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ABSTRACT. We survey a collection of results in the dimension theory of
dynamical systems, with emphasis on the study of repellers and hyper-
bolic sets of smooth dynamics. We discuss the most preeminent results
in the area as well as the main difficulties in developing a general theory.
Despite many interesting and nontrivial developments, only the case of
conformal dynamics is completely understood. On the other hand, the
study of the dimension of invariant sets of nonconformal maps unveiled
several new phenomena, but it still lacks today a satisfactory general
approach. Indeed, we have only a complete understanding of a few
classes of invariant sets of nonconformal maps satisfying certain sim-
plifying assumptions. For example, the assumptions may ensure that
there is a clear separation between different Lyapunov directions or that
number-theoretical properties do not influence the dimension.
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1. INTRODUCTION

During the last two decades, the dimension theory of dynamical sys-
tems progressively developed into an independent field of research. Roughly
speaking, its main objective is to measure the complexity from the dimen-
sional point of view of the objects that remain invariant under the dynamics,
such as the invariant sets and measures. The first monograph that clearly
took this point of view was Pesin’s book [74], which describes the state-of-
the-art up to 1997. We refer to [4] for a description of many of the more
recent results in the area. On purpose, we do not discuss in the survey
results that are not of dynamical nature, of course independently of the
importance that they may have in the general dimension theory.

Despite many interesting and nontrivial developments in the dimension
theory of dynamical systems, only the case of conformal dynamics is com-
pletely understood. In the case of repellers it corresponds to assume that
the derivative of the map is a multiple of an isometry at every point. In
particular, this causes that there are no privileged directions, and that the
elements of all Markov partitions (which are used to model the repeller)
are essentially balls, in some precise sense. These crucial properties allowed
Bowen [16] and Ruelle [80] to develop a complete theory for the dimension
of repellers of conformal maps. We note that the thermodynamic formal-
ism introduced by Ruelle in his seminal work [78] (see also [79]) played an
important role in this development. Essentially, all known equations used
to compute or estimate dimensions are appropriate versions of an equation
introduced by Bowen in [16] in his study of quasi-circles, which involves the
notion of topological pressure. Moreover, for any repeller of a conformal
map there exists an ergodic invariant measure of full dimension, that is, a
measure concentrated on the set having the same dimension as the repeller.

To a certain extent, the study of the dimension of hyperbolic sets is anal-
ogous. Indeed, assuming that along the stable and unstable directions the
derivative of the map is a multiple of an isometry, starting with the work
of McCluskey and Manning in [66] it was possible to develop a sufficiently
complete corresponding theory. However, we note that there are nontrivial
differences with respect to repellers. For example, unless some cohomol-
ogy relations are satisfied, there are no invariant measures of full dimension
concentrated on a given hyperbolic set.

On the other hand, the study of the dimension of invariant sets of non-
conformal maps unveiled several new phenomena, but it still lacks today
a satisfactory general approach, both for repellers and hyperbolic sets. In-
deed, most authors make additional assumptions that essentially avoid two
main types of difficulties. The first difficulty is the lack of a clear separation
between different Lyapunov directions, together with a possible small regu-
larity of the associated distributions. Typically these distributions are only
Hoélder continuous, which causes that in general it is not possible to add the
dimensions along various distributions (thinking of the tangent bundle as a
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product of them). This strongly contrasts to what happens for hyperbolic
sets of a dynamics that is conformal along the stable and unstable directions,
in which case the stable and unstable holonomies are Lipschitz (which thus
causes that the tangent bundle is taken by a Lipschitz map with Lipschitz
inverse to the product of the stable and unstable distributions). The second
difficulty is the existence of number-theoretical properties that may cause a
variation of the Hausdorff dimension with respect to a certain typical value
(such as the one obtained by Falconer in [25]; see Theorem 3.7). Other au-
thors have obtained results not for a specific invariant set, but instead for
almost all invariant sets in a given parameterized family. However, some-
times it is quite difficult to determine or it is even unknown what happens
for each specific value of the parameters.

This causes that in the case of nonconformal maps we are often only able
to establish estimates instead of giving formulas for the dimension of the
invariant sets. Thus, sometimes the emphasis is on how to obtain sharp
dimension estimates, starting essentially with the seminal work of Douady
and Oesterlé [19] who devised an approach to cover the invariant set in a
more optimal manner. We have made an effort to describe all the preeminent
results using this approach, in several directions. As a rule, sharp lower
dimension estimates are more difficult to obtain. In some cases they are yet
unknown or may even be impossible to obtain for all sets in some specific
classes of invariant sets of nonconformal dynamical systems.

We also discuss briefly some motivations for the study of dimension in the
context of dynamical systems. In many situations the longtime behavior of
dynamical systems such as those coming from delay differential equations or
partial differential equations can essentially be described in terms of global
attractors (see [1, 40, 88]). An important question, in particular in the
context of infinite-dimensional systems, is how many degrees of freedom
are actually necessary to specify the dynamics on the attractor. It turns
out that in many situations the attractors have finite Hausdorff dimension
or even finite box dimension and hence, the dynamics on the attractor is
essentially finite-dimensional (see [1, 40, 88| for related discussions). In
particular Mané [63] obtained the following result.

Theorem 1.1. Let f: E — E be a C' map of a Banach space such that at
every point its derivative is the sum of a compact map and a contraction.
Then every compact f-invariant set in E has finite upper box dimension.

An analogous statement for the Hausdorff dimension was given by Mallet-
Paret [62] in Hilbert spaces. Moreover, particularly in the experimental
study of attractors one often considers their projection into an Euclidean
space. It is also possible to give conditions for the invertibility of the pro-
jection. In particular, the following result is due to Mané [63].

Theorem 1.2. Let E be a Banach space and let F C E be a p-dimensional
subspace. For a residual set of the space of all continuous projections of
E onto F (with respect to the operator norm topology) each projection is
injective on a compact set A C E provided that dimpg(A x A) +1 < p < oo.

For an arbitrary projection of a compact subset of a Banach space Hunt
and Kaloshin [50] showed that typically (in the sense of prevalence in [51])
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the projection is injective and has Holder continuous inverse. Earlier results
concerning the Holder continuity of the inverse are due to Ben-Artzi, Eden,
Foias and Nikolaenko [11] in R™ and to Foias and Olson [33] in Hilbert
spaces. These results estimate how much the dimension of the set may
decrease under the projection.

2. DIMENSION THEORY AND THERMODYNAMIC FORMALISM

We briefly recall in a pragmatic manner the notions from dimension theory
and the thermodynamic formalism that are needed in the survey. We refer
to [4, 15, 74, 93] for more details.

1. Hausdorff and box dimensions. Let X be a separable metric space.
Given a set Z C X and a number o« > 0, we define the a-dimensional
Hausdorff measure of Z by

. . o
m(Z,«a) = il_rf(l)l%f Z(dlam U)“,
Uel
where the infimum is taken over all finite or countable covers U of Z by
open sets U with diameter diamU < e. The Hausdorff dimension of Z is
defined by
dimpy Z = inf {& > 0: m(Z,a) = 0}.

Moreover, the lower and upper box dimensions of Z are defined respec-
tively by

dimpZ = lim inf log N(Z,¢) and dimpZ = limsup log N(Z, )
=20 —loge eso  —loge

i

where N(Z,¢) denotes the number of balls of radius € that are needed to

cover Z. When these two numbers coincide we denote the common value by

dimpZ, and we call it the box dimension of Z. One can easily show that
dimyZ < dimpZ < dimpZ.

We note that in general these inequalities may be strict.
Now let 1 be a finite measure in X. The Hausdorff dimension and the
lower and upper box dimensions of pu are defined respectively by

dimpp = inf {dimy Z : p(Z) = ,u(X)},
dimpp = hm inf {dimpZ : u(2) > -4},
dimpp = hm inf {dimpZ : u(Z) — 6}

We emphasize that in general these three numbers do not coincide, respec-
tively, with the Hausdorff dimension and the lower and upper box dimensions
of the support of p. Thus, they contain additional information about the
distribution of the measure y on its support. One can show that

dimgp < dimgp < dimpp.
Again, in general these inequalities may be strict. The following criterion
for equality was established by Young in [96]: if there exists a constant d > 0
such that | B
i (8B, ) _
r—0 log r

(1)
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for p-almost every x € X, then
dimpp =dimppu = dimpp = d.

The limit in (1), when it exists, is called the pointwise dimension of p at x.

2.2. Topological pressure and variational principle. There is a close
relation between dimension theory and the thermodynamic formalism.

We first introduce the notion of topological pressure. Let f: X — X be
a continuous transformation of a compact metric space. For each n € N we
define a distance p, in X by

pn(x,y) = max {p(f*(x), f*(y)) : k =0,...,n - 1}.

A set of points {z; }ier in X is said to be (n, €)-separated (with respect to f)
if pp(zi,z;) > € whenever i # j. The topological pressure of a continuous
function p: X — R (with respect to f) is defined by

n—1

P(g) = lim limsup ~logsup 3" exp (o f4)(z:) (2)

0 n
n—reo icl k=0

where the supremum is taken over all (n,e)-separated sets {x;};c;. The
topological entropy of f is defined by h(f) = P(0). The notion of topological
pressure was introduced by Ruelle in [78] for expansive transformations, and
by Walters in [92] in the general case. We recall that f is said to be expansive
if there exists 0 > 0 such that if

d(f*(x), f"(y)) <6 forevery neN,

then x = y (when f is invertible we replace N by Z in the definition). For
more details and further references see [15, 79, 93].

We illustrate with a simple example the relation between dimension theory
and the thermodynamic formalism.

Example 2.1. Consider constants Aq,..., A\, € (0,1), and disjoint closed
intervals Aq,...,A, C R of lengths Ai,...,\,. For each k =1,...,p, we
choose again p disjoint closed intervals Ay, ..., Ay, C Ay of lengths respec-
tively AgA1,..., AkAp. Iterating this procedure, for each n € N we obtain
p" disjoint closed intervals A;,...;, of lengths [[;_; A\, , and we consider the

limit set
oo
F=) U Aiin

n=141-in

Moran showed in [68] that dimpyF = s, where s is the unique real number

such that
P
> n =1 (3)
k=1

It is remarkable that the Hausdorff dimension of F' does not depend on the
location of the intervals A;,...;, but only on their lengths. Now we consider
the continuous function ¢: F' — R given by ¢(x) = log A; when z € F N A,.
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We obtain

P(sp)

n
nh_}r{)loglog Z exp (skz_llog )‘ik>

i10n

Therefore, equation (3) is equlvalent to
P(sp) =0. (4)

Equation (4) is called Bowen’s equation. It was introduced by Bowen
in [16] in his study of quasi-circles. Virtually, all known equations used to
compute or estimate dimensions are appropriate versions of equation (4).

Now let p be an f-invariant probability measure in X. This means that
u(f~tA) = p(A) for every measurable set A C X. A finite or countable
family £ of measurable subsets of X is called a partition of X if ,LL(UC65 C) =
1, and pu(C N D) =0 for every C, D € & with C # D. We write

==Y u(C)log u(C),

ceg

with the convention that 0log0 = 0. The Kolmogorov-Sinai entropy of f
with respect to u is defined by

ha(f)= sup lim “H, (\/f ’“5) (5)

H”, (f) n—oo N

where \/Z;é k¢ is the partition of X into the sets

'51 “in m f 'Lk+1

with Cj,,...,C;, € £. Indeed it can be shown that the limit in (5) exists.
The topological pressure satisfies the variational principle

f%w)zsup{hAf»+/gwdu}, (©)

I

with the supremum taken over all f-invariant probability measures in X.
This was established by Ruelle in [78] for expansive maps, and by Walters
in [92] in the general case. An f-invariant probability measure pu is said to
be an equilibrium measure of ¢ (with respect to f) if

szmm+Apm

that is, if the supremum in (6) is attained at u. It follows immediately
from (6) that when the entropy map p +— h,(f) is upper semi-continuous,
each continuous function ¢ has at least one equilibrium measure. For ex-
ample, when f is expansive the entropy map is upper semi-continuous.
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2.3. Nonadditive topological pressure. We also consider the nonaddi-
tive version of the topological pressure introduced by Barreira in [2].

Let f: X — X be a continuous transformation of a compact metric space.
Let also U be a finite open cover of X. Given n € N, we denote by W,,(U)
the collection of n-tuples U = (Uy,...,U,) with Uy,...,U, € U. For each
U € W,(U) we set m(U) = n, and we define the open set

XU)={zeX: ffla)eUsfor k=1,...,m(U)}.

We say that a collection I' C (J,,cy Wn(U) covers a set Z C X provided
that (Jyer X(U) D Z. Now let ® = (¢n)nen be a sequence of continuous
functions ¢, : X — R, and set

Y (®,U) = sup {|en(z) — pn(y)|: z,y € X(U) and U € W,(U) }.
We assume that .
lim i (@, U) = 0, 7
it P 3 (B "

where diam U = supy ¢ diam U is the diameter of the cover U. We observe
that (7) holds when ® is an additive sequence, that is, when

n—1
on=> pof (8)
k=0

for some continuous function ¢: X — R and all n € N. For each U € W,,(U)
we write
sup on it X(U) # 2,
o) = X BEO) 7
—00 if X(U) =@.

Given Z C X and a € R, we set
Mz(a,®,U) = lim inf Z exp (—am(U) + ¢(U)),

n—oo I
UeTl

where the infimum is taken over all collections I' C (J,.~,, Wi(U) covering Z.
One can show that the function a — Mz (a, ®,U) jumps from +oo to 0 at
a unique value of «, which we denote by

Pz(®,U) = inf {a € R: Mz(a, ®,U) = 0}.

Moreover, the limit
Pz(®)= lim Pz(P,U)

diam U—0
exists (see [2] for details), and we call it the nonadditive topological pressure
of the sequence ® on the set Z (with respect to f). One can easily verify
that if ® is the (additive) sequence of functions in (8), then Px (%) coincides
with the topological pressure P(p) of the function ¢ (see (2)).

The nonadditive thermodynamic formalism developed in [2] contains as a
particular case a new formulation of the subadditive thermodynamic formal-
ism introduced by Falconer in [26]. It also includes a variational principle
for the topological pressure, although with a restrictive assumption on the
sequence ®. Namely, if there exists a continuous function ¢: X — R such
that

“nt1 — ©n o f — ¢ uniformly when n — oo, (9)
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then
Px(®) = Sup (hu(f) + /X sodu> :

with the supremum taken over all f-invariant probability measures on X.
The restrictive assumption in (9) caused that until recently there was no
discussion of equilibrium and Gibbs measures, in the general context of the
nonadditive thermodynamic formalism. On the other hand, it is well-known
that equilibrium and Gibbs measures play a prominent role in dimension
theory and in particular in the multifractal analysis of dynamical systems.
This justifies the interest in the more general class of almost additive se-
quences, for which it is possible not only to establish a variational principle,
but also to discuss the existence and uniqueness of equilibrium and Gibbs
measures, among other properties. We recall that a sequence ® = (5, )nen
is said to be almost additive if there is a constant C' > 0 such that

_C+90n+S0mofnS@n+m§c+§0n+ﬁpmofn

for every n,m € N. Nontrivial examples of almost additive sequences occur
for instance in the multifractal analysis of Lyapunov exponents for noncon-
formal maps in [6]. We refer to [5] for a survey of the existing results of the
almost additive thermodynamic formalism, including the discussion of some
recent developments and applications.

3. DIMENSION ESTIMATES FOR REPELLERS

We discuss in this section the dimension of repellers, which are invariant
sets of a hyperbolic noninvertible dynamics. After describing how Markov
partitions can be used to model repellers, we present the existing results con-
cerning dimension estimates, including the well-established case of conformal
dynamics, as well as the most recent results for nonconformal dynamics and
nonuniformly hyperbolic dynamics, among several other topics.

3.1. Notion of repeller and examples. Let f: M — M be a differen-
tiable transformation of a smooth manifold, and let J C M be a compact
f-invariant set (this means that f~1J = J). We say that J is a repeller of f
and that f is expanding on J if there exist constants ¢ > 0 and 8 > 1 such
that

Ida froll = 8" o] (10)
for every n € N, x € J, and v € T, M. We note that by (10) the linear
transformation d, f™ is invertible for every x € J and n € N. In particular,
f is a local diffeomorphism, that is, each z € J has an open neighborhood
U, such that f|U,: U, — f(U,) is invertible and has differentiable inverse.

We describe two examples of expanding maps and repellers.

Example 3.1 (Rational maps). Consider a rational map f: S — S of degree
at least 2 on the Riemann sphere S. A n-periodic point = (this means that
f™(x) = x) is said to be repelling if |(f™)'(z)| > 1. The Julia set J C S of
f is the closure of the set of repelling periodic points of f. In particular, .J
is compact, nonempty, and f-invariant. For example, the map z — 22 + ¢ is
expanding on its Julia set provided that |c¢| < 1/4 (see for example [30] for
details), in which case J is a repeller of f.
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Example 3.2 (One-dimensional Markov maps). Consider disjoint closed
intervals Aq,...,A, C [0,1]. We say that f: [0,1] — [0, 1] is a Markov map
provided that:

1. for every j =1,...,p there is a set of indices I(j) such that f(A;) =
Uier) Ais

2. at every point z € A := J_; int A; the derivative of f exists and
satisfies |f/(z)| > v for some fixed v > 0;

3. there exist A > 1 and n € N such that |(f™)(z)] > A whenever
fF(x) € Afor 0 <k <n.

Then the set

J=()f*A
k=1
is a repeller of f.

3.2. Markov partitions and geometric constructions. Let J be a re-
peller of a differentiable transformation f: M — M. A finite cover of J by
nonempty closed sets Ry,..., R, C J is called a Markov partition of J if:

1. int R; = R; for each 1;

2. int R; Nint R; = @ whenever i # j;

3. f(Ri) D R; whenever f(int R;) Nint R; # @.
We note that the interior of each set R; is computed with respect to the
induced topology on J. Any repeller has Markov partitions with arbitrarily
small diameter (see [80]).

Now we describe how Markov partitions can be use to model repellers.

Given a Markov partition, we define a p x p matrix A = (a;;) with entries

. {1 if f(int R;) Nint R; # @,
ij =

11
0 if f(int R;) Nint R;=0a. (11)

We also consider the space of sequences E;; ={1,...,p} equipped with the
distance

o
d(ivig--- ,jijo---) = > e Flix = jil, (12)
k=1
and the shift map o: X — X satisfying (ow), = wyq1 for all n € N. The
restriction of o to the o-invariant set
S ={(ihir--) € E; : @inin,, = 1 for every n € N}

is called the topological Markov chain with transition matriz A.
It is easy to show that one can define a map x: EX — J by

x(iniz--) = m fﬁkRikJrl'
k=0

This map is surjective, Holder continuous (with the distance in Z;r given
by (12)), and it satisfies

xoo=fox. (13)
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In general x is not invertible, although card y 'z < p? for every = € Ez.

Nevertheless, identity (13) still allows one to see x as a dictionary transfer-
ring the symbolic dynamics o|X¥ (and often the results at this level) to the
dynamics of f on J. For each (i1iz---) € £} and n € N we set

11 “in ﬂ f lek-H (14)

Given a continuous function ¢: J — R we have

P(p) = lim —log Z exp sup Z (po fF),

Aigeoin =
i1 0n 0

where the sum is taken over all n-tuples iy - - - i, formed by the first n ele-
ments of some sequence in Zj.

More generally, one can consider constructions defined by an arbitrary
symbolic dynamics. Namely, a geometric construction in R™ is defined by:

1. a compact shift-invariant set Q@ C E; for some positive integer p;
2. a decreasing sequence of closed sets A;,...;, C R™ for each (ijig---) €
@ and n € N, with diam A;,...;, — 0 as n — oo.

We also say that the geometric construction is modeled by Q. The limit set
of the construction is the compact set defined by

F= m U Ail---ina

n=111-in

where the union is taken over all Q-admissible n-tuples, that is, all n-tuples
(41 - - -ip) such that

(j1-jn) = (i1 ---in) for some (jijo---) € Q.

In particular, each Markov partition of a repeller defines a geometric con-
struction modeled by X7, with the sets A;,..;, given by (14).

We recall that a transformation f is said to be topologically mixing on a
set J if given open sets U and V with nonempty intersection with J there
exists n € N such that

ffunvnd+#o for every m > n.

If f is topologically mixing on a repeller J, then for each transition matrix A
associated to a Markov partition of J there exists m € N such that A™ has
only positive entries.

3.3. A priori bounds for the dimension. Our main aim in this section
is to present the best possible dimension estimates of repellers using the
least possible information about the dynamics. It is in this sense that we
call them a priori bounds. When more geometric information is available
one can often provide sharper estimates for the dimension or even compute
its value (see Section 3.4 for a related discussion). However, this is done at
the expense of a more elaborate approach that in particular may require the
nonadditive version of the thermodynamic formalism or some appropriate
substitution.
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Given a repeller J of a differentiable transformation f, we consider the
functions ¢, p: J — R given by
p(a) = —log|dofl  and  B(x) = log|(duf) " (15)
Since f is expanding, the functions
s+ P(sp) and s P(sp)

are Lipschitz and strictly decreasing. This implies that there exist unique
roots s and s of the equations

P(sp) =0 and P(5p)=0. (16)
Theorem 3.3. If J is a repeller of a C' map, then
s <dimyJ < dimgJ < dimpJ < 5. (17)

Theorem 3.3 is a special case of results of Barreira in [2]. The upper
bound was obtained in [38] in the more general case of volume expanding
maps. By the variational principle in (6), it follows from (17) that

h(f) h(f)
log maxe || dz f|] —log maxe || (def) 71|
In a related direction, Shafikov and Wolf showed in [82] that for a repeller .J
of a C? map f: M — M we have

<s5<s5<

V]

P(—log|det df])

dimpJ < dim M + \ ,

where )
A= lim — logmax||d,f"||.
n—0o0 N zeJ

In the particular case of conformal maps the inequalities in Theorem 3.3
become identities. We recall that f is said to be conformal on J if d,f is
a multiple of an isometry for every = € J. In this case the two functions ¢
and @ in (15) coincide, and thus s = 5. This yields equalities in (17). For
examples of repellers of conformal maps see Examples 3.1 and 3.2.

Let us formulate an explicit statement. Consider the function ¢: J — R
defined by

p(z) = —log|def-

Theorem 3.4. If J is a repeller of a C' map f which is conformal on J,
then

dimHJ = diimBJ ZMBJ =S,
where s is the unique root of the equation P(sp) = 0. Moreover, if f is of
class C1T for some a € (0,1) and is topologically mizing on J, then the
unique equilibrium measure | of s satisfies

dimpgp = dimgp = dimpp = s.

Ruelle [80] showed that dimpyJ = s when f is of class C'T®, assuming
that f is topologically mixing. His proof consists in showing that the s-
dimensional Hausdorff measure on J is equivalent to the equilibrium measure
of s¢ (with Radon—Nikodym derivative bounded and bounded away from
zero). The particular case of quasi-circles was earlier considered by Bowen
in [16]. The coincidence between the Hausdorff and box dimensions was
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established by Falconer in [27]. The extension of these results to repellers
of C! maps was obtained independently by Barreira [2] and Gatzouras and
Peres [36], using different approaches. See [89] for a survey on the dimension
theory of holomorphic endomorphisms.

3.4. Sharp upper dimension estimates. We describe in this section
sharp upper dimension estimates for a repeller when more geometric in-
formation is available.

Given a linear map L: R™ — R™, let

o1(L)>--->0,(L) >0

be the singular values of L, that is, the eigenvalues of (L*L)l/z, counted with
their multiplicities, where L* denotes the transpose of L. These numbers
coincide with the semiaxes of the ellipsoid which is the image of the unit
ball in R™ under the map L. For each s € [0,n] we set

ws(L) = a1(L) -+~ o1y (L)o sy (L)1, (18)

where |s] denotes the integer part of s.

In their seminal paper [19] Douady and Oesterlé obtained an upper bound
for the Hausdorff dimension. Given a C* map f: M — M, we consider the
function ¥°: M — R defined by

Q;Z)S('T) = log Ws(dxf)'

Moreover, given a subset J C M we let

dimy(f,J) = inf {5 € (0,dim M] : sup®(x) < 0}.
zeJ
Theorem 3.5 ([19]). If f is a C' map and J is a compact f-invariant set,
then
dimHJ < dimL(f, J) (19)

Since J is f™-invariant for every m € N, we also have
dimpgJ < inf dimpg(f™,J), (20)
meN

which may sometimes give a better estimate than that in (19). It was shown
by Hunt in [49] that we can replace dimyJ by dimgJ in (19) for maps in R™.
See [37] for a proof including the case of maps on manifolds. Leonov [57]
established estimates for the Hausdorff dimension under weaker assumptions
using Lyapunov-type functions. Namely, to show that dimgJ < s it suffices

to show that S (@)
oy (V30 e <1

where 1: J — RT is some continuous function. This approach can be
interpreted as a change of metric on the manifold, as studied for example
by Noack and Reitmann in [70]. It may sometimes improve the estimate
in Theorem 3.5. Indeed, while the Hausdorff dimension is invariant under
smooth changes of the metric, the singular values may change, and thus the
function corresponding to the new metric may be strictly smaller than ;.
Now we consider the sequences of functions ®° = (¢? ),en defined by

op(x) = logws((dmf")_l)
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with ws as in (18). Using these functions Falconer [29] computed the Haus-
dorff dimension of a class of repellers of nonconformal transformations (build-
ing on his former work [26]). His main result can be reformulated as follows.

Theorem 3.6. If J is a repeller of a C? map f which is topologically mizing
on J, and
I(def) M Pldaf| <1 for every € J,
then
dimpJ = dimpJ < s, (21)
where s is the unique root of the equation Py(®%) = 0.
Clearly, ws(L) < 01(L)*, and thus,

pn(2) < slogoi((def") ™)

n—1
< slog |[(daf") M < 5> @(fF (=),

k=0
with @ as in (15). This shows that s <3 (see (16)), and thus in general (21)
may give a sharper estimate than that given by the upper bound in (17).

Under an additional geometric assumption, satisfied for example when J

contains a nondifferentiable arc, the number s in Theorem 3.6 is equal to
dimgJ (see [29]). Related results were obtained by Zhang in [97], and in
the case of volume expanding maps by Gelfert in [38]. In another direction,
Hu [47] computed the box dimension of a class of repellers of nonconformal
transformations that leave invariant a strong unstable foliation. His formula
for the box dimension is also expressed in terms of the topological pressure.
Related results were obtained earlier by Bedford in [9] (see also [10]), for a
class of self-similar sets that are graphs of continuous functions. We note
that Manning and Simon [65] found a mistake in the related paper [3], which
discusses dimension estimates using the sequences ®°. This causes that some
statements in that paper do not hold (we refer to [65] for full details).

3.5. Self-affine repellers and nonlinear generalizations. In another
direction, Falconer [25, 28] studied a class of limit sets of geometric con-
structions obtained from the composition of affine transformations that are
not necessarily conformal. Consider affine transformations f;: R" — R",
i =1,...,p given by fi(x) = Ajxz + b; for some linear contraction A; and
some vector b; € R™. Then there is a unique nonempty compact set J C R"
such that

J= s (22)
i=1

(see [52]), and for every nonempty compact set R C R™ such that f;(R) C R
fori=1,...,p we have

J= U Fao-ofi)(R)

k=1141--1

Set

s = inf dE[O,n]:Z de(Ailo'”OAz‘k)<oo

k=111-1p
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with wg as in (18). We emphasize that the number s does not depend on
the vectors by,...,bp,.

Theorem 3.7. We have dimpJ < s. In addition, if || A;|]] < 1/2 for i =
1,...,p, then for Lebesque almost every (b1, ...,by) € (R™)P we have

dimyJ = dimgJ = dimpJ = s. (23)

The statement in Theorem 3.7 is due to Falconer [25] when ||4;]| < 1/3
fori=1,...,p, and to Solomyak [86] in the general case.

The class of self-affine repellers can also be used to illustrate that to
determine or even estimate the dimension of the limit set J, sometimes it
is not sufficient to know the geometric shape of the sets Aj;,..;,, in strong
contrast with what happens in Theorem 3.4. For example, the dimension
can be affected by certain number-theoretical properties. Namely, consider
a geometric construction in R? modeled by Z; such that the sets

Ajy iy = (fh ©-0 fln)([ov 1] X [07 1])

are rectangles with sides of length a™ and 0™, obtained from the composition
of the functions

fi(z,y) = (az,by) and fo(z,y) = (ax —a+1,by — b+ 1),

for some fixed constants a € (0,1) and b € (0,1/2). In particular, the
projection of A;,...;, on the horizontal axis is an interval with right endpoint
given by

n—1
a”+ ) jra”, (24)
k=0

where

o ifip =1,
=V 120 ifi, =2

Now we assume that a = (v/5 — 1)/2. In this case we have a® 4+ a = 1,
and thus for each n > 2 there is more than one vector (ij - --iy) for which
we obtain the same value in (24). This causes a larger concentration of
the sets A;,...;, in certain regions of the limit set J. Therefore, to compute
the Hausdorff dimension, when we take an open cover of J it may happen
that it is possible to replace, in the regions of larger concentration of the
sets Aj,..;,, several elements of the cover by a single element. This may
cause J to have a Hausdorff dimension strictly smaller than the box dimen-
sion. It was established by Neunh&userer in [69] that indeed this happens
when a = (v/5 — 1)/2. See also [76] for former related results of Przytycki
and Urbariski. We note that the constant (v/5 — 1)/2 is only an example
among many other possible values that lead to a similar phenomenon. Mc-
Mullen [67] and Gatzouras and Lalley [35] also obtained different Hausdorff
and box dimensions for particular classes of self-affine sets. Moreover, the
s-dimensional Hausdorff measure with s = dimyJ need not be positive nei-
ther finite [35, 73]. Finally, for a smoothly parameterized family of self-affine
sets the Hausdorff dimension may not vary continuously with the parameters
[25, 35, 76].
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It should be noted that Theorem 3.6 gives no indication of which sets J
actually have dimension equal to s. In [48] Hueter and Lalley gave sufficient
conditions for a given set J C R? to satisfy (23). Let fi,..., fp: R? — R?
be the affine transformations in Theorem 3.6, which we continue to write in
the form f;(x) = A;x 4+ b;. Then the following statement holds.

Theorem 3.8 ([48]). Assume that:
1. HAZH <1 and Ul(Ai)z < O'Q(Ai) fori=1,...,p;
2. the sets AIIQ, - .,Alle are disjoint, where @) is the closed second
quadrant;
3. the sets A1 J, ..., ApJ are disjoint.
Then (23) holds. Moreover, the s-dimensional Hausdorff measure of J is
finite, and there exists a unique ergodic measure of full dimension in J.

We note that all the hypotheses in the theorem persist under sufficiently
small perturbations of the entries of the matrices A1,..., A,.

A nonlinear extension of the work of Hueter and Lalley was obtained by
Luzia in [59]. Let fi,..., f,: R? = R? be C? diffeomorphisms such that:

1. sup,epe ||dafill <1l fori=1,...,p;

2. there is a convex bounded open set U such that f1(U),..., f,(U) are
pairwise disjoint subsets of U;

3. dyfiP C int P for every x € U, where P is the union of the closed
first and third quadrants;

4. ||dy fiv)|3/|det dy fi] < 1 for every & € U and v € P with ||v]| = 1.

Then there exists a unique nonempty compact set satisfying (22). We also
consider the function ¢: {1,...,p} — R defined by

p(iriz - -+ ) =10g||dx(iyiz-.) fi [V,
where
Mliziz-) = T (o0 )0,
and
V= lm dy, oo, )-tn(iyip-)(fir © - 0 fi,) P.

n—oo

Then the following statement holds.
Theorem 3.9 ([59]). We have
dimgJ =dimgJ = dimgJ = s,

where s is the unique root of the equation P(sp) = 0. Moreover, the s-
dimensional Hausdorff measure of A is finite, and there is a unique ergodic
measure of full dimension in A.

3.6. Measures of full dimension. Now we consider the related problem
of the existence of measures of full dimension.

We say that an invariant measure p in a repeller J is of full dimension
if dimpp = dimgJ. It was shown by Ruelle in [80] that for a map of class
C'*% which is conformal and topologically mixing on .J, if x4 is the unique
equilibrium measure in Theorem 3.4, then p is of full dimension. This follows
from the equivalence between u and the s-dimensional Hausdorff measure
in J. The existence of an ergodic measure of full dimension for any repeller
of a C! map was established by Gatzouras and Peres in [36].
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The situation is much more complicated in the case of nonconformal dy-
namics, and there exist only some partial results. In particular, Gatzouras
and Peres [36] considered maps of the form

f(x1,22) = (f1(1), fa(2)),

where f; and fo are C' maps with repellers respectively J; and Jp such
that fi|J1 and fa|Jo are conformal. We note that f|(J; x Jo2) is a factor
of a topological Markov chain, and we denote the factor map by w. They
obtained the following result.

Theorem 3.10. If

in |ld > d
Jnin [ldg, full > max [ldz, f2],

then for any compact f-invariant set J C Jy x Jy such that 7= 1J satisfies
specification we have
dimygJ = supdimy pu,
o
where the supremum is taken over all ergodic f-invariant probability mea-
sures in J.

For piecewise linear maps f;, Gatzouras and Lalley [35] proved earlier that
certain invariant sets, corresponding to full shifts in the symbolic dynamics,
carry an ergodic measure of full dimension. Kenyon and Peres [54] obtained
the same result for linear maps f; and arbitrary compact invariant sets.
The proof of Theorem 3.10 uses the result in [35] and the idea from [54] of
approximating arbitrary invariant sets by self-affine sets (corresponding to
full shifts in their symbolic dynamics). Bedford and Urbanski considered
a particular class of self-affine sets in [10] and obtained conditions for the
existence of a measure of full dimension.

Earlier related ideas appeared in work of Bedford [8] and McMullen [67].
We briefly describe their results. Given integers m < n and a set D C
{0,...,n =1} x {0,...,m — 1}, we define

i —k
J:{Z<”O mo_k>dk:dk€Dforeachk€N}.

k=1
Then J is called a general Sierpiriski carpet. We note that viewed as a subset
of the two-torus T? the set J is invariant under the map (% 9). Bedford
and McMullen obtained the following result independently.

Theorem 3.11. There exists an ergodic measure of full dimension in J.

The following higher-dimensional generalization was obtained by Kenyon
and Peres [54].

Theorem 3.12. If J C T™ is invariant under a toral endomorphism whose
etgenvalues are roots of integers, then there exists an ergodic measure of full
dimension in J.

More recently, Yayama [95] considered general Sierpinski carpets modeled
by arbitrary topological Markov chains, and she gave conditions for the exis-
tence of a unique measure of full dimension. In another direction, Luzia [60]
considered expanding maps of the 2-torus of the form f(z,y) = (a(z,y), b(y))
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that are C%-perturbations of linear maps. He showed that if f is sufficiently
C?-close to a general Sierpinski carpet, then

dimyJ = supdimgp, (25)
o
where the supremum is taken over all ergodic f-invariant probability mea-
sures in J. He also showed in [61] that the supremum in (25) is attained.

3.7. Nonuniformly expanding repellers. Only a few related results ex-
ist in the case of transformations that are not uniformly expanding.

We first formulate a result established by Gelfert in [38]. For each s €
[0, dim M], let

908(*73) = logws((dxf)_l)
with ws as in (18).

Theorem 3.13. If J is a compact invariant set of an expansive C' local
diffeomorphism f, then

dimpJ < inf{s € (0,dim M]: sup¢®(x) < 1 and P(¢®) < 0}.
zeJ

The proof is analogous to that of the upper bound in Theorem 3.3, and
uses the characterization of the singular values as semiaxes of ellipsoids as
well as covering techniques in the spirit of [19]. We note that the proof
in [38] contains a mistake, although the statement remains true under the
additional hypothesis of expansivity.

In a different direction, Horita and Viana [45] and Dysman [20] studied
abstract models, called maps with holes, which include examples of nonuni-
form repellers. Namely, let f: M — M be a map such that there exist
domains (that is, compact path-connected sets) Ry,..., R, C M with pair-
wise disjoint interiors, and such that dimpdR; < dim M for i = 1,...,p.
We also assume that each restriction f|R; is a C1T® diffeomorphism onto
some domain W; containing 1 U --- U R,. Moreover, we require that the
holes

Hi=W;\(RiU---UR,)

have nonempty interior, and that the inner diameter (the supremum of the
inner distances between any two points in the same connected component)
of each set R; is finite. The repeller of a map f with holes is the set of points
whose forward orbit never falls into the holes, that is,

J:{xeM:f’f(x)eRlu--.uRpforkeN}.

Given n € N and 41,...,i, € {1,...,p} we set
n—1
C’len - ﬂ f_kRik+1)
k=0

and
N iy
cpn(zl--‘zn):—z inf  logl|dgx(y f b=t

n 1 mGCilmik
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Now we assume that there exist constants 3, v > 0 such that

Z m(Clen) S €_ﬂn

i1-win
for any sufficiently large n, where the sum is taken over all n-tuples i; - - -5,
such that ¢, (i1---i,) < 7, and where m denotes the Lebesgue measure.
That is, although the expansion in J need not be uniform, the Lebesgue
measure of the set of points remaining within a small neighborhood of J de-
creases exponentially fast with time. Under these assumptions, Dysman [20]
showed that dimpJ < dim M. This inequality generalizes a corresponding
result for the Hausdorff dimension by Horita and Viana in [45] obtained
under the same assumptions.

In [46] Horita and Viana investigate nonuniformly expanding repellers
emerging from a perturbation of an Anosov diffeomorphism f of the 3-
dimensional torus through a Hopf bifurcation. A saddle fixed point becomes
an attractor, and the complement of its basin of attraction can be consid-
ered a repeller for the new diffeomorphism. We note that since the repeller
contains an invariant circle produced by the bifurcation it is not uniformly
expanding. Based on the above result of Dysman it is shown in [46] that the
box dimension of the repeller is strictly less than 3 for all diffeomorphisms
sufficiently C%-close to f but different from f.

3.8. Upper bounds involving Lyapunov exponents. Now we describe
briefly some upper bounds involving Lyapunov exponents. Related ideas go
back to Kaplan and Yorke in [53]. The local Lyapunov exponents vi(x) >
-+« > vp(x) of a smooth map f: M — M of a n-dimensional manifold are
defined recursively by
vi(z)+ -+ vj(z) = limsup e log w;(dy f™), j=1,...,n
m—oo 1M

Now we consider an ergodic f-invariant probability measure p in M . Then
the local Lyapunov exponents are constant p-almost everywhere, and we
denote them by vy(u) > -+ > vy (u). The Lyapunov dimension with respect
to p is defined by

() + - +v(p)
[Vet1 ()|

where k < n is the smallest integer for which v1(u) + -+ + vg41(p) < 0.
Ledrappier established the following statement in [55].

dim,(f, ) =k + ~

9

Theorem 3.14. If J is a compact f-invariant set, then
supdimy (f, ) = inf dimg(f™,J),
m meN
where the supremum is taken over all ergodic f-invariant probability mea-
sures in J.

Therefore, it follows from (20) that
dimgyJ < supdimp(f, p).
n

There are examples where the supremum coincides with the Hausdorff di-
mension. Let us consider C? diffeomorphism f on a compact manifold and
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an ergodic f-invariant probability measure p in M. It follows from work of
Ledrappier and Young in [56] that if 4 is an SRB measure, then

dimpgJ = supdimp (f, p). (26)
o

However, as illustrated by Example 3.16 below in general (26) does not hold.
Now we consider the so-called uniform Lyapunov exponents vi > --- > v}
defined recursively by

1
Uyt lim — , m =
v+t lim - log%}{%(dﬂ ), ji=1...,n,

and we define
]/u + [ + ]/u
d'(f,d) = b+ =
Vi1l
where k < n is the smallest integer for which v{ +--- + 1}/, ; < 0. We note

that
a“(f,J) < iandimL(fm,J).
me

Temam [88] obtained the following result.

Theorem 3.15. If f is a C' map, and J is a compact f-invariant set, then
dimgA < d“(f,J).

We also refer to [88] for generalizations to the infinite-dimensional set-
ting, and for applications to attractors of many physical systems. See
[21, 22, 23, 24] for further developments. Related problems were consid-
ered by Blinchevskaya and Ilyashenko [12] and Chapyzhov and Ilyin [17].

Leonov [58] developed techniques to compute the Lyapunov dimension
involving Lyapunov functions. These can be interpreted as changes of Rie-
mannian metrics. For more details see [37, 58]. We give an example.

Example 3.16. Given constants a > 0, 5 € (0,1), we consider the Hénon
map f: R? — R? given by
(z,9) = (a+ By — 2°,z).

This is conjugate to the map (z,y) + (14+y—ax?, Bx) by the linear transfor-
mation L(x,y) = (ax,af~ly). We consider the function v (z,y) = v(z+5y),
where

1—s
T B-1-2e0) /a2t B

and s € (0,1) is a parameter. We introduce a metric g in R? by

1
g(Ly)(U,w) = exp <1+s¢<x,y)> (Av,w), A= <(1) g) )

ro=(B—-1—(B-1)2+4a)/2,

where the inner product (-,-) is induced by the Euclidean metric. The
singular values of d(, ) f with respect to the Riemannian structure are

Ui(d(z,y)f) = exp <1+5

(W(f () - w<x,y>>) Gle,y),
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where (;(z,y) are the singular values of the matrix \/Zd(x,y) fVA~L For
s 1
1 —log 8/ log Ci(zo, o)

one can show (see [58]) that

1= w1+s(dpgf) = sup lers(d(x,y)f)v (27)
(z,y)ER?

where pg = (xg,x0) is a fixed point of f. For this fixed point we obtain
l1+s= dlmL(fvp()) < du(f7 J)

for any f-invariant compact set J C R? containing py. Hence, it follows
from (27) that

Ls=d"(f,]) = lim dimp(f™,J) = dimg(f, J).

4. DIMENSION ESTIMATES FOR HYPERBOLIC SETS

We consider in this section the dimension of hyperbolic sets, and we de-
scribe a corresponding theory to the one in Section 3 in the case of repellers.
In particular, besides describing how Markov partitions can be used to model
hyperbolic sets and considering the well-understood case of conformal dy-
namics, we discuss the existing results for nonconformal and nonuniformly
hyperbolic dynamics. We also consider the problem of the existence of mea-
sures of maximal dimension.

4.1. Notion of hyperbolic set and examples. Let f: M — M be a
diffeomorphism, and let A C M be a compact f-invariant set. We say that
A is a hyperbolic set for f if for every point © € A there exists a decomposition
of the tangent space
T.M = E*(z) ® E"(x)
such that
do fE®(x) = E°(f(x)) and dofE"(x) = E"(f(x)),
and there exist constants A € (0,1) and ¢ > 0 such that
ldo f*|E* ()] <A™ and [[dof™"|E"(z)] < A"
for every x € A and n € N.

Example 4.1 (Linear horseshoes in R?). Consider a C! map contracting
the unit square @ = [0, 1]> C R? horizontally by a factor A < 1/2, expand-
ing it vertically by a factor 1/A, and folding the resulting rectangle into a
horseshoe. We assume that the set f(Q) N @ has two vertical components
Vi and Vs, and that the set @ N f~1(Q) has two horizontal components H;
and Hy. The compact f-invariant set A C @) given by

A=[)rQ
nez

is called a Smale horseshoe, and it is a hyperbolic set for f with respect
to the decomposition of the tangent space into horizontal and vertical lines
T,R? = E*(z) ® E%(z), where E*(x) = R is the horizontal line and E%(z) =
R is the vertical line, for each x € A.
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Example 4.2 (Solenoids). Let D be the unit disc in R? centered at the
origin. Consider the map f: S' x D — S' x D given by

f(0,z,y) = (20 mod 1, Az + € cos(270), py + € sin(276)),

for some constants A, u < min{e, 1/2}. The limit set

A=) f"(S" xD)
neN
is called a solenoid. One can easily verify that A is a hyperbolic set for f.
Furthermore, A is an attractor, in the sense that there exists an open neigh-

borhood U of A such that A =, oy f™(U).

4.2. Additional structure. Any hyperbolic set A has a very rich structure.
Given ¢ > 0, for each z € A we consider the sets

Ve(z) = {y € B(z,e) : d(f"(y), ["(z)) < € for every n > 0},
and
V¥ (z) = {y € B(z,e) : d(f"(y), f"(z)) < ¢ for every n < 0},

where d is the distance in M and B(z,e) C M is the open ball of radius ¢
centered at x. If A is a hyperbolic set for a C! diffeomorphism, then there
exists € > 0 such that for each x € A the sets V*(x) and V*(x) are smooth
manifolds containing x, and satisfying

T,.V:(x) = E°(z) and T,V%(x)= E"(x).

The manifolds V*(z) and V*(x) are called respectively local stable manifold
and local unstable manifold at x (of size €). Furthermore, there exists § =
d(e) > 0 such that if d(z,y) < 0 for some z, y € A, then the intersection
V#(xz) N V*(y) has exactly one point. The function

[ -] {(ﬂf,y) eAXA:d(z,y) <6}—>M

defined by [z,y] = V*¥(z) N V¥(y) is called a product structure.

We say that a set A C M is locally mazximal if there is an open neighbor-
hood U of A such that

A=) fU.
ne”Z

In this case there exists 6 = §(¢) > 0 such that for all z,y € A with d(z,y) <
d we have card[z,y] = 1 and [z,y] € A. A nonempty closed set R C A is
called a rectangle if diam R < §, R = int R (with the interior computed with
respect to the induced topology on A), and [z,y] € R whenever x,y € R. A
finite cover of A by rectangles R1, ..., R, is called a Markov partition of A
(with respect to f) if:

1. int R; Nint R; = & whenever ¢ # j;
2. if x € int R; N f~!(int R;), then
fV2 (@) N Ri) CV(f(x)) N R;
and
VU f(z))NR; C f(V¥(x)N Ry).
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Any locally maximal hyperbolic set has Markov partitions with arbitrarily
small diameter (see [15]).

Markov partitions yield symbolic models for the hyperbolic set. Let A be
a locally maximal hyperbolic set, and let Rq,..., R, be a Markov partition
of A. We define a p x p matrix A = (a;;) with entries a;; as in (11).
We also consider the space of two-sided sequences ¥, = {1,...,p}%, and the
corresponding shift map o: ¥, — ¥,. The restriction of o to the o-invariant
set

YA= {( i1l ) € Bp ¢ 44, = 1 for every n € Z}
is called the (two-sided) topological Markov chain with transition matriz A.
In a similar manner to that in the case of repellers, one can define a map
X: 24— A by
x(---itigip--+) = m f_kRik-
keZ

The map yx is surjective, Holder continuous with respect to the distance

d(-+ig-+ o) 226_‘kllik—jk\,
kEZ
and it satisfies Yoo = f o x.
4.3. A priori bounds for the dimension. The following upper bound
for the box dimension of a hyperbolic set was obtained by Fathi in [32].

Compared to the sharper dimension estimates discussed below it has the
advantage of not using the topological pressure.

Theorem 4.3 ([32]). If A is a hyperbolic set for a C' diffeomorphism f,
then dimpA < —2h(f)/\, where

1 1
A= max{ lim — log max||d, f"|E?||, lim — log max|(dxf")_1]E“H} .
n—oon TEA n—oo n €A

Now we describe sharper upper as well as lower dimension estimates.
Given a locally maximal hyperbolic set A for a C! diffeomorphism f, we
define functions ¢ ,@,: A — R by

o, () = —log||(de. /)| E®|| and  p,(z) = log|ldaf|E*]l,  (28)
and ¢ ,9,: A — R by
9, (2) = —log|ldu fIE"|| and ,(x) =log||(dsf) "' [E"].  (29)

Let also R1,..., R, be a Markov partition of A. Given a point z € A and
an element R;, of the Markov partition containing x we set

A%(z) =V3(x)NR;, and A“(zx) =V"(z)NR,.
We denote by t,(x) and t5(z) the unique roots of the equations
Pl as (@) (tfs) =0 and Pfas(y) (tps) =0,
and by t,(x) and ¢,(z) the unique roots of the equations
Pl au() (tfu) =0 and Ppau(s) (tp,) = 0.
Here Pz () denotes the nonadditive topological pressure on the set Z of the

additive sequence of functions ¢, = Z;(l) @ o fk. The following result was
established by Barreira in [2].
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Theorem 4.4. If A is a locally mazximal hyperbolic set of a topologically
transitive C1 diffeomorphism, then for every x € A we have

t,(x) <dimg(Vi(x) NA) < dimg(VE(z)NA) < dimp(VE(z) NA) < t4(),
and
t, () <dimyg(V*(z) N A) < dimg (V% (z) N A) < dimp(V¥(x) NA) < ().

The proof of Theorem 4.4 is an elaboration of the proof of Theorem 3.3.

We also describe a result of Franz in [34]. Let A C M be a compact f-
invariant set for a C'! diffeomorphism f with an equivariant splitting Th M =
E' @ E?. This means that

d:vaZ(x) :Ez(f(x))v 1=1,2

for every € A. We note that A is not necessarily hyperbolic. We relabel
the singular values

Ul(dﬂﬁf‘El)7 -+, 0dim E1 (dxf|E1)7 01((dyf|E2)_1)7 s 7JdimE2((dyf‘E2)_1)
as o1(x,y) > -+ > ogimm(2,y), and for each s € [0, dim M] we write

ws(xy y) =01 (JJ, y) T O s) (l‘, y)ULsJ+1($7 y)S_LSJ :
Franz showed in [34] that
dimpgA < inf {s € [0,dim M]: log maﬁws(:v,y) < —2h(f\A)} ,
x,ye

where h(f|A) denotes the topological entropy on A. This result generalizes
work of Gu in [39] for hyperbolic sets of C? maps satisfying a certain pinching
condition.

The following result requires the existence of an equivariant subbundle
with respect to which f is volume-expanding. It was established by Gelfert
in [38]. We recall the function ws in (18).

Theorem 4.5. If A is a compact f-invariant set of an expansive C' local
diffeomorphism f, and E C TaAM 1is an equivariant bundle, then

dimgA < codim E + inf {s € [0,rank E]:

rngléx[icws((dxﬂE)*l) <1 and P(logws((d.f|E)™ 1)) < 0}

(with the convention inf @ = rank ).
Shafikov and Wolf showed in [82] that if A is a hyperbolic set for a C?

diffeomorphism f: M — M, then
P(—log|det df |E"|)
)\ Y

dimyA < dim M + (30)

where )
A= lim —1 d. ™.
Jm, 7 log maglde |

See [90] for the case of axiom A endomorphisms. We note that (30) follows
from Theorem 4.5.
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4.4. The conformal case. We discuss in this section the particular case
of hyperbolic sets of conformal maps, in which case the inequalities in The-
orem 4.4 become identities.

We say that f: M — M is conformal on a hyperbolic set A C M if d, f|E*
and d, f|E" are multiples of isometries for every x € A. For example, if M
is a surface and dim E*(x) = dim E*(z) = 1 for every x € A, then f is
conformal on A. We note that in this case the functions in (28) and (29)
satisfy

ps(2) == ¢ (z) = §s(z) = log||do f| E”|, (31)

and
pu() = ¢ () =P, (x) = —log|ld, f|E*|. (32)
The following result is thus a consequence of Theorem 4.4.

Theorem 4.6. If A is a locally mazximal hyperbolic set of a topologically
transitive C' diffeomorphism which is conformal on A, then for every x € A
we have

dimg (VE(x) NA) = dimg(V*(x) NA) = dimg(V(x) NA) =ts,  (33)
and
dimp (V" (2) N A) = dimp (V¥(2) N A) = dmp(V(@) NA) = t,,  (34)
where tg and t, are the unique real numbers such that
P(tsps) = P(tupu) = 0.
McCluskey and Manning showed in [66] that
dimg(V¥(x)NA) =ts and dimg(V¥(z)NA) =1,

for every x € A. The equality between the Hausdorff dimension and the
lower and upper box dimensions is due to Takens in [87] for C? diffeomor-
phisms (see also [71]) and to Palis and Viana in [72] in the general case.
Barreira in [2] and Pesin in [74] presented alternative proofs based on the
thermodynamic formalism. We emphasize that in higher dimensions the
Hausdorff and box dimensions of a locally maximal hyperbolic set may not
coincide.
Moreover we have the following statement.

Theorem 4.7. If A is a locally mazximal hyperbolic set of a topologically
transitive C' diffeomorphism which is conformal on A, then

dimgA = dlimBA = MBA =15+ ty.

The first complete argument establishing Theorem 4.7 in the case of sur-
face diffeomorphisms was given by Barreira in [2]. The proof of Theorem 4.7
given by Pesin in [74] includes the general case of conformal diffeomorphisms
on manifolds of arbitrary dimension (the statement can also be obtained
from results in [2]). Under the assumptions in the theorem the product
structure is a Lipschitz homeomorphism with Lipschitz inverse (see [41] for
details), and thus Theorem 4.7 follows easily from Theorem 4.6 by adding
the dimensions in the stable and unstable directions, which is possible due to
the coincidence between the Hausdorff and box dimensions in (33) and (34)
(otherwise the Lipschitz property would be of little help).
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Palis and Viana in [72] established the continuous dependence of the di-
mension on the diffeomorphism. Let A be a locally maximal hyperbolic set
of a C! surface diffeomorphism f with dim F* = dim E* = 1. Then there
is a neighborhood U of f in the space of C! diffeomorphisms and a contin-
uous map U > g — hy to the space of all continuous embeddings Ay — M
satisfying hy = id, such that Ay = hy(Ay) is a locally maximal hyperbolic
set for g, with f|A; and g|A, topologically conjugate.

Theorem 4.8 ([72]). The function g — dimpyAy is continuous.
Mané [64] obtained even higher regularity for the dimension.

Theorem 4.9. Let A be a locally mazimal and totally disconnected hyper-
bolic set of a C" surface diffeomorphism f, r > 2 with dim £* = dim E* = 1.
Then there is a C" neighborhood W of f and a C" map U > g +— hy to the
space of continuous embeddings Ay — M such that g — dimghg(Ay) is of
class O™ 1.

In higher-dimensional manifolds (and thus in the nonconformal case) the
Hausdorff dimension of hyperbolic sets may vary discontinuously. Examples
were given by Pollicott and Weiss in [75] followed by Bonatti, Diaz, and
Viana in [13]. Diaz and Viana [18] studied a one-parameter family of diffeo-
morphisms on the 2-torus bifurcating from an Anosov map to a DA map.
They showed that for an open set of these families the Hausdorff and box
dimensions of the nonwandering set are discontinuous across the bifurcation.

4.5. Measures of maximal dimension. We also address the question of
the existence of measures of full dimension for hyperbolic sets. It turns
out that the answer is almost always negative. More precisely, by results
of McCluskey and Manning in [66] there exists an invariant measure of full
dimension if and only if there exists a continuous function ¥: A — R such
that

tsps —tupy = o f — f
on A, with ¢s and ¢, as in (31) and (32). By Livschitz’s theorem, this
happens if and only if

e f 1B () ||| do f | B ()| = 1

for every z € A and n € N such that f"(z) = x.
Instead one can ask whether the supremum

5(f) = sup {dimH,u : 4 is an f-invariant measure on A}

is attained. Any f-invariant measure on A with dimpgr = §(f) is called a
measure of mazimal dimension. The main difficulty of this problem is that
the map p — dimpgp is not upper semi-continuous: simply consider the
sequence (4 + (n — 1)d)/n where dimgp > 0 and § is an atomic measure.
The following result was obtained by Barreira and Wolf in [7].

Theorem 4.10. Let A be a locally mazimal hyperbolic set for a C'+* surface
diffeomorphism which is topologically mizing on A. Then there exists an
ergodic measure of maximal dimension.
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See [94] for a related result of Wolf in the particular case of polyno-
mial automorphisms of C2. It was shown by Rams in [77] that a unique
ergodic measure of maximal dimension does not exist in general, even in
the case of linear horseshoes (more precisely, he showed that there exists a
one-parameter family of Bernoulli measures of maximal dimension).

4.6. Further developments. Related ideas to those in the proof of Theo-
rem 3.7 were applied by Simon and Solomyak in [85] to compute the Haus-
dorff dimension of a class of horseshoes in R3, obtained from C'*® transfor-
mations of the form

(Ia Y, Z) = (90(:5’ Z) + ag, 111(1/, Z) + bk’ C(Z)) (35)

Assuming that |0p/0x|, |0v/0y| < 1/2 and|(’| > 1, it is shown in [85] how
to compute the Hausdorff dimension of the horseshoe for Lebesgue almost
every (a,b) € R?. Again, the dimension is expressed implicitly in terms of
the topological pressure.

More precisely, we assume that there are disjoint closed intervals Iy, ..., I,
whose union is a proper subset of [0,1] such that letting Ay = [0, 1]? x I,
we have

P
F(UJ Ar) € (0,1)% x [0,1],
k=1
with f given by (35) in Ag. The limit set
A=) (00,1

nez

is the horseshoe. Now let s1, s9, 71, and ro be the unique solutions of the
equations

P(sllog‘gi‘) =0, P(SQIOg‘?;D =0,

SCARER) o527 -0

oxl |10y 0, P(log (‘aiy Ox

We also set s = max{si,s2} and r = max{ry,r2}. Finally, let ¢ be the
unique solution of the equation

P(—tlog|¢|) = 0.

Then we have the following statement.

Theorem 4.11 ([85]). For Lebesgue almost every vector (a1,bi, ..., ap,by)
we have:

(i) if s <1 then
dimygA = dimgA = dimgA =t + s;
(ii) if s > 1 then
dimgA = dimgA = dimpA =t + 1 4+ min{1,r}.
In particular, the dimension does not depend on the vector.
Finally, we consider more general solenoids from those in Example 4.2.

We recall that a solenoid is a hyperbolic set A = (2, f"T', where T' C R3
is diffeomorphic to a solid torus S* x D for some closed disk D C R?, and
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f:T — T extends to a diffeomorphism in some open neighborhood of T'
such that for each z € S* the section

Ay = f(T) N ({z} x D)

is a disjoint union of a fixed number of sets homeomorphic to a closed disk.
Bothe [14] and then Simon [84] (also using his methods in [83] for nonin-
vertible transformations) studied the dimension of solenoids (see [74, 81]
for a related discussion). In particular, it is shown in [14] that under cer-
tain conditions on the diffeomorphism the map x — dimgA, is constant
(even though the holonomies are typically not Lipschitz). More recently,
Hasselblatt and Schmeling conjectured in [43] (see also [42]) that, in spite
of the difficulties due to the possible low regularity of the holonomies, the
Hausdorff dimension of hyperbolic sets can be computed by adding the di-
mensions of the stable and unstable sections. They prove this conjecture for
a class of solenoids, by showing that the Hausdorff dimension of the sections
is in fact independent of the section.

For some related results in the case of nonuniformly hyperbolic invariant
sets we mention the works of Hirayama [44] with an upper bound for the
Hausdorff dimension of the stable set of the set of typical points for a hy-
perbolic measure, Fan, Jiang and Wu [31] with the study of the dimension
of the maximal invariant set of an asymptotically nonhyperbolic family, and
Urbénski and Wolf [91] who considered horseshoe maps that are uniformly
hyperbolic except at a parabolic point, in particular establishing a dimension
formula for the horseshoe.
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