed to be their expected payoff.

By the fourth Wednesday in November people were starting
to realize what was going on, and several groups monopolized
the Quick Draw games in bars around the county. One man,
deciding to capitalize on the success of others without
bothering to work out the math himself, ran into trouble. He
spent the whole day playing 5 Spot Quick Draw (which didn’t
have the double the payoff special). I’m sure you can predict
the result for this unfortunate man.

For the original two students, however, their knowledge of
probability and their initiative to apply it proved to be
extremely fruitful. After purchasing a new house and a new
car, one of the guys was asked to comment on the experience.
His words of wisdom after the whole event: “It shows that
paying attention in math class can, in fact, be useful.” 

So exactly how rich did the combination of probability and
curiosity make these guys? Well… you do the math.

Figure 1. A New York State Lottery Quick Draw Ticket. Note the
portion corresponding to the payoff amounts for the 4 Spot Game.
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It’s been roughly seventy years since J.B. Rhine claimed that
Extra Sensory Perception (ESP) abilities were exhibited by
certain subjects who predicted—significantly more often

than by mere chance—the next card in a random arrangement
of twenty-five so-called ESP cards. Consider the following
demonstration of ESP: 

Casually shuffle a packet of cards overhand while talking
about an ESP experiment you are about to perform. Then
you deal cards into a pile on the table until somebody
calls stop, whereupon you riffle shuffle that pile into the
remaining cards. The packet is fanned to demonstrate
how mixed up it is, and the audience is given a choice of
using either the top five cards or the bottom five cards.
These five cards are placed in a face-down row from left
to right, without altering their order. The rest of the
packet of cards is pushed to one side. 

“It would be an absolute miracle if anybody outside this
room could identify all five of those cards correctly,” you
proclaim. “Let’s try something a little less ambitious,
though still impressive in its own way.” Picking up two of
the cards, you replace them in the packet and shuffle
further. You leave the packet face-down on the table—
having first closed up any remaining gaps in the row of
three face-down cards, without disturbing their order—
and then turn away. 

A person who claims to have special ESP talents now
enters the room for the first time, having seen nothing so
far, and surveys the scene. Acting on her trusty ESP
instincts, she concentrates hard, and soon identifies all
three face-down cards correctly.

A trick along these lines can be performed with ordinary
playing cards, but it seems appropriate to use so-called ESP
cards here.  

Figure 1. The ESP cards.

There are five distinct ESP cards: circle, plus sign, waves,
square, and star. We list them in this order for a simple reason:
to establish a one-to-one correspondence with the numbers 1,
2, 3, 4 and 5. Think of the circle as having one bounding curve,
the plus sign as two crossed lines, the three wavy lines, and so
on. 

This trick is largely mathematical, with three distinct
components. As we explain it below, there is some
nonmathematical signalling going on in one of the three
components. The so-called ESP expert is of course your
accomplice, with whom you have established communication
conventions ahead of time. 

Clearly, your accomplice must be able to learn something
when she surveys the scene, if she is to be able to identify three
unseen cards! What’s surprising is how little information you
have to pass to her. We also suggest an alternative presentation
which is 100% mathematical, and can be performed in email
or over the telephone. 

At first it appears that the three face-down cards could be in
any of 53 = 125 possible configurations. Actually there are
only 10 possibilities, and you subtly signal the correct one to
your accomplice, by means of the “casual” placement of the
face-down packet (more on that later in Stage Three). 

Proving that this trick can indeed be done—not to mention
mastering its actual performance—involves three distinct

An ESPeriment with Cards
Colm Mulcahy
Spelman College

“Your accomplice must be able to learn something when she

surveys the scene, if she is to be able to identify three unseen

cards! What’s surprising is how little information you have to

pass to her.”
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lemmas. Individually, each step is simple enough, it’s the
combined result that is far from obvious. 

Stage One: Initially, stack the cards in cyclic order,
1234512345123451234512345. The “casual overhand” shuf-
fling performed at the outset must consist of moving clumps of
card en masse from one end of the packet to the other, which
is rather like spinning a wheel: it merely cycles the packet
around and whenever you stop it still consists of five sets of
five cards, each in the same order, stacked together, no matter
what card ends up on top. 

The dealing of some cards to the table, reversing their order,
and then riffle-shuffling these into the rest of the cards, is an
example of a discovery from the mid 1960s known as
Gilbreath’s (Second) Principle: amazingly it results in a packet
of twenty-five cards with the property that each group of five
cards, starting with the 1st, 6th, 11th, 16th or 21st card,
consists of exactly one each of the five basic ESP cards,
though in no predictable order. Thus, for instance, the 10th and
11th cards could both be squares, but the 6th to 10th cards, and
the 11th to 15th cards, each have no repeats in them. In
particular, the top five cards, and the bottom five cards, are
guaranteed to have no repeats. 

Here is the general version of the Gilbreath principle (for
any types of cards): 

Consider a “packlet” of s cards in some fixed order,
repeated t times to yield a packet of st cards. Deal some—
typically about half, but it does not matter how many—of
these cards into a pile, thus reversing their order, and
riffle-shuffle these into the rest of the packet. The
resulting packet retains some sense of predictability, in
the sense that peeling off s cards at a time, starting at the
top (or bottom), will always yield some rearrangement of
the original “packlet,” with no repeats.

We only need the case s = t = 5. (A simpler form, sometimes
referred to as the First Gilbreath Principle, is the special case s
= 2. This has been explored a lot by both magicians and
mathematicians, e.g., using a deck of alternating red and black
cards, since its discovery in the late 1950s.) But why does it
work, in general? The argument below was inspired by
magician Stefan Bartelski’s presentation at a Georgia Magic
Club (I.B.M. Ring 9) event a few years ago. 

Consider the top s cards after the riffle-shuffle. Some, let’s
say exactly u of them, fell from the right hand, and hence the
other s – u fell from the left hand. While we can’t be sure
exactly how they are now interspersed, we can say that before
the dealing was done, these u + (s – u) = s cards were together,
and hence formed a complete set with no repetitions. The same
holds for each each of the t groups of  s cards down to the
bottom s. 

The upshot of all of this is that, even after all the shuffling
of the twenty-five card packet of ESP cards, the top (and
bottom) five cards each consist of exactly one card of each
type of card. This is unlikely to be suspected by audiences in
general, unless they are already familiar with the Gilbreath
Principle! 

Stage Two: In Stage One we saw that the five cards selected
and laid in a face-down row must consist of one each of the
five distinct ESP cards, in some order. Your job is to note the
exact order before the cards are laid out; actually you really
need to know which two cards you must take away, in order
that your accomplice can identify the remaining three in order. 

When fanning the card faces to demonstrate that they are
indeed well mixed, you must do two things simultaneously:
scan the top and bottom five cards quickly, looking for
something we will shortly explain, and at the same time
casually draw attention to the jumbled state of the intermediate
cards. Hopefully there will be two like cards adjacent to each
other somewhere that you can point to, in order to convey the
(false!) impression that “anything is possible.” 

The top five cards are distinct, but can be in any order; the
same applies to the bottom five cards. Remember the
identification with 1, 2, 3, 4 and 5 which we suggested earlier.
Imagine that the corresponding numbers are laid out like terms
in a sequence, from left to right, in the order given. The
following result is what we need: 

In any arrangement of five distinct numbers, either a
rising subsequence of length three exists, or a falling
subsequence of length three exists.

Here is an elementary proof of this. Suppose the five
numbers are A B C D E. Without loss of generality we may
assume that A < B. We claim that if there isn’t a rising
subsequence (from left to right) of length three, among these
five numbers, then there is a falling one instead. Assume there
is no such rising subsequence. We must have each of C, D, and
E less than B, as otherwise we’d have a rising subsequence of
length three starting with A B. If it happens that C > D, then B
C D is a falling subsequence of length three, whereas if D > E,
then B D E is a falling subsequence of length three; in either
case we are done. One of those subcases must in fact occur, for
otherwise we’d have both C < D and D < E, and hence a rising
subsequence C D E of length three, contrary to our
assumption. 

This is actually the first non-trivial case of a result which
dates back to the 1930s, and is due to the celebrated Paul Erdös
and fellow Hungarian Gyorgy Szekeres. It says, more
generally, that 

Any list of k2 + 1 distinct numbers contains an increasing
subsequence of size k + 1 or a decreasing subsequence of
size k + 1.
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Figure 2. 10 possible place markers for the packet, and a
row  of three face-down cards.

This is not hard to prove using the pigeonhole principle.
(The basic idea is to assign each number an ordered pair (i, j)
where i and j are, respectively, the length of the longest
increasing subsequence starting from that number and the
length of the longest decreasing subsequence starting from that
number. Argue that any two (i, j) pairs must be different, and
hence by the pigeonhole principle there must be an ordered
pair with a coordinate greater than k.) We only need the special
case k = 3 and n = 5 proved above. 

How does this help us? Here’s the basic idea: no matter
which (top or bottom) packet of five cards is used, by quickly
scanning the card faces before you deal, you can pick out a
rising (or falling) subsequence of length three. By either deal-
ing the packet of five cards from the top, which looks natural
but actually reverses their order, or fanning them out face-
down, which preserves their order, you can be sure to end up
with an arrangement that has three rising cards in it. Either
way, you boldly assert, “I am laying these out without chang-
ing their order.” 

The cards you remove, and shuffle into the rest, are of
course the two which are not in the rising subsequence. This
leaves three cards which rise from left to right, and your
accomplice will be able to name them correctly, and in order,
as soon as she knows their identity as a set. 

Stage Three: There are ten ways to select three cards from
five cards. Establishing a one-to-one correspondence between
10 ways to signal subtly to your accomplice, and the 10 possi-
bilities for the two missing cards, enables you to communicate
to her which three cards remain face-down. Since she knows

what order they must be in, the trick can then be concluded
successfully. 

You signal your accomplice by placing the deck of unused
cards in one of ten possible locations near the face down cards,
as shown in Figure 2. 

For instance, to indicate that the missing cards are the
waves (3) and square (4), you would casually place the packet
below the third card. To indicate that the missing cards are the
circle (1) and plus sign (2), you would casually place the pack-
et above and to the left of the first card. 

For a totally mathematical trick, instead of positioning the
packet in a sneaky way, simply show your accomplice the two
retained cards. 

Another approach is to place the two retained cards at the
bottom of the remaining twenty cards and shuffle wildly, while
retaining those two in place. The packet can then be given to
your accomplice, who holds them by her side casually, but
finds a moment to absentmindedly peek at the bottom two
cards while awaiting for the ESP to kick in! 

Needless to say, other possibilities may present themselves
to readers who are in possession of exactly ten fingers. 

Further Reading
For more mathematical card tricks, including more based on
Erdös-Szekeres result and the Gilbreath Principles, see the
author’s Card Colm at maa.org.
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Sudoku, a logic puzzle involving numbers, is the newest
sensation sweeping the nation. When you read about
Sudoku, almost every author states that there is no math

involved in solving the puzzle. This is likely to defray the
anxieties of the math anxious population, but is it true? 

The most common type of Sudoku puzzle consists of a 9 × 9
grid with nine 3 × 3 subgrids or regions. A puzzle is presented
by providing a grid partially filled with the digits 1 to 9, and
the object is to fill the rest of the cells so that every row,
column, and region contain the digits 1 to 9 once and only
once (see Figure 1). In a well-formed puzzle there is only one
possibility for each empty cell and thus the puzzle has a unique
solution. Many people have perfected logic techniques for
solving these puzzles as done in online puzzle sites such as
www.brainbashers.com/sudoku.asp.

Sudoku has a disjointed history, but its roots are in puzzles
called magic squares, which date to China in 2800 B.C. Magic
squares consist of a square grid filled with distinct positive
integers arranged so that the sum of the numbers in any
horizontal, vertical, or main diagonal line is always the same
number. The Europeans were introduced to magic squares
when they started to trade steadily with Asia around the 8th

century A.D. By the 13th century they were altered by the
Italians who formed a new type of puzzle called Latin squares.
An n × n Latin square consists of the numbers 1 to n arranged
in each row and column so that no row or column contains the
same number twice. Traditional Sudoku puzzles are a special
case of Latin Squares with n = 9 and the additional restriction
that particular 3 × 3 regions must also contain each of the digits
1 to 9. 

Contrary to its name origin, the concept of Sudoku was not
invented in Japan. This particular type of puzzle is believed to
have been created by Indiana architect Howard Garns as
Number Place puzzles published in the U.S. in the late 1970s.
In 1984 a Japanese puzzle company presented them to their
puzzle fans and the popular puzzle became known as Sudoku.
The modern Sudoku craze began near the end of 2004 when
Sudoku puzzles were published in The London Times. Now
there are Sudoku websites, competitions, chat rooms, books,
and more. Sudoku is the fastest growing puzzle in the world
and has earned its title as “the Rubik’s cube of the 21st

century.”

Counting Puzzles
Finding a way to count all possible completed 9 × 9 Sudoku

grids is no easy task. Perhaps the easiest way is to break down
the problem by factoring it into a more easily calculated one.
Two mathematicians Bertram Felgenhauer and Frazer Jarvis
described this approach in their paper entitled “Enumerating
possible Sudoku grids.” They took advantage of the fact that
numerous Sudoku grids could be created through simple rela-
belling. These factors allowed them to create a computer
program to determine the rest through a series of loops at a

Sudoku: Just for Fun
or Is It Mathematics?
Sam Cook, Cory Fujimoto, Leigh Mingle and Cami Sawyer
Southwestern University and Awatapu College

“Sudoku is the fastest growing puzzle in the world and has

earned its title as ‘the Rubik’s cube of the 21st century.’”

2 6   7     3   9 

                  

8     2   5 7     

  1           7   

4   2       6   3 

  3           2   

7   3 1   4 9   2 

    4 5           

    6 9   2   3 8 

 
Figure 1. (created using
www.dailysudoku.co.uk/sudoku/play.shtml)
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relatively low run time. The total number of possible Sudoku
grids is approximately 6.671 × 1021. Another paper by Jarvis
and Ed Russell shows that there are only about 5 billion
“essentially different” Sudoku grids when symmetry is taken
into account.

Mathematizing Sudoku
Beyond counting the number of Sudoku grids and the logic

of solving Sudoku puzzles there are many mathematical ques-
tions that arise from considering the puzzle and many of these
would be great projects for students conducting undergraduate
research. These questions arise in a variety of ways.

One area of exploration is the mathematical formulations of
the definition of a Sudoku puzzle and considerations of the
resulting structures. For instance, one way we can think of the
9 × 9 version of the Sudoku puzzle is as a function that assigns
each ordered pair (x, y) (where 1≤ x, y ≤ 9) a number between
1 and 9 such that if (x, y) and (x′, y′ ) are distinct ordered pairs
then S(x, y) ≠ S(x′, y′) if the following conditions are satisfied:

1.  x = x′, or
2.  y = y′, or
3.  

This formulation can then be used to create conjectures and
proofs about the function S. For instance we can show that S
must be a one-to-one and onto function. Alternatively, this
could also be used to create a graph theoretic view of the puz-
zle where two vertices are connected by an edge if they are in
the same row, column or 3 × 3 region, and the puzzle could be
studied using graph theory. 

Another rich source of mathematical exploration with
Sudoku is developing results based on the logic techniques that
are used to solve the puzzle. For instance, the rules of Sudoku
can be used to make conjectures that address when a certain
cell’s identity can be guaranteed using knowledge of other
cells. An example of one of these results is the following
proposition.

Proposition: For a given cell in a 3 × 3 region, if all other cells
outside the region in the same row and column are known,
then the missing cell can be determined regardless of the value
of the other cells in the region. 

Proof: Let (x, y) be the cell whose value is to be determined.
We will say that it is in row X, column Y and region R, and then
by assumption we know all the values of the cells in row X and
column Y that are outside region R. We will use proof by
contradiction to show that the value for (x, y) is unique. 

Suppose that the value of the missing cell (x, y) cannot be
determined from this information alone, i.e., there are at least
two distinct digits from {1,…,9} that could be placed in the
missing cell. Call them a and b. Then row X and column Y are

x x y y3 3 3 3⎡⎢ ⎤⎥ = ′⎡⎢ ⎤⎥ ⎡⎢ ⎤⎥ = ′⎡⎢ ⎤⎥ and .

Figure 2. The shaded square must be completed with 6.

both missing a and b. Since at most one of them, say a, can be
placed in the intersection cell (x, y) then b must be placed in
row X and in column Y somewhere other than their
intersection. But this would force b to appear twice in region
R, for a contradiction. So the value for (x, y) is unique. In fact,
since the value for (x, y) is unique and can be determined from
this information alone, there must be exactly one digit missing
from row X and column Y. Q.E.D.

As an example, in the partial Sudoku puzzle given in Figure
2, the middle column is missing the digits 4, 5, and 6, while the
middle row is missing the digits 3, 6, and 9. Since 6 is the only
number needed by both, it must be in the highlighted cell. 

Sudoku Variants
Restrictions and extensions of traditional Sudoku

definitions are other methods that provide rich sources for
problem explorations. Some people, including the original
Japanese publisher of Sudoku, consider a necessary part of a
Sudoku puzzle to be the added constraint that the placement of
the given digits appears in a pattern with 180º rotational
symmetry. This means that in the presentation of a Sudoku
puzzle if a given digit is in cell (x, y) then there will also be a
given digit in cell (10 – x, 10 – y), the position that arises from
a 180º rotation of the puzzle. This constraint is for aesthetical-
ly pleasing reasons, not for reasons of logic. Consider the
Sudoku given in this article (Figure 1). It does not have such
symmetry but still leads to a unique logical solution. This sym-
metry restriction can lead to other research questions, includ-
ing questions regarding the number of puzzles with this added
constraint. 

Similar to the way in which Sudoku was created as a special
case of Latin squares, a specific class of Sudoku puzzles can
be created by extending the row, column, and 3 × 3 region
restrictions to the diagonals. For an example of this, after you
solve the puzzle given in Figure 1, take a closer look at the
diagonals. Knowing that this restriction was added makes

Sudoku  1/30/07  8:37 PM  Page 14



WWW.MAA.ORG/MATHHORIZONS 15

MATH HORIZONS

solving the puzzles easier, but it adds complexity to creating
them. How many Sudoku puzzles are there with this
restriction? 

Extensions to 9 × 9 Sudoku puzzles can be made by
considering general n2 × n2 grids with n × n regions to be filled
with the digits 1 to n satisfying Sudoku-type constraints.
Alternatively extensions can be made by considering any
nm × nm grid with n × m regions such as a 6 × 6 grid with 6
individual 2 × 3 regions. Puzzle makers sometimes refer to
these as super Sudoku puzzles. For obvious reasons the larger
the grid the more difficult it is to solve the puzzle, but many of
the same strategies for solving the traditional 9 × 9 grids will
work when looking at a more general puzzle. 

Sudoku Complexity
Many Sudoku authors give ratings to their puzzles. Some of

these may be based on computer run time, but often these rat-
ings seem arbitrary. Depending on the algorithm chosen by a
person or computer to solve the puzzle, the answer might be
found very quickly or it may take much longer. Puzzles that
are rated harder aren’t necessarily hard because they are more
logically challenging, but possibly because the computer algo-
rithm used to find a solution started along a poorly chosen path
and therefore had a longer run time. Nevertheless, computers
tend to be very fast at solving typical Sudoku puzzles.

In considering the generalized n2 × n2 Sudoku grids, the
time it takes a computer to reach a solution seems to grow
exponentially with n. This results in Sudoku puzzles belonging
to a complexity class of problems known as NP-complete.
(See www.imai.is.s.u-tokyo.ac.jp/~yato/
data2/SIGAL87-2.pdf) NP-complete problems have
unpredictable running times and the number of solution paths
has the potential to become very large and nasty. 

Further Research 
In addition to the topics already raised, future explorations

might include other variants such as Twodoku, determining the
minimal number of givens needed for the puzzle to be well-
formed, and other combinatorial considerations such as
counting the number of well-formed puzzles that can be
created from each completed grid. For insight about what is
known about these topics and for other possible research ques-
tions you can browse James Madison University’s Problem of
the Week, S p r i n g  2 0 0 6 :  S p e c i a l  A l l - S u d o k u
S e m e s t e r www.math.jmu.edu/~taal/POW/ ,
presented by Professor Laura Taalman, as well as posts on
www.sudoku.com/forums. 

Sudoku a Waste of Time?
In addition to its potential for research, Sudoku, along with

other logic puzzles, may prove to be an effective teaching tool
within math classrooms. Mathew Mitchell in “Situational
Interest: Its Multifaceted Structure in the Secondary School
Mathematics Classroom” found that logic puzzles spark the
interest of students and make “them really use their brains”
(Journal of Educational Psychology 3: 424-436). This
facilitates understanding of more complex and unusual math
problems and helps students develop strategies for problem
solving that can be applied to future problems. 

Sudoku is much more than simply an entertaining puzzle.
When looked at from a mathematical or computer science
perspective, further exploration can open new doors and
introduce new problems. Sudoku has the potential to lead us to
better algorithms for solving hard problems in computer
science, to serve as an interesting and approachable platform
for undergraduate research in mathematics, and to help more
students engage in mathematical thinking.  

Further Reading
Robin Wilson, “The Sudoku Epidemic,” FOCUS, Vol. 26.1
(2006), 5-7.
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Afew years ago, I wrote an article for Math Horizons
about my appearance on “Jeopardy!”. I came in sec-
ond, but by betting it all in the final round I could have

won $9400 and come back for the next show. In the article, I
described how I might have figured this out at the time. As it
was, I understood the winner’s strategy a few hours too late.

Any lingering regrets over my “Jeopardy!” experience were
erased in May 2004. After passing a quiz over the phone, I was
chosen for a taping of “Super Millionaire,” ABC’s revival of
“Who Wants to Be a Millionaire” with larger prizes. To win
any money, I still had to win a “fastest finger” round on the
show, and for a while it appeared my only prize would be a
nice springtime trip to New York. But I had the fastest time on
my last try, putting me in the “hot seat,” where each question
has a dollar value. Luck was on my side. Some of the questions
were about the very subjects that interest me most, the most
glaring example being “What is the x called in the equation
2x +1 = 9?” (While you might think of a tricky answer for this,
they merely wanted “variable.”) I “asked the audience” and
“phoned a friend,” and I got the right answer back both times.
I even went to “the three wise men” (a new lifeline for the
updated show) and was again steered in the right direction.
The result: a prize of $500,000. It’s not on a level with Ken
Jennings’ winnings on “Jeopardy!,” but it’s one of the largest
game-show prizes ever, and I’ll take it.

For those who weren’t caught up in the Millionaire craze a
few years ago, here’s how the game works. A player who
makes the “hot seat” can be asked up to fifteen multiple-choice
questions, with four possible answers presented for each one.
The questions have increasing dollar values: for “Super
Millionaire” these ranged from $1,000 to $10,000,000. The
fifth question, worth $5,000, and the tenth question, worth
$100,000, are considered “milestones.” When a player is given
a question, he or she may choose not to answer, in which case
the game is over and the player receives the value of the last
question answered correctly. If the player does attempt to
answer the question, a correct response means that the game

continues (or, if it’s the last of the fifteen questions, the player
wins the $10,000,000 prize). An incorrect response ends the
game, and the player’s prize is the value of the last milestone
reached.    To make things a little more interesting, the player
has several “lifelines” that can be used once during the game,
each of which lets the player ask for some help or otherwise
improve his/her chances.

Only twice during the game did I have to agonize over a
decision. The $30,000 question was “Which type of meat
comes from an animal’s thigh?” The answers were ham,
pastrami, bacon, and brisket. I used the “ask-the-audience”
lifeline, and the result was uncomfortably close with ham
barely ahead of brisket. So I used the “50-50” lifeline to
eliminate two wrong answers, chosen at random. This was not
much help: pastrami and bacon were removed. I decided to
take a chance on the audience’s first choice, and it worked out:
ham was the right answer.

The second tough decision was on the $1,000,000 question.
This was “Thanksgiving Day was inspired by a feast that the
Pilgrims shared with what Native American tribe?” The
answers were Narragansett, Micmac, Chickasaw, and
Wampanoag. At this point, I only had one lifeline left, the
“double dip.” This lifeline, an innovation for “Super

Who Wants to Be
a Half-Millionaire?
Patrick Headley
Gannon University

“Would you choose a cautious strategy where you only

answered the questions you were sure about? Or would you

choose a bold strategy where you also answered the questions

about which you had a hunch?”

By choosing to not answer this question, Patrick Headley walked
home with $500,000 on “Super Millionaire.”
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Millionaire,” lets the player choose two of the four possible
answers. Chickasaw seemed obviously incorrect to me. Of the
remaining three, Narragansett seemed a little more likely than
the others, Micmac a little less likely, while Wampanoag was
a distantly familiar name that I could recall nothing about. I
decided I could not take the risk. I walked away, and
Wampanoag was revealed as the correct answer.

Looking back, my decisions on these questions still feel
right to me. But mathematics doesn’t necessarily back me up.
I thought the ham and brisket answers were equally likely to be
right, so I was exchanging $20,000 for an expected value of
(1/2)$5,000 + (1/2)$30,000 = $17,500. On the other hand, after
eliminating one answer and using the “double dip,” my
chances on the $1,000,000 question were at least 2 out of 3,
and my expected value at least (2/3)$1,000,000 +
(1/3)$100,000 = $700,000, considerably higher than the
$500,000. So was my thinking completely backwards? Well,
with the first decision I can defend myself this way. Getting the
question right wouldn’t just have given me $30,000. It also
gave me a reasonable opportunity to win a much higher sum.
Even with just a 1/5 probability of reaching the $100,000
milestone, my expected value was at least (4/5)$5000 +
(1/5)$100,000 = $24,000, exceeding the $20,000 from walking
away.

Of course, this just makes my $1,000,000 decision look
even worse. But if you carry this line of thinking further it
begins to create some doubts. Is there a 1 in 500 chance of
winning the $10,000,000 grand prize? Then your expected
value on the $30,000 question is at least (1/500)$10,000,000 +
(499/500)$5000 = $24,990 based on that fact alone. But is this
really convincing? Would you risk $20,000 even if 499 times
out of 500 you get only $5,000 in the end?    

Part of what makes the Millionaire show intriguing is a
similarity to the St. Petersburg paradox, which goes like this.
Say there is a game in which you have probability 1/2n of
winning 2n dollars for each positive integer n. How much
would you pay to play this game? The expected value is
(1/2)$2 + (1/4)$4 + (1/8)$8 +… = $1 + $1 + $1 + …, so it’s
infinite. Thus, one could argue that it’s reasonable to pay any
finite price in order to play.

Philosophers as well as mathematicians have pondered how
to respond to this. Some have pointed out that doubling the
money does not necessarily double the usefulness of the prize.
By estimating the usefulness (or utility) you get a more
appropriate estimate of the price worth paying for the whole
game. Others have claimed that it is natural to want to avoid a
big loss, no matter how large the potential reward might be.
Not everyone finds these arguments convincing. The Stanford
Encyclopedia of Philosophy has a good discussion by Robert
Martin at http://plato.stanford.edu/entries/
paradox-stpetersburg/.    

I’m not aware of any game show promising an expected
prize that is infinite. Still, the possibility of huge winnings on
the Millionaire show leads to similar quandaries. Imagine that
you have just answered the $500,000 question correctly. Four
questions remain, worth 1 million, 2.5 million, 5 million, and
10 million dollars. Let’s assume that, for each of these
questions, there is a 1/4 probability that you will be sure of the
correct answer, and a 1/4 probability that you will have no idea
of the correct answer at all. But half the time you have a hunch
about the answer, and 3/5 of your hunches will be correct.
Would you choose a cautious strategy where you only
answered the questions you were sure about? Or would you
choose a bold strategy where you also answered the questions
about which you had a hunch?

From the standpoint of expected value, the bold strategy is
far superior to the cautious strategy, by a margin of about
$1,600,000 to $800,000 (Note: For a much more detailed look
at maximizing the expected value of the game, see the article
by Dalang and Bernyk listed below). On the other hand, the
cautious player walks away with more money than the bold
one about 0.40 of the time, while the bold player beats the
cautious one only 0.26 of the time. Remember, if the two
strategies produce different results, the difference is at least
$400,000, a figure hard to ignore. Perhaps, in general, we
would want to pick the strategy with the better chance of
“winning.” That is, if X is a random variable representing the
outcome of strategy 1, while Y is a random variable
representing the outcome of strategy 2, then we should choose
strategy 1 if P(X>Y) exceeds P(Y>X), and choose strategy 2 if
P(Y>X) exceeds P(X>Y).

Unfortunately, this approach has fatal flaws. Consider how
the cautious strategy compares to the “bold one time” strategy
of trying your hunch only on the $1,000,000 question. If you
do try this hunch, you are more likely to be right than wrong.
But this is the only way in which the cautious and “bold one
time” strategies are different, so in fact the cautious strategy is
inferior by the criterion we have proposed. Similarly, “bold
one time” loses to “bold two times,” and so on. We quickly
arrive back at the completely bold strategy that we have
already rejected. So, our proposed method for evaluating
strategies fails the basic test of transitivity. If strategy 1 beats
strategy 2 and strategy 2 beats strategy 3, there is no guarantee
that strategy 1 beats strategy 3.    

Another problem is that what can appear to be a good short-
term strategy might turn out to be part of a terrible long-term
strategy. What if you become a television sensation, and you
are invited to play the game twice? In two rounds combined,
the cautious strategy beats the bold strategy 0.45 of the time,
but the bold strategy beats the cautious strategy 0.44 of the
time, so the probabilities are nearly equal. After five rounds, 

Continued on page 35
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Want to know how to beat the taxman? Legally, that
is? Read on, and we will explore this cute little
mathematical game. 

The taxman game is a “golden oldie” computer game. It has
been used as an exercise in introductory programming classes
and in books on recreational computing since time immemori-
al. (Well, at least since the 1970s. I haven’t been able to deter-
mine who invented it or when.) 

Here’s how to play: you start with a pot consisting of all the
positive integers up to some chosen limit, N. You take one, and
the taxman gets all the others that divide it evenly. The number
you picked is added to your score, and the numbers chosen by
the taxman are added to his score. This process is repeated
until there’s nothing left in the pot. What makes the game
interesting is that the taxman has to get something on every
turn, so you can’t pick a number that has no divisors left. And
when the numbers remaining in the pot have no divisors left,
the taxman gets them all! 

The game is pretty easy to program on a computer, and if
programming is one of your skills, you might want to pause
now to do so and play a few games, just to get the hang of it.
Right now we’ll demo a couple of example games with N = 10
to show you how it goes. First, a game where we try to win by
always taking the largest number in the pot.  

Hi! I’m the taxman! Let’s start. 

How many numbers in the pot? 10 

The available numbers are: 1 2 3 4 5 6 7 8 9 10 

Pick one of the numbers: 10 

I take: 1 2 5 

The available numbers are: 3 4 6 7 8 9 

Pick one of the numbers: 9 

I take: 3 

The available numbers are: 4 6 7 8 

Pick one of the numbers: 8 

I take: 4 

I take: 6 7 

All gone. My score = 28, your score = 27 

I win.

As you can see, it’s not so easy to beat the taxman. You do
have an advantage because each number you take is always
bigger than any of the numbers the taxman takes, and so it’s

not hard to get out in front of the taxman and stay there while
play continues. But slowly and silently the unpickable
numbers with no divisors left are accumulating, and suddenly
the game ends with the taxman’s score getting a big boost. If
you haven’t accumulated enough of a cushion, he’ll jump
ahead and beat you. In this game, the numbers 6 and 7 ended
up with no factors left, so the taxman got them, boosting his
score from 15 to 28. 

Still, if you ponder your moves well, it is possible to beat
the taxman. This time we’ll choose more carefully.  

Hi! I’m the taxman! Let’s start. 

How many numbers in the pot? 10 

The available numbers are: 1 2 3 4 5 6 7 8 9 10 

Pick one of the numbers: 7 

I take: 1 

The available numbers are: 2 3 4 5 6 8 9 10 

Pick one of the numbers: 9 

I take: 3 

The available numbers are: 2 4 5 6 8 10

Pick one of the numbers: 6 

I take: 2 

The available numbers are: 4 5 8 10 

Pick one of the numbers: 8 

I take: 4 

The available numbers are: 5 10 

Pick one of the numbers: 10 

I take: 5 

All gone. My score = 15, your score = 40 

You win.

In this game, we limited the taxman’s take to just one
number on each move, and no numbers were left unpickable at
the end. It’s not always possible to trounce the taxman this
badly, but it is generally possible to win. Below, we will
explore some strategies for making good picks. We will also
see the results of a lengthy computer search for the best
possible sequences of picks for pots of up to 49 numbers. 

Some basics of strategy
First of all, it is worthwhile noticing that since each of the

N numbers originally in the pot ends up in either the player’s
score or the taxman’s score, the sum of the two scores must

The Taxman Game
Robert K. Moniot
Fordham University

“If you ponder your moves well, it is possible to beat

the taxman.”
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equal N(N + 1)/2, the sum of the numbers from 1 to N.
Therefore the bigger the taxman’s score, the smaller your
score, and vice-versa. This kind of game is called a “zero-sum
game,” because the sum of the two players’ final scores, minus
a constant that is known at the start of play, is equal to zero. 

The taxman always gets the number 1 and all but at most
one of the primes that are initially in the pot. This is because
the number 1 can never be picked, and the only turn on which
the player can pick a prime number is the first turn, when the
number 1 is still in the pot. This gives the taxman a built-in
advantage. There is no simple formula for this advantage, but
a crude estimate can be calculated by using the approximation
for the density of primes near x of 1/lnx. We will skip the
details of the calculation, but the result is that for a pot of size
N, the taxman is guaranteed to get roughly 1/lnN of the pot
just from the leftover primes. This fraction slowly decreases as
N increases: it is about 30% for N = 30, and about 15% for
N =1000. 

On the other hand, we can ask what is the absolute best that
the player can do in any game? Since the taxman must get
something on every turn, the best you can hope for is to take
just as many numbers as the taxman does. This can only be
done for even N. In that case, the best score you can get is if
you take all of the largest numbers and leave the smallest ones
for the taxman. (We were in fact able to do this in the second
example game played above, with N = 10.) So for even N, if
the player takes all the numbers from N/2 + 1 through N,
leaving the taxman the numbers 1 through N/2, a little algebra
shows that the taxman’s score will be N(N + 2)/8. Since the pot
is N(N + 1)/2, the taxman’s take as a fraction of the pot is 1/4
(N + 2) / (N + 1). This fraction is always a bit bigger than 1/4.
This means that the very best the player can ever do is to get a
bit less than 75% of the pot. 

Optimal strategy
An optimal strategy for this game would be a strategy that

always gives the player the largest possible score for a given
N (and gives the taxman the least). What can we say about the
optimal strategy? 

The best choice for the first pick is not hard to see: simply
take the largest prime number in the pot. We can prove that this
is always the best pick as follows. First, this pick limits the
taxman’s take to 1, which the taxman will take on the first
move for any pick. Further, removing this prime, which we
will call pmax, and 1 from the pot does not prevent any
sequence of nonprime picks that was originally possible. That
is, if the player could have played by picking the sequence of
numbers n1, n2, …, nk where k is the total number of picks and
n1 is not prime, then the alternative sequence pmax, n1, n2,…, nk

is also possible and gives the player a higher score. Picking
pmax does not remove any divisors of n1, n2,…, nk other than

1, because pmax cannot divide any other number in the pot. Its
smallest multiple, 2pmax, cannot be in the pot, because there is
a theorem from number theory (postulated by Bertrand and
proved by Chebyshev) that says that there is always a prime
between pmax and 2pmax, which would contradict the choice of
pmax as the largest prime in the pot. Since none of the picks in
the original sequence is prime, they must therefore all have
other divisors in the pot that will still allow them to be picked. 

On the other hand, if n1 is prime and n1 < pmax, then by a
similar argument replacing n1 by pmax does not require any
change in the rest of the sequence, and increases the player’s
score by pmax– n1. 

From this result, it follows that if N itself is prime, then the
optimal sequence of picks for a pot of size N is the same as for
a pot of size N – 1, except that on the first turn we should pick
N instead of the next-smaller prime. 

A heuristic strategy
Beyond the first pick, there don’t seem to be any simple

rules for the optimal strategy. In situations like this, we can
often be happy to settle for a strategy that may not be optimal
but will generally give a high score. Such a strategy, which is
not proved to be the best but is sufficiently successful in
practice, is called a heuristic. Heuristics can be based on
various principles. For the taxman game, a “greedy” principle
yields a very good heuristic that is easy to apply. A greedy
principle is one that says to make the move that maximizes the
short-term gain. For some problems, a greedy strategy can turn
out to be optimal, but in many cases it falls short because of the
long-term consequences. (The same is true of life in general,
isn’t it?) 

In the first example game we saw a naive greedy heuristic
that failed even to win the game: always picking the largest
available number in the pot. This is a bad heuristic because it
ignores the taxman’s take. The game is zero-sum, so the true
measure of gain is not your take alone, but the difference
between your take (the value of the number you pick) and the
taxman’s take (the sum of the remaining divisors of the num-
ber). 

Therefore, a better greedy heuristic for the taxman game is
on each turn to pick the number that maximizes the difference
between your pick and the taxman’s take for that pick. This
heuristic is easy to calculate (at least, easy for a computer) and
generally gives a good score. 

Trials of the greedy method show that it sometimes over-
looks “freebies,” which are picks that can be taken in between
greedy picks without altering the remaining sequence. The
freebies are numbers for which the taxman’s take is a proper
subset of his take for the greedy pick on the same turn. That is,
if you picked the freebie, the taxman would take some, but not
all, of the divisors of the greedy pick, so the greedy pick could
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still be taken afterward. Thus the greedy pick would either give
the freebie to the taxman or make it unpickable subsequently,
whereas picking the freebie before the greedy pick does not
prevent the greedy pick. (The freebie also must not be a divisor
of any other number in the greedy sequence, lest it make that
number unpickable.) 

For example, when N = 15, after first picking 13, the largest
prime, the greedy pick is 15. The remaining divisors of 15 are
3 and 5. This means that we can pick 9, giving the taxman 3,
and still pick 15, giving the taxman 5. This makes 9 a freebie. 

Therefore the greedy method can be improved by scanning
for freebies before each greedy pick, and inserting them into
the sequence. I call this the “improved greedy” heuristic, and
it is the best strategy that I have found so far. But is it optimal?
Alas, only sometimes. The experiments described later show
that the improved greedy heuristic often falls short of the
optimal score, but it does beat the taxman for all N up to 1000. 

Results of the search for optimal picks
Since there does not seem to be any simple strategy that

guarantees an optimal score, I used a computer to search for
the optimal play for any given N. This search was carried out
for all pots up to N = 49 before I reached the limit of my com-
puting resources. The results are available online at
www.maa.org/MathHorizons. 

One interesting question that we can consider using these
results is: how often can we achieve the absolute best score, in
which we take all the numbers in the upper half of the pot? The
search shows that this is possible only for the cases N = 2, 4, 6,
and 10. For N = 8, and for all N above 10, there are at least two
primes in the upper half of the pot, so the taxman always gets
at least one of them. For N = 10, the player’s score is 40/55 ≈
73% of the pot. This is close to the upper limit of 75% derived
previously. It is probably the best score, as a fraction of the pot,
that can be achieved for any pot size. 

Another question is: how well does the improved greedy
heuristic do as compared to the optimal play? The results show
that the heuristic fails to yield the optimal play for about half
the cases solved. Still, it always does a good job. Since the
improved greedy heuristic can be calculated quickly, I
explored how well it does out to N = 1000. In this range, it
always makes the optimal first pick and it always wins (except
for the case N = 3 in which the optimal score is a tie). On
average, it gives the player 60% of the pot. 

The experimental results exhibit an interesting feature: the
optimal second pick is almost always the largest square of a
prime. The only cases I found where this pick is not optimal
are N = 8 and  N = 20. (Some of the sequences could be
rearranged to pick it later than second and still get the same
score.) 

Open questions
There are many questions about the taxman game that I

haven’t been able to answer. Here are a few. 
Does the greedy heuristic always make the optimal first

pick, namely the largest prime? It seems likely that it does,
since the largest prime is usually one of the biggest numbers in
the pot, and so the difference between it and 1 (the taxman’s
take for that pick), is going to be hard to beat. I have tested it
out to N = 500,000 without finding any cases where it fails to
make the correct first pick. Still, I don’t have a downright
proof. 

Is there a simple winning strategy for the game? This would
be a strategy that is guaranteed to win every time, even if it’s
not optimal. The improved greedy heuristic is a good
candidate, and tests show that it wins all games up to N = 1000,
but I have not proved that it always wins. 

Is the choice of the largest squared prime as the second pick
optimal for all N above 20? If not, how can we identify the
values of N for which it is not? 

We saw how the optimal play for prime N can be based on
the optimal play for N–1. Are there any other cases for which
the optimal play for one pot size can be used to find the
optimal play for another? The experiments show that very
often the optimal sequences for successive N are quite similar,
but there isn’t an obvious systematic way to relate them.
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Math Horizons / Editor Search
The MAA is searching for a new Editor for Math Horizons, the MAA student magazine. The
ideal candidate will have a wide-ranging interest in mathematics, as well as its culture, histo-
ry, institutions and people. She or he will also need to be an excellent expositor, a painstaking
editor, and a careful manager. An application consists of a curriculum vitae, a letter of interest
outlining a vision for Math Horizons, and the names and contact information of three refer-
ences willing and able to answer questions from the Search Committee about the applicant’s
writing, editing, and organizational skills. Joint applications from prospective editorial teams
are welcome. Review of applications will begin on March 15, 2007 with appointment as Edi-
tor-elect to commence on January 1, 2008. The five-year editorial term runs January 1, 2009
through December 31, 2013. Some support, largely in the form of release time, is available.
Send inquiries and applications to Steve Kennedy, Department of Mathematics, Carleton Col-
lege, Northfield, MN 55057 (skennedy@carleton.edu).
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Ahandful of magicians and gamblers can shuffle cards
perfectly. This means cutting the deck exactly in half
and riffling the cards together so that they alternate

perfectly. Figure 1 shows a perfect shuffle of a deck of ten
cards labeled from top to bottom by 0, 1, 2, …, 9. 

Figure 1. out shuffle of a ten card deck.

Perfect shuffles are of many uses. For example, eight
perfect out shuffles of a 52 card pack bring the deck back to its
original order. In Figure 1, the original top card (labeled 0)
stays at the top of the pack. (Hence, for an out shuffle, the top
card remains outside.) There is a second type of perfect
shuffle, called an in shuffle, where the original top card winds
up second from the top (inside) as in Figure 2.

Here is an application of in shuffles. Imagine the four Aces
sitting on top of the deck. After one in shuffle, they are every
second card. After two in shuffles, they are every fourth card.
Hence, if the deck is dealt into four hands, one card at a time,
the dealer gets the Aces. 

For these and other reasons, gamblers and magicians have
studied the properties of perfect shuffles for close to 300 years.
We develop some properties we will need in the next section. 

It is natural to ask what can be done by combining in and
out shuffles. For example, start with the four Aces on top. Is
there some combination of in and out shuffles that places the
Aces to be every fifth card? Here is a dazzling discovery of
Alex Elmsley, a British computer scientist. Consider the
problem of bringing the original top card (at position 0) to
position p by perfect shuffles. Elmsley observed that
expressing p in binary, interpreting ‘0’ as an out shuffle and
‘1’ as an in shuffle does the job, irrespective of the deck size.
For example, to bring 0 to 6, write 6 = 110 and perform in, in,
out. If you try this with actual cards, remember that we start

1
0

3
2

4

5

7
6

9
8

with 0, so that 6 is the position of the seventh card from the
top. Since most of our readers are not accomplished card
handlers, we later describe easy-to-do variants involving
inverse shuffles so that the reader can follow along with cards
in hand. 

It is natural to try to solve the inverse problem: Is there a
sequence of shuffles that brings a card at position p to the top?
This turns out to be more difficult. Indeed, Elmsley, writing in
the June 1957 issue of the British magic journal Pentagram
writes: “I have so far been unable to discover a comparatively
simple way of bringing a card to the top of a deck that is not a
power of 2, e.g., 52. The only method I have found is much too
complicated for practical use.” Over the past 50 years,
magicians and recreational mathematicians have studied
‘Elmsley’s Problem.’There have been special charts published
giving the shortest sequence for various deck sizes. Recently,
computer programs have been written and sold for doing the
job.  

In this article, we give a motivated development of our
solution, and give a formula for the shortest sequence of in
and out shuffles required to bring a card at position p to
position q. We conclude this introduction with a brief
description (and example) of our algorithm. 

Algorithm to bring a card at position p to position 0.
Working with a deck of 2n cards, define r by 2r–1 < 2n ≤ 2r (so
if 2n = 52 then r = 6). For 0 < p < 2n – 1, let t = �(p +1)2r /2n�
where �x� denotes the largest integer less than or equal to x. For
p = 0, set t = 0; for p = 2n –1, set t = 2r – 1. Express t in binary
as t = tr–1tr–2…t1t0 (with ti = 1 or 0). Define “correction terms”
s = 2nt – 2rp = sr–1sr–2…s1s0 (with si = 0 or 1). The shuffling
sequence is tr–1 + sr–1, tr–2 +sr-2, …, t0 + s0, where each sum is
in binary (without carries) with 1 as in and 0 as out. Any
trailing 0s can be deleted. 

Example. 2n = 52, p = 35. Then r = 6,

  
t p

n

r
= ⎢

⎣⎢
⎥
⎦⎥

= ⎢
⎣

⎥
⎦ = =+ ⋅( )1 2

2
36 64

52
44 101100

The Solutions to
Elmsley’s Problem
Persi Diaconis and Ron Graham
Stanford University and University of California, San Diego

“We give a formula for the optimal sequence of perfect shuffles to bring a card

at position p to the top (or indeed, to any position). This solves a fifty-year-old

problem of Elmsley. The argument illustrates elementary group theory and

shows how a simple card trick can lead to the edge of what is known.”
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and s = 2nt – 2rp = 2288 – 2240 = 48 = 110000. Now, the
coordinatewise sum of 101100 and 110000 is 011100 which
translates to out, in, in, in (the final two out shuffles do
nothing to the top card). Further examples can be found
throughout this article. 

Note that when the deck size 2n equals 2r, then the
correction term s = 0, i.e., all the si = 0. In this case, no
corrections are needed, which explains why decks of these
sizes are especially nice. 

Basic Properties of Perfect Shuffles
In this section we introduce basic properties of two

permutations: the in and out shuffles. Throughout, we work
with a deck of 2n cards, with positions labeled from 0 (top) to
2n – 1 (bottom). 

An out shuffle O is the permutation that sends the card in
position i to position 2i –1 (mod 2n – 1), for 0 ≤ i < 2n – 1, and
keeps the bottom card on the bottom. This can be represented
as

For example, after an out shuffle, 10 cards initially in
positions 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 are now in positions 0, 2, 4,
6, 8, 1, 3, 5, 7, 9 (see Figure 1). 

Similarly, for an in shuffle I, 

I(i) = 2i + 1 (mod 2n + 1), 0 ≤ i ≤ 2n –1.              (2)

For example, after an in shuffle, 10 cards in positions 0, 1, 2,
3, 4, 5, 6, 7, 8, 9 now are in positions 1, 3, 5, 7, 9, 0, 2, 4, 6, 8. 

Figure 2. in shuffle of a ten card deck.

An out shuffle fixes the top and bottom cards and it is easy
to see that the rest of the cards mix as an in shuffle on a deck
of size two fewer. It follows that properties of repeated in
shuffles can be understood via properties of repeated out
shuffles. For example, consider the following problem: After
how many out shuffles will a deck of size 2n recycle. If O
stands for an out shuffle, let O2 stand for two out shuffles.
From (1) above, there is a simple formula: 

Similarly, if Ok stands for k repeated out shuffles, 

   
O
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The deck returns after k shuffles if and only if Ok(i) = i
(mod 2n –1), for 0 ≤ i < 2n –1. From (4), this happens if and
only if 2k ≡ 1 (mod 2n – 1). The least such k ≥ 1 is called the
order of 2 (mod 2n –1). For example, when 2n = 52, 2n–1= 51,
and the successive powers of 2 (mod 51) are 2, 4, 8, 16, 32, 13,
26, 1 that is, 28 = 256 ≡ 1 (mod 51), or ord2 (51) = 8, so eight
out shuffles recycle the deck. Likewise, eight in shuffles
recycle a deck of size 50. The reader may show (by direct
calculation or Fermat’s little theorem) that 252 ≡ 1 (mod 53).
Further, 2 is a primitive root modulo 53 (so 52 is the least such
power). This says that a deck of size 54 recycles after 52
outshuffles, or equivalently, when ignoring the top and bottom
of these 54 cards, that a deck of size of 52 recycles after 52 in
shuffles. We are embarrassed to report that we first learned this
by actually shuffling the cards. 

Is there a pattern for the number of shuffles needed to
recycle? Here are the numbers for decks of sizes 2 to 54. 

Table 1. Values of ord2(2n –1) for deck sizes 2n. These values
give the number of out shuffles needed to recycle a deck of
size 2n and the number of in shuffles needed to recycle a deck
of size 2n – 2. 

Is there a pattern in these numbers? The first surprise is that
the numbers are not increasing. Larger decks can recycle after
fewer shuffles. Thus, a 16 card deck recycles after 4 out
shuffles while a 14 card deck requires 12 out shuffles. Decks
of size 2k recycle after k out shuffles, since 2k ≡ 1 (mod 2k–1).
Aside from these, very little is known; the order of 2 is one of
the mysteries of mathematics. Consider the question of
whether there are arbitrarily large integers 2n such that 2 is a
primitive root modulo 2n – 1. This is a famous conjecture of
E. Artin. A well-studied, and completely intractable, problem!
It is known to be true if the Generalized Riemann Hypothesis
is true. We find it tantalizing that simple questions about
shuffling cards can lead to questions well beyond modern
mathematics. 

Returning to Elmsley’s problem, we initially thought it too
would be intractable, roughly equivalent to the problem of
“finding logarithms in finite fields.” This last problem lies at
the root of several widely used cryptographic protocols. After
all, if there were a simple rule, someone should have found it
in over 50 years of fooling around. 
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n
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In The Mathematics of Perfect Shuffles, the authors,
working with Bill Kantor, determined the structure of the
group 〈I,O〉 generated by arbitrary in and out shuffles. From
this work it follows (and, as shown below, is easy to see
directly), that for any p and q, there is a sequence of in and out
shuffles sending the card in position p to position q. These
proofs give no insight into the shortest way. In fact, our
arguments below will settle this problem by finding all perfect
shuffle sequences that move card p to position q. 

Before proceeding, it will be useful to introduce the two
inverse shuffles O–1 and I–1. These “undo” or “unshuffle” the
results of O and I. They can easily be carried out with a deck
of cards in hand. Hold the cards face down as if dealing in a
card game. Deal the cards face up, alternately, into two piles,
dealing left, right, left, right, …, until all the cards have been
dealt. 

Figure 3. Ten cards dealt alternately into two face-up piles.

To complete O–1, place the right pile on the left pile (so that
the original top and bottom cards remain on the bottom and
top, respectively). To complete I–1, pick up the piles the other
way (so that the original top and bottom cards wind up in the
middle). In both cases, finish by turning the deck face down.
We can write a formula for O–1 and I–1 as permutations of the
set {0, 1, 2, …, n – 1} by: 

As mentioned earlier,      denotes the largest integer less
than or equal to x. 

If out shuffles recycle after k and in shuffles recycle after j,
then O–1 = Ok–1 and I–1 = Ij–1, so any arrangements achievable
by outs and ins are achievable by O–1 and I–1, and vice versa. 

Let us argue that there is some sequence of Os and Is that
brings p to q. First, bring p to the top by a sequence of O–1s and
I–1s as follows: Deal into two piles, then placing the pile not
containing the card labeled p onto the other pile. Thus, each
time with the cards turned back face down, the card labeled p
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is in the top half. If this is repeated, then after at most  r times,
the card labeled p comes to the top (here, 2r–1 < 2n ≤ 2r). From
here, the current top card (labeled p) can be brought to position
q using Elmsley’s binary procedure explained in the
introduction. This may give a long sequence of shuffles, but at
least it shows it can be done. Next, we show how to bring any
card to the top efficiently. 

Bringing any card to the top
In this section we solve Elmsley’s problem by finding a

succinct way of determining a sequence of in and out shuffles
that brings a card at position p to position 0. Since the
equations for the two shuffles involved different moduli (Eqs.
(1), (2)), this seems like a messy problem. The key is to work
with inverse shuffles. These involve dividing by 2, taking the
floor, and perhaps adding n. The decision to add n or not
depends on the parity of i. We first disregard this issue of
parity and put it back at the end, as a correction term. Through-
out, we make constant use of the identity ⎣⎣x⎦/2⎦ = ⎣x/2⎦.

Step One: Building a Tree. Form a labeled binary tree T(2n)
with r + 1 levels, where 2r–1 < 2n ≤ 2r, as follows: The root v0

is at level 0 and labeled with λ(v0) = 0. In general, if v is a
vertex of T(2n) at level i which has been labeled λ(v) = m, the
two ‘children’ of v (on level i + 1) will have labels ⎣m/2⎦ and
⎣m/2⎦ + n. Write this as ⎣m/2 + tin⎦ , where ti = 0 or 1, for 0 ≤ i
≤ r. We illustrate this in Figure 4. 

Figure 4. The tree T(2n).

If                          the value of the leaf vt corresponding to
the choices (t0, t1, …, tr–1) going down from the root is λ(vt) =
⎣2nt/2r⎦. More generally, it can be seen by induction that the
value assigned to vertex v at level k corresponding to the
choice (t0, t1, …, tk–1) is λ(v) = ⎣2nt(k)/2k⎦ where
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Step Two: Relating the tree to shuffling. For 
if we write                          in binary, then on one hand, 

in binary. On the other hand, 

for some integer X ≥ 0. Hence, the parity of ⎣2nt(k)/2k⎦ is just
sk. This can be used to determine if the choice taken at any
vertex is I–1 or O–1. 

Figure 5. A general branch.

Specifically, if the value ⎣2nt(k)/2k⎦ is even then tk = 0
corresponds to O–1 and tk = 1 corresponds to I–1. On the other
hand, if ⎣2nt(k)/2k⎦ is odd, then tk = 0 corresponds to I–1 and  tk
= 1 corresponds to O–1 (see Eqs. (5), (6) and Figure 5). 

The shuffle at a vertex is determined by uk = sk + tk (mod 2)
where uk = 0 ↔ O–1 and uk = 1↔ I–1. 

Step Three: Putting the pieces together. We want to find a
shuffle sequence of O–1s and I–1s that will bring the top card to
position p. Thus, set 

This implies 

Since 2r–1 < 2n ≤ 2r , then for any p, there is always at least
one and at most two integers t satisfying (7). In particular, if we
expand (p+1)/ 2n (base 2) as 

then we can choose                                                            
Equivalently, we can choose t = ⎣(p+1)2r/ 2n⎦ for 0 < p < 2n–1.
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For p = 0, take t = 0, and for p = 2n –1, take t = 2r – 1. For
convenience, we let 

Now, with                   the si, 0 ≤ i ≤ r –1 provide cor-

rections to the ti to determine which of O–1 or I–1 is carried out
at each stage. The final result is summarized in the algorithm
given in the Introduction. 

Remarks
(i) The description above determines inverse shuffles to bring
0 to p. It must be read ‘left to right’ to determine the sequence
of in and out shuffles to bring the card at position p to the top. 

(ii) Example. If 2n = 52, p = 36, then

Thus, u = 001001 and OOIOOI (read left to right) is the
desired sequence. 

(iii) As we remarked earlier, there may be two values of t
satisfying (7). In this case one shuffle sequence will have
length r and one will have length less than r (and will be the
shortest shuffle sequence bringing p to the top). For example,
take 2n = 52, p = 30. Then, r = 6, and since 64 ⋅ 30 / 52 ≤ 37, 38
< 64 ⋅ (30 + 1) / 52, we may use t = 37 or t = 38. For t = 37 =
100101,  s = 1924 – 1920 = 4 = 000100, u = 100001, which
results in the shuffle sequence IOOOOI. For t = 38 = 100110,
s = 1976 – 1920 = 56 = 111000, u = 011110, which results in
the shuffle sequence OIIIIO, which can be truncated to OIIII.
Thus, in fact, only 5 shuffles are needed to bring the card at
position 30 to the top, and this is the minimum possible. 

More generally, the algorithm shows that any card can be
effectively brought to the top in at most r shuffles, with 2r–1 <
2n ≤ 2r. As we have seen, there can be two different shuffle
sequences that accomplish this, although one of them will
require r shuffles and one will need fewer than r shuffles. For
example, this is always the case when 2n exactly divides 2rp
(provided 2n < 2r), since in this case we can choose t to be
either 2rp/2n or (2rp/2n) + 1. 

(iv) From the analysis above, we see that the 2r–1 possible
perfect shuffle sequences of length r – 1 leave different cards
on top. This fails for shuffle sequences of length r unless 2n =
2r. Alex Elmsley has exploited this in a special case. Working
with a packet of 8 cards (arranged in a known order), he has
the spectator deal into two piles (say, face up), and choose to
remember either top card, and drop the other packet on the
noted card. The cards are turned down and this is repeated with
two other spectators. Because of the uniqueness, the current
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top card determines all three selections. Marvelous
presentations and variations are explained on pages 80-88 of
Vol. II of Elmsley’s Collected Works. 

Moving card p to position q
The reasoning behind basic properties of perfect shuffles

allows explicit determination of the shortest sequence of
shuffles to bring the card initially at position p to position q.
Form a tree Tq(2n) with labeled vertices, similar to the tree
T(2n) in Figure 4, but with the root labeled by q instead of 0
(see Figure 6). 

Figure 6. The tree Tq(2n).

Now, we need to find t = tr – 1 …t1t0 (with ti = 0 or 1), to
satisfy 

Thus, 

As before, such a t always exists and there are at most two
such t’s of length at most r. A correction term is computed as: 

with si = 0 or 1. Taking the mod 2 coordinatewise sums, 

and translating these values to Os and Is gives the desired
sequence. 

Example. Suppose n = 52, p = 51, q = 1. Thus, the bottom
card is to be moved to second from the top. Here, r = 6 and
(64 ⋅ 51 –1)/52 ≤ t < (64 ⋅ 52 – 1)/ 52. Thus, t = 63 = 111111.
Next, s = 3277 – 3264 = 13 = 001101. Taking the mod 2 sum
of t and  s gives the final shuffle sequence IIOOIO. Now, of
course, we are not at liberty to delete the trailing O since an
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out shuffle does not preserve the position of card q, unless q is
0 or 2n–1. 

The analysis above may be used to determine some of the
“geometry” of the shuffle group 〈I,O〉 using I and O as
generators. For example, suppose we want to determine all
possible cycles of length m. For this, set p = q in the preceding
analysis. Thus, 

where 0 ≤ t ≤  2m – 1, 0 ≤ q ≤ 2n –1. It is exactly these values of
q for which m-cycles exist using the card in position q. 

Example. Take 2n = 52, m = 5. The 32 possible values of q
are: 

Thus, there are two trivial 1-cycles (O preserves the top and
bottom cards). The remaining 30 values break up into six
genuine 5-cycles. For instance, for q = 13, t = 8 = 01000 and
s = 52 ⋅ 8 – 31⋅13 = 13 = 01101. Thus, adding t and s
coordinatewise mod 2, we get OOIOI, which gives 

Research projects and final remarks
Much of the analysis above can be carried over to more

complex mixing schemes involving dealing more piles.
Consider dealing a deck of 3n cards face up, one at a time, into
three piles. Now the piles can be picked up left to right or right
to left. Determining just what can be done and how to do it is
a research project. 

It may be possible to determine the diameter of the shuffle
group using the considerations above. We believe the group is
doubly transitive on the pairs {0, 2n – 1}, {1, 2n – 2}, …, {n –
1, n}. Determining the shortest shuffling sequence bringing
two cards to two given positions may determine the shortest
shuffling sequence to bring any possible arrangement to any
other. 

A related topic is to use the results on the basic properties of
perfect shuffles with k > r to study the case when there are
many ways to bring the card at position p to the top. What is
the structure of these? What can be done? 

Further Reading 
A history and extensive development is given in “The

Mathematics of Perfect Shuffles,” Adv. in Appl. Math (1983),
175–196, by P. Diaconis, R. L. Graham, and W. Kantor. For a
very nice, closely related paper see "Moving card i to position
j with perfect shuffles" by Sarnath Ramnath and Daniel Scully,
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morning, it fetches the day’s j’ai alai
match-ups from the internet, calculates
which bets are likely to return the most
money, and dials them into an over-the-
phone betting service via a programmed
modem. The hard part, of course, is
deciding which bets to make, which
involves mathematically simulating
each game, based on the rules of game-
play and an analysis of player statistics
(the latter automatically culled from the
internet).

The book Calculated Bets recounts
the story of how Skiena, a Professor of
Computer Science at a university in
New York, went about making and
applying his program. Along the way, he
stops frequently to explain relevant
background concepts, so that readers of
any background will be able to
understand how his Maven program
works.

Creating a computer prediction
system like Maven was hardly a novel
idea—Wall Street money managers do
such things as a matter of course, and
with a good deal more sophistication
than Skiena manages. Nor is Skiena the
only one to apply math to sports.
Baseball manager Billy Beane, for
example, has for several years been
using deep mathematical analysis in
order to build a successful baseball team
on a low budget. (This effort is famously
chronicled in the book Moneyball by
Michael Lewis.)

Instead, the book stands out mainly
because of Skiena’s adeptness at
storytelling. He recounts with humor
and excitement the story behind his
computer program, starting with him as
a 12-year-old watching his first j’ai alai
match. He leaves readers eager to write

their own computer programs, to apply
their own mathematical models, and to
go watch j’ai alai. And his ubiquitous
sense of humor makes the book a page-
turner.

An equally important part of the book
is Skiena’s digressions into the
background of the various aspects of his
program. These forays cover everything
from math (e.g., exponential curves,
random number generation, the
difference between probability and
statistics) to computer science (Monte
Carlo methods, parsing, what makes a
program elegant), to j’ai alai (rules,
history, how to gamble responsibly).
The explanations are clear and thorough
enough that a reader will be able to
follow the story, but usually brief
enough not to obstruct the larger
narrative flow.

Calculated Bets is a good book for
anyone seeking to gain a basic under-
standing of computer modeling, and a
great book for someone looking for an
amusing and uplifting story about the
power of cleverly-applied math in the
real world.

Connection Games: Variations on
a Theme 
Jacob McMillen, Emory University

Connection games are a relatively
recent class of abstract board
games that rely on the basic

concept of connection in some way.
Hex is considered by most to be the
archetypal game of this type and was
invented independently by both Piet
Hein and John Nash in 1942 and 1948,
respectively. Since then, many other
connection games have been developed,

Book
Reviews

Calculating plays

Calculated Bets, by Steven Skiena.
Published by Cambridge University Press
and The Mathematical Association of
America. ISBN 0-521-00962-6.List: $22.99.

Calculated Bets
Steven Byrnes, Harvard University 

Every gambler wants a foolproof
system to make free money. A few,
such as Blackjack card-counters,

have found limited success. Far more,
such as those using the local astrologer’s
lottery tips, find their bank accounts
dwindling. Only slightly more reliable is
the betting system Steven Skiena calls
the “O’Hare straddle.” Borrow a large
amount of money, set aside enough for a
plane ticket, and bet the rest on a spin of
the roulette wheel. If you win, pay back
the loan and keep the winnings. If you
lose, catch the next plane to South
America.

Steven Skiena is one of those lucky
few to develop a legitimately successful
gambling system, one that increased his
stake fivefold in a matter of months. The
computer program, which he calls
“Maven,” bets on a racquet sport called
j’ai alai (pronounced “high-lie”). Each
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and there has been a surge of interest in
them within the past few years.
Connection Games: Variations on a
Theme, written by Australian software
engineer Cameron Browne, is easily the
most comprehensive book on connec-
tion games to date.

Browne’s goal in writing this book
was to provide a clear-cut definition of
what constitutes a connection game and
to examine common elements that they
share.  He succeeds in this endeavor by
explaining how connection games can
be classified into one of three categories:
those with connective goals, those with
connective play, and those with both
connective goals and play.  Browne calls
the games in the latter category pure
connection games and tends to concen-
trate on this type of game in his exam-
ples.  

Connection Games consists of four
sections.  The first section introduces the
reader to what a connection game is,
examines the nature of connectivity,
explores some connections to graph

theory, and concludes by giving a
precise classification of the types of
connection games.

The second section is essentially an
encyclopedia of known connection
games.  It contains over 200 different
games arranged in chronological order.
Browne includes a brief discussion of
games that lack either connective goals
or connective play. However, the cata-
logue of known pure connection games
is effectively exhaustive. The entries are
concise, yet they provide ample infor-
mation on the important aspects of the
games.Each entry includes the rules for
a game, a brief history, some basic strat-
egy and tactics, possible variations on
the game and, often, notes about the
game from its creator.

In the third section, Browne
examines two different areas as they
relate to connection games. There is first
a portion on game design. It is brief, but
it includes methods and advice for
designing, testing, and
evaluating the quality
of connection games.
Browne concludes this
section of the book
with a short excursion
into the realm of
psychology.  He pro-
poses a number of rea-
sons as to why connec-
tion games possess a
strong, natural appeal
to many people.

The final section of
the book is a set of
appendices, which
contain both
supplementary infor-
mation for the
interested reader and
overly technical mate-
rial omitted from pre-
vious sections of the
book. Included among
the appendices is an

introduction to graph theory, the
solution to the Shannon switching game,
a strategy-stealing argument used to
prove that the first player has a
theoretical win in many connection
games, and information on some other
topics such as Sperner’s lemma and
tessellations. 

Connection Games is truly a unique
work.  It is a must have for those with an
interest in abstract games, but it will be
enjoyable to a larger audience. The book
assumes no prior knowledge of
connection games on the part of the
reader, and the text is kept light and
readable. The games catalogued in the
book play quite well, so it  is almost
certain that any reader can discover
several new games that he or she will
enjoy.

Connection Games: Variations on a
Theme, by Cameron Browne. Published by
A. K. Peters, Ltd. ISBN 1-568-81224-8. List:
$48.00. Steven Byrnes and Jacob McMillen

serve on the Student Advisory Group
for Math Horizons.
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With one exception, every year since 1977 I have run
a ten-week undergraduate research program in
mathematics at the University of Minnesota

Duluth. Graph theory, combinatorics and number theory
provide the source of most of the problems.

Recent programs have had 7-10 undergraduates along with
two former participants who act as research advisers and a
dozen or so former program participants who visit for a week
or more during the program. Typically, about 85 applications
are received each year.

Selection of participants is based on letters of recommen-
dation, response to questions on the application form,
performance in high school mathematical competitions and the
Putnam Competition, reputation of home school, and course
work. The Putnam Competition has proved to be a good
predictor but it is not foolproof. Many students who have done
outstanding work in the program did not finish in the top 500
of the Putnam Competition or did not take it at all.

Desire to succeed, enthusiasm, and willingness to work are
as important as raw talent. A special interest in discrete
mathematics and the ability to interact well with others are
also important considerations.

The program is loosely structured. Although each student
has his or her own problem, it is quite common for participants
to receive ideas from each other. Cooperation rather than
competition is stressed. Each week the participants give  talks
on their progress during the previous week to the group. The
visitors also attend these sessions and occasionally give
presentations on their research. Participants, advisers and
visitors live in the same on-campus apartment building and
interact with each other on a continual basis. We have lunch as
a group three times a week.

Weekly field trips on Wednesdays are part of the program.
It is important that the students enjoy their summer. We go
biking, white water rafting, hiking, walking along the shore of
Lake Superior and visit the beautiful parks in the area.
Watching the morning sun rise over Lake Superior is a
program tradition.

On Wednesdays and weekends the participants have access
to university vehicles at no cost. This makes it convenient for
them to see movies, shop, and eat out. One of the highlights of
the summer is “Beatles night.” On this occasion everyone

comes to my home for dinner and to watch videos. Originally
I showed various clips of the Beatles but it has gradually
evolved to include videos featuring former program
participants. One clip features Melanie Wood on the
syndicated TV program “To Tell the Truth” where panel
members try to guess which of three young women is the real
Melanie Wood, who was the first girl to represent the United
States in the International Mathematical Olympiad
Competition. Another is of Melody Chan playing the violin at
Carnegie Hall with Itzhak Perlman and one other violinist,
broadcast on PBS. Pat Headley appears on both “Jeopardy”
and “Super Millionaire” where he won $500,000 (see article
on page 16). Alison Miller is shown finishing third in the 2000
National  Spelling Bee broadcast on ESPN. Next year I will
include clips from the documentary film “Wordplay” about the
2005 annual American Crossword Puzzle Tournament in
which Kiran Kedlaya places fourth. (Kiran was second in
2006.) In addition, I include some videos from the annual pro-
gram talent show.

Although getting  a publication stemming from  an REU is
not necessary for a positive research experience, having a
paper published in a professional journal is highly desirable.

Joseph A. Gallian
University of Minnesota-Duluth

REU
Profile

Summer 2004 featuring Karola Meszaros, Sasha Ovetsky, Geir
Helleloid, Max Maydanskiy, Aaron Archer, Phil Matchett, Melanie
Wood, David Moulton, and Jack Huizenga.

“The program has produced over 100 papers that have been

published in well regarded professional journals.”

The Duluth REU Program
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Ideally, publication of work done in an undergraduate
research program is a beginning rather than an end in
itself. Many participants from the program have continued
to publish as  undergraduates or graduate students.

Through 2006, the program has had a total of 143 stu-
dents with many participating more than once. To date,

the program has produced  over 100 papers that have been
published  in well regarded professional journals. They include
papers on graph theory, combinatorics, number theory, group
theory, ring theory and field theory. Of the 129 program par-
ticipants who have received their Bachelor's degrees through
2006, more than 90% have gone on to graduate school and
two-thirds have received fellowships. Sixty-four participants
have the PhD degree. Many participants from the program
have received the Morgan Prize given jointly by three
professional organizations for research by an undergraduate
and many have won the Schafer Prize given by the Association
for Women in Mathematics for excellence in mathematics by
an undergraduate women. In large part, the success of the
program is due to the extraordinary contributions of the
advisers and visitors. 

In July of 2007 there will be a four day conference in
Duluth to honor the thirtieth anniversary of the program. Many
of the speakers are program alumni.

For application information, pictures, and a complete program
bibliography visit www.d.umn.edu/~jgallian. Information
on the anniversary conference, Communicating Mathematics, is
available at http://www.math.wayne.edu/~isaksen/.

Photos courtesy of Joseph Gallian

Melanie Wood explains her undergraduate thesis work on
symmetries of algebraic numbers to REU participants.
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Continued from page 7

Figure 7. Arrows.

A team of 7 white glass marbles is placed on bases A, B, C,
D, E, F, G and a team of 7 black steel marbles on T, U, V, W,
X, Y, Z. Gloria can move only glass marbles, Steve only steel
marbles. At each turn one marble is moved in a straight line
from one base to a neighboring base in the direction of the
arrow if the two bases are joined by an arrow, or along the line 
(in either direction) if the two bases are joined by a line with-
out arrow. If a player lands on a base occupied by an opposing
marble, the latter marble is captured and removed from the
board. A marble cannot be moved onto a base that is already
occupied by a marble of the same team. The players move
alternately. The winner is the player who captures the whole
team of 7 opposing marbles.

Question 7. Can the first player in Arrows win or at least
draw?

Mathgames and playgames
Now is the time to answer some of the earlier questions.

The answer to Question 2 is that there is a unique winning
move, namely to move F → C. Every other move leads to a
draw or to defeat; see Conway’s On Numbers and Games,
where this graph is credited to the author. Conway asked how
long it would take world chess champion Garry Kasparov to
find this unique move. The tool for analyzing impartial cyclic
games is the generalized Sprague-Grundy function. 

The answer to Question 3 is that there is a unique winning
move, which is y0 → y2. As for Question 4, it should be clear
that the second player can at least draw, by mimicking in one
copy the move made by the first player in the other. But it can
be shown that the second player can actually win. Regarding
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Question 5, the outcome is a draw, which can be maintained by
moving around the perimeter of the y-copy. 

Most of the games considered above have the following
common features: 

••          They have an “easy and fast” strategy (known as
“polynomial time strategy”). 
••              They leave the uninitiated layman perplexed, because
they lack a boardfeel: the loser doesn’t know whether his
position is weak or strong, and may not even sense that
defeat is imminent, only 1 or 2 steps away. The games do
not fire the imagination of laymen, though Innocent
Marbles may be a little more interesting than nim. 
••        They are challenging to mathematicians, who will
begin searching for an efficient strategy. 
••            They become trivial to play, at least to mathematicians,
once the underlying theory and strategy have been
unraveled. 

We dub games with these features mathgames.
As for Domineering (Figure 6), several computations,

beginning with Conway’s book mentioned earlier, have
determined the winner for small boards, but no general method
for deciding the winner on arbitrary boards is known.

I don’t know the answer to Question 7, but: 
••          The game Arrows is “hard”. (A computer scientist
would say “NP-hard.”) For such games, it is unlikely that
a precise strategy can be computed in reasonable time. 
••          The game Arrows has a boardfeel and is therefore
interesting to play. It’s a playgame, one of the easiest
“hard” games! 
••            The board was designed so that no player can win by
imitating the opponent’s moves. Moreover, no position
consisting of a single glass token and a single steel token
is a draw; one or the other can always force a win. 

View from the summit
Ascending from nim, we have reached the alpine heights of

chess, which is quite “hard” (Exptime-complete in computer
science language). What magnificent vistas can be viewed
from the summit? 

Low-lying nim-like games are mathgames that have
considerable mathematical interest. Further, they have perfect
strategies, but players unaware of the strategy remain
dumbfounded. The games have no boardfeel. 

High-altitude games, especially those that are partisan and
have marble interactions, are hard; exact strategies are difficult
to achieve, but they usually have a boardfeel, and are
candidates to becoming playgames. Elwyn Berlekamp and his
students have analyzed a number of endgames of playgames,
notably the game of go, using Conway’s “surreal numbers”
expounded in his On Numbers and Games. 
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Thus, paradoxically, games whose strategy we know
perfectly are those most of us don’t know how to play, and
none of us enjoys playing, whereas hard games for which we
don’t have a perfect strategy, portray a challenging boardfeel
that enables even the nonexpert player to sense whether she is
in a weak or strong position! 

Concluding remarks
Whereas in everyday life we strive towards solutions or at

least approximate solutions that are “easy,” there are two
important human activities in which high complexity is
appreciated. These are cryptography (covert warfare) and
games (overt warfare). The desirability of high complexity in
cryptography—at least for the encryptor!—is clear. As we
indicated above, it is also desirable for games. Incidentally, it’s
no accident that games and cryptography team up: in both
there are adversaries, who pit their wits against each other. But
games, where “universal quantifiers” abound, are much harder
than cryptography, which is an “existential” problem. This
makes them the more challenging and fascinating of the two,
besides being fun!
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The television show “Survivor” places a cast of people in
a particular venue and then systematically eliminates
individuals until ultimately a single one remains. He or

she is hailed as the victor, the lone survivor of the competition.
We now consider a mathematical version of this Darwinesque
concept. While similar in spirit, it differs from its TV counter-
part in two respects—the mathematical survivor need not be a
member of the original cast, and its identity is predictable from
the very start.

The cast of “Mathematical Survivor” is a collection of n not
necessarily distinct real numbers, {x1, x2, … xn}, where n ≥ 2.
From this collection, we select any two numbers, say xr and xs,
delete these from the collection, and insert the number xrxs +xr

+ xs into the collection. The resulting collection contains (n –
1) numbers, from which we again randomly select two num-
bers and perform the same deletion/insertion process. Contin-
ue in the same fashion until we are left with a single number,
which we call the mathematical survivor of the collection.

To illustrate the procedure, let us begin with the collection
{2, 4, 6, 8}. If we choose the numbers 2 and 6, then they are
removed from the collection and replaced with the number
(2)(6) + 2 + 6 = 20, resulting in the new collection {4, 8, 20}.
Next, if we choose the numbers 4 and 20, we replace them
with (4)(20) + 4 + 20 = 104. What remains, {8, 104}, produces
the survivor: (8)(104) + 8 + 104 = 944. Suppose we were to
choose differently at the beginning, selecting 2 and 8. Deleting
these numbers and inserting (2)(8) + 2 + 8 = 26, we obtain the
collection {4, 6, 26}. Eliminating 4 and 6 from this collection
and replacing these numbers with (4)(6) + 4 + 6 = 34 yields
{26, 34}. The survivor of the collection based upon these
choices is (26)(34) + 26 + 34 = 944, just as it was for the ear-
lier selection process. The following theorem shows that this is
not a coincidence. That is, the value of the mathematical sur-
vivor of a collection of numbers is predictable at the outset and
is totally independent of the selection process made throughout
the procedure.

Theorem: If S = {x1, x2, …, xn} is a collection of n not
necessarily distinct real numbers, where n ≥ 2, then the
mathematical survivor of S is guaranteed to be 

(x1 + 1) (x2 + 1)     (xn + 1) –1. 

For example, the theorem predicts that the mathematical
survivor of {2, 4, 6, 8} will be (2 + 1)(4 + 1)(6 + 1)(8 + 1) – 1
= 944, in agreement with our prior calculations.

Proof: Let us first consider a far simpler game called “Trivial
Mathematical Survivor.” If T = {y1, y2, …, yn} is a collection
of n not necessarily distinct real numbers, where n ≥ 2, select
any two numbers, say yr and ys, delete them from the collec-
tion, and insert yrys into T in their place. After (n – 1) steps, the
trivial mathematical survivor of T is just the product y1y2 … yn,
independent of the order of selection.

Now suppose that Sean plays “Mathematical Survivor”
with initial set S = {x1, x2, …, xn}, while Terry, who is Sean’s
twin, plays “Trivial Mathematical Survivor” with initial set T
= {x1 + 1, x2 + 1, …, xn + 1}. Suppose that whenever Sean
replaces xr and xs with new number x = xrxs + xr + xs, Terry
replaces xr + 1 and xs + 1 with new number y = (xr + 1)(xs + 1)
= xrxs + xr + xs + 1 = x + 1. Hence, at every step of the game,
the numbers in Terry’s set are each one greater than the
numbers in Sean’s set. At the end of the game, Terry’s trivial
mathematical survivor will be P = (x1 + 1) (x2 + 1)      (xn + 1).
Thus Sean’s mathematical survivor must be 

P – 1 = (x1 + 1) (x2 + 1)      (xn + 1) –1, 
as predicted. 

Further observations and examples
We can assume without loss of generality that the original

cast consists of n nonzero real numbers. For if 0 were indeed
present, its eventual pairing with some other number a would
delete both 0 and a and insert (0)(a) + 0 + a = a into the
collection, effectively leaving a in the collection and
eliminating 0 from it. Moreover, if –1 is a member of the orig-
inal cast, then a simple application of the theorem tells us that
the mathematical survivor of the collection will be –1 itself.

As a particularly harmonious example, suppose that the
original cast of numbers is {1, 1/2, 1/3, 1/4, …, 1/n}.
According to our theorem, the mathematical survivor of this
collection is

(1 + 1)( 1/2 + 1)(1/3 + 1)(1/4 + 1)   (1/n + 1) –1, which equals
(2)(3/2)(4/3)(5/4)    (n + 1/ n) – 1. After cancellation, this
simplifies to (n + 1) – 1 = n.

Mathematical Survivor
Steven Kahan
Queens College

�

�

�

“A mathematical twist on the popular TV show. This numerical

survivor is predictable and totally independent of the selection

process throughout the procedure.”

�
�
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Additional examples appear in the table below.

Original cast
1. {1, 2, 3, …, n}
2. {a, a, a, …, a} (n copies)
3. {a–1, a2–1, a3–1, …, an–1}
4. {α1, α2, α3, …, αn}, where

N > 1 is an integer whose
prime factorization is 

Mathematical survivor
1. (n + 1)! – 1 
2. (a + 1)n – 1 
3. an(n + 1)/2 – 1  
4. τ(N) – 1, where τ(N) is 

the number of distinct positive      
divisors of N.

   N p p pn
n= 1 2

1 2α α α�

Continued from page 17

the numbers are 0.34 and 0.66, so the bold strategy has pulled
ahead. The Law of Large Numbers is beginning to assert itself.
Choose any range of values around the expected value that you
want: as the number of trials grows, the probability that the
mean outcome falls in that range will approach the limit 1.
Thus, with enough games played, the probability that the bold
player will be ahead of the cautious player will be as close to
1 as you care to make it.

Many financial decisions can be repeated over and over,
and it makes perfect sense to evaluate them on expected value
alone. Buying a lottery ticket every week will almost certainly
cost you hundreds or thousands of dollars in the long run.
Buying a wide variety of stocks, with the aim of matching the
performance of the average stock, has been a solid investing
strategy. Being in the Millionaire hot seat, however, is truly a
once-in-a-lifetime experience, since those who have reached it
are prohibited from playing again. In a situation like this, it
seems that no single strategy can be appropriate for everyone.
The possibilities of walking away with a prize of a few

thousands or several hundred thousands are both very real, and
each contestant has to decide on his or her own what level of
risk to accept. In my case, I had some financial goals at the top
of my list, and I was willing to take some risks to get there.
Once I was there, I couldn’t risk falling back. So, yes, maybe
I could have been a millionaire, but I am much happier than I
was after “Jeopardy!”.  Now, what should I try out for next? 

Further Reading
Patrick Headley, “How I Lost on Jeopardy!”Math Horizons,
April 1999, 27-28.

Robert Martin, The St. Petersburg Paradox. The Stanford
Encyclopedia of Philosophy (online).    
http://plato.stanford.edu/entries/paradox-

stpetersburg/. 

Robert Dalang and Violetta Bernyk, A Mathematical Model
for “Who Wants to Be a Millionaire?” Mathematical Scientist
29 (2004) no. 2, 85-100.
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contains all the diamonds, the second column contains all the
ovals, and the third column contains all the squiggles. This
arrangement has the interesting property that the three cards in
any row, any column, and any diagonal form a set. We just
created a magic square of sets! Here is a picture where each
card is represented by a number: 

Here are the 8 sets of the magic square:

Rows: (123) (456) (789)
Columns: (147) (258) (369)
Diagonals: (159) (357)

However, there are more sets in this picture. In addition to
the main diagonals, we can also look at forward and backward
“broken” diagonals as below.

Forward Diagonals:       (159) (267) (348)
Backward Diagonals:    (357) (249) (168)

Each of these diagonals also forms a set giving us twelve sets
among the nine filled purple cards. 

One strategy in the game is to look for sets systematically.
The observation that given any two cards, there is exactly one
card that will complete a set comes in handy. Let’s see why:
You can examine each of the four attributes of two given cards
one at a time. If the two cards agree in an attribute then the
third card must also agree in that attribute. If the two cards dif-
fer in an attribute then the third card must also differ in that
attribute. This means that every pair of cards can appear in at
most one set. Now if you look at the twelve sets previously
described, you can see that every pair of cards is in a set, which
means that the previous arrangement gives us all the possible
twelve sets among nine cards.

1 2 3 
4 5 6 
 7 8 9 

 

SET, Affine Planes
and Latin Squares
Anna Bickel and Zsuzsanna Szaniszlo
Valparaiso University

“The game SET hides some deep and lovely mathematics. Come

explore the surprising connections between combinatorics and SET.”

This article is about one of the most interesting and
fascinating card games we know; the game of SET.
Well, sort of. Really, this article is about some of the

beautiful mathematics one can find in the game. Of course you
can play the game without knowing any of the stuff that fol-
lows, but why not have some extra fun?

Before continuing with this article you should be somewhat
familiar with the types of cards and the types of sets in this
game, so if you do not know SET please turn to the overview
on page 43.

OK, now you know what SET is, but what does it have to
do with mathematics? Some obvious questions involve count-
ing and probability: 

1)  How many sets are there among the 81 cards? 
2)  What is the probability of having a set among the 12

cards on the table? 
3)  How many sets do you expect to see among 12 cards 

at the beginning of the game? 
4)  How many cards can you have without a set? 

The answers to these questions are provided on page 38. There
is a lot of material on the internet about connections of the
game to probability, discrete mathematics and set theory. The
official web site http://www.setgame.com has links to
articles that also have the answers to most of the questions
above. Moreover, on the same web site you can read about
how SET was invented by the biologist Marsha Jean Falco
while she was studying epilepsy in German shepherds. 

A little known fact is that in addition to the above counting
questions, SET hides some deep and lovely mathematics as
well. In this article we consider some surprising connections
between combinatorics and SET. 

A Magic Square in SET
Let’s begin on a small scale by looking at the group of nine

filled purple cards.  We can set up the cards in a 3×3 square.
The first row contains all the cards with one object, the second
row contains all the cards with two objects, and the third row
contains all the cards with three objects.  The first column
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Affine Planes
If you consider each card in the above arrangement as a

point on a plane then this arrangement is also known as an
affine plane.  

An affine plane consists of a set P of points and a family L
of subsets of P called lines such that:

(1)     Each pair of points lies together in exactly one line.
(2)     Each line has at least two points.
(3)     (Parallel lines) Given a line l and a point p not on l there  

is one and only one line l′ in L such that p is contained 
in l′ and the intersection of l and l′ is empty.

(4)     There are (at least) three distinct points, not all on the 
same line.

These axioms give rise to some basic facts that we state here
without proof.

Theorem 1
(i)     For a finite affine plane there is an integer n such that all 

lines have n points. (Here, n is known as the order of the 
affine plane.) 

(ii)     An affine plane of order n has n2 points.
(iii)   In an affine plane of order n, each point lies on n +1 

distinct lines.
(iv)    An affine plane of order n has n2 + n lines.
(v)    Two lines are called parallel if they have no common  

points. In an affine plane of order n, the relation parallel 
or equal to is an equivalence relation and there are n +1 
equivalence classes each containing n parallel lines.

Do the cards in SET form an affine plane?

To answer this question we will try to understand the
structure of the collection of cards and build the affine plane.
If we succeed then we will know that the answer is “yes.” Let’s
see what the five facts above would tell us about SET if it were
an affine plane. The game of SET has 81 cards (or points).
Using part (ii) of Theorem 1, we can determine that if SET
was an affine plane it must have order 9.  In turn, order 9
means that each line must have 9 points.  Part (iii) states that
each point must be on 10 distinct lines, and Part (iv) states that
there must be 90 lines in this game.  Finally, those 90 lines can
be separated into 10 equivalence classes with 9 lines each,
according to part (v).

This is where things start to get really interesting.  It turns
out that each line contains 9 points and is isomorphic to the
“magic square” on the 9 filled purple cards.  Thus, we know
that each line contains 12 sets.  If we could find the 90 lines,
finding all 90 × 12 = 1080 sets of the game would be relatively
easy.

Unfortunately, finding the corresponding structure on 81
elements is easier said than done.  Let’s start by laying out all
81 cards on a table using the following set up.  

Let the first three rows be all of the purple cards, first filled,
then empty, then shaded. Rows 4–6 are the red cards in the
same order, and rows 7–9 are the green cards.  

Let the first three columns be all of the diamonds, first
single, then double, and then triple.  Columns 4–6 contain the
ovals in a similar order, and finally, columns 7–9 contain the
squiggles.

Each column and each row is a line giving us 18 lines.
These lines also give us two equivalence classes of parallel
lines. The lines in each equivalence class have the properties
that they do not intersect and they cover all the points of the
plane.

We still have 72 more lines, or 8 parallel classes to discover.
We need to find 8 different card arrangements, 9 lines in each
arrangement keeping in mind that any two cards can appear
together in a line only once. For example, no two cards that
appear in the same row or column in our original set up could
be together in any row or column of any of the other
arrangements.  But this is just the idea behind orthogonal Latin
squares!

Latin Squares
Latin squares are square tables of objects where each object

appears exactly once in every row and every column. An
example of a 9×9 Latin square is given below. 

Figure 1. A 9×9 Latin square

Let’s superimpose the above Latin square on the 81 cards
on the table. Consider a number in the Latin square. The
number appears 9 times and the corresponding 9 cards on the
table will form a line in our affine plane. Using each of the 9
numbers that appear in the Latin square we can find 9 lines.
Since we are looking for 72 lines we would need to use 8 Latin
squares that never produce the same 2 points on a line.
Fortunately, so-called orthogonal Latin squares will do the
trick!

Given two Latin squares, A (whose entries are aij) and B
(whose entries are bij), we say that A and B are orthogonal if
the ordered pair (aij, bij) is different for every i and j. The Latin

1 2 3 4 5 6 7 8 9 
9 1 2 3 4 5 6 7 8 
8 9 1 2 3 4 5 6 7 
7 8 9 1 2 3 4 5 6 
6 7 8 9 1 2 3 4 5 
5 6 7 8 9 1 2 3 4 
4 5 6 7 8 9 1 2 3 
3 4 5 6 7 8 9 1 2 
2 3 4 5 6 7 8 9 1 
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square in Figure 2 is orthogonal to the one given in Figure 1. 

Figure 2. Another 9×9 Latin square, orthogonal to the one in
Figure 1.

The table below shows the ordered pairs that we get from
the above two Latin squares; you can easily check that each
pair is unique.

Figure 3. Ordered pairs created by superimposing elements
from Figures 1 and 2.

It turns out there are eight mutually orthogonal 9×9 Latin
squares. We can repeat the process of finding 9 lines for each
of the 8 mutually orthogonal Latin squares in order to find 72
lines. Because the Latin squares we use are mutually
orthogonal there cannot be more than one common point on
any two of these lines, and thus the cards in SET do form an
affine plane.

We hope you enjoyed this excursion into combinatorics, but
now it’s time to play a round of SET, or at least to solve the
daily puzzle on http://www.setgame.com. Have fun!

 
1,1 2,2 3,3 4,4 5,5 6,6 7,7 8,8 9,9 
9,2 1,3 2,4 3,5 4,6 5,7 6,8 7,9 8,1 
8,3 9,4 1,5 2,6 3,7 4,8 5,9 6,1 7,2 
7,4 8,5 9,6 1,7 2,8 3,9 4,1 5,2 6,3 
6,5 7,6 8,7 9,8 1,9 2,1 3,2 4,3 5,4 
5,6 6,7 7,8 8,9 9,1 1,2 2,3 3,4 4,5 
4,7 5,8 6,9 7,1 8,2 9,3 1,4 2,5 3,6 
3,8 4,9 5,1 6,2 7,3 8,4 9,5 1,6 2,7 
2,9 3,1 4,2 5,3 6,4 7,5 8,6 9,7 1,8 

 

1 2 3 4 5 6 7 8 9 
2 3 4 5 6 7 8 9 1 
3 4 5 6 7 8 9 1 2 
4 5 6 7 8 9 1 2 3 
5 6 7 8 9 1 2 3 4 
6 7 8 9 1 2 3 4 5 
7 8 9 1 2 3 4 5 6 
8 9 1 2 3 4 5 6 7 
9 1 2 3 4 5 6 7 8 

Answers to boxed questions from page 36.

1) 1080

2) 94%

3) 220/79

4) 20
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Proposals To be considered for publication, solutions to the following problems should be received by June 10, 2007.

S113. Proposed by Jerry Lo, student, Ross Sheppard High
School, Edmonton and David Rhee, student, University of
Waterloo. Problem 11 on page 72 of Howard Eves’ treatise A
Survey of Geometry is as follows. “Let ABC be a triangle. Let
P be a point such that the lines AP, BP, and CP intersect the
lines BC, CA, and AB at D, E, and F, respectively. Let the lines
EF, FD, and DE intersect BC, CA, and AB at L, M, and N,
respectively. Prove that  L, M, and N are collinear.” The line p
passing through L, M, and N is called the trilinear polar of P,
with respect to triangle ABC, and P the trilinear pole of p. 

Let p be a line which does not pass through any vertex of
triangle ABC. Give a Euclidean construction of the trilinear
pole of p with respect to ABC. 

S114. Proposed by Mircea Ghita, Humanities High School,
NYC. Solve the equation 

2x6 – 9x5 + 25x4 – 42x3 + 50x2 – 36x + 16 = 0.

S115. Proposed by Dennis Shasha, Courant Institute, NYU.
Five cats are entering the Cool Cat Contest. However, the
organizers have been informed that up to two of them may be
copy cats, and copy cats are to be banned. The organizers have
a cat scan, which takes in exactly three cats at a time. It will
announce whether there are any copy cats among them.
However, if the answer is positive, it will not reveal either the
number or the identities of the copy cats. Moreover, the cat
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scan is very expensive to operate, and the organizers want to
keep its use to at most nine times. How can we guarantee
identification of all copy cats among the five, if any?

Problem 205. Proposed by Juan-Bosco Romero Marquez,
Universidad de Valladolid, Spain. Find all solutions of the
Diophantine equation

(x2 + y2)2 = (x + y)3.

Problem 206. Proposed by Jayanthi Ganapathy, University of
Wisconsin at Oshkosh. Determine all positive functions f (x)
differentiable on (– ∞, ∞) such that for any real numbers a and
b, a < b, the arclength of f (x) from x = a to x = b is equal to the
area of the region bounded by x = a, x = b, y = 0 and y = f (x). 

Solutions:

S110. A Trigonometric Inequality. Proposed by J. L. Díaz-
Barrero. Let θ  be a real number such that 0 < θ  < π /2. Prove
that 

and determine when equality holds.

Solution by Northwestern University Math Problem Solving
Group. Let u = cos2θ , where –1 < u < 1. Then the given
expression may be rewritten as 

By the Arithmetic-Geometric Means Inequality, this is greater
than or equal to 
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Problem Section
Editor
Andy Liu
University of Alberta

This section features problems for students at the undergraduate and

(challenging) high school levels. Problems designated by “S” are

especially well-suited for students. All problems and/or solutions

should be submitted to Andy Liu, Mathematics Department, Univer-

sity of Alberta, Edmonton, Alberta T6G 2G1, Canada. Electronic sub-

missions may also be sent to aliu@math.ualberta.ca. Please

include your name, email address, school affiliation, and indicate if

you are a student.
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polygon is 49 – 31 = 18. For each diagonal move the King
makes, half of a cell in the 7 × 7 square must lie outside the
polygon. It follows that the maximum number of diagonal
moves is 18 ÷ 1/2 = 36. 

Also solved by the proposer. Ethan Blocher-Smith (student)
and Tony Tam found the above path but did not prove maxi-
mality. Two incorrect solutions were received.

S112. Circles in Corners. Proposed by Mircea Ghita. Inside a
triangle, there are three circles each of which is tangent to two
sides and the incircle of the triangle. Let their radii be r1, r2,
and r3. Prove that

where r is the inradius of the triangle. 

Solution by Dmitry Fleischman, Santa Monica. We first prove
a preliminary result, that for any angles α, β and γ such that α
+ β  + γ = π / 2, we have tanβ tanγ tanα  + tanα   tanβ   = 1. Let
ABC be a triangle with ∠A = 2α, ∠B = 2β and ∠C = 2γ . Let
I be its incenter and let D, E, and F be the respective feet of
perpendicular from I to BC, CA, and AB. Let BC = a, CA = b,
AB = c with s = a + b + c /2. Let ID = IE = IF = r. Then the area
of ABC is given by rs and also by                                           where
AE = AF = s – a, BF = BD = s – b and CD = CE = s – c. The
desired result is equivalent to 

We now return to the proposed problem. Let ∠AIE = ∠AIF =
2α, ∠BIF = ∠BID = 2β and ∠CID = ∠CIE = 2γ. Then α  + β
+ γ   = π / 2. Let I2 be the center and r2 be the radius of the small
circle closest to B, and let N be the foot of perpendicular from
I2 to ID. Then we have                               It follows that 
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with equality if and only if                               or               This
yields u = cos2θ  = 0 or θ = π /4. Now the last expression
simplifies to

At u = 0, the numerator is minimized and the denominator is
maximized simultaneously. Hence the expression is greater
than or equal to 

Also solved by Henry Barten, Ethan Blocher-Smith (student),
Minh Can, Chip Curtis, College of William and Mary Problem
Solving Group, Dmitry Fleischman, Satyajit Karmakar,
Ronald Kopas, Marko Kranjc, Jerry Lo (high school student),
David Manes, Eli Maor, Paolo Perfetti, William Romaine,
Krishanu Sankar (high school student), SUNY Fredonia Prob-
lem Solving Group, Tony Tam, Daniel Temkin (student) and the
proposer.

S111. Maximizing Diagonal Moves. Proposed by Linda Yu. A
chess King can move from square to adjacent square,
orthogonally or diagonally. He goes on a closed tour visiting
all 64 squares of a standard chessboard, and his path does not
cross itself. What is the maximum number of diagonal moves
he may make? 

Solution by Jerry Lo, student, Ross Sheppard High School,
Edmonton. The diagram below shows a closed tour visiting all
64 squares without crossing itself. It has 36 diagonal moves. 

We now prove maximality. The centres of the 64 squares form
an 8 × 8 lattice which is contained in a 7 × 7 square. Any
closed tour visiting all 64 squares without intersecting itself
encloses a lattice polygon with no lattice points in its interior
and 64 lattice points on its boundary. By Pick’s Formula, its
area is 31. The area inside the 7 × 7 square but outside the
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Hence                          Similarly, we also have

By our preliminary result, 

Also solved by Chip Curtis, Tony Tam and the proposer. 

Problem 203. Primes and Squares. Proposed by Greg Oman.
Prove that for any odd prime number p, there exists a unique
positive integer n such that n (p + n) is the square of an integer.   

Solution by Aaron Kaufer, student, Rochester Institute of
Technology. We can write n = ab2 and p + n = dc2 where a, b,
c and d are positive integers with a and d square-free. Since
n (p + n) is a square, we must have a = d. Now p = ac2 – ab2 =
a(c + b) (c – b). Since c + b > 1 and p is prime, we must have
a = 1, c + b = p and c – b = 1. Hence b = p – 1 /2 and  n =
(p –1)2 /4. 

Also solved by Dipendra Bhattacharya with Stephen Gendler,
Minh Can, Michael Cohen, Chip Curtis, Thomas Dence,
Charles Diminnie, Dmitry Fleischman, Lee Kennard (student),
Daniel Knowles (student), David Manes, Dirk Marple (stu-
dent), Damien Mondragan (student), Norma Morris (student)
with Farley Mawyer, Robert Oliver, Henry Phillips (student),
Krishanu Sankar (high School student), Harry Sedinger, Skid-
more College Problem Group, Tony Tam, Daniel Temkin (stu-
dent), Bobby Thomas (graduate student), Bryan Wilson (stu-
dent), Messiah College Math Problem Solving Group, and the
proposer. 

Problem 204. Two Integrals. Proposed by James Camacho Jr.
and Jonathan Strzelec. Evaluate 

Solution by Ronald Kopas, Clarion University of
Pennsylvania. 

(a)  We have 
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and 

To evaluate I1, let u = (sinθ – cosθ). Then du = (cosθ  +  
sinθ)dθ. Hence

To evaluate  I2, let secv = (sinθ + cosθ). Then secv tan vdv =  
(cosθ – sinθ)dθ. Hence 

It follows that the original integral is equal to 

(b)    We have 

To make use of (a), let cot w = cos2θ . Then –csc2wdw =  
–2cosθ sinθdθ. Hence the given integral is equal to 

Also solved by Dipendra Bhattacharya with Stephen Gendler,
Adriana Bradshaw with Jean Cesarius (students) with Farley
Mawyer, Patrick Farrell, Jarrett Lancaster (student), David
Manes, Roger Nelson, Northwestern University Math Problem
Solving Group, Paolo Perfetti, Tony Tam and the proposers.
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Byer in the November issue, the bishop at the bottom right
corner of the diagram should have been white. 
Also, Samuel Macy pointed out that on page 42, the fifth line
after the diagram should start off with “∠A′PE′ < ∠APE”
instead of an equal sign. The statement of Problem 202 is not
the same as on page 32 of the April issue, in that the condition
on f (x) has changed from 

into an integral. The integration by parts failed to include a
factor of x in the integrand, and the use of L’Hopital’s rule
omitted the minus sign. 

Robert Barrington Leigh of Edmonton, a young man I knew
very well, passed away on August 13, 2006. He would have
been in his fourth year at the University of Toronto now. He
had finished in the top ten in the Putnam competition in each
of his first two undergraduate years, and in the top fifteen in
his third. He had several publications to his credit, and was
clearly marked out to be a prominent mathematician of his
time. I am still coming to terms with this tragedy, and
apologize for not having been diligent in responding to the
readers in the past few months.

  
lim ( )
x

f x
→ ∞

= 1

Part (a) was solved by Chip Curtis, Ryan Dantis (student) and
Daniel Lautzenheiser (student). Roger Nelson pointed out that
part (a) had appeared in Mathematics Magazine as Proposal
1294 on page 114 of the April 1988 issue, with a solution on
pages 139–140 of the April 1989 issue. 

This was obtained by partial fraction, an approach most of our
solvers also used. The problem had been traced back to
Exercise 2131 on page 143 of A Problem Book in
Mathematical Analysis by G. N. Berman, published by MIR
Publishers of Moscow in 1977. There, the answer was given in
the same form as in our featured solution.

Loose-ends:
Reponses to S107 continue to pour in. Solutions have been
received from Kyle Evans-Lee, Abraham Korman, Dirk
Marple, Jace Miller, Jonathan Vanderkolk, Jahn Veach and
Corey Zaro, all students. In the featured solution by Cameron
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What is SET?
SET is a card game, and according to the advertisement on

its box, it is “the family game of visual perception.”  The game
consists of 81 very unusual cards.  Each card contains one, two
or three identical objects with four different attributes: shape
(oval, squiggle, or diamond), color (purple, red, or green),
number (one, two, or three) and shading (filled, empty, or
shaded).  Here are some examples of some SET cards.

How do you play?
To begin the game the dealer places twelve cards face up on

a table. The object of the game is to find a “set” among those
twelve cards.  A “set” consists of three cards in which each of
the cards’ attributes, looked at one-by-one, are all the same or
are all different on each card.  Each attribute must separately
satisfy this rule.  

The three cards seen above are an example of a set
(different shape, different number, different color, different
shading).  Here are some examples of different types of sets:

The first person to identify a set calls out “set” and points it
out to the other players.  If everyone agrees that the three cards

form a legal set, the person who spotted it removes those three
cards, and the dealer replaces them with new cards. Play
continues until there are no more cards left in the deck and all
sets are removed from the table. The player who identifies the
most sets wins. 

I have been playing this game since I was about ten, and it
is still one of my favorite games.  SET can provide fun and
entertainment as I play it with my little sister or become a
challenging match of skill and experience as I play against my
college professor.  Considering each player tends to focus
differently on the cards and there are 1080 different sets that
can be found, every time I play it’s a unique and exciting
experience.

The Game of SET
Anna Bickel
Valparaiso University

In February 2006, five Davidson College students
hosted a Math Murder Mystery. Teams of investigators
solved mathematicial puzzles to identify the culprits.
Are you interested in creating an evening of
mathematical suspense at your school? Then visit
www.davidson.edu/math/chartier/mmm
for suggestions and materials to put a Math Murder
Mystery together from beginning to end.
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