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MEASURES OF MAXIMAL DIMENSION FOR
HYPERBOLIC DIFFEOMORPHISMS

LUIS BARREIRA AND CHRISTIAN WOLF

ABSTRACT. We establish the existence of ergodic measures of maximal
Hausdorff dimension for hyperbolic sets of surface diffeomorphisms. This
is a dimension-theoretical version of the existence of ergodic measures
of maximal entropy. The crucial difference is that while the entropy
map is upper-semicontinuous, the map v +— dimg v is neither upper-
semicontinuous nor lower-semicontinuous. This forces us to develop a
new approach, which is based on the thermodynamic formalism. Re-
markably, for a generic diffeomorphism with a hyperbolic set, there ex-
ists an ergodic measure of maximal Hausdorff dimension in a particular
two-parameter family of equilibrium measures.

1. INTRODUCTION

In the theory of dynamical systems the study of dimension became pop-
ular around the late 70’s and the beginning 80’s. It appeared as a means
to characterize the number of independent modes necessary to describe the
“strange attractors” of many infinite-dimensional systems that are associ-
ated to natural phenomena. Furthermore, dimension is related to other
invariants of a dynamical system which are associated to invariant sets
and invariant measures. These invariants include topological and measure-
theoretic entropies and Lyapunov exponents. We refer the reader to [6, 1, 11]
for detailed accounts and references.

In particular, the measure-theoretic entropy describes the complexity of
the dynamics from the point of view of a given invariant measure, and thus
discards sets of small measure. On the other hand, topological entropy mea-
sures the complexity from the point of view of topological dynamics without
discarding any component of the phase space. This indicates that measure-
theoretic entropy cannot be larger than topological entropy, and this relation
is made rigorous by the so-called variational principle of topological entropy.

Namely, let f be a homeomorphism of a compact metric space and de-
note by hiop(f) the topological entropy and by h,(f) the measure-theoretic
entropy of f (see [8] for the definitions; see also Section 2 below). Then

htop(f) = sup{hy(f) : v € M}, (1)

where M is the set of f-invariant probability measures. A measure v € M
at which the supremum in (1) is attained is called measure of mazimal
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entropy. A priori there exists no natural measure of maximal entropy, that
is, a natural measure of the size of sets from the point of view of entropy
(which attains the maximal complexity in terms of entropy).

Nevertheless, when the map v +— h,(f) is upper-semicontinuous (and
therefore in particular when f is an expansive map of a compact metric
space) there exist measures of maximal entropy. Furthermore, many tran-
sitive systems of hyperbolic nature (including topological Markov chains,
hyperbolic sets, and repellers) possess a unique (and thus ergodic) measure
of maximal entropy.

The main purpose of this paper is to discuss the corresponding questions
in the case of Hausdorff dimension, for which the theory is poorly under-
stood. Namely, let dimj; v denote the Hausdorff dimension of a measure v
(see Section 2 for the definition) and consider the quantity

O(f) = sup{dimpy v : v € M}. (2)

A related quantity was introduced by Denker and Urbanski in [5] (with the
supremum in (2) replaced by the supremum over the ergodic measures of
positive entropy). In particular, this quantity has been intensively studied
in one-dimensional complex dynamics (see [15] for further details).

A measure v € M at which the supremum in (2) is attained is called
measure of mazximal Hausdorff dimension or simply measure of maximal
dimension. This is the dimension-theoretical counterpart to a measure of
maximal entropy, and each of these measures provides a natural measure of
the size of sets from the point of view of dimension. Furthermore, it attains
the maximal complexity in terms of dimension. It is thus of considerable
interest to discuss the existence and ergodicity of measures of maximal di-
mension. The main outcome of this paper is a complete solution to this
problem in the case of hyperbolic sets of diffeomorphisms on surfaces.

Our main result is the following (see Theorem 6 in Section 4):

Theorem 1. Let f be a C'F surface diffeomorphism, and let A be a compact
locally maximal hyperbolic set such that f|A is topologically mizing. Then
there exists an ergodic f-invariant probability measure p on A such that

dimg p = sup{dimg v : v € M is ergodic}. (3)

It was established by Barreira, Pesin and Schmeling in [1] that for a
C'*¢ diffeomorphism, any finite invariant hyperbolic measure with compact
support (and thus in particular any finite invariant measure supported on a
compact hyperbolic set) possesses an “almost” local product structure. This
means that the measure imitates (up to a small exponential error when com-
pared to the Lyapunov exponents) the product structure of the invariant set.
One consequence is that virtually all characteristics of dimension type of the
measure (including the Hausdorff dimension, box dimensions, and informa-
tion dimensions) coincide. In particular, the Hausdorff dimension can be
replaced by any of these characteristics in our main result.

One consequence of Theorem 1 is the existence of measures of maximal
dimension. This follows from the behavior of the Hausdorff dimension of an
invariant measure under an ergodic decomposition.



MEASURES OF MAXIMAL DIMENSION FOR HYPERBOLIC DIFFEOMORPHISMS 3

Theorem 2 ([3]). Let f be a C'* surface diffeomorphism, and let A be a
compact f-invariant locally maximal hyperbolic set. If u is an f-invariant
probability measure on A and T is an ergodic decomposition of u then

dimy p = esssup{dimgy v : v € M is ergodic},
with the essential supremum taken with respect to T.

An immediate consequence of Theorem 2 is that
sup{dimpy v : v € M} = sup{dimpy v : v € M is ergodic}. (4)

This identity allows us to reduce the study of measures of maximal dimen-
sion to the corresponding study for ergodic measures. Combining (4) with
Theorem 1 we can finally establish the existence of ergodic measures of
maximal dimension.

Corollary 3. Let f be a C' surface diffeomorphism, and let A be a com-
pact locally mazimal hyperbolic set such that f|A is topologically mixing.
Then there exists an ergodic measure of maximal dimension.

It should be noted that measures of maximal dimension are never unique.
Namely, if p is a measure of maximal dimension, then any linear combina-
tion of p and any other measure is also a measure of maximal dimension.
Nevertheless, it is possible to identify classes of diffeomorphisms under which
the number of ergodic measures p satisfying (3) is finite (see Section 5).

We now want to describe the main difficulties in the proof of Theorem 1.
The crucial difference between entropy and dimension is that while the en-
tropy map is upper-semicontinuous, the map v — dim v is neither upper-
nor lower-semicontinuous. For the former one can consider the sequence
(v + (n — 1)vg)/n where dimpy v > 0 and v, is supported on a periodic or-
bit, and for the latter consider a sequence of atomic measures converging to
a measure of positive dimension (the existence of such a sequence follows
from [14]).

On the other hand, it follows from work of Young in [17] and the upper-
semicontinuity of the entropy map that v +— dimpyg v is upper-semicontin-
uous when restricted to ergodic measures. However, by a classical result
of Sigmund in [14] the set of ergodic measures is a proper dense subset of
M with respect to the weaks topology. Thus the upper-semicontinuity on
the set of ergodic measures does not imply the existence of a measure of
maximal dimension (either ergodic or nonergodic).

These difficulties force us to develop a new approach, which is based on
the thermodynamic formalism. We shall describe here one particular case
that illustrates well the nature of our approach. Consider the functions

¢u = log ||df[E*|| and  ¢s = log ||df|E”]], (5)

where E* and E? are the unstable and stable distributions on A. We assume
here that neither ¢, nor ¢ is cohomologous to a constant (see Section 2 for
the definition). Our approach consists in the following:
1. consider a measure p € M which is the limit of a sequence of ergodic
measures v, € M satisfying

lim dimy v, = sup{dimy v : v € M is ergodic};

n—oo
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2. construct curves 7, : R — R and v5: R — R such that

/¢ud’/ﬂm(q)7q:/¢udﬂ and /‘bsdypns(p):/qﬁsd”’
A A A A

where v, , denotes the equilibrium measure of —p¢,, + qos;

3. show that the two curves intersect, that is, there exists (p,q) € R?
such that (v.(q),q) = (p,75(p));

4. show that for each intersection point (p,q) € R? the measure Vpg
satisfies the identity

dimg vy ¢ = sup{dimpg v : v € M is ergodic}. (6)

The proofs of these statements are based on the thermodynamic formalism.
We note that the curves v, and 7, correspond to level sets of measures v, 4
having the same positive and negative values of the Lyapunov exponent.

We remark that a priori there may exist an ergodic measure of maximal
dimension that is not among the measures v, ,. Nevertheless, the number
d(f) can always be arbitrarily approximated by the dimension of the mea-
sures vp 4, 1.€.,

O(f) = sup{dimpy vp 4 : p,q € R}.
This is established in Section 4.

We now describe several applications of the measures of maximal dimen-
sion (actually not only of their existence but also of the properties established
in Section 4). A first application concerns the dependence of 6(f) on the
diffeomorphism f. Namely, by using the existence of the measures of max-
imal dimension we show, under reasonable assumptions (see Theorem 11),
that f +— &(f) is C"~2 with respect to the C" topology. This improves a
result of McCluskey and Manning [10] showing that f — 0(f) is continuous.

A second application concerns the discussion of whether the measures of
maximal dimension have the Gibbs property. We provide a very general
condition (see Theorem 12) which implies that every ergodic measure of
maximal dimension is an equilibrium measure of a Holder continuous po-
tential, and thus has the Gibbs property. This condition holds on an open
subset of surface diffeomorphisms with a locally maximal hyperbolic set.

Another interesting application of Theorem 1 is the existence of measures
of “maximal recurrence”. It was proven by Barreira and Saussol in [2] that
if v is an equilibrium measure of a Hélder continuous potential of a C'11¢
diffeomorphism f on a locally maximal hyperbolic set, then

lim loginf{k > 0: f*(z) € B(z,r)}

r—0 —logr

= dimy v (7)

for v-almost every point z, where B(x, ) is the ball of radius r centered at x.
When the limit in the left-hand side of (7) exists, it is called the recurrence
rate at z. An immediate consequence of the above discussion is that any
measure [t = Vp 4 as in (6) satisfies (7) with the maximum possible value
in the right-hand side, and thus is also a measure of “maximal recurrence”
among all equilibrium measures of Holder continuous potentials.

The paper is organized as follows. Section 2 defines the basic concepts
and recalls several required results. In Section 3 we construct the curves
Y4 and . Section 4 establishes Theorem 1 as well as several properties of
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measures of maximal dimension, including a complete characterization when
neither ¢, nor ¢, is cohomologous to a constant. Section 5 provides further
applications of Theorem 1 and of the properties established in Section 4. In
particular, we discuss the regularity of the map f — J(f) and the Gibbs
property of the measures of maximal dimension.

Acknowledgment. This paper was written while Christian Wolf was a post-
doctoral fellow at the Center for Mathematical Analysis, Geometry, and
Dynamical Systems of Instituto Superior Técnico in Lisbon, and he would
like to thank the Department of Mathematics for its hospitality.

2. PRELIMINARIES

Let f: M — M be a C'*¢ diffeomorphism on a two-dimensional Rie-
mannian manifold for some ¢ € (0,1], and A C M a compact locally maximal
hyperbolic set. This means that A is an f-invariant compact set and that
there exists a continuous splitting of the tangent bundle ThM = E* @ E°,
and constants ¢ > 0 and A € (0,1) such that for each = € A:

L df(B2) = BY, and d,f (E2) = i
2. ||dsf7™0|| < eA™||v|| whenever v € E¥ and n > 0;

3. |ldzf™|| < eA™||v|| whenever v € ES and n > 0.

Furthermore, there exists an open neighborhood U of A such that A =
Mnez fU. We shall always assume that the unstable and stable distribu-
tions E* and E* have dimension one, and that f|A is topologically mixing.

We define functions ¢,,: A — R and ¢5: A — R by (5). The unstable
and stable distributions are Holder continuous (in fact they are of class
C! under our assumptions; see for example [8, Section 19.1]). Hence, the
functions ¢, and ¢, are also Holder continuous. Let now M be the family
of f-invariant probability Borel measures on A equipped with the weaks
topology, and Mg C M the subset of ergodic measures. This makes M a
compact metrizable space. For each v € M we define

(V) = / ¢udv and As(v) = / ¢s dv. (8)
A A
We denote by dimy Z the Hausdorff dimension of the set Z, and define by
dimy v = inf{dimy Z : v(A\ Z) = 0}

the Hausdorff dimension of the measure v. Let h,(f) denote the measure-
theoretic entropy of f with respect to v (see for example [8] for the defini-
tion). For surface diffeomorphisms it was shown by Young in [17] that

if v is ergodic, then dimy v = d(v), (9)

where
1 1
d(v) € h, — .
) ) <)‘u(V) )‘S(V)>
This result is crucial for our approach.

We also need the notion of topological pressure P(¢) of a continuous
function ¢: A — R with respect to f|A (see [12, 8] for the definition and
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details). The topological pressure satisfies the following variational principle:

Pe) = sup () + [ par). (10)
veM A

Furthermore, the supremum in (10) can be replaced by the supremum over
v € Mpg. The number hip(f) = P(0) is the topological entropy of f|A. If
there exists a measure v € M at which the supremum in (10), is attained
it is called an equilibrium measure of ¢. We recall that two functions ¢,
¥: A — R are said to be cohomologous if ¢ — ¥ = n —no f for some
continuous function n: A — R. In this case P(¢) = P(y). Given « € (0, 1],
let C“(A) be the space of Holder continuous functions ¢: A — R with Holder
exponent . We now list several properties of the topological pressure which
are needed later on (see [12] for details). Let o € (0, 1] be fixed. Then:

1. The map ¢ — P(yp) is real-analytic on C*(A).
2. Each function ¢ € C*(A) has a unique equilibrium measure v, € M;
furthermore v, is ergodic and given ¢ € C*(A) we have

GPerw)|_ = [, (1)

3. For each ¢, v € C*(A) we have v, = vy if and only if ¢ — 9 is
cohomologous to a constant.
4. For each ¢, ¥ € C*(A) and t € R we have

2

d
S Plo+ 1) 20, (12)

with equality if and only if ¢ is cohomologous to a constant.

Our approach is based on the study of the topological pressure of the two-
parameter family (p, q) — —p¢, +qps. More precisely, we consider the func-
tion Q: R? — R defined by Q(p,q) = P(—pp, + qps). Since ¢, and ¢, are
Hoélder continuous, property 1 above implies that () is real-analytic. Further-
more, property 2 implies that for each (p,q) € R? the function —pg, + qos
has a unique equilibrium measure v, ;, € Mg. For simplicity, and since there
is no danger of confusion, we shall use the notations

)\u(py Q) = )‘U(V]Lq)v )\s(py Q) = )\S(Vp,q)v h(p, Q> = hup,q (f)

Accordingly, we also think of \,, s, and h as functions in R?. Note that by
the variational principle of the topological pressure (see (10)) we have

QP q) = h(p,q) — PAu(p, @) + aXs(p, q). (13)

We now briefly describe how these functions relate to dimension theory. It
is straightforward to verify that there exist unique nonnegative numbers ¢,
and t, satisfying Q(t,,0) = Q(0,ts) = 0. It follows from work of McCluskey
and Manning in [10] that

dimy A = t, + t, (14)
(for more details see [11] and the references therein). Since

0 = h(te,0) — tuda(tu, 0) > ho(f) — tuda(v),



MEASURES OF MAXIMAL DIMENSION FOR HYPERBOLIC DIFFEOMORPHISMS 7

with strict inequality if and only if v # vy, o (together with an analogous
property for the stable part), we have
hy(f) _ h(tu,0) hy (f) h(0,1s)

ty = - d t,= - . (15
VM () Na(tw0) 0 WX ) T w0y )

and the maxima are uniquely attained at the measures v, ¢ and v, respec-
tively. We call a probability measure u supported on A a measure of full
dimension if dimgy A = dimpg p. Together with (9) and (14), the uniqueness
of the maxima in (15) implies that there exists a measure p € Mg of full
dimension if and only if vy, 0 = vo4,, in which case p = vy, 0 = vps,. In
particular, if there is a measure of full dimension in Mg, then it is unique.

For example, if f preserves volume then there exists an ergodic invariant
measure of full dimension (and in this case t,, = t5). To the best of our
knowledge this was first explicitly observed by Friedland and Ochs in [7]. A
short argument is the following. If f"(z) =« € A and k € Z, then

1 = |det dp f*"| = exp[ku(f"(2)) + kos(f" (2))]sin Z(E*(x), E*()).
Letting k — £oo yields ¢, (f™(z))+¢s(f™(x)) = 0 whenever f"(z) = x € A,
and by Livshitz’s theorem (see for example [8, Theorem 19.2.1]) ¢, + ¢ is
cohomologous to zero. This implies that Q(¢,0) = Q(0,t) for every t € R
and hence t, = t,. Thus —t,¢, is cohomologous to ts¢,, and vy, o0 = v,
is the ergodic invariant measure of full dimension. In the case of hyperbolic
polynomial automorphisms of C? it is shown by Wolf in [16] that if there
exists an ergodic invariant measure of full dimension, then either the map
is volume preserving, or ¢, and ¢s are both cohomologous to a constant.
In the latter case the ergodic invariant measure of full dimension obviously
coincides with the measure of maximal entropy.

3. PREPARATORY RESULTS

We first introduce some notation. Since the maps v +— A\, (v) and v —
As(v) defined by (8) are continuous on M, and M is compact, we can define

A — min A\, (M), A = max A, (M),
and _

AP =min Ag(M),  AP™ = max A\;(M).
Set _ .

I, = (A" AT) and Ty = (A, AT,
Note that I,, # @ (respectively Iy # @) if and only if ¢, (respectively ¢;) is
not cohomologous to a constant. We shall also consider the functions
du(p,q) = Mp,q)/Au(p,q) and ds(p,q) = —h(p,q)/As(p,q).  (16)

Recall that the function @ is real-analytic. It follows from (11) that

0p,Q =—X\, and 0,Q = As. (17)
Therefore the functions A, and A; are also real-analytic. We conclude from
(13) that h and hence also dg and d,, are real-analytic.
Proposition 4. The following properties hold:

1. if ¢y is mot cohomologous to a constant and ¢ € R, then:
a) A\y(+,q) is strictly decreasing and {\,(p,q) : p € R} = I;;
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b) h(-,0) is strictly decreasing on [0, 00);

c) dy(-,0) is strictly increasing on (—oo,ty] and strictly decreasing
on [ty, 00).

2. if ¢s is not cohomologous to a constant and p € R, then:

a) As(p,-) is strictly decreasing and {\s(p,q) : ¢ € R} = I;

b) h(0,-) is strictly decreasing on [0, 00);

c) dg(0,-) is strictly increasing on (—oo,ts| and strictly decreasing
on [ts,00).

Proof. Assume that ¢, is not cohomologous to a constant and fix ¢ € R. By

(12) and (17) we have
Ay = —02Q <0 (18)

and thus A\,(+,q) is strictly decreasing. The continuity of \,(-,¢) implies
that {A\y(p,q) : p € R} is an open interval. For property la we show that

lim Ay(p,g) = A™™ and  lim A (p,q) = Ao, (19)
pP—00 p——00

Otherwise there would exist v € M and £ > 0 such that A, (v)+e < \y(p, q)
for all p € R. Take p > 0 satisfying
pe > hiop(f) = qAs(v) + qAs(p,q)

(such a p always exists since the function As(-,¢) is bounded). We obtain

Q(p,q) = h(p,q) — pAu(p, @) + ¢As(p. @)
< htop(f) = P(Au(v) +€) + qAs(p, @) < b (f) — PAu(V) + gAs(v),
which is a contradiction to the variational principle of the topological pres-
sure. This establishes the first identity in (19). A similar argument estab-

lishes the second identity and property la holds.
It follows from (13) that

h(p,0) = Q(p,0) + pAu(p,0). (20)
Using (17) and (18) it is straightforward to verify that
Oph(p,0) = pdpAy(p,0). (21)

This establishes property 1b.
Using now (13) and (21) we obtain
Au(p, 0)? Au(p, 0)%
It follows from the variational principle that Q(-,q) is strictly decreasing.
This implies that Q(p,0) > Q(t,,0) =0 for p < t,, and Q(p,0) < Q(t,,0) =
0 for p > t,. Property lc follows now immediately from (18).
The proofs of the statements for the stable part are entirely analogous. [

= _8p)‘u(p7 0)

Opdu(p, 0)

Using Proposition 4 we introduce two curves, crucial for our approach.

Proposition 5. The following properties hold:

1. for each a € I, there exists a unique function ~v,: R — R satisfying
(Y (@), q) = a for all ¢ € R, and 7, is real-analytic;

2. for each b € I there exists a unique function vs: R — R satisfying
As(p,vs(p)) = b for all p € R, and ~s is real-analytic.
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Proof. We shall prove the second statement. The proof of the first statement
is analogous. Let b € I. In particular Iy # &, and ¢, is not cohomologous to
a constant. By statement 2a of Proposition 4 and (17), for each p € R there
exists a unique number ~,(p) € R such that 9,Q(p,vs(p)) = As(p,vs(p)) = b.
Since ¢, is not cohomologous to a constant, 3362(1), q) > 0 for all (p, q) € R
The Implicit Function Theorem shows that p — 7,(p) is real-analytic. O

4. MEASURES OF MAXIMAL DIMENSION

4.1. Existence. We now establish the existence of ergodic measures of max-
imal dimension on locally maximal hyperbolic sets. The following is our
main result.

Theorem 6. Let f be a O surface diffeomorphism, and let A be a compact
locally mazimal hyperbolic set of f such that f|A is topologically mizing.
Then there exists a measure p € Mg such that

dimg p = sup{dimpy v : v € Mg}. (22)
Proof. Let (vy)nen be a sequence of measures in Mg such that
lim dimg v, = sup{dimgv:v € Mg}. (23)
n—oo

Since M is compact in the weakx topology, we can also assume that (v, )nen
converges to some measure m € M. Since the map M > v +— h,(f) is upper
semi-continuous, it follows from (9) and the continuity of v — A, (v) and
v — Ag(v) that

lim dimyg v, < d(m). (24)
Using (23) and (24) we obtain
sup{dimpg v : v € Mg} < d(m). (25)

Therefore, in order to establish the existence of a measure u € Mg satisfying
(22), it is sufficient to show that there exists u € Mg with

dimg p = d(m). (26)

It is clear that any measure p € Mg satisfying (26) also satisfies (22). We
note that when m is ergodic, it follows from (9) that dimy m = d(m), and
hence (22) holds for m. However, m may not be ergodic.

Set a = Ay(m) and b = As(m). By Proposition 5, whenever a € I,
(respectively b € 1) we can consider the curve 7, (respectively ~5) associated
to the number a (respectively b). We first prove some auxiliary statements.

Lemma 1. If A\;(m) € I, then there exists p € [0, hy(f)/Au(m)] such that
Au(p;7s(p)) = Au(m).

Proof of the lemma. The assumption Ag(m) € I, guarantees that v, is well-

defined. Since v, , (,) is the equilibrium measure of —pg,, +vs(p)ps we have

h(p;7s(P)) = PAu(p: s (P) +7s(P)As (P, 15 (D)) = hem () —PAu(m) +75(P) As ((mg
27
for all p € R. Note that A, (p,vs(p)) > 0. It is straightforward to verify that

h(p,1s(p)) hm(f)><1_ AA& > (p_hm<f>>. (28)

Au(pvs(p)  Aul(m) = (p,7s(p)) Au(m)
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Define k = hp(f)/Au(m). Setting p = &, it follows from (28) that

h(k, s (£)) [ Au (R, s (R)) 2 B () / Au(m). (29)

Assume now that A\, (k,7s(k)) > Au(m). By (29), h(k,vs(k)) > hm(f). We
conclude from (9) and (29) that dimpy v, ,(x) > d(m). This is a contradic-
tion to (25) and thus we must have

Au(k,7s(K)) < Au(m). (30)

On the other hand, it follows from (9) and (25) that
h(0,75(0) _ 1(0,75(0)) _ hn(f) _ hm(f)

.
Au(0,75(0)) As(m) )‘ u(m) )\S(m).
Setting p = 0 in (27) we obtain h(0,7s(0)) > hy,(f). Therefore (31) yields

(31)

Au(0,75(0)) = Au(m). (32)
It follows from the continuity of p — Ay (p, vu(p)) together with (30) and (32)
that there exists p € [0, k] for which A\, (p,7s(p)) = Ay(m). This completes
the proof of the lemma. O

Lemma 2. Assume that neither ¢, nor ¢s is cohomologous to a constant.
Then Ay (m) € I, if and only if As(m) € I.

Proof of the lemma. Assume that As(m) € I;. By Lemma 1, there exists p
for which Ay (p,vs(p)) = Au(m). Proposition 4 shows that A, (p,vs(p)) € I,
and hence A\,(m) € I,. A similar argument and the corresponding version
of Lemma 1 show that As(m) € I; whenever A,(m) € I,,. O

Lemma 2 indicates that it is enough to consider the following four cases:

As(m) € Iy and Ay (m) € I;
As(m) € I and ¢, is cohomologous to a constant;
Au(m) € I, and ¢ is cohomologous to a constant;

4: As(m) € Is and Ay (m) & I,.

We continue with an auxiliary statement.

Lemma 3. Ifp, ¢ € R are such that A\, (p,q) = A(m) and Xs(p, q) = As(m),
then m = vp 4.

Proof of the lemma. We have

h(p,q) + /A (=pdu + qos) dvp g = h(p, q) — pAu(m) + gAs(m)

> h(f) + /A (=P + a65) dm

and hence h(p,q) > hp(f), with equality if and only 1f Vpg = m. On
the other hand, combining (9) with (25) gives h(p,q) < hm(f). Therefore
h(p,q) = hin(f) and m = vy q. =

We now consider each of the above four cases.

Lemma 4. If A\,(m) € I, and Xs(m) € I, then there exist p, ¢ € R such
that (p,7s(p)) = (vu(a), @) and m = vp,q.
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Proof of the lemma. The hypotheses guarantee that v, and ~s are well-
defined. Since As(p,7vs(p)) = As(m), it follows from Lemma 1 and the
uniqueness of v, that (p,vs(p)) = (7u(q), q) for some p,q € R. In particular,
Au(p, @) = Au(m) and Ag(p, q) = As(m). Lemma 3 implies that m = v, ,. O

Lemma 5. If A\;(m) € I and ¢,, is cohomologous to a constant, then there
exist p, ¢ € R such that m = vy 4.

Proof of the lemma. Since A4(m) € I, v is well-defined, and As(p, vs(p)) =
As(m) for each p. On the other hand, the cohomological assumption ensures

that Ay (p,7s(p)) = Au(m). Setting ¢ = v5(p) we obtain A, (p,q) = Au(m)
and As(p, ¢) = A\s(m). Lemma 3 implies that m = v, ,. O
An analogous argument establishes the following.

Lemma 6. If \,(m) € I, and ¢ is cohomologous to a constant, then there
exist p, ¢ € R such that m = vy 4.

Finally we consider the fourth case.

Lemma 7. If \,(m) ¢ I, and \s(m) ¢ Is then:
1. Au(m) = A0 and A\g(m) = AR,
2. there exists v € Mpg such that A\, (v) = Au(m), As(v) = As(m), and
o (f) = hm(f)-

Proof of the lemma. We first establish property 1. When I, = I, = & (i.e.,
¢, and ¢, are both cohomologous to constants), there is nothing to prove.
Assume now that

I.=9, I,#@, and M\ (m)=\M" (33)

Since v is the measure of maximal entropy we have h(0,0) > hy,,(f).
Therefore it follows from A, (0,0) = A™" statement 2a in Proposition 4,
and (9) that dimg 9 > d(m). But this contradicts (25). Thus (33) cannot
occur. Analogously we can show that it is impossible to have I, = @, I,, # O,
and A, (m) = A\,

In order to complete the proof of property 1 it remains to consider the
case when I, # @ and I; # @. In this case A\, (m) € 9I, = { A\ A} and
As(m) € Ol = {Amin \max} - Assume first that

Au(m) = X2 and - A\ (m) = AMn, (34)

Since vy is the measure of maximal entropy we have h(0,0) > hy,(f). On
the other hand, Proposition 4 implies that A,(0,0) < A,(m) and A¢(0,0) >
As(m). Using (9) we obtain dimpg v > d(m). This is again a contradiction
to (25) and hence (34) cannot occur. Assume now that

Au(m) = A0 and - A (m) = AMID, (35)
We claim that

h(p,0) > hm(f) (36)

for all p > 0. Otherwise, if h(p,0) < h,,(f) for some p > 0, Proposition 4
would imply A(p,0) — pAy(p,0) < hp(f) — pAu(m). But this is impossible
since v, o is the equilibrium measure of —p¢,. We also claim that

du(p,0) = hip(f)/Au(m) (37)
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for all sufficiently large p (see (16) for the definition of d,). Otherwise,
Proposition 4 would guarantee the existence of pg € R and € > 0 such that
dy(p,0) + € < hp(f)/Au(m) for all p > pg. It would then follow from (19)
that h.,,(f) > h(p,0) for all sufficiently large p. This contradicts to (36) and
hence (37) holds for all sufficiently large p. It follows from (35)—(37) that

dimpg vp 0 = dy(p, 0) + ds(p,0) > fim(f) — u(p, 0) > d(m)

Au(m)  As(p,0)
for all sufficiently large p. This contradicts (25) and hence (35) cannot occur.
Analogously one can show that it is impossible to have A, (m) = A*** and
As(m) = A1 Therefore we must have A\, (m) = A™® and \g(m) = APaX,
and property 1 is established.
To prove property 2 we consider an ergodic decomposition 7 of m, i.e., a
probability measure on the metrizable space M with 7(Mg) = 1 such that

/M /A pdv dr(v) = /A o dm (38)

for all ¢ € C(A,R). Applying (38) to ¢, yields
A — A (m) = / (V) dr(v).
M

Since A, (v) > AR for all v € M there exists A; C Mg with 7(A4;) = 1 such
that A\, (v) = A" for all v € Ay. Analogously there exists Ay C Mg with
7(A2) = 1 such that A\s(v) = AP** for all v € Ay. We conclude from (9)
and (25) that h,(f) < hy,(f) for all v € A; N As. On the other hand, since
(A1 N Ag) = 1 and hy(f) = [ ho(f)d7(v) (see for example [4]), there
exists A C A; N Ay with 7(A) = 1 such that h,(f) = hn,(f) for all v € A.
This completes the proof of the lemma. ([l

By Lemmas 4-7, in each of the four cases there exists a measure y € Mg
satisfying (26): each measure v,  in the Lemmas 4-6, and each measure v
in statement 2 of Lemma 7. This completes the proof. U

As explained in the introduction each ergodic measure p € M satisfying
(22) is a measure of maximal dimension, and thus we can simply refer to it
as an ergodic measure of maximal dimension.

For hyperbolic surface diffeomorphisms with constant Jacobian, the iden-
tity (22) follows from work of Wolf in [16] in the case of polynomial automor-
phisms of C2. We remark that because of the constant Jacobian assumption
the methods in [16] cannot be used in our study.

We note that the compactness assumption in Theorem 6 is essential. Oth-
erwise, we can consider a sequence of (linear) Smale horseshoes A,, C R? such
that dimpg A, " 2 as n — oo, and thus the (noncompact) hyperbolic set
A =J;Z, A, has Hausdorff dimension 2. It can be arranged that each of the
horseshoes A,, has associated a natural ergodic invariant measure v,, of full
dimension. On the other hand, there exists no ergodic measure of maximal
dimension. Note that it is nevertheless easy to find a nonergodic measure
of maximal dimension: simply consider the measure p = > 7 (1,,/2").

We now present several consequences of Theorem 6 and its proof. A first
result pertains the connection with invariant measures of full dimension.
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Corollary 7. Under the hypotheses of Theorem 6, the following properties
are equivalent:

1. there exists an invariant measure of full dimension on A;
2. there exists an ergodic invariant measure of full dimension on A;
3. sup{dimy v :v e M} =dimy A.

Proof. Clearly,
sup{dimpg v : v € Mg} < sup{dimg v :v € M} < dimy A.

It is established in [3] (see also the discussion in the introduction) that the
two suprema are equal. Theorem 6 shows that the common value is attained
at an ergodic measure. This implies the desired statement. (I

Let now N C M be the set of measures that are accumulation points of
some sequence (Vp)nen in Mg satisfying

lim dimy v, = sup{dimgv:v e Mg} (39)

n—0o0

The following is another consequence of Theorem 6 and its proof.

Corollary 8. Under the hypotheses of Theorem 6, the supremum in (39) is
a mazimum, and for each m € N the following properties hold:
1. d(m) = max{dimg v : v € Mg},
2. if neither ¢, nor ¢s is cohomologous to a constant, then one of the
following exclusive alternatives holds:
a) Ay(m) € I, and A\s(m) € I, with m = v, , for some p, ¢ € R;
b) Au(m) &I, and As(m) & I, with Ay(m) = A0 and \g(m) = AP,
3. there exists v € Mg such that \,(v) = Ay(m), As(v) = As(m) and

hu(f) - hm(f)7
4. if (Un)nen as in (39) has limit m then hy, (f) — hp(f) as n — oo.

We note that under the assumption of statement 2b the measure m can-
not be an equilibrium measure in the two-parameter family {v,, : p,q € R}.
Nevertheless, somewhat surprisingly, the supremum of the Hausdorff dimen-
sion of ergodic invariant measures can be arbitrarily approximated by the
dimension of the measures in this family.

Theorem 9. Under the hypotheses of Theorem 6, the following holds:
sup{dimg vp 4 : p,q € R} =sup{dimpy v : v € Mg}. (40)

Proof. Let p € Mg be a measure of maximal dimension. Recall that the
existence of p is guaranteed by Theorem 6. We shall consider three cases:

1. As(p) € Is and A\ (p) € Iy;

2. () € Iy, Ms(p) & I, and neither ¢, nor ¢, is cohomologous to a
constant;

3. ¢y or ¢ is cohomologous to a constant.

We note that under the assumptions of case 1 neither ¢, nor ¢ is coho-
mologous to a constant. Therefore Corollary 8 implies that the above three
cases cover all possibilities.

Under the assumptions of case 1 it follows from Corollary 8 that u = v 4
for some p, ¢ € R; thus (40) holds.
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In the second case, Corollary 8 implies that A\, (z) = A™® and \s(u) =
AP@*. Therefore (40) is a consequence of the following lemma.

Lemma 8. If u € Mg is a measure of mazimal dimension such that Au(p) =
A and Ag(p) = NP, then dimpy vy — d(p) as t — oo.

Proof of the lemma. Since v;; is the equilibrium measure of —t¢,, + t¢,,

h(t, 1) — thu(t, ) + tAs(t, 1) > hu(f) — tha(i) + tAs(p). (41)
By Proposition 4 we obtain
Au(t,t) > Ay(p) and  Ag(t, 1) < Ag(p). (42)

Therefore (41) implies that A(t,t) > h,(f) for all ¢ > 0. Let now € > 0 and
t > hiop(f)/e. Using (41) we obtain

< Mt ; hu(f)

< Zh(t(]’?) () = M) < £ 4 Aupt) — As):

Therefore (42) yields A, (¢,t) — Ay () and As(t,t) — Ag(p) as t — oco. Since
p is an ergodic measure of maximal dimension, combining h(t,t) > h,(f)
with (9) establishes the desired statement. O

)\u(tv t) - )‘s(ta t) + Au(:u) - As(:u)

Finally we consider the third case.

Lemma 9. If ¢, or ¢, is cohomologous to a constant then i = v, 4 for some
p,q € R.

Proof of the lemma. If ¢, and ¢ are both cohomologous to a constant, then
(V) = M(r0,0) and As(v) = Ag(vp) for all v € Mp. Setting m = p, it
follows from Lemma 3 that 1 = v .

We now assume that only one of the functions ¢, and ¢, is cohomologous
to a constant. Without loss of generality we shall only consider the case
when ¢; is cohomologous to a constant. This implies that for all v € Mg,

)\S(V) = )\S(VO,O)' (43)

Let us assume that A\, (u) € I,,. By Proposition 4 there exists p € R such
that A, (p,0) = Ay(p). Again Lemma 3 implies that g = vp .

We now assume that A\, (p) & I,. If Ay(n) = AP®*) then the fact that
1,0 is the measure of maximal entropy combined with (9) implies that
dimpg 19,0 > dimpg p. Since p is a measure of maximal dimension, we obtain
a contradiction. Thus A, (p) # APex.

To complete the proof of the lemma we shall show that A, (u) # Ao,
Otherwise Lemma 8 implies that dimg v4; — dimpg p as t — oco. Since ¢ is
cohomologous to a constant it follows from the uniqueness of the equilibrium
measure and (43) that v, = 1 for all ¢ € R. Hence

dimpg v 9 — dimpg p as t — oo. (44)

On the other hand, Proposition 4 together with (9) and (43) imply that
dy(+,0) + ds(+,0) is strictly decreasing on [t,,00) and thus (44) is a contra-
diction to the fact that p is a measure of maximal dimension. O

We have established (40) in the three cases. This completes the proof. [
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An interesting consequence of Theorem 9 is that the number 0(f) (as de-
fined in the introduction) can be arbitrarily approximated by the dimension
of the measures v, 4: it follows immediately from Theorem 9 and (4) that

sup{dimp vp 4 : p,q¢ € R} = sup{dimpy v : v € M}.

4.2. Characterization. We now provide a characterization of the mea-
sures of maximal dimension under the assumption that neither ¢, nor ¢, is
cohomologous to a constant.

Theorem 10. Let f be a C'*¢ surface diffeomorphism, and let A be a
compact locally mazimal hyperbolic set of f such that f|A is topologically
mizing, and neither ¢, nor ¢s is cohomologous to a constant.

1. If no nontrivial linear combination of ¢, and ¢s is cohomologous to
a constant and p = vp4 is a measure of mazrimal dimension, then
0<p<tyand0<q<ts.

2. If some nontrivial linear combination —p, + aps is cohomologous to a
constant (in which case o > 0) and p € Mg is a measure of mazimal
dimension, then there exists

t € [min{ty, o 't,}, max{t,, o 't,}] (45)

such that p = Ve (1-g)at for every k € [0, 1].
Proof. Assume first that no nontrivial linear combination of ¢, and ¢, is
cohomologous to a constant and let v, 4, be an ergodic measure of maximal

dimension. In particular, ¢, is not cohomologous to a constant. Set b =
As(po, qo) and consider the curve 5 given by Proposition 5. The uniqueness

of s implies that gg = vs(po)-
Lemma 10. The function p — X\ (p,vs(p)) is strictly decreasing.
Proof of the lemma. It follows from the definition of v, that

FpAs(p,7s(P)) + OgAs (P, 75 (P)) 5 (p) = 0,
and hence (17) implies that v,(p) = —9,0,Q/02Q, with the derivatives at
the right-hand side computed at (p,vs(p)). Again applying (17) yields

FpAu (P, 75(P)) + A, s (D)5 (P) = —05Q — 9,0,Q(~,0,Q/5;Q) (46)
= —[0;Q07Q — (2,0,Q)*)/9;Q-

Consider now the bilinear form

A(SDI, 902) = atl atQP(_p¢u + Q¢s + t1Q01 + t2902)|t1=t2:0-
Then A(vegy, + wos, vd,, + wes) coincides with

0w (4000 Aot (D=6 ws (1),

B = ( 3§Q _apan> )
—0,0,Q BgQ
Since no nontrivial linear combination of ¢, and ¢ is cohomologous to a
constant, if (v,w) # 0 then A(vg, + wos,vd, + wps) > 0 (see [12]) and
hence B is positive definite. In particular det B (which coincides with the

where
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quantity in square brackets in (46)) is positive. Furthermore, since ¢ is not
cohomologous to a constant we have 33@ > 0 and hence

FpAu(ps7s(P)) + OgAu(p, s (P)) 75 (p) < O.
This establishes the desired statement. O

Assume now that pg < 0. Lemma 10 implies that
Au(pO, QO) > )\u(oa '73(0))' (47)

Since vg 4, (0) is the equilibrium measure of v;(0)$s we have

h(0,75(0)) +75(0)As(0,75(0)) = h(po; g0) +75(0)As(Po; g0)-
Furthermore As(0,75(0)) = As(po, go) and hence,

h(0,75(0)) = h(po, qo)- (48)
Combining (47) and (48) with (9) yields
h(po;q0) _ P(po,q0) _ h(0,75(0)) — 1(0,75(0))

AP0, q0)  As(po,q0) — Au(0,75(0))  As(0,75(0))

But this contradicts the fact that v, 4, is an ergodic measure of maximal
dimension. This shows that pg > 0. Replacing m by v, 4, and applying the
same arguments as in the proof of Lemma 1 (see equations (27)—(32)) yields
po < h(po,q0)/ u(Po,qo). Therefore (15) implies py < t,,. The number p in
Lemma 1 is a priori not necessarily unique. However, the uniqueness follows
immediately from Lemma 10. Similar arguments show that 0 < g¢ < ts.

Assume now that some nontrivial linear combination —¢, + a¢, is coho-
mologous to a constant. This implies that

V0 = V0,at = Vkt,(1—k)at (49)

for every k € [0,1]. Therefore, the function d, + ds is determined by the
function t +— dimpg 14 9. By Proposition 4, d,(-,0) is strictly increasing on
(—o0,ty] and strictly decreasing on [t,,00). Furthermore ds(0,-) is strictly
increasing on (—oo, ts] and strictly decreasing on [ts, 00). It follows from (49)
that t — d,(t,0) +ds(t,0) is strictly increasing on (—oc, min{t,,a~'t,}] and
strictly decreasing on [max{t,,a 't,},00). Therefore, its maximum can
only be attained at some point ¢ as in (45).

If v is an ergodic measure of maximal dimension, it follows from Corol-
lary 8, Lemma 8, and (49) that there exists ¢t as in (45) such that pu = vy .
This completes the proof. O

We remark that an alternative proof of Lemma 10 can be obtained using
the curves v, and 7. In the following we provide a brief sketch. Let p1,ps €
R with p; < po and denote by v.,72 the unique real-analytic functions
satisfying Ay (75 (q), q) = Au(pr,Vs(pr)) for all ¢ € R and k = 1,2. Since no
nontrivial linear combination of ¢, and ¢, is cohomologous to a constant,
one can show that the curves 7! and 72 do not intersect in R? and hence
p1 < 72(7s(p1)). The result follows from the fact that A\, (-, vs(p1)) is strictly
decreasing (see Proposition 4).

The function ds(-,0)+d,(+,0) is real-analytic. Therefore in the case when
ds(-,0) + dy(+,0) is not constant then it has at most finitely many maxima
in [min{t,, a~'t,}, max{t,,a"t,}]. Under the assumptions of Theorem 10
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it is thus an immediate consequence that if ¢, and ¢ are linearly depen-
dent as cohomology classes then there exist at most finitely many ergodic
measures of maximal dimension. We note that an analogous result to that
in statement 2 of Theorem 10 was obtained earlier in the case of hyperbolic
polynomial automorphisms of C? (see [16]).

5. APPLICATIONS

We now provide several nontrivial applications of the results in the former
section.

5.1. Regular dependence on the diffeomorphism. In this section we
discuss the dependence of the Hausdorff dimension of the measure of max-
imal dimension (given by Theorem 6) on the diffeomorphism. Namely, we
are interested how the quantity §(f) = sup{dimpy v : v € M} varies with f
(restricted to the locally maximal hyperbolic set A).

More precisely, consider an open neighborhood U of A such that A =
Mnez fMU. Then (see for example [8]) there exists a neighborhood U of f
in the space of C" diffeomorphisms (with respect to the C" topology) such
that Ay = (1,7 9"U is a locally maximal hyperbolic set of g for all g € U.
Moreover, g|A, is topologically mixing. We are interested in the regularity
of the map g — 0(g). One might think that the regularity of this map could
be determined from that of the Hausdorff dimension of the set A,. In fact
it was proven by Mané in [9] that the map g — dimpg Ay is of class cr1,
On the other hand, it follows from work of McCluskey and Manning in [10]
that the identity 6(f) = dimy A fails whenever —t,¢, and ts¢s are not
cohomologous, and thus one can show that for every ¢ in an open and dense
subset of U (with respect to the C" topology) we have §(g) < dimy A. This
indicates that a priori one cannot study the regularity of the map g — d(g)
using information about the regularity of the map g — dimpg A,. It is shown
in [10] that g — d(g) is continuous.

We shall discuss the higher regularity of the map ¢g — 6(g) under some
reasonable assumptions. It is well-known that there exists a neighborhood
U of fand o € (0,1] such that for all g € U there exists a unique a-
Hoélder homeomorphism hg: A — A, satisfying g o hy = hg o f (see for
example [8]). For a given g € U we denote by M, the space of g-invariant
probability measures on A, and by Mg, the subset of ergodic measures.
For each g € U we define a map T,: M — My by Ty(v) = (hg)«v where
((hg)sv)(A) = y(hgl(A)) for all Borel sets A C A,. It is easy to see that
T, is a homeomorphism. Moreover it follows directly from the definition of
T, that (f|A,v) and (g|Ag,T4(v)) are measure-theoretically isomorphic, in
particular hr, (,)(g) = hy(f) for all v € M and g € U.

Theorem 11. Let f be C" surface diffeomorphism, for some r > 4, and let
A be a compact locally mazimal hyperbolic set of f such that f|A topologically
mixing. Assume that neither ¢, nor ¢s is cohomologous to a constant and
that f admits a unique measure p € Mg of maximal dimension. Assume
furthermore that pn = vy, 4, for some po, qo € R, and that D*(dy+ds)(po, q0)
is invertible. Then g — 6(g) is of class C™=3 in a neighborhood U of f.
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Proof. Since 6(g) = sup{dimpgv : v € Mgy}, it is sufficient to restrict
ourselves to ergodic measures. Consider a neighborhood U of f such that for
each g € U neither ¢, nor ¢ (defined with respect to g) is cohomologous to
a constant. The existence of such a neighborhood is a simple consequence of
work of McCluskey and Manning in [10] combined with Livshitz’s theorem.
We now need the following lemma.

Lemma 11. Let V be an open neighborhood of vp, 4, in Mg. Then there
exists a neighborhood U of f such that each measure v € Mg 4 of mazimal
dimension satisfies v € Ty(V').

Proof of the lemma. It follows from work of McCluskey and Manning in [10]
that if ¢/ is small, then the functions dy (¢g) = sup{dimp v : v € T,(V)} and

Onip\v(g) = sup{dimg v : v e Ty(Mg\V)}

are continuous in g. Since Mg \ V does not contain an ergodic measure
of maximal dimension we may conclude from Corollary 8 that dyg,\v (f) <
d(f). In order to see this, notice that otherwise there would exist a sequence
of measures v, € Mg\ V with dimp v, — 6(f) as n — oco. For any accumu-
lation point m € N (see (39)) of this sequence, it follows from statement 2
of Corollary 8 and the uniqueness of the measure vp, 4, that \,(u) & I,, and
As(p) € Is. By statement 3 in the same theorem there exists an ergodic
measure of maximal dimension in Mg \ V, but this violates the uniqueness
of Vp, qo- By making U smaller if necessary, it follows from the continuous
dependence of the quantities dy (g) and dy,\v(g) on g that sy, \v(9) < d(g)
for all g € U which proves the lemma. O

Define a function Q: U x R? — R by Q(g,p,q) = P(g9, —pdu + qobs),
where P(g,-) denotes the topological pressure of g|Ag4. It follows from work
of Mafié in [9] that Q is of class C"~!. Therefore (9), (17), and (20) imply
that the function A: U x R? — R defined by A(g,p,q) = dimp v, 4(g) is of
class C"~2. Here Vp.q(g) denotes the equilibrium measure of —p¢,, +q¢s with
respect to g|A4 (with ¢, and ¢ defined with respect to g). Since neither ¢,
nor ¢, is cohomologous to a constant we may conclude from Proposition 4
that Ay (po,qo0) € I, and As(po, qo) € Is. Let now V be an open neighborhood
of Vp, g in Mg such that A\, (v) € I, and A\s(v) € I, for all v € V. Without
loss of generality we may assume that I/ is the same as in Lemma 11.

Since T}, is a homeomorphism and I, and I are open intervals for all
g € U, it follows that X\, (v) € I, and \s(v) € I, for all v € Ty(V'). Therefore
Corollary 8 and Lemma 11 imply that each measure p(g) € Mg 4 of maximal
dimension coincides with v, 4(g) for some p, ¢ € R. The map (p,q) — vpq is
real-analytic and thus in particular continuous (see [9]). This implies that
every neighborhood V' of v, 4, in Mg also contains a neighborhood of v, 4,
in {vp4:p,q € R}. By making V' and U smaller if necessary, using the fact
that A is of class C"~2 we may assume that A(g,-) has a unique extremum

Vp(a)a(e)(9) € Tg(V) N {vpq(9) : p,q € R}

and this must be a maximum. We conclude that §(g) coincides with the
Hausdorff dimension of the unique measure v,(g) 4(4)(9) such that

(9pA,0,28)(9,p(9),4(g)) = 0. (50)
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Observe that (9,A,d,A) is of class C"~3. Applying the Implicit Function
Theorem to equation (50) completes the proof of the theorem. O

We remark that the assumptions of Theorem 11 for example hold if f
preserves volume (provided that neither ¢, nor ¢, is cohomologous to a
constant), and more generally when f admits an ergodic invariant measure
of full dimension (see Section 2 for the definition).

5.2. Gibbs property of measures of maximal dimension. We now
provide conditions which imply that every ergodic measure of maximal di-
mension is an equilibrium measure of a Holder continuous function, and thus
has the Gibbs property. We continue to use the notation of Section 5.1.

Theorem 12. Let f be C? surface diffeomorphism, and let A be a compact
locally mazimal hyperbolic set of f such that f|A is topologically mizing.
Assume that no measure of mazximal dimension m satisfies \,(m) = A"
and As(m) = AP**. Then there exists an open neighborhood U of f in the
C? topology such that for every g € U each ergodic measure of mazimal
dimension g of glAg is an equilibrium measure of a Hélder continuous
function.

Proof. We first consider the map f. The assumptions imply that ¢, and
¢s cannot be simultaneously cohomologous to a constant. This follows from
Theorem 6. We define

0p(f) = sup{d(v) : Au(v) = NJ™ and As(v) = AP}

(with “b” standing for boundary case). In a similar way to that in the proof
of Lemma 7 we are able to show that there exists v € Mg with \,(v) =
AR and A\g(v) = AP such that dimy v = §,(f). By Theorem 6 there
exists an ergodic measure p of maximal dimension for f|A, and therefore
the hypothesis in the theorem implies that d,(f) < d(f). By Corollary 8 we
conclude that p = v, 4 for some p, ¢ € R.

McCluskey and Manning [10] showed that g — (g) is continuous in the
C? topology. Moreover, one can modify their proof to show that g — &,(g)
is also continuous. Therefore, there exists an open neighborhood U of f in
the C? topology such that &,(g) < d(g) for all g € U. In particular, if g € U
then no measure m, of maximal dimension for g|A, satisfies A, (m,) = An
and Ag(my) = AP, Arguing as above (but now for g € U instead of f), we
conclude that every ergodic measure of maximal dimension for g|A, is an
equilibrium measure of a Holder continuous function. O

It follows immediately from the proof of Theorem 6 that if ¢, and ¢ are
both cohomologous to a constant, then the measure of maximal entropy is
the unique ergodic measure of maximal dimension. To our best knowledge,
all known examples of hyperbolic surface diffeomorphisms satisfy one of the
following exclusive alternatives:

1. no measure of maximal dimension m satisfies A,(m) = AM" and
As(m) = AP,
2. ¢, and ¢ are cohomologous to a constant.

Conjecturally these two cases cover all possibilities. This would imply that
every ergodic measure of maximal dimension has the Gibbs property.
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