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DIMENSION AND PRODUCT STRUCTURE
OF HYPERBOLIC MEASURES

Luis BARREIRA, YAKOV PESIN, AND JORG SCHMELING

Abstract. We prove that every hyperbolic measure invariant under a C1*+¢ diffeo-
morphism of a smooth Riemannian manifold possesses asymptotically “almost” local
product structure, i.e., its density can be approximated by the product of the den-
sities on stable and unstable manifolds up to small exponentials. This has not been
known even for measures supported on locally maximal hyperbolic sets.

Using this property of hyperbolic measures we prove the long-standing Eckmann—
Ruelle conjecture in dimension theory of smooth dynamical systems: the pointwise
dimension of every hyperbolic measure invariant under a C1*¢ diffeomorphism exists
almost everywhere. This implies the crucial fact that virtually all the characteristics
of dimension type of the measure (including the Hausdorff dimension, box dimen-
sion, and information dimension) coincide. This provides the rigorous mathematical
justification of the concept of fractal dimension for hyperbolic measures.

I. INTRODUCTION

In this paper we provide an affirmative solution of the long-standing problem in
the interface of dimension theory and dynamical systems known as the Eckmann—
Ruelle conjecture.

In the late 70’s — beginning 80’s attention of many physicists and applied mathe-
maticians has turned to the study of dimension of strange attractors (i.e., attracting
invariant sets with some hyperbolic structure) in evolution-type systems (see, for
example, [6, 7, 22]). The dimension was used to characterize a (finite) number
of independent modes needed to describe the infinite-dimensional system. Several
results were obtained which indicated on relations between the dimension of the
attractor and other invariants of the system (such as Lyapunov exponents and en-
tropy; see for example, [13, 14, 16, 23]). This study has become an important
breakthrough in understanding the structure of systems of evolution type.

In the survey article [4], Eckmann and Ruelle summarized this activity and out-
lined a rigorous mathematical foundation for it. They considered dynamical systems
with chaotic behavior of trajectories and described relations between persistence of
chaotic motions and existence of strange attractors. They also discussed various
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concepts of dimension and pointed out the importance of the so-called pointwise
(local) dimension of invariant measures. For a Borel measure p on a complete
metric space M, the latter is defined by

1 B
r—0 log r

(1)
where B(x,r) is the ball centered at x of radius r (provided the limit exists). It was
introduced by Young in [23] and characterizes the local geometrical structure of an
invariant measure with respect to the metric in the phase space of the system. Its
crucial role in dimension theory of dynamical systems was acknowledged by many
experts in the field (see, for example, the paper by Farmer, Ott, and Yorke [6], the
ICM address by Young [24, p.1232] and also [25, p.318)).

If the limit in (1) does not exist one can consider the lower and upper limits and
introduce respectively the lower and upper pointwise dimensions of y at x which
we denote by d(z) and d(z).

The existence of the limit in (1) for a Borel probability measure p on M implies
the crucial fact that virtually all the known characteristics of dimension type of
the measure coincide (this is partly described in Proposition 1 in Section II). The
common value is a fundamental characteristic of the fractal structure of y — the
fractal dimension of p.

In this paper we consider a C'T® diffeomorphism of a compact smooth Riemann-
ian manifold without boundary. Our goal is to show the existence of the pointwise
dimension in the case when p is hyperbolic, i.e., all the Lyapunov exponents of f are
non-zero at p-almost every point (see Main Theorem in Section III). This statement
has been an open problem in dimension theory of dynamical systems for about 15
years and is often referred to as the Eckmann—Ruelle conjecture.

Since hyperbolic measures play a crucial role in studying physical models with
persistent chaotic behavior and fractal structure of invariant sets, our result pro-
vides a rigorous mathematical foundation for such a study.

The problem of the existence of the pointwise dimension has a long history.
In [23], Young obtained a positive answer for a hyperbolic measure p invariant
under a C'*+ surface diffeomorphism f. Moreover, she showed that in this case for
almost every point x

de) =) = () (5~ 55 )

where h,,(f) is the metric entropy of f and Ay > 0 > A, are the Lyapunov exponents
of u.

In [12], Ledrappier established the existence of the pointwise dimension for arbi-
trary SRB-measures (called so after Sinai, Ruelle, and Bowen). In [20], Pesin and
Yue extended his approach and proved the existence for hyperbolic measures sat-
isfying the so-called semi-local product structure (this class includes, for example,
Gibbs measures on locally maximal hyperbolic sets).

A substantial breakthrough in studying the pointwise dimension was made by
Ledrappier and Young in [16]. They proved the existence of the stable and unstable
pointwise dimensions, i.e., the pointwise dimensions along stable and unstable local
manifolds for typical points (see Proposition 2 in Section IT). They also showed that
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the upper pointwise dimension at a typical point does not exceed the sum of the
stable and unstable pointwise dimensions.

Our proof exploits their result in an essential way. It also uses a new and non-
trivial property of hyperbolic ergodic measures that we establish in this paper.
Loosely speaking, this property means that such measures have asymptotically
“almost” local product structure. Let us point out that this property has not been
known even for invariant measures on locally maximal hyperbolic sets (whose local
topological structure is the direct product). This property also enables us to show
that the pointwise dimension of a hyperbolic measure generically is the sum of the
pointwise dimensions along stable and unstable local manifolds.

II. PRELIMINARIES

2.1. Facts from dimension theory. We describe some most important charac-
teristics of dimension type (see, for example, [5, 18]). Let X be a complete separable
metric space. For a subset Z C X and a number a > 0 the a-Hausdorff measure
of Z is defined by
mp(Z, o) = liminf » (diam U)®,
e—0 G
Uveg
where the infimum is taken over all finite or countable coverings G of Z by open
sets with diam G < e. The Hausdorff dimension of Z (denoted dimy Z) is defined
by
dimyg Z = inf{a: my(Z,a) = 0} = sup{a : my(Z, o) = oo}.
We define the lower and upper box dimensions ot Z (denoted respectively by dim g Z
and dimpZ) by

dimpZ = inf{la:ry(Z,a) =
dimpZ = inf{a : 7y (Z,a) = 0} = sup{a : Ty (Z,a) = o},

where
Z,a) = liminf o 7u(Z, ) = liminf @
ry(Z,a) 1?1%12 Zs Tu(Z, a) limin Zs
€ veg veg
and the infimum is taken over all finite or countable coverings G of Z by open sets
of diameter . One can show that
log N(Z,¢) —log N(Z,¢)

dimpZ = lim——""== dimpZ = i
SRBY T B log(1/e) T T S log(1/e)

where N(Z,¢) is the smallest number of balls of radius € needed to cover the set Z.
It is easy to see that

dimyZ < dimpZ < dimpZ.

The coincidence of the Hausdorff dimension and lower and upper box dimension is
a relatively rare phenomenon and can occur only in some “rigid” situations (see [1,
5, 19]).

In order to describe the geometric structure of a subset Z invariant under a
dynamical system f acting on X we consider a measure p supported on Z. Its
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Hausdorff dimension and lower and upper box dimensions (which are denoted by
dimpgp, dimpu, and dimpp respectively) are

dimpgp = inf{dimy Z : pn(2Z) = 1},
dimp = lim inf{dimp 2 : p(Z) > 1 - 6},
dimpp = %iir[l) inf{dimpZ : u(Z) > 1 -4}
It follows from the definition that
dimpp < dimgp < dimpp.

Another important characteristic of dimension type of p is its information di-
mension. Given a partition £ of X, define the entropy of € with respect to u by

Hy(€) = =) u(Ce)log u(Ce)

Ce
where C¢ is an element of the partition £. Given a number ¢ > 0, set
H,(¢) =inf {H,(§):diam& < e}

where diam { = maxdiam C¢. We define the lower and upper information dimen-

sions of u by
H
1) = lim 1)
e—0 10g(1/€)
There is a powerful criterion established by Young in [23] that guarantees the
coincidence of the Hausdorff dimension and lower and upper box dimensions of
measures as well as their lower and upper information dimensions.

N I ey Hu(e)
R TriTE)

Proposition 1 [23]. Let X be a compact separable metric space of finite topological
dimension and p a Borel probability measure on X. Assume that

d(z) = d(z) =d (2)
for p-almost every x € X. Then
dimpp = dimpp = dimpp = I(n) = I(p) = d.

A measure p which satisfies (2) is called ezact dimensional.

2.2. Hyperbolic measures. Let M be a smooth Riemannian manifold without
boundary, and f: M — M a C'T diffeomorphism on M. Let also p be an f-
invariant ergodic Borel probability measure on M.

Given x € M and v € T, M define the Lyapunov exponent of v at x by the
formula

— 1
Az,v) = lim —log||d, f"v||.
n—oon

If x is fixed then the function A(z,-) can take on only finitely many values A1 (z) >
.-+ > Ap(x) where p = dim M. The functions \;(z) are measurable and f-invariant.
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Since pu is ergodic, these functions are constant p-almost everywhere. We denote
these constants by A; > --- > \,. The measure p is said to be hyperbolic if A\; # 0
for every i =1, ..., p.
There exists a measurable function r(x) > 0 such that for p-almost every x € M
the sets
LV%m>=:{yez%xn«x»: Hﬁiongaf"mf%y><o},

n—4+oon,

W (z) = {y € B(z,r(x)): lim 1 logd(f"z, fMy) > 0}

n——oo

are immersed local manifolds called stable and unstable local manifolds at = (see [17]
for details). For each r € (0,r(z)) we consider the balls B*(z,r) C W?*(x) and
BY(xz,r) C W"(z) centered at = with respect to the induced distances on W*(x)
and W"(z) respectively.

Let £ be a measurable partition of M. It has a canonical systems of conditional
measures: for p-almost every x there is a probability measure p, defined on the
element &(x) of £ containing x. The conditional measures p, are uniquely charac-
terized by the following property: if B, is the o-subalgebra (of the Borel o-algebra)
whose elements are unions of elements of £, and A C M is a measurable set, then
= pg(ANE(x)) is Be-measurable and

uM)=/ﬁAAﬂﬂ@MW@)

In [16], Ledrappier and Young constructed two measurable partitions £° and &*
of M such that for p-almost every x € M:
(1) & (z) c W*(z) and £"(z) C W*(z);
(2) &*(x) and £“(x) contain the intersection of an open neighborhood of x with
W#(x) and W*(x) respectively.

We denote the system of conditional measures of p with respect to the partitions
&° and &* respectively by p3 and p¥, and for any measurable set A C M we write
pa(A) = pz (AN (x)) and pz(A) = pgz(ANE (x)).

Given z € M, consider the lower and upper pointwise dimensions of u at x, d(z)
and d(z). Since these functions are measurable and f-invariant they are constant
p-almost everywhere. We denote these constants by d and d respectively.

In [16], Ledrappier and Young introduced the quantities

)

1 s(B*
dS(CIT) dZCf lim 0g /’Lx( (.’IJ,T))
r—0 logr
v log ut(BY(,

r—0 log r

provided that the corresponding limits exist at € M. We call them respectively
stable and unstable pointwise dimensions of p.
Proposition 2 [16].

(1) For p-almost every x € M the limits d*(x) and d*(x) exist and are constant

w-almost everywhere; we denote these constants by d® and d*.
(2) If p is a hyperbolic measure then

d<d®+d".
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When the entropy of f is zero it follows from [16] that d® = d* = 0 and hence
d=d=d°*+d*=0.

Let us point out that in [16] the authors consider a class of measures more general
than hyperbolic measures (some of the Lyapunov exponents may be zero). They
prove Proposition 2 under the assumption that the diffeomorphism f is of class
C?. The main ingredient of their proof is the existence of intermediate pointwise
dimensions, i.e., the pointwise dimensions of the conditional measures generated
by the invariant measure on the intermediate stable and unstable leaves. This, in
turn, relies on the Lipschitz continuity of the holonomy map generated by these
intermediate leaves (see the Appendix for definitions and precise statements) and
is where the assumption that f is of class C? is used (see section (4.2) in [16]; other
arguments in [16] do not use the Lipschitz continuity of the holonomy map and go
well for O+ diffeomorphisms).

In the Appendix to the paper we provide a proof of the fact that for hyperbolic
measures the Lipschitz property of the holonomy map holds for diffeomorphisms
of class C'*%. Indeed, we prove a slightly more general statement: the Lipschitz
property holds for intermediate stable and unstable foliations even if some of the
Lyapunov exponents are zero. Our approach gives a new proof of this property
even in the case of diffeomorphisms of class C2. As a consequence we obtain
that Proposition 2 holds for diffeomorphisms of class C'** and so does our Main
Theorem.

Let us point out that the Lipschitz continuity of the holonomy map presumably
fails if the map is generated by stable leaves inside the stable-neutral foliation.

III. MAIN THEOREM

In this paper we prove the following statement.

Main Theorem. Let f be a C'T¢ diffeomorphism on a smooth Riemannian man-
ifold M without boundary, and p an f-invariant compactly supported ergodic Borel
probability measure. If u is hyperbolic then the following properties hold:

(1) for every § > 0 there exist a set A C M with (A) > 1 — 6 and a constant
Kk > 1 such that for every x € A and every sufficiently small r (depending
on x), we have

P (B, ) (B () < u(Bla,r)) < 0wy (B (@, k) (B (z, 50)); (3)

(2) p is exact dimensional and its pointwise dimension is equal to the sum of
the stable and unstable pointwise dimensions, i.e.,

d=d=d° +d"

This statement provides an affirmative solution to the Eckmann—Ruelle con-
jecture and describes the most broad class of measures invariant under smooth
dynamical systems which are exact dimensional.

Note that an SRB-measure is locally equivalent on A to the direct product of an
absolutely continuous measure on an unstable leaf and a measure on a stable leaf
(see [12]). Hence, Statement 1 holds in this case automatically. One can also show
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that Gibbs measures on a locally maximal hyperbolic set A are locally equivalent
to the direct product of a measure on an unstable leaf and a measure on a stable
leaf (see [9]). Therefore, Statement 1 holds in this case as well.

Let us also point out that neither of the assumptions of the Main Theorem can
be omitted. Ledrappier and Misiurewicz [15] constructed an example of a smooth
map of a circle preserving an ergodic measure with zero Lyapunov exponent which
is not exact dimensional. In [19], Pesin and Weiss presented an example of a
Hoélder homeomorphism with Holder constant arbitrarily close to 1 whose measure
of maximal entropy is not exact dimensional.

Remarks. (1) Statement 1 of the Main Theorem establishes a new and non-trivial
property of an arbitrary hyperbolic measure. Loosely speaking it means that ev-
ery hyperbolic invariant measure possesses asymptotically “almost” local product
structure. This statement has not been known even for measures supported on
(uniformly) hyperbolic locally maximal invariant sets. The lower bound in (3) can
be easily obtained from results in [16] while the upper bound is one of the main in-
gredients of our proof. Note that Statement 2 follows from Statement 1. The proof
of Statement 2 exploits the existence of stable and unstable pointwise dimensions
and the argument in [20] (see Section VI).

In order to illustrate the property of having asymptotically “almost” local prod-
uct structure let us consider an ergodic measure p invariant under the full shift
o on the space ¥, of all two-sided infinite sequences of p numbers. This space is
endowed with the usual “symbolic” metric dg, for each fixed number 3 > 2, defined
by

dg(w',w?) =Y B Mw; — Wi,

€L

where w! = (w}) and w? = (w?). Fix w = (w;) € ¥,. The cylinder
Cp(w)={w = (@) :w; =w; for i =—n,...,n}

can be identified with the direct product C;F(w) x C;; (w) where
CHw)={o= () 0;=w; fori=0,...,n}

and

C,(w)=Aw= () : w; =w; for i = —n,...,0}

are the “positive” and “negative” cylinders at w of “size” n. Define measures

poy (W) = p|C (w)  and gy (w) = plC,y ().

The measure p is said to have local product structure if the measure p|C),(w)
is equivalent to the product p;}(w) X p;, (w) uniformly over w € ¥, and n > 0.
It is known that Gibbs measures have local product structure (see, for example,
[18]). For an arbitrary o-invariant ergodic measure p it follows from Statement 1
of the Main Theorem (see (3)) that for every § > 0 there exist a set A C 3, with
1w(A) > 1—9 and an integer m > 1 such that for every w € A and every sufficiently
large n (depending on w), we have

Bf5|n|’u7+z+’m(w) X M;Hr’m(w) S M|Cn(W) S Bé‘nllu’:f'm(w) X iu;zfm(w)
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(2) It follows immediately from the Main Theorem that the pointwise dimen-
sion of an ergodic invariant measure supported on a (uniformly) hyperbolic locally
maximal invariant set is exact dimensional. This result has not been known before.
We emphasize that in this situation the stable and unstable foliations need not be
Lipschitz (in fact, they are “generically” not Lipschitz; see [21]), and in general,
the measure need not have a local product structure despite the fact that the set
itself does. Therefore, both statements of the Main Theorem are non-trivial even
for measures supported on hyperbolic locally maximal invariant sets.

(3) The role of the Eckmann—Ruelle conjecture in dimension theory of dynamical
systems is similar to the role of the Shannon-McMillan—Breiman theorem in the
entropy theory. In order to illustrate this, consider the full shift o on the space ¥,,.

Let 1 be a o-invariant ergodic measure on X,. By the Shannon-McMillan—
Breiman theorem, for p-almost every w € X,

lim

log u(Cr(w)) = h (4)

where h = h, (o). Since the cylinder C),(w) is the ball (in the symbolic metric dg)
centered at w of radius ¢" (for some ¢ > 0), the quantity in the right-hand side in
(4) divided by log (3 is the pointwise dimension of y at w. The Shannon-McMillan—
Breiman theorem (applied to the shift map) thus claims that the pointwise di-
mension of p exists almost everywhere; it is clearly almost everywhere constant;
furthermore, the common value is the measure-theoretic entropy of p divided by
log .

As an important consequence of this theorem one obtains that various definitions
of the entropy (due to Kolmogorov and Sinai [11], Katok [8], Brin and Katok [2],
etc.) coincide (see [18] for details).

(4) Let p be an arbitrary (not necessarily ergodic) invariant measure for a C'1T2
diffeomorphism f of M. The measure p is said to be hyperbolic if on almost every
ergodic component the induced measure is a hyperbolic measure on M. The Main
Theorem remains true for any f-invariant compactly supported hyperbolic Borel
probability measure, i.e., the pointwise dimension of such a measure exists almost
everywhere (but may not be longer a constant; see Section VII).

IV. DESCRIPTION OF A SPECIAL PARTITION

We use the following notations. Let 1 be a partition. For every integers k, [ > 1,
we define the partition nl = \/;:_k f~™n. We observe that n?(z) N n}(z) = nt (z).
From now on we assume that p is hyperbolic. In [16], Ledrappier and Young
constructed a special countable partition P of M of finite entropy satisfying the
following properties. Given 0 < & < 1, there exists a set I' C M of measure
w(I') > 1 —¢/2, an integer ng > 1, and a number C' > 1 such that for every x € T’

and any integer n > ng, the following statements hold:

(a) for all integers k, [ > 1 we have

O Lo~ (HRh=(t+k)e < M(‘Pi(x)) < Ce—(l+k)h+(l+k)a, (5)
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where h is the Kolmogorov—Sinai entropy of f with respect to u;
(b)
N () Po(x) D B (x,e™), (8)

n>0

N () Ph(x) > B (z,e™); (9)

n>0

e < s (B (w,e7 ™)) < em e (10)
™ < (B (w,e7") < e (11)
()
Por(x) C B(z,e™ ™) C P(x), (12)
Pon(2) N € () € B (2, e7") € P(z) N (), (13)
Po"(x)N€*(z) € BY(z,e™") € P(x) NEY(2), (14)

where a is the integer part of 2(1 + &) max{\y, —Ap, 1};

(e) define Q,(z) b
o) =P (15)

where the union is taken over y € I' for which
PEn(y) N B (3, 2¢~") # & and 90, (y) N B*(,2¢™") £ 2;

then
B(z,e™™)NT C Qu(x) C B(x,4e™"); (16)

and for each y € Q,(z),
Pan(y) C Qn(2).

Increasing n if necessary we may also assume that

(f) for every x € I' and n > ng, we have
Bé(z,e ™) NI C Qun(zx) N&*(z) C B¥(x,4e™ ™), (17)
BY(z,e ™) NI C Qn(x) N&“(x) C B*(x,4e™ ™). (18)

The above statements are slightly different versions of statements in [16]. Prop-
erty (5) essentially follows from the Shannon-McMillan—Breiman theorem applied
to the partition P while properties (6) and (7) follow from “leaf-wise” versions of
this theorem. The inequalities in (10) and (11) are easy consequences of the exis-
tence of the stable and unstable pointwise dimensions d® and d* (see Proposition 2).
Since the Lyapunov exponents at p-almost every point are constant and equal to
A1, ..., Ap, the properties (12), (13), and (14) follow from (8), (9), and the choice
of a indicated above. The inclusions in (16) are based upon the continuous depen-
dence of stable and unstable manifolds in the C''*® topology on the base point (in
each Pesin set). We need the following well-known result.
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Proposition 3 (Borel Density Lemma). Let p be a finite Borel measure and
A C M a measurable set. Then for p-almost every x € A, we have
B A
(B0 A)
r—=0  pu(B(z,r))
Furthermore, if u(A) > 0 then, for each § > 0, there is a set A C A with pu(A) >
u(A) =9, and a number ro > 0 such that for all x € A and 0 < r < ¢, we have

=1

p(B(r,r) 0 A) > (B, ).

It immediately follows from the Borel Density Lemma that one can choose an
integer n1 > ng and a set I' C T" of measure p(I') > 1 —¢ such that for every n > n;
and x € T,

p(Ble,e")NT) > Lu(Blz,e™): (19)
P (B (") D) > s (B (e ™): (20)
pE(B (e NT) > (B (e 7). (21)

We establish two additional properties of the partitions P§ and PL.

Proposition 4. There exists a positive constant D = D(I") < 1 such that for every
k>1and x € ', we have:
pz(Po(x) NT) = D;

k
0
W@ (@) N T) > D.

Proof. By (8), for every k > 1 and = € T, the set P(z) N T contains the set
B#(xz,e ™) NT. It follows from (20) and (10) that

1 1 s e
PA(PE(E) NT) > Lt (B (r,e7)) 2 Lo~ momos 2

The second inequality in the proposition can be proved in a similar fashion using
the properties (9), (21), and (11). O

The next statement establishes the property of the partition P which simulates
the well-known Markov property.

Proposition 5. For every x € I' and n > ng, we have:
Pan(2) NE(2) = Py, (2) N (2);
Pan(2) N &% (x) = PG (x) N € (x).
Proof. Tt follows from (13) and (8) that
PO (x) N & (z) € PO (x) N B (z,e™™) C P, (x) N BS(xz,e ™)
C Pan(2) N PG (2) N E°(2) = Pan(z) N € ().

Since Pa7(z) C PV, (z) this completes the proof of the first identity. The proof of
the other identity is similar. O
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V. PREPARATORY LEMMATA

Fix z € T and an integer n > nq,. We consider the following two classes R(n)
and F(n) of elements of the partition P27 (we call these elements “rectangles”):

R(n) = {FPen(y) € Plx) : Peny) NI # o}

F(n) = (P (y) € P(a) : PO (y) (T £ 2 and P (y) 1T £ 2).
The rectangles in R(n) carry all the measure of the set P(z)NL, i.e., - peg(n) (RN

T') = u(P(z)NT). Obviously, the rectangles in R(n) that intersect I’ belong to F(n).
If these were the only ones in F(n), the measure p|P(z) NI would have the “direct
product structure” at the “level” n. One could then use the approach in [12, 20] to
estimate the measure of a ball by the product of its stable and unstable measures.
In the general case, the rectangles in the class F(n) are obtained from the rectangles
in R(n) (that intersect f) by “filling in” the gaps in the “product structure” (see
Figure 1).

We wish to compare the number of rectangles in R(n) and F(n) intersecting a
given set. This will allow us to evaluate the deviation of the measure p from the
direct product structure at the level n. Our main observation is that for “typical”
points y € T' the number of rectangles from the class R(n) intersecting W*(y)
(respectively W*(y)) is “asymptotically” the same up to a factor that grows at
most subexponentially with n.

However, in general, the distribution of these rectangles along W*(y) (respec-
tively W*(y)) may be different for different points y. This causes a deviation from
the direct product structure. We will use a simple combinatorial argument to show
that this deviation grows at most subexponentially with n. One can then say that
the measure p has an “almost direct product structure”.

To effect this, for each set A C P(x), we define

N(n,A) =card{R € R(n): RN A # &},
N?(n,y,A) =card{R € R(n) : RN&*(y)NT'N A # o},
N*(n,y,A) = card {R € R(n) : RNE“(y) NT N A # &},

N*(n,y,A) = card {R € F(n) : RNE*(y) N A # &},
N%(n,y,A) = card {R € F(n) : RN &“(y) N A # o).

Note that N(n,P(z)) is the cardinality of the set R(n), and N*(n,y, P(z)) (re-
spectively N%(n,y,P(z))) is the number of rectangles in R(n) that intersect I" and
the stable (respectively unstable) local manifold at y. The product N (n,y,P(x)) x
Nt(n,y,P(z)) is the cardinality of the set F(n) for a “typical” point y € P(x).

Let Q,(y) be the set defined by (15).

Lemma 1. For each y € P(x) NT and integer n > ng, we have:
NS(TM Y, Qn(y)) < 'LLZS/(BS(?/, 4e—n)) . Ceanh+an6;

Nu(”ﬂ/»@n(jU)) < ,LLZ(Bu(y’zle*”)) . Ceathrans.
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, W3(x)

WH(x)

R\ 7 () B conre ] ro0 =

FIGURE 1. The procedure of “filling in” rectangles.

Proof. 1t follows from (17) that
py(B*(y,4e7")) = 11y (Qn(y))

= N*(n,y,Qn(y)) - min{py(R) : R € R(n) and RNE*(y) N Qn(y) NT # &}

(Note that the condition R N &%(y) N Qn(y) # @ implies that R € R(n)). Let
z € RNE(y) NQn(y) NT for some R € R(n). By Proposition 5 we obtain i (R) =
s (Po,,(2)) = pi(PY,,(2)). The first inequality in the lemma follows now from (6).
The proof of the second inequality is similar. O

Lemma 2. For each y € P(x) N T and integer n > ny, we have:

M(B(% efn)) < N(n, Qn(y)) . 20672anh+2an5‘
Proof. Tt follows from (19) and (16) that
SH(Bly,e™) < pu(Bly, ) NT) < u(Quly) NT)

< N(n,Qn(y)) -max{u(R) : R € R(n) and RN Q,(y) # }.

(Note that the condition R N Q,(y) # @ implies that R € R(n)). The desired
inequality follows from (5). O

We now estimate the number of rectangles in the classes R(n) and F(n).
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Lemma 3. For p-almost every y € P(z) N T there is an integer na(y) > ny such
that for each n > ny(y), we have:

N(TL + 27 Qn+2(y)) < ]/\75 (TL, Y, Qn (Z/)) : Nu(”? Y, Qn (y)) : 202€4a(h+€) 6404716.

Proof. By the Borel Density Lemma (with A = f), for p-almost every y € T there
is an integer ns(y) > ny such that for all n > na(y),

~

2u(B(y,e”")NT) > u(B(y,e™™)).

Since I’ C T, it follows from (16) that for all n > ny(y),

> p(B(y,e™"))

21(Qn(y) NT) > 2u(B(y,e ™) N T)
) > 1(Quia(y)). (22)

> u(B(y,4e”""?)

For any m > ns(y), by (5) and property (e), we have

Qu@) = > w(Pim(2) = N(m,Qm(y)) - O lem2amh=2ame,
Pam(2)CQm(y)

Similarly, for every n > ns(y), we obtain

M(Qn(y) N f) = Z M(:PZZ(Z) N f) < N,, - CefQthJrQanE’
Par(2)CQn(y)

where N,, is the number of rectangles P27 (z) € R(n) that have non-empty inter-
section with I'.
Set m = n + 2. The last two inequalities together with (22) imply that

N(TL +2,Qnto (y)) <N, - 202 gda(hte)tdane (23)

On the other hand, since y € T the intersections P2 (y) N &% (y) NT and P, (y) N
&(y) N T are non-empty.

Consider a rectangle P9 (v) C Q,(y) that has non-empty intersection with T.
Then the rectangles P2, (v) N P&"(y) and P, (y) N P& (v) are in F(n) and intersect
respectively the stable and unstable local manifoldi at y. Hence, to any rectangle

Par(v) C Qn(y) with non-empty intersection with I', one can associate the pair of
rectangles (5, (v) N P4 (y), P2, () N PE"(v)) in

{ReF(n): RNE(y) NQnly) # 2} x {R € F(n) : RNE"(y) N Qnly) # 2}
Clearly this correspondence is injective. Therefore,

N*(n.y,Qu(®) - N"(n,9, Qu(y)) = N

The desired inequality follows from (23). O

Our next goal is to compare the growth rate in n of the number of rectangles
in F(n) with the number of rectangles in R(n). We start with an auxiliary result.
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Lemma 4. For each x € I and integer n > ny, we have:

N*(n,z,P(x)) < D~1(C2eonh+3ans,

~

NU(TL,CL‘,(P(SC)) § D—ICQGanh—&—Bane‘

Proof. Since the partition P is countable we can find points y; such that the union of
the rectangles Pg"(y;) is P(x), and these rectangles are mutually disjoint. Without
loss of generality we can assume that y; € I' whenever P§"(y;) N T # &. We have

N(TL,T(.’E)) > ZNS(nvyi7j)8n(yi)) > Z Ns(nvyi7g)8n(yi))' (24)
i :Pa" (y; )T #D

We now estimate N*®(n,y;, P§"(y;)) from below for y; € L. By Propositions 4 and 5,
and (6),

o u (@) (T)
Ny 76" W) 2 s e - 2 € () N P@ N T)

D
® max{ 2 (Pg(=) < 2 € £(5a) N P() NI
D
~ max{pz (P, (2)) : 2 € & (y;) N P(x) N T}
Z Dc—leanh—anE. (25)
Similarly (5) implies that
N(n, (P(l‘)) < ,U,((P(.CL')) < C€2anh+2an€. (26)

S wn{pPm(2) 2 € P@) AT
We now observe that
N%(n,z,P(x)) = card {i : PE" (yi) N T+o) (27)
Putting (24), (25), (26), and (27) together we conclude that

CeQanh+2an6 > N(TL, :P(CC))
Z Z Ns(n7yi7j)8n(yi))
i Pg" (ys) DS

> ]/\\fu(n,:n,f])(x)) . DC~1eanh—ans,

This yields N%(n,z, P(x)) < D~1C2emmh+3ane The other inequality can be proved
in a similar way. O

We emphasize that the procedure of “filling in” rectangles to obtain the class
F(n) may substantially increase the number of rectangles in the neighborhood of
some points. However, the next lemma shows that this procedure of “filling in”
does not add too many rectangles at almost every point.



DIMENSION AND PRODUCT STRUCTURE OF HYPERBOLIC MEASURES 15

Lemma 5. For p-almost every y € P(z) N T we have:

— ]/\\75 (n, Y, Qn(y)) 677an5

lim <L
n—+o0 N*(n,y, Qn(y))

__ Nw

Iim (nvvan(y))efﬂzne < 1.

n—+too N*(n,y, Qn(y))

Proof. By (17) and (20), for cach n >ny and y € T,

Hy(Qul)) > 3 (B (g, ™) AT) > Sp3 (B (g, ™).

Since P (2) C PY, (2) for every z, by virtue of (6) and (10) we obtain

1y (Qn(y))
N*(n,y, Qn(y)) = .
00 @) 2 @3 2 € W) 9@ AT
1 S BS , —n
51 py(B*(y,e™")) (28)
2 max{ps(P),(2)) : 2 € &2(y) N P(z) NI}
L efdsnfna
— 20 6—anh+an6 :
Let us consider the set
fa T ﬁs(nayaQn(y)) -7
F=<yel: lim e e >15.
{ n—+oo N*(n,y, Qn(y))
For each y € F' there exists an increasing sequence {m;}32, = {m;(y)}32; of

positive integers such that

~

1 1 s
N, Qo (1)) = 5N (1, Qo () To9% = e Mot amslisamac - (39)

for all j (note that a > 1).
We wish to show that u(F) = 0. Assume on the contrary that u(F) > 0. Let
F' C F be the set of points y € F' for which it exists the limit

log iy, (B*(y, 7))
m
r—0 log r

= d°.
Clearly p(F”) = u(F) > 0. Then we can find y € F such that
py (F) = iy (F') = g (F' 0 P(y) N €°(y)) > 0.
It follows from Frostman’s lemma that
dimp (F' 1 €5(y)) = . (30)
Let us consider the countable collection of balls

B={B(z,4¢7™ )z € F'NE(y); j=1,2, ...}
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By the Besicovitch covering lemma (see, for example, [3]) one can find a sub-
cover € C B of F' N E&*(y) of arbitrarily small diameter and finite multiplicity
p = p(dim M). This means that for any L > 0 one can choose a sequence of points
{zi € F'NE%(y)}72, and a sequence of integers {t;}72,, where t; € {m;(2;)}52; and
t; > L for each 7, such that the collection of balls

€ ={B(z,4e ") :i=1,2,...}
comprises a cover of F' N &°(y) whose multiplicity does not exceed p. We write

Q(i) = Q4,(z;). The Hausdorff sum corresponding to this cover is

[ee]

> (diam B) 75 = (8%7) Y et @9,

Bec =1

By (29), we obtain
Ze—ti(ds—g) < Z]/\?S(tz,z“Q(z)) . 4C€—atih—4atis
i=1 =1

<403 et 3 §5(g, 2, Q(0).

q=1 it =q
Since the multiplicity of the subcover € is at most p, each set Q(i) appears in the
sum R
Z Ns(qv Ziy Q(Z))
i:t;=q
at most p times. Hence,
Z Ns(q, Ziy Q(Z)) < pNS(q’ Y, (P(y))
i:tizq

It follows from Lemma 4 that

Z (diam B)ds—s < 4(8d5—5)cz e—aqh—4aqspﬁs(q7 v, iP(y))
Bee q=1

< 4(8d5—5)D—103p Z e—aqh—4aq6+aqh+3aq5
q=1
= 4(8ds_5)D_1CBpZ e” 1" < oo.
q=1
Since L can be chosen arbitrarily large (and so also the numbers ¢;), it follows that
dimg (F' N&3(y)) < d° —e < d°. This contradicts (30). Hence p(F) = 0 and

this yields the first inequality in the lemma. The proof of the second inequality is
similar. O

By Lemma 5, for p-almost every y € P(x) N [ there exists an integer n3(y) >
na(y) such that if n > ng(y) then

N*(n,y,Qn(y)) < N*(n,y, Qn(y))e™™, (31)
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N*(n,5,Qu(y)) < N*(n,y,Qu(y))e™". (32)

Moreover, by Lusin’s theorem, for every € > 0 there exists a subset I'. C T such
that
p(@) > p(@) —e and n. = supi{ni, ns(y) : y € Ts} < oo,

and the inequalities (31) and (32) hold for every n > n..
A version of the following statement was proved by Ledrappier and Young in [16].
For the sake of the reader’s convenience we include its proof.

Lemma 6. For everye >0, if y € I'. and n > ng, then

(B (g, e "B (g, ™) < p(Bly, de™™)) - ACP 0,

Proof. Let z € T-NQ,(y). By (32), if n > n. then

N*(n,y,Qu(y)) < N"(n,y,Qu(y)) = N(n, 2,Qu(y)) < N*(n, 2, Qn(y))e "

and

N%(n,y, Qn(y)) <inf{N%(n,z,Qn(y)) : z € T N Qn,(y)}e "=, (33)
Since N(n,Q,(y)) is equal to the number of rectangles R C @, (y) we have

~

N*(n,y, Qn(y)) x Inf{N"(n, 2, Qn(y)) : 2 € Qn(y)} < N(n, Qu(y))-

By (33), if y € I'c. and n > n. then
N*(n,,Qu(y)) x N*(n,y,Qu(y)) < N(n,Qu(y))e’™™.
As in (28), if y € T'. and n > n. then
N*(n,y, Qu(y)) = py(B*(y,e™")) - (20)~ e mome,

Nu(n’ Y, Qn(y)) > ,LLZ(BU(y, e_n)) . (20)—leanh—ang.
Moreover, by (5) and (16),

w(Qn(y))
Wi (P (2) : 2 € Qu(y) AT}

N(n,Qn(y)) < (B(y,4e™™)) - (O p2anh+2ane

Putting together these inequalities we obtain the desired statement. O

VI. PROOF OF THE MAIN THEOREM

Given € > 0, let the set [ be as in the previous sections. By Lemmas 2 and 3,
for p-almost every y € P(x) NI' and n > ny(y), we obtain

By, e™" %) < N*(n,y, Qu(y)) - N"(n,y, Qu(y)) - AC7 (1 +9) g=2emhane,
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By (31), (32), and Lemma 1 we obtain

W(B(y,e™"7%)) < N*(n,y,Qu(y)) - N"(n,y, Qu(y)) - 4071149 gm2anh20ane
< iy (B (y,de ™)) gy (B (y, de ™)) - 4C%etelHe2ens - 3y

Statement 1 of the theorem follows now immediately from (34) and Lemma 6.
By (34) and Statement 1 in Proposition 2, we obtain

log u(B(y, e~
i og u(B(y,e™"))

n—-+oo —nNn

>d® +d" — 22ae

for y-almost every y € I'. Since ,u(f) > 1—¢ and € > 0 is arbitrarily small, we
conclude that

d— lim 28#BW.r) g logu(Bly ™))

r—0 IOgT‘ n—-+oo -n

for p-almost every y € M. Combining this property with Statement 2 in Proposi-
tion 2, we obtain Statement 2 of the theorem. O

VII. THE CASE OF NONERGODIC MEASURES

We show how to modify our arguments in the case when the measure p is not
ergodic. Notice that in this case Proposition 2 is still valid, i.e., for u-almost every
x € M the stable and unstable dimensions d®(x) and d“(z) exist but may depend
on the point. Moreover, given € > 0, there is a set I of measure > 1 — ¢ and, for
every x € IV, a number h(z) such that Statements 5-18 hold if h is replaced by
h(z), d* by d*(x) and d* by d“(x). Let us fix £ > 0 and consider the sets

[(x) ={y € M : [h(x) = h(y)| <&, |d°(x) = d°(y)| <&, [d*(z) = d"(y)] < &}.

The collection of these sets covers I'V. Moreover, there exists a countable subcol-
lection of sets {I''};cn which still covers I”. Let u’ be the conditional measure
generated by p on I''. We can apply the arguments in the proof of the Main
Theorem to the measures p° and show that for almost every x € I'* the following
inequality holds

d*(z) + d“(z) — cx < d'(z),
where d’(z) is the pointwise dimension of the measure p’ and ¢ does not depend

on z or k. Since the cover {I'"},cy is countable letting x go to zero yields that for
p-almost every x € M

d*(z) + d“(z) < d(z).

It follows from [16] that d(z) < d*(z) + d“(z).
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APPENDIX. LIPSCHITZ PROPERTY OF INTERMEDIATE FOLIATIONS

Let M be a smooth compact connected Riemannian manifold with distance d
and f: M — M a C'te diffeomorphism. We denote the Lyapunov exponents at a
point x € M by

A(@) <+ < Mo (@),

Recall that a point x € M is called Lyapunov reqular if there exists a decomposition
T, M = @) Ei(z), where E(z) is the vector space

Bw) = {v € T\ (0t~ 1og |4, "0l = M(o) U 0)

such that
. k(@)
Jim —log|detdq f"| = Zl Ai(z) dim E*(z).

Note that \;(f(z)) = X\i(z) and d, fE*(x) = E*(f(x)) for each i.

We denote by A C M the set of all Lyapunov regular points. Below we describe
some notions and results on non-uniformly hyperbolic dynamical systems. For
references see [18, 14, 9, 10].

Set s(x) = max{i : A\;(z) < 0} and u(z) = min{i : \;(z) > 0}. Fix z € A and
r(z) > 0. For every i = 1, ..., s(x) one defines the i-th stable leaf at x by

Wiz) = {y € B(a,r(x)) : limsup - log d(f" (x), /" (y)) < Mm)} ,

n—+oo N

and for every i = u(x), ..., k(z) the i-th unstable leaf at x by

Wi(z) = {y € B(z,r(z)) : limsup 1

n——oc ||

logd(f" (=), f"(4)) < —w)} |

Clearly, Wi(x) c Witl(z) if i < s(z) and W¥(z) D Witl(z) if i > u(x). We write
W (z) = W@ (z) and W*(z) = W) (z) and call them, respectively, the stable
and unstable manifolds at . One can prove that if r(z) is sufficiently small than
Wi(x) is a C1T® immersed submanifold.

For every i < s(z), set D'(z) = @;:1 E’(x), and for every i > u(z), set D¥(x) =
@fg) EJ(x). If i is such that \;(z) # 0, then T,W¢(x) = D*(x).

Recall that a function A:A — R is called tempered (with respect to f) if for
every x € A we have

. 1 n _
im —log [ A(f"(2))]] = 0.

Given r € (0,7(z)) we denote by Bi(x,r) C W¥(z) the ball centered at = of
radius r with respect to the induced distance on W*(z).

Given 7 > 0 and x € A, let (U, p,) be a Lyapunov chart at x. This means the
following:

(1) ¢z: U, — R™ is a local diffeomorphism with the property that the spaces

E' = @, (exp, E'(x))
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form an orthogonal decomposition of R™;
(2) the subspaces D = ¢, (exp, D*(z)) are independent of z;
(3) ifi=1,..., k(z) and v € E*(z) then

MOy (exp, 0) | < @5 (X 4@ daf V)| < M OFT s (exp, v)ll; (AL

(4) there is a constant K and a tempered function A:A — R such that if
Y,z € U, then

Klloey — @z2|| < d(y,2z) < A(x)||0ay — ozll;

(5) there exists p(x) € (0,7(x)) such that B*(z, p(x)) C Wi(z) N U, for every
xeNandi=1, ..., k(z) with X\;(x) # 0. Moreover, for 1 <1i < s(x), the
manifolds ¢, (W?(x)) are graphs of smooth functions g*: D* — D**! and for
u(x) < i < k(z), of smooth functions g*: D — Di~1; the first derivatives of
g' are bounded by 1/3.

It follows that if i < s(x) then
FWH (@) N Us) € W(f(2)) N Uy a,
and if ¢ > u(z) then
FHWH @) NU) C WHFH@) N U1 (a).

Each set A can be decomposed into sets A g in which the numbers k(x), dim E*(z),
and \;(z) are constant for each i. For every ergodic measure p invariant under f
there exists a unique § for which the set Ag has full p-measure. From now on we
restrict our consideration to a subset Ag C A and set k(z) =k, s(z) = s, u(z) = u,
and A;(xz) = \; for each i and = € Ag.

Given £ > 0, consider a set

e =A{z € Ag:p(x) > 1/0, A(z) < £, L(E*(x), P E?(x)) > 1/¢,i=1... ,k}.
JFi

Let Ag; be the closure of Abe- For each x € AQM there exists an invariant decom-
position T, M = @fg) Ei(x), invariant i-th stable and unstable leaves W*(z), and
Lyapunov chart (U, ¢,) at x with the above properties. In particular, the func-
tions p(x) and A(z) can be extended to A}, such that p(x) > 1/¢, A(z) < ¢, and
A(E’;(x),@j# Fi(z)) > 1/ for i = 1... k. The set Ag is obviously compact.
We also have that Age C A1) and Ag = (J,o g Age (mod 0).

Let us fix ¢ > 0, ¢ > 0,z € Agy, and y' € Agg N BT (z,¢/l). For each i < s,
consider two local smooth manifolds ¥, and ¥,/ in W*T!(z), containing = and y/,
respectively and transversal to W(z) for all z € Ag, N B**!(x,¢/f). The holonomy
map '

I =1L(X,, 2y ): e N Age N B (2, ¢/0) — B,
is defined by '
HZ(I'/) = Wl(l'/) N Ey/
with 2’ € ¥,. This map is well-defined if ¢ is sufficiently small (¢ may depend on ¢

but does not depend on x and y).
Our goal is to prove the following theorem.
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Theorem. Let f be a C'T diffeomorphism. For each ¢ >0, i < s, x € Agg, and
y' € Age N B¥(x,c/t) the holonomy map 11;(X,,%,/) is Lipschitz continuous with
the Lipschitz constant depending only on 8 and £.

Proof. We need a series of lemmas. First we observe that the Lipschitz property
does not depend on the choice of transversal sections.

Lemma Al. For any local smooth manifolds 3/, and ¥, in Witl(z) containing
x and y' respectively and transversal to W(z) for z € B (z,c/l) N Agy, the
holonomy map 11;(%,, %)) is Lipschitz continuous if and only if the map I1;(X;, %)
is Lipschitz continuous (possibly with a different Lipschitz constant depending only
on the angles between the tangent spaces to the transversals).

Proof. Since the foliation W* is continuous on the compact set B (z,¢/€) N Age
and its leaves are at least C'!, the angle between any transversal section to W¢(z)
(in Witl(z)) and any leaf of W is uniformly bounded away from 0. Therefore, if
z €%, and 2/ = X! N W?¥(2) then the ratio d(z, 2)/d(x,2") is bounded from below
and above (uniformly in z) by constants (depending only on those angles). This
implies the desired result. ([

For each z € M and n € N, we will write z,, = f"(z). Given x € Ag, consider a
map ®,: B (z, p(z)) — D' ® E“F! by
Coy = (1(Payy) T2(Pay))

where 7: D! — D? and my: D! — Ei*! are the orthogonal projections. The
following two lemmas are immediate consequences of the properties of the Lyapunov
charts.

Lemma A2. The map ®, is a diffeomorphism with all derivatives tempered. More-
over, there is a constant Cy (depending only on {) such that for every x € Agy,
n €N, and y, z € BT (z, p(z)) we have

L[ ®o,yn = P, 2n]| < CrePs M| Dyy — Byl
2. if |1 ( Py — Pu2)||/||72(Pry — ®r2)|| < 3 then

I71(@a, g — Bz, 20) | < CLePHH 7%y (Do — D2)l,

172(P,, Y — P, 20| < Cle(ki“”)”\\ﬂz@w —®,2).
For each x € Ag we introduce the map F,: @, (B (z,p(x))) — D' @ EF! by

Fu(v) = @500 f(25(v)).
We write
F, o---oF, n >0
Filo.-.oF;1 n<0
Lemma A3. For every x € Ag the map F, is a C'* diffeomorphism onto its
image; the Holder constant d(x) of the differential dF,(0) at 0 is a tempered function

of x; for every £ > 0 there exists a constant dg > 0 such that d(x) < d; for every
x € Agy; finally, dF,(0)E" = E? for every x € A and every i.
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Lemma Ad4. There is a constant Cy (depending only on £) such that if n € N,
x € Age, y, 2 € B (2, p(@)), and ||m1(Poy — ©o2)||/[Im2(Pay — Pu2)|| < 3¢ then

CoHma(Pay — B22)|| < |m2dFy, " (0) (P Y — P 20| < Col|ma(Pry — @22
(A2)
Proof. We first observe that
1@, Yn — Lo, 2nl
< max{||m1 (P2, Yn — Pu, 20, [[72(Pa, yn — P, 20|}
< max{CreM " |y (Dyy — @,2)|, Cre 7 |my (@, — D4.2))[}
< max{CreN T3l 1y (Dpy — Dp2) |, CrePiH 1T o (By — Bupz) ||}
< O34 |1y (Byy — u2)|
< Cae” ™[ (@, Y — Do 20

where C3 > 0 and C4 > 0 are constants. By Lemma A3 there is a constant C5 > 0
(depending only on /) such that if n € N then

||7T2((I)rn71yn—1 —®@p, 1 2n-1— ng;l ((I)rnyn)(q)rnyn - (I)rnzn))n

< H(I)xn,lynfl - (I)xn,lznfl - ng;}((I)xnyn)(q)xnyn - (pxnzn)H

< Cse™|| Py, yn — P, 20 ||
If mo®,y = mo®, 2 then the statement follows from the Lyapunov Block form of
dF;(0). Assume now that mo®,y # mp®,2. By Lemma A2 and (Al) there are
positive constants Cg and C7 (depending only on /) such that if n € N then, letting
Wy, = (pxnyn - (I)xnzn7

|’7r2de_n"(0)(<I)xnyn - (pxnzn)H
Im2dFe, 7 (0) (@, Y1 = By 20|
I m2d P, "D (0) (w1 — S (O)wn)|
Imad e, 70 (0w |
|dF2, " () s (w1 — dF ! (O)wn)]|
ldFz "7 () frawn |
172 (wn—1 — dF 1 (0)ws)|
[mown—1|
12 (wn—1 — dF7 fwn) |
[T wn 1|
e I ((dF (@0, yn) — dEF 1 (0)wy)]|
[[m2wn—1]|
cre™ [[w,||'+e
[mown—1
o A (@0, yn) — dFHO)] - [lwal
[m2(wn—1 — Pu,_,2n—1)||

<1+ C5CCae" " lwn || + Coe™ Cre™ || Pa, ynl|* - Cae®™"
< 1+ (Cs + C7)CCy Oy Y elPisatmiatarin

<1+

<1+

S 1 —|— CGBTn

S 1 —|— CGBTn

+ Cge

< 14+ CGBTn

—|— C6BT
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Set Cs = (C5 4+ C7)CsC35C1“. Choosing 7 sufficiently small we may assume that
AT + (Nit1 + 7)a < v < 0. Therefore,

||7T2dF1;n(0)(q)rnyn - (I)xnzn)H < lo—o[ <1 + 086[4T+()\i+1+7)04}n)
[72(Pry — P,2)|| N n—0
o0
< JJ @+ Cse™) =Co < 400
n=0
and the upper estimate in (A2) follows. The lower estimate can be obtained in a
similar way. O

We now proceed with the proof of the theorem. By Lemma Al we may specify
the choice of the transversals.
We say that a transversal section ¥ is good if ¢, (X) is the graph of a function

h': o (B (2, p(x))) NEH! — DT

whose first derivative is bounded by 1/3. If 27 < |A\; — X\j41| and = € Agy then, by
the properties of the Lyapunov charts, all the images f"(X) are good provided X
is good. Moreover, there is a constant Cy > 0 such that

Cyldy, 5 (02y, 022) < |ma(p2y — 022)|| < Cody,n(Pay, pu?) (A3)

for any good transversal section where d,_x is the induced distance on ;.
Let z € Agg. We fix good transversals 3, and ¥,/ with y' € B (z,¢/€) N Agy.
Let y = II;(z) and y" = II;(2). Since the transversals are good we know that

[m1(@ey — ot/ )|/ (|72 ( Py — o)) || < 3E.

We also have that
|71 (") [/ |2 (@e2”)|| < 3¢

Set C' = 1002Cy*C5°. By Lemma A4 and (A3), for every n € N

! !
d(y,y") < mdzy(?/,y )
d(z,z") = dy, (z,2')
d / _ /
S 1062 <P;52y (‘Pm% (Pacly ) S 1062002 Hﬂ—Q((b-'ﬂy (?-'ﬂy )H
HWQde_nn(O)((I)xnyn - @,y
B [modFe," (0)®y, 27, ||
ol1+ [modE, " (0) (P, 27, — Pa, Y + Pa ) |l
[m2d s, (0) Py, 27, |
[modE " (0) (Do, 27, — P, )| + HMdF;l"(O)‘I’xnynH>
|m2dFy," (0) Py, 2, ||

eTnd(m;u y;z) + eTnd(mna yn)>

IN

IN

C<1+

e()\i+177)n

<C (1 +
S C(l + €(3T+Ai—>\i+1)n).

Choosing 7 such that 37 + A\; — A\j+1 < 0, we conclude that II; is Lipschitz. O
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