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SETS OF “NON-TYPICAL” POINTS HAVE FULL
TOPOLOGICAL ENTROPY AND FULL HAUSDORFF
DIMENSION

LUIS BARREIRA AND JORG SCHMELING

ABSTRACT. For subshifts of finite type, conformal repellers, and con-
formal horseshoes, we prove that the set of points where the pointwise
dimensions, local entropies, Lyapunov exponents, and Birkhoff averages
do not exist simultaneously, carries full topological entropy and full
Hausdorff dimension. This follows from a much stronger statement for-
mulated for a class of symbolic dynamical systems which includes sub-
shifts with the specification property. Our proofs strongly rely on the
multifractal analysis of dynamical systems and constitute a non-trivial
mathematical application of this theory.

1. INTRODUCTION

In the numerical study of a dynamical system one is often interested in
the asymptotic behavior of “typical” points, with respect to some invari-
ant measure. This study gives important information about the observable
properties of the dynamical system, and “typical” points with respect to
different measures give complementary information.

The set of “non-typical” points, i.e., the set of points that is “typical”
with respect to no measure, has rarely been considered in the literature. In
this paper, we show that, surprisingly, in several situations central in the
theory of dynamical systems this set contains complete information about
some observable properties. Namely, the set of “non-typical” points carries
full topological entropy and full Hausdorff dimension.

In order to prove this statement, we combine “typical” points with respect
to different invariant measures to produce sets of “non-typical” points which
still carry information about the measures. The proof strongly relies on the
multifractal analysis of dynamical systems. An important element of unifi-
cation in our approach is the use of Carathéodory dimension characteristics,
introduced by Pesin.
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2. SUBSHIFTS OF FINITE TYPE

2.1. Preliminaries. Let o: {1, ..., p} — {1, ..., p}" the shift map given
by o(igi1---) = (i1i2---). We fix a number $ > 1 and define a metric on

{1, .., p}N by

o
d((ioir -+ ), Gojr-++)) = > B i — il- (1)
k=0
The space {1, ..., p} is compact with respect to this metric.

For every compact subset ¥ C {1, ..., p}"¥ such that o3 C ¥ we consider
the subshift ¢|%, and denote its topological entropy by h(c) = h(o|X). Let
A be a p x p matrix whose all entries a;; are either 0 or 1. We consider the
compact subset ¥ = ¥4 C {1, ..., p} composed of the sequences (igiy - - - )
such that a;,;, , = 1 for every n > 0. The map o|X 4 is called the subshift
of finite type with transfer matrix A. We recall that o|¥ 4 is topolog-
ically mixing if and only if there is a positive integer k such all entries of
A¥ are positive. We recall that h(c|X4) = log p(A), where p(A) denotes the
spectral radius of A.

2.2. Irregular sets for Birkhoff averages. Let C'(X) be the space of
continuous functions on ¥. For each function g € C(X), we define the
irregular set for the Birkhoff averages of g by

n—oo N

1
B(g) = {x € ¥: lim —S,g(x) does not exist} ,

where
Sng(z) = g(oz) (2)
k=0

for each x € 3 and n € N. By the Birkhoff Ergodic Theorem, u(B(g)) =0
for every o-invariant measure .

We say that g; and g are cohomologous if g1 —go = ¥Y—1oo+c, for some
Y € C(X)and ¢ € R. If g; and g2 are cohomologous, then B(g;) = B(g2) and
¢ = P(g1) — P(g2), where P denotes the topological pressure with respect
to o (see, for example, [13] for the definition).

We say that a set A C ¥ is o-invariant if Y N o~ !A = A. The set
B(g) is o-invariant but is in general not compact. The notion of topological
entropy for non-compact sets was introduced by Bowen in [7]. Later it was
considered by Pesin and Pitskel” in [14] with an approach closer to the one
we use. The following statement shows that the zero measure set B(g) is
“observable”; namely, B(g) carries full topological entropy for a large class
of functions g.

Theorem 2.1. Let o|X be a topologically mixzing subshift of finite type, and
gi, ---, g Holder continuous functions on . Then the following properties
are equivalent:

(1) the functions g1, ..., gi are non-cohomologous to 0;
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(2) B(g1)N---NB(gg) is non-empty;

(3) B(g1)N---NB(gx) is a proper dense subset;
(4) h(a|B(g1) N---NB(gr)) > 0;

(5) h(a|B(g1) N---NB(gr)) = h(o).

If g is cohomologous to 0, then B(g) = &. Thus, Property 1 in The-
orem 2.1 follows immediately from each of the Properties 2, 3, 4, and 5.
Since any non-empty invariant set of a topologically mixing one-sided shift
is dense, Property 3 is an immediate consequence of Property 2. In par-
ticular, given an arbitrary point z € X, the set |J;, 0"z composed by
all the preimages of x is o-invariant and thus is dense in 3. Theorem 2.1
follows from a much more general statement in Theorem 7.1 below. An
announcement of Theorem 2.1 appeared in [6] for the case k = 1.

Let Cy(X) be the space of Holder continuous functions on ¥ with Holder
exponent §. For a function ¢ € Cy(X) we define its norm by

lello = sup{lo(2)]: = € B} +inf{K > 0: ¢ € G5 (%)}, 3)
where C[S(2) is the family of functions
{ € Co(D): |o(x) — @(y)| < Kd(x,y)” for every z, y € B},

The following statement shows that plenty Holder continuous functions are
non-cohomologous to 0.

Proposition 2.2. If o|X is a topologically mizing subshift of finite type,
then the following properties hold:

(1) The family of Hélder continuous functions on 3 which are non-
cohomologous to 0 contains a dense subset of C(X) (with respect
to the supremum norm,).

(2) For each 6 € (0,1) the family of functions in Cy(X) which are non-
cohomologous to 0 contains an open dense subset of Cy(%).

By Theorem 2.1 and Proposition 2.2, if o|¥ is a topologically mixing
subshift of finite type, then h(o|B(g)) = h(o) for g out of a dense family in
c(x).

For each integer k& > 0 and tuple (ig---ix) € {1, ..., p}**!, we define
a cylinder of length k£ + 1 by {(joj1---) € X: (Jo---Jk) = (io---ix)}.
Let L be the family of non-constant linear combinations of characteristic
functions of cylinders (of arbitrary length). It is clear that L is a dense family
composed by Holder continuous functions. Proposition 2.2 is a consequence
of the following.

Proposition 2.3. If o|X is a topologically mizing subshift of finite type,
then the following properties hold:
(1) The family L contains a subset of functions non-cohomologous to 0
which is dense in C(X) (with respect to the supremum norm,).
(2) For each 6 € (0,1), the family L N Cy(X) contains a subset of func-
tions non-cohomologous to 0 which is dense in Cp(X).
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We also consider the set
1
B = {x € ¥: lim —Spg(x) does not exist for some g € C(Z)} . @
n—oo N

Note that

B= |J B.

geC(%)

For a topologically mixing subshift of finite type, it follows from Theorem 2.1
that

h(o|B) = h(o).
This formula was first established by Pesin and Pitskel” in [14] in the case of
the Bernoulli shift on two symbols. Their methods of proof are different from
ours; moreover, it is not clear if their proof can be generalized to arbitrary
subshifts of finite type.

2.3. Generic points. Let M be the family of o-invariant Borel probability
measures on Y. Given u € M, the point x € X is called a generic point
for p if

1
lim —S,g(z) :/gdu
n—oo n D

for every g € C(X). We denote the set of generic points for p by G(u)
Clearly, B C X\ U e G(1). If z € £\ B, then the map

1
g— lim =S, g(x)
n

n—oo

defines a o-invariant bounded linear functional on C(X), and, by the Riesz
Representation Theorem, = € G(u) for some o-invariant measure p. Hence,

B=%\ J 9w

HEM

Remarks. (1) If p is o-invariant, then p(B) = 0 (by the Birkhoff Er-
godic Theorem and the separability of C'(X)).
(2) If o|X% is uniquely ergodic, then the set B is empty.

2.4. Irregular sets for local entropies. For each probability measure p
on X, we define the irregular set for the local entropies of i by

H(p) = {x ey lim _08H(Cn(2))

n—o00 n

does not exist} ,

where C),(z) denotes the cylinder of length n which contains the point = € X.
The set H(u) is o-invariant but may not be compact.

Remarks. (1) If p is o-invariant, then p(H(pn)) = 0 (using the
Shannon—McMillan—Breiman Theorem).
(2) If p is a Gibbs measure, then there is a cohomology class of functions
in C(X) such that H(u) = B(g) if and only if g belongs to this
cohomology class.
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(3) Let p be a o-invariant measure of maximal entropy. If p is a Gibbs
measure, then H(u) is empty. For example, if 0|3 is a topologically
mixing subshift with the specification property (in particular, if o|X
is a subshift of finite type or a sofic subshift), then any o-invariant
measure of maximal entropy is a Gibbs measure.

We denote by G(c|X) the family of Gibbs measures on ¥ (with respect
to o) having a Hoélder continuous potential. For a topologically mixing
subshift of finite type, it follows from Theorem 2.1 that if 4 € G(o|X) is not
the measure of maximal entropy, then

h(o|H(n)) = h(o). (5)
We describe the relationship between B and the irregular sets H(u).

Proposition 2.4. For a topologically mizing subshift of finite type, we have

B = U H(w)- (6)

p: p is a Gibbs measure

Remarks. (1) All the statements in this section remain true when we
substitute the one-sided shift o: {1, ..., p}¥ — {1, ..., p}"¥ by the
two-sided shift o: {1, ..., p}* — {1, ..., p}~.

(2) With the special type of metric defined in (1), we have h(c|Z) =
dimg Z - log 8 for any subset Z C X, where dimgy Z denotes the
Hausdorff dimension of Z. Thus, by (5), for a topologically mixing
subshift of finite type o|X, and a measure p € G(o|X) which is not
the measure of maximal entropy, we have

dimy H(p) = dimpy 3.

3. REPELLERS

Let f: M — M be a C' map of a smooth manifold, and J an f-invariant
compact subset of M. We say that f is expanding on J and that J is a
repeller of f if there are constants C' > 0 and § > 1 such that ||d f™u|| >
Cp"|ul| for all z € J, w € T, M, and n > 1.

It is well known that repellers admit Markov partitions of arbitrarily small
diameter. Each Markov partition has associated a one-sided subshift of finite
type o|3, and a coding map x: ¥ — J for the repeller, which is Holder
continuous, onto, and satisfies foy = xoo and sup{card(x ~'z): x € J} < o0
(see, for example, [13] for details).

A differentiable map f: M — M is called conformal on a set J if d, f
is a multiple of an isometry at every point x € J. Well-known examples
of conformal expanding maps include one-dimensional Markov maps and
holomorphic maps. We write a(z) = ||d, f|| for each z € M. For a repeller
J of a conformal C'*¢ expanding map f, the equilibrium measure mp of
—dimpg J -loga on J is called the measure of maximal dimension (mp
is the unique f-invariant measure p such that dimy g = dimy J; see, for
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example, [13] for details). We denote by mp the measure of maximal
entropy, i.e., the equilibrium measure of 0.

Recall that dimg Z denotes the Hausdorfl dimension of the set Z. We
denote by Pz(g) the topological pressure of the continuous function g on
the set Z (which is not necessarily compact or f-invariant); see Section 6.1
and [13] for details. The following statement is a consequence of the proof
of Theorem 2.1 in [1].

Theorem 3.1. Let J be a repeller of a topologically mizing C' expanding
map f such that f is conformal on J. For every subset Z C J (not neces-
sarily compact or f-invariant), we have dimpy Z = s, where s is the unique
root of the equation Pz(—sloga) = 0.

Set By = x(B) and Hs(p) = x(H(p)). We observe that
1
By D {m € J: lim ESng(x) does not exist for some g € C(J)} ,

where S),g is defined by (2). Let J be a subset of M. We define the irregular
set for the Lyapunov exponents of f by

1
Ly= {:C € J: lim —log|d,f"| does not exist} ,
n—oo N

and for each probability measure p on J, the irregular set for the point-
wise dimensions of i by

D(p) = {:c c 7 lim 208HB, 7))

does not exist ¢ ,
r—0 log r

where B(x,r) C J is the ball of radius r centered at z. It is easy to see that

i 08AB@T) - Togp(Blz,e ™) )

r—0 logr n—00 n

whenever any of the limits exist. In a similar way to that in Section 2.2, for
a repeller J of a topologically mixing expanding map, if any of the invariant
sets By, Hy(p), Ly, and D(p) is non-empty, then it is dense in J.

By Kingman’s Subadditive Ergodic Theorem, we have u(Ly) = 0 for
any f-invariant probability measure p on J. In [18], Schmeling and Trou-
betzkoy proved that if g is a measure invariant under an expanding map
(not necessarily conformal), then u(D(u)) = 0 (they also consider the case
of expanding maps with singularities, and invariant measures concentrated
“outside the singularities”; see [18]).

We now describe several irregular sets which carry full topological en-
tropy and full Hausdorff dimension. Recall that G(f|J) denotes the family
of Gibbs measures on J (with respect to f) having a Hélder continuous
potential.

Theorem 3.2. If J is a repeller of a topologically mizing C expanding
map f, then the following properties hold:
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(1) h(fIByf) = h(f|]);
(2) ;ﬁ%; G(f|J) and p # mp, then Hy(p) C By and h(f|IH;(n)) =

The statement of Theorem 3.2 can also be formulated for repellers of
continuous expanding maps (see [13] for the definition).

We can formulate much stronger statements for conformal expanding
maps.

Theorem 3.3. If J is a repeller of a topologically mizing C1T¢ expand-
ing map f, for some € > 0, and f is conformal on J, then the following
properties hold:
(1) h(f|Bf) = h(f’J) and dimH ‘Bf = dimH J,‘
(2) mp # mg if and only if h(f|Ls) = h(f|J) and dimpy Ly = dimpy J.
If in addition p € G(f|J) then
3. u # mp if and only if h(f|D(n)) = h(f|J) and dimpg D(pn) =
dimg J;
1 # mp if and only if h(f13;(u)) = h(f|J) and dimp H;(n) =
dimg J;
5. the three measures p, mp, and mg are distinct if and only if

h(fID () N Hyp(p) N Ly) = h(f]J)
and

dlmH(D(u) N J'Cf(,u) N Lf) =dimg J.

We note that all the identities concerning the topological entropy are
immediate consequences of Theorem 2.1. Theorem 3.3 follows from a much
more general statement in Theorem 7.1.

4. HORSESHOES

4.1. Description of the results. Let f: M — M be a C'! diffeomorphism
of a smooth manifold, and A C M a compact locally maximal hyperbolic
set of f. Then, there is a continuous splitting of the tangent bundle Th M =
E? & E*, and constants C' > 0 and A € (0,1) such that for each x € A:

(1) dof ES = Ej, and dy f B} = E},;

(2) ||dzfm]] < CA™||v|| for all v € Ef and n > 0;

(3) ||de f || < CA"||v]| for all v € E¥ and n > 0.
For each point & € A there exist local stable and unstable manifolds
W4 (z) and W*(x), with T,W*(z) = ES and T,W"(x) = EY¥. Moreover,
there exists § > 0 such that for all x, y € A with p(z,y) < 0, the set
W#(x) NW*(y) consists of a single point, which we denote by [z,y], and the
map

) {(@,y) € Ax A: pla,y) < 8} — M

is continuous. For each x € M, we write

a'(z) = [|de fIE*(2)]|  and  a®(z) = ||da f|E(2)]-
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The functions a® and " satisfy a*(z) > 1 and a®(z) < 1 for every = € A,
and they are Hélder continuous if f is of class C'112.

Locally maximal hyperbolic sets have Markov partitions of arbitrarily
small diameter. Each Markov partition has associated a two-sided sub-
shift of finite type o|X, and a coding map x: ¥ — A for the hyper-
bolic set, which is Hdélder continuous, onto, and satisfies foyxy = yoo
and sup{card(x'z): 2 € A} < oo (see, for example, [13] for details). For
each point w = (-+-i_1ipi1 --+) € 3, and each non-negative integers n, m,
we define the cylinder

Crn = Cp(w) =A{(j-1jojr ) € Xt jix =iy for i = —m, ..., n}.

We now describe several irregular sets which carry full topological entropy
and full Hausdorff dimension.

Theorem 4.1. If A is a compact locally mazximal hyperbolic set of a topo-
logically mizing C* diffeomorphism f, then the following properties hold:

(1) h(fIB) = h(fIA);
@) 1 € GUIN) wnd o # i, then 2(s) By and WD) =

The statement in Theorem 4.1 can also be formulated for basic sets of
Axiom A* homeomorphisms (see [13] for the definition).

We can formulate much stronger statements for surface diffeomorphisms,
and, more generally, for diffeomorphisms on manifolds of arbitrary dimen-
sion such that f is conformal on A, i.e., such that d, f|E"(x) and d, f|E*(z)
are multiples of isometries for each = € A.

Let Mp be the set of f-invariant measures p such that dimg p = dimg A.
Note that Mp may be empty. Let A be a locally maximal hyperbolic set
of the C" diffeomorphism f on a compact surface. We denote by d* and d*
the unique roots of the equations

Py(—d"loga") =0 and Py(d’loga®) =0,

where Pj(g) denotes the topological pressure of g with respect to f on the
set A. In [12], McCluskey and Manning proved that

dimg(W*(x)NA)=d" and dimg(W?%(z)NA)=d’

for every x € A; moreover dimg A = d“ 4+ d°. They also showed that
Mp # @ if and only if the functions —d"*log a* and d®loga® are cohomol-
ogous; in this case the equilibrium measure of —d"loga" and d°loga® is
the unique probability measure belonging to Mp. We have Mp = & for
diffeomorphisms in a C? open dense set, with the dimension of any invari-
ant measure uniformly bounded away from the Hausdorff dimension of the
horseshoe: sup,, dimpy p < dimpy A, where the supremum is taken over all
f-invariant Borel probability measures in A.
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Theorem 4.2. If f is a topologically mizing C'+¢ diffeomorphism, for some
e >0, and f is conformal on a compact locally maximal saddle-type hyper-
bolic set A of f, then the following properties hold:
(1) h(fIBf) = h(f|A) and dimpy By = dimg A;
(2) loga" is non-cohomologous to 0 if and only if h(f|Ls) = h(f|A) and
dimpy Ly = dimy A;
(3) loga® is non-cohomologous to 0 if and only if h(f|L ;1) = h(f|A)
and dimpg Ly = dimg A.
If in addition p € G(f|A) then
4. & Mp if and only if h(f|D(r)) = h(f|A) and dimg D(p) =
dimg A;
5. 1 # mu if and only if h(f13¢; () = h(fIA) and dimp 3y () —
dimg A;
6. 11 # mp and j & Mp if and only if h(f|D(x) 0 3 (1)) = h(fIA)
and dimpg (D(p) N Hy(p)) = dimg A.

In [10], Eckmann and Ruelle discussed the pointwise dimension of hyper-
bolic measures p (that is, measures with non-zero Lyapunov exponents al-
most everywhere), invariant under diffeomorphisms. They conjectured that
#(D(w)) = 0. This claim has been known as the Eckmann-Ruelle conjecture
and has become a celebrated problem in the dimension theory of dynami-
cal systems. In [3], Barreira, Pesin, and Schmeling establish the affirmative
solution of this conjecture for C1*¢ diffeomorphisms (an announcement ap-
peared in [2]).

It was established by Shereshevsky in [19] that dimg D(p) > 0, and
W O A for a generic C? surface diffeomorphism possessing a locally maxi-
mal hyperbolic set A, and a generic Holder continuous potential, with respect
to the CY topology, with Gibbs measure . By Theorem 2 of McCluskey
and Manning in [12], this is an immediate consequence of Theorem 2.1, and
Statement 4 in Theorem 4.2.

Let G(v) be the set of generic points for the measure v (see Section 2.3).
The following is a simple consequence of Theorem 4.2, and Proposition 6.5
below.

Theorem 4.3. For a surface diffeomorphism f in a C? open dense set,
possessing a compact locally maximal hyperbolic set A, if p € G(f|A) and
uw# mg, then

dimyp (D(p) N Hp(p) N Ly N Lp-1) > dimy | JS(v).

In [11], Katok proved that for an ergodic hyperbolic measure p (i.e., an
ergodic measure with non-zero Lyapunov exponents), invariant under a C'1+¢
diffeomorphism f: M — M, given § > 0 there exists a closed f-invariant
hyperbolic set I' C M such that the restriction of f to I' is topologically
conjugate to a subshift of finite type with topological entropy h(f|T') >
hu(f) — 6. In other words, the entropy of a hyperbolic measure can be
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approximated by the topological entropies of invariant hyperbolic sets. If p
is a hyperbolic measure we denote by p3 and ¥ the conditional measures on
the families of local stable and unstable manifolds. Using this approximation
result we obtain the following.

Theorem 4.4. Let f be a topologically mizing C'*¢ diffeomorphism of a
compact manifold M, for some ¢ > 0, and p an f-invariant hyperbolic
measure whose support is the whole manifold. If Ly # @, then the following
properties hold:

(1) h(f1&) 2 hyu(f);
(2) if M is a surface, then dimpy Ly > dimpg pf + dimpy pl.

4.2. Entropy for invertible transformations. When we change from a
one-sided to a two-sided shift (coding a hyperbolic set), there is an asymme-
try which apparently was never mentioned in the literature. This problem
occurs only for non-compact or non-invariant subsets of 3. We note that
the irregular sets in which we are interested are always invariant but are
never compact; in fact they are everywhere dense sets of zero measure.

Let X be a compact metric space, and f: X — X a homeomorphism. The
problem alluded to above is that, with the definition of topological entropy
introduced in [7] (see also [14]), h(f|Z) and h(f~!|Z) may not coincide for
an arbitrary set Z C X; however if Z is compact and f-invariant, then
h(f|2) = h(F~|2).

We introduce a new notion of topological entropy which takes into account
the “complexity” both in the “future” and in the “past”. We assume that
f: X — X is continuous but not necessarily invertible. For each finite cover
U of X, we denote by W,,(U) the collection of strings U = Uy - -- U, of sets
Uo, ..., U, € U. For each U € W,,(U), we call the integer m(U) = n the
length of U, and define the open set

X(U)={zeX: ffacU,fork=0,..., n}
For every set Z C X and every real number «, we set
N(Z,a,U) = lim inf Z exp[—am(U) — am(V)], (8)
T U ver
where the infimum is taken over all finite or countable collections I' C
it osn We(UW) x W, (U) such that
U x@nmVxwv)oz
(U, V)er

By a simple modification of the construction of Carathéodory dimension
characteristics (see [13]), when « goes from —oo to +o00, the quantity in (8)
jumps from +o0o to 0 at a unique critical value. Hence, we can define the
number

r*(f|Z,U) = inf{a: N(Z,a,U) = 0} = sup{a: N(Z,,U) = +00}.
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One can show that the following limit exists (compare with the proof of
Theorem 6.1 below):
* : *
W(flz)=  Jlim h*(f|Z,U).

We call h*(f|Z) the two-sided topological entropy of f on the set Z.
We have h*(f|Z) < h(f|Z) and this inequality may be strict. For example,
if Z is a local unstable manifold for a Anosov diffeomorphism f, then 0 =
W(f12) < h(f12).

When f is a homeomorphism, one can show that for every subset Z C X,

we have

B (f12) < mingh(f12), h(/ 1 2)}, 9)
the minimum of the contributions from the “future” and from the “past”,
respectively; moreover, h*(f|Z) = h*(f~!|Z). For example, if Z is the
union of a local stable manifold and a local unstable manifold for a Anosov
diffeomorphism f, then h*(f|Z) = 0 and (9) is a strict inequality.

Let A be a locally maximal hyperbolic set of a diffeomorphism f. Clearly,
h*(f|A) = h(f|A). In Theorems 4.1 and 4.2 we described f-invariant non-
compact sets of zero measure that carry full topological entropy and full
Hausdorff dimension. One can replace h by h* in every statement of Theo-
rems 4.1 and 4.2. In particular, one can prove the following.

Theorem 4.5. Let f be a topologically mizing C'1T¢ diffeomorphism, for
some € > 0, such that f is conformal on a compact locally maximal saddle-
type hyperbolic set A of f. If p € G(f|A), p # mpg, and p € Mp, then
h*(FID () O Hy () = h*(FIA).

5. IRREGULAR PARTS OF MULTIFRACTAL SPECTRA

The irregular sets defined in Sections 2, 3, and 4 are “closely” related to
the irregular parts of multifractal spectra (see [4, 5]). Let X be a complete
separable metric space, and ¢g: Y — [—00,400] a function defined on a
subset Y C X. The level sets of g,

K9 ={z € X: gx) = a},

for —oo < a < 400, are disjoint and produce a multifractal decomposi-
tion of X, that is,

X= |J Kux\Y).
—oo<a<+oo
Let now G be a real function defined on the collection of subsets of X. As-
sume that G(Z1) < G(Z3) it Z1 C Zy. We define the function F: [—o0, +00]
— R by
F(ao) = G(KY).
We call F the multifractal spectrum specified by the pair of functions

(9,G). The set Y is called the irregular part of F (or simply of g), and is
denoted by Zr = T,.
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Let f: X — X be a continuous map, and u a Borel probability measure
on X. We consider two set functions on X. Namely, given a subset Z C X,
let

Gp(Z)=dimyg Z and Gg(Z) = h(f|2).

Consider the subset Yp C X consisting of all points x € X for which there

exists the limit
d,(z) = lim —logu(B(a:,r)).
r—0 logr

The number d,, () is called the pointwise dimension of ;1 at x. We obtain
the multifractal spectra specified by the pairs (d,,Gp) and (d,,Gg). We
have Id# =X \ YD.

Assume, in addition, that f preserves pu. Consider a finite measurable
partition § of X, and the set Yp¢ C X consisting of all points z € X for
which there exists the limit

) = hy(F,6,2) = Tim_— log p(€a(r).

We call h,(f, & z) the p-local entropy of f at the point  (with respect
to £). Clearly, Yg¢ is f-invariant and h,(f,&, fx) = hu(f,§ x) for every
x € Ygg¢. By the Shannon-McMillan-Breiman theorem, u(Yge¢) = 1. If £
is a generating partition and p is ergodic, then h,(f) = hu(f,&, x) for p-
almost all z € X. We obtain the multifractal spectra specified by the pairs
(hu,Gp) and (h,,GEg). In some situations these spectra do not depend on &
for a broad class of partitions (see [4, 5]). We have Z;,, = X \ Y.

Let now X be a differentiable manifold and f: X — X a C'! map. Con-
sider the subset Y;, C X of all points + € X for which there exists the
limit 1

: n
X(#) = lim T log|d, /]|

By the Kingman’s subadditive ergodic theorem, if y is an f-invariant Borel
probability measure then p(Yz) = 1. We obtain two multifractal spectra
specified respectively by the pairs of functions (y,Gp) and (x,Gg). We
have 7, = X \ Y.

Using the same definitions and notations of Sections 2, 3, and 4, we now
reformulate the statements in those sections for irregular parts of multifrac-
tal spectra.

Theorem 5.1. Let o|X be a topologically mizing subshift of finite type. The
Holder continuous functions g1, ..., gr on % are non-cohomologous to 0 if
and only if gy, N---NZIg, is a proper dense subset and h(c|Zy, N---NZ,,) =
h(o).

Theorem 5.2. Let J be a repeller of a topologically mizing C1¢ expanding
map f, for some e > 0, such that f is conformal on J, and p € G(f|J).
The three measures pu, mp, and mg are distinct if and only if Zg, NIy, NIy
s a proper dense subset, and

h(f|Za, NI, NIy) = h(f|J)
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and
dimH(Zd# ﬁIh# ﬂZX) = dimg J.

Theorem 5.3. Let f be a topologically mizing C1¢ surface diffeomorphism,
for some e > 0, A a compact locally mazximal saddle-type hyperbolic set of f,
and p € G(fIA). We have p # mg and p & Mp if and only if Ty, NIy, is
a proper dense subset, and

h(f|IdH N Ihﬂ) = h(f|A) and dimH(IdH ﬂIhH) = dimg A.

The irregular parts of multifractal spectra can naturally be viewed as
irregular sets. Our approach to prove that irregular sets carry full topological
entropy and full Hausdorff dimension exploits this relationship, and, to some
extent, it shows that it is enough to deal with irregular parts of multifractal
spectra.

6. A NEW CARATHEODORY DIMENSION CHARACTERISTIC

6.1. Description and main properties of a new Carathéodory di-
mension characteristic. Let X be a compact metric space, and f: X —
X a continuous map (it need not be invertible). We use the notation of
Section 4.2, and say that the collection of strings I' C J,;~; W»(U) covers
the set Z C X if Uy X(U) D Z. -

Let u: X — R be a strictly positive continuous function. For each string
U e W, (U), we write

(V) = {sup {zggg) u(fFz): z € X(U)} i X(U) # 2
—00 it X(U)=g
For each set Z C X and each real number «, we define
M(Z, o,u,U) = Jinéolréf Z exp(—au(U)), (10)
Uel

where the infimum is taken over all finite or countable collections I' C
Ug>n Wi (W) that cover Z. Likewise, we define

M(Z, a,u,U) = liminf inf Z exp(—au(U)), (11)
n—oo I Uer

M (Z,a,u,U) = limsup irﬁf Z exp(—au(U)), (12)
T ver

where the infimum is now taken over all finite or countable collections I' C
W,,(U) that cover Z.

By a slight modification of the construction of Carathéodory dimension
characteristics (see [13]), when « goes from —oo to 400, each of the quanti-
ties in (10), (11), and (12) jumps from 400 to 0 at a unique critical value.
Hence, we can define the numbers

dim,  Z = inf{a: M(Z,a,u,U) = 0}
= sup{a: M(Z,a,u,U) = +o0},
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dim, Z = inf{a: M(Z, o,u,U) = 0}
o sup{a: M(Z,a,u,U) = 400},
dim, 2 = inf{a: M(Z,a,u,U) = 0}
=sup{a: M(Z,a,u,U) = +oc}.
Theorem 6.1. The following limits exist:

. def . .
dim, Z =< lim dim,yZ,
diam U—0 ’

dim,Z = lim dim, (%, dim,Z= lim dim,yZ.
P e TN e e TAIR RS L
We call dim,, Z the u-dimension of Z, and dim,Z and dim, Z the lower
and upper u-capacities of Z (specified by the map f). We note that Z need
not be compact nor f-invariant. The following is an immediate consequence
of the general theory of Carathéodory dimension characteristics (see [13]).

Theorem 6.2. The following properties hold:

(2) dim, @ = dim,@ = dim,@ = 0;

(3) if Z1 C Zy, then dim, Z7 < dimy Zs, ch_muZl < di_mng, and
di—muZl S dimuZQ;

(4) if Z = U1 Zi is a union of sets Z; C X, with I at most countable,
then:

(a) dim, Z = sup,c;dim, Z;;

(b) dim,Z > sup;c;dim,Z;, with equality if I is finite, and
dim,Z; = dim,Z; for each i € I;

(c) dim,Z > sup;e; dim, Z;, with equality if I is finite;

(5) if h: X — X is a homeomorphism such that f o h = ho f, then
dim, Z = dim,.,-1 h(Z), dim,Z = dim,.,-1h(Z), and dim,Z =
dimyep-1h(2);

(6) if u, v: X — R are strictly positive continuous functions, then
|dim,, Z — dim, Z| < |ju —v|, |dim,Z — dim,Z| < ||lu — v||, and
|dim, Z — dim, Z| < ||u — v].

Examples. (1) If w = 1, then for each set Z C X, the number dim,, Z
coincides with the topological entropy of f on Z, and the numbers
dim,Z and dim, Z coincide, respectively, with the lower and upper
capacity topological entropies of f on Z (note that the set Z need
not be compact or f-invariant; see [13] for the definitions).

(2) If u = log a where a is the norm of the derivative of a conformal ex-
panding map with repeller Z (see Section 3), then the number dim,, Z
coincides with dimyg Z, and the numbers dim,Z and dim, Z coincide,
respectively, with the lower and upper box dimensions of Z. This fol-
lows immediately from the existence of universal constants ¢y, ca > 0
such that ¢ (diam X (U))® < exp(—au(U)) < co(diam X (U))“.
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We now follow the approach of Pesin in [13] to define Carathéodory char-
acteristics of measures. For every Borel probability measure p on X (it need
not be f-invariant), we set

|2

dimy, o p = inf{dim,  Z: pu(2) =1
dim,, o = lim inf{dim, yZ: p(2) 21 -4},

dimy e = (%in% inf{dim,(Z: p(2) > 1 - 4}.
It follows from Theorem 6.1 that there exist the limits

. def . .
dim = lim dim
u bl diam U—0 wll fs

. def . . N def . T
dim, p = diarllllr{Ll—)O dim, o, dim,p = diarltllrlrll—>0 dimy,, gt
We call dim,, ;¢ the u-dimension of ;, and dim, ¢+ and dim,, ¢ the lower and
upper u-capacities of u (specified by the map f).

Example. If v = 1, then the number dim,  coincides with the p-metric
entropy of f, and the numbers dim,u and dim,u coincide, respectively,
with the lower and upper p-metric capacity entropies of f (see [13] for the
definition).

We define the lower and upper u-pointwise dimensions of p at the
point z € X by

d, (1) = lim nf inf _%
and
log (X (U))

Eu,u(x, U) = lim sup sup — W,

where the infimum and supremum are taken over all strings U € W,,(U)
such that € X(U).

Let £ be a partition of X. For each n € N, we define a new partition
of X by &, = &V f7lev .- v f7¢, and denote by &,(z) the atom of &,
containing the point € X. We denote by h,(f) the p-measure-theoretic
entropy of f. For each function u on X, we write S,u(z) = > p_,u(f*z) for
each x € X and each n € N. The following is an immediate consequence of
the Birkhoff Ergodic Theorem, the Shannon—-McMillan—Breiman Theorem,
and Theorem 4.1 in [13].

Theorem 6.3. If u is an ergodic f-invariant Borel probability measure
on X, then:

(1) if € is a generating partition of X, then, for u-almost every x € X,

diarlxllrlrll—ﬂ C_iu,u (1’, u) - diarlrllr'll}—»O du,u(.%', U)
_ i 108 (@) _ hu(f) ae "
n=o0 Spu(z) [y udp
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(2) dimy, p = dim, pu = dimy,pu = d.

The following result expresses a relation between the u-dimension and the
topological pressure. Let g: X — X be a continuous function. For each real
number 3, we set

p(Z.5.U) = lim inf »  exp(~pm(U) +g(U)),
Uel

where the infimum is taken over all finite or countable collections I' C
Ugsn Wi(U) that cover Z. As § runs from —oo to +oo, the number
p(Z,3,U) jumps from +oo to 0 at a unique critical value denoted Pz (g, U).
Moreover, the limit Pz(g) = limgiamu—o Pz(g,U) exists and is called the
topological entropy of g (on the set 7). Set g = —au. Then p(Z,0,U) =
M(Z,a,u,U) and we obtain the following result.

Proposition 6.4 (Bowen pressure formula). We have dim, Z = «, where
« is the unique root of the equation Pz(—au) = 0.

Bowen pressure formula was introduced by Bowen in [9] in the context of
quasi-circles. See [1] for additional references.

One can easily obtain similar statements to that of Proposition 6.4 as-
sociating the lower and upper u-dimension, respectively, and the lower and
upper capacity topological pressures (see [13] for the definition).

We now present a variational principle for the u-dimension.

Proposition 6.5. We have:

dim,, U G(p) = sup{dim,, p: p € M is ergodic}. (13)
I

We note that the union in (13) is in general not countable; otherwise,
Proposition 6.5 would follow immediately from Statement 4a in Theorem 6.2.

6.2. Complete multifractal analysis for the new Caratéodory di-
mension. We will present a complete multifractal analysis for the u-dimen-
sion, specified by a subshift of finite type o|X. Let u be a Borel probability
measure on Y. For every z € X, we write

T log p(Ch (7))
() = liminf ——=2="7
and
= o log (Cn ()
du’u(x)_hgl—i%p Syuz)

One can easily show that if u is Holder continuous, then

C—iu,u(x) - du,u(x7 u) and EMU (1’) = aﬂvu (1’, u)

for every x € ¥ and open cover U of ¥ by cylinders (not necessarily all with
the same length).



SETS OF “NON-TYPICAL” POINTS 17

For every real number «, set
K,={zxeX: d, . (r) = Eu,u(x) = a}.
Whenever K, # @ and z € K,, we denote the common value « of d, ()
and dy, ,,(z) by d, (), and call it the u-pointwise dimension of y at z.
We set
Dy(a) = dimy, K.
The function o — D, () is called the u-dimension spectrum for u-

pointwise dimensions (with respect to the measure u). Let ¢ be a con-
tinuous function on Y. For every real number ¢, we define the function

g = —Tu(q)u + qp,

where the number T),(¢) is chosen such that P(¢,) = 0. We denote by v,
and m,,, respectively, the equilibrium measures of ¢, and — dim,, X - u with
respect to o.

The following is a complete multifractal analysis of the spectrum D, for
subshifts of finite type.

Theorem 6.6. Let o|X be a one-sided or two-sided topologically mizing
subshift of finite type, u and ¢ Holder continuous functions on 3, such that
u is positive and P(p) =0, and p the equilibrium measure of ¢ with respect
to o. Then, the following properties hold:
(1) For p-almost every x € X2, the u-pointwise dimension of p at x exists
and
d u(x) —_ _fESDd'U' — hM(U) )
" Jpudp  [sudp
(2) The function q — Ty,(q) is real analytic on R, and satisfies T\, (q) <0
and T/'(q) > 0 for every ¢ € R. Moreover, T, (0) = dim, ¥ and
T.(1) = 0.
(3) The domain of the function o — D,(«) is a closed interval in
[0, 4+00) and coincides with the range of the function a,(q) = =T, (q).
For every q € R, we have

Dulau(q)) = Tulq) + gau(q),

and i
s pdyy
uld) = [ udy,
(4) For every q € R, vy(Kq, () = 1, and

duq,u(x) = Tu(Q) + qau(Q)

for vg-almost all x € K, (4. Moreover, dy,.(z) < Tu(q) + qau(q)
for every x € K, (q), and Dy(au(q)) = dim, v, for every ¢ € R.
(5) If u # my, then Dy, and T,, are real analytic strictly convex functions,

and (D, T,) is a Legendre pair with respect to the variables o, q.
(6) If p = my, then d, u(x) = dim, X for every x € X.
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Statements 1 through 5, with the expression “is a closed interval” replaced
by “contains a closed interval” in Statement 3, are immediate consequences
of results of Pesin and Weiss in [15]. In [16] Schmeling completed the proof
of Statement 3.

For Statement 6 observe that Ps(— dim,, ¥-u) = 0 by Proposition 6.4, and
since my,, is a Gibbs measure with potential — dim,, X - u there are constants
c1, ¢ > 0 such that

c1 exp(—dimy, ¥ - Spu(x)) < my(Cr(z)) < coexp(—dim,, X - Spu(x))

for every n € N and z € 3. Since u is continuous and positive on the
compact set X, if 4 = m, then

duu(ﬂU) = lim —M

= dim, X
n—oo Snu(q:) m

for every z € ¥, and thus

Y ifa=dim, ¥
Y lo ifa#dim, X

and

Dy(a) = dim, Y if o« =dim, X2
0 if @ # dim, 2

In the particular case of the Hausdorff dimension this formula was obtained
in [20].

Furthermore, one can prove that K, () is o-invariant and everywhere
dense for every ¢ € R. For one-sided subshifts the denseness follows im-
mediately from the o-invariance of K, ). For two-sided subshifts, note
that o~!|¥ is a subshift of finite type with transfer matrix equal to the
transpose of that of ¢|%, and thus o ~!|X is also topologically mixing. Since
Koy = 20N wfl(ﬂKau(q)), where 7: {1, ..., p}? — {1, ..., p}" is the
canonical projection, we conclude that K, ) is everywhere dense.

We call m, the measure of maximal u-dimension (in fact, m,, is the
unique o-invariant measure such that dim, m, = dim, X), and v, the full
measure for the spectrum D,, at the point «,(q), for each q.

Examples. (1) If w = 1, the spectrum D,, coincides with the entropy
spectrum for local entropies introduced in [4], and m,, is the measure
of maximal entropy.

(2) If u = log a for some Hoélder continuous function a, the spectrum D,,
coincides with the dimension spectrum for pointwise dimensions on
a repeller of a C'*¢ conformal expanding map f such that a(z) =
|lds f1| (expressed in terms of its underlying symbolic representation
by a subshift of finite type), and m, is the measure of maximal
dimension. See [4] for details.
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By Statement 2 in Theorem 6.6, one can set

a1 = lim au(q) and @ = lim «y(q).
q—+o00 q——00

For each interval [a;,a2] C [a1, az], set
Ka1,a2 = {QZ € X dmu(l') = a; and E%u(x) = CLQ}.

The remaining statements in this section are immediate consequences of
results of Schmeling in [16]. We always assume that ¢|X is a one-sided or
two-sided topologically mixing subshift of finite type.

Theorem 6.7. The following properties hold:
(1) We have ay = infrexnd, ,(7) and ag = sup,ex, dyu(T).
(2) For every real number o, we have K, = & if and only if a & |1, aa).
(3) If dim, ¥ € [a1,az2] C a1, a2, then

dimy, Kq, 4, = min{D,(a1), Dy(az)}.

Observe that Property 2 is an immediate consequence of Property 1. We
note that (a, f(a1), a2, f(az)) € B where

B L {(z1,y1,72,92) € R*: y; < 21 < dim, ¥ and yp < dim, ¥ < T}

Theorem 6.8. For each (x1,y1,x2,y2) in the interior of B there is a Hélder
continuous function @ such that the spectrum D, with respect to the equilib-
rium measure of ¢ satisfies a; = x; and Dy (o) = y; for i =1, 2.

Recall that Cy(X) is the space of Holder continuous functions on ¥ with
Holder exponent 6, and for each ¢ € Cy(X) one defines its norm by (3). The
space Cy(X) is a Baire space with the induced topology.

Theorem 6.9. There is a residual set R C Cy(X) such that oy < ag and
Du(a1) = Dyl(az) =0 for the spectrum D, of every equilibrium measure of
a potential in R.

7. MAIN RESULTS

7.1. Irregular sets and subshifts of finite type. Consider the sequences
Fr* = {f!: ¥ — R}pen of strictly positive functions for i = 1, ..., m. We
define the set F(F*!, ..., F™) by

{x €X: lim f,’f(m) does not exist for k=1, ..., m},
n—oo

and call it the irregular set specified by the sequences of functions F!, .. .,
F™. Our concept of irregular set extends in a natural way the families of
sets of “non-typical” points occurring naturally in the theory of dynamical
systems. Namely, the sets B(g), H(u), D(u), and L are examples of irreg-
ular sets (see Sections 2, 3, and 4); for D(u) this follows from (7). We will
show, under mild assumptions, that any irregular set carries full topological
entropy and full Hausdorff dimension.
The following is our main result for subshifts of finite type.
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Theorem 7.1. Let o|X be a one-sided or two-sided topologically mixing
subshift of finite type, @1, ..., om Hélder continuous functions on 3, and
g, u strictly positive Hélder continuous functions on X. The function @; is
non-cohomologous to a;g for everyi =1, ..., m, where «; is the unique root

of P(asg) = P1), if and only if
dimy, SF({Sn(Pl/Sng}nEN; ) {SnQOm/Sng}neN) = dimy 2.

The statement of Theorem 7.1 follows from the much more general state-
ments formulated below. By using Markov partitions the proofs of the state-
ments in Sections 3 and 4 can be reduced to Theorem 7.1; see Section 7.3
below.

7.2. Irregular sets and distinguishing measures. We now propose a
general approach to estimate from below the u-dimension of irregular sets.
This approach is based on the following concept. A collection of measures
pi, ..., i is called distinguishing for F!, ..., F™ if for every 1 < i < m,
there exist distinct integers j1 = j1(i), jo = j2(i) € [1,k] and numbers
aé»l # aéé such that

lim f!(z) = aél for pj,-almost all x € ¥,
n—oo

lim fi(z) = aéé for ju;,-almost all x € X.
n—oo

We can always assume that & < 2m in the definition. For example, let
p1 and pe be two distinct ergodic o-invariant probability measures on X..
Then, there is a function g € C(X) such that [x gdui # [ gdus, and, by
the Birkhoff Ergodic Theorem, the measures p1, po form a distinguishing
collection for the sequence {S,g/n}nen.

Let Zs, be the family of cylinders in . We denote by C'C’ the cylinder
corresponding to the juxtaposition of the tuples specifying C', C’ € Zy, in
this order. Recall that C),(z) € Zs; denotes the cylinder of length n which
contains the point z € 3. We denote by |C| the length of the cylinder C.

With the help of distinguishing collections of measures we can obtain
lower bounds for the u-dimension of irregular sets. We recall that a subshift
o|X has the specification property if there exists a positive integer m
such that for every Cy, Cy € Zx, there exists C' € Zx,. of length m such that
ChCCy € Zy.

Theorem 7.2. If o|X is a one-sided or two-sided subshift with the specifica-
tion property, w1, ..., ug s a distinguishing collection of ergodic o-invariant
measures for F, ..., F™, and u is a strictly positive Hélder continuous
function on X, then

dim, F(F', ..., F™) > min{dim, 1, ..., dim, pu}.

One can prove an analogous statement for arbitrary subshifts (see Theo-
rem 7.6 below).

In order to effectively use the full power of Theorem 7.2, one needs to
know when there exist distinguishing collections of measures. The following
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statement solves this problem for subshifts of finite type. Recall the notion
of full measure introduced in Section 6.2.

Theorem 7.3. Let o|X be a one-sided or two-sided topologically mizing
subshift of finite type, @1, ..., wm Holder continuous functions on 3, and g,
u strictly positive Holder continuous functions on 3. If for eachi =1, ..., m
the function p; is non-cohomologous to a;g, where «; is the unique root of
P(ajg) = P(p;), then, for every € > 0, there exist ergodic o-invariant
Measures |41, - .., tm Such that:

(1) w1, ..., tm are full measures for the spectrum D, ;
(2) w1, -y fm, My 1S a distinguishing collection of measures for the

sequences of functions {Snp1/SngtneN, - -5 {SnPm/SngtneN;
(3) min{dim,, p1, ..., dimy g, } > dim, ¥ — €.

7.3. Irregular sets and Markov partitions. Let M be a smooth mani-
fold, and f: M — M a topologically mixing C'! map. We consider a subset
X C M and assume either that f|X is a conformal expanding map or that
f|X is a conformal hyperbolic diffeomorphism (see Sections 3 and 4). We
fix a Markov partition and its corresponding coding map x: X — X.

The following notion is crucial in our approach. A measure p on X is
called diametrically regular if there exist constants 7 > 1 and ¢ > 0 such
that p(B(y,7r)) < cu(B(y,r)) for any point y € X and any r > 0.

Examples. (1) If f|X is a topologically mixing subshift of finite type,
then any Gibbs measure p having a Holder continuous potential is
diametrically regular; furthermore one can easily show for each 7 > 1
there exists ¢ > 0 such that u(B(z,77r)) < cpu(B(z, 7)) for any point
x € X and any r > 0.

(2) In [13], Pesin showed that for repellers of conformal maps any equilib-
rium measure having a Holder continuous potential is diametrically
regular. Similarly, for locally maximal hyperbolic sets of conformal
diffeomorphisms he showed that any equilibrium measure having a
Hoélder continuous potential, as well as their conditionals on stable
and unstable manifolds, are diametrically regular.

Recall that v, denotes the full measure for the spectrum D0, (note that
the function u o x is Hélder continuous) supported on K, (4 (see Sec-
tion 6.2). We define an f-invariant measure on X by A\, = v, 0 x 1.

Theorem 7.4. If u is a strictly positive Holder continuous function on X,
and p is a diametrically regular equilibrium measure on X having a Hélder
continuous potential, then:

(1) for every g € R, Ag(x(K, (q))) =1, and

Qyox
dimy, X (Koo, (q) = dimy Ag = dimyoy v = Doy (Quoy (9));

(2) for every q € R,
dygu(y) = dimy Ag
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for Ag-almost all y € x(Kq,,, (q)), and EAqm(y) < dimy, Ay for every
ye X(Kauox(q));
(3) for every a € [ay,an)] the set x(K,) coincides with the set of points
y € X such that
li d U= 1 d U) = a;
dianiI"lI,(lHO_u’u(y’ ) diam U0 pon(y, U) = o
(4) the set X({m € X d,u,uox(‘r) < Eu,uox(‘r)}) =X \ Uae[aho@} X(Ka)
coincides with the set of points y € X such that
diaIlIilr"LILl—>0C_iM’U(y7 u) < diarlrilr'll}—»O du’u(y,U).
This shows that for diametrically regular measures the multifractal prop-
erties of f|X are inherited from those of the associated symbolic dynam-
ics o|X.

Theorem 7.5. Assume that f|X is a conformal expanding map. Let @1,
.oy om Hdlder continuous functions on X, and g a strictly positive Holder
continuous function on X. The function @; is non-cohomologous to a;g for
every i = 1, ..., m, where «; is the unique root of P(a;g) = P(y;), if and
only if

h(fIF({Snp1/Sngtnen, -, {SnPm/Sngtnen) = h(f|X)

and
dimpy ?({Snwl/sng}nel\b Ry {SnQOm/Sng}nEN) = dimpy X.

This result indicates that the boundaries of Markov partitions have no
influence in the study of the entropy and Hausdorff dimension of irregular
sets of repellers. The case of hyperbolic sets is considered in the proof of
Theorem 4.2.

7.4. Irregular sets and arbitrary subshifts. In order to extend the
above results to arbitrary subshifts we need to introduce additional assump-
tions.

Consider a non-decreasing sequence ¥ = {1, }nen of positive integers
such that

Y /n — 0 as n — oo. (14)

Define the subset Xy C X of points z € X such that for each n € N and
C C Zs with |C| < 1, and CCy,(z) € Zx, if C € Zx then there exists
C € Zy, such that

CCw(x)CC € Zy, and  |C| < |CCw ()] +Pcc, @))- (15)

We note that ¢ C oYXy, but presumably Xy need not be g-invariant in
general. The conditions in (15) indicate that one can construct a cylinder
with any prescribed initial and final symbols; moreover, this can be done in
such a way that the connecting symbols between the initial symbols C' and
final symbols C is approximately of order |C], i.e., the order of the length
of the initial symbols.



SETS OF “NON-TYPICAL” POINTS 23

For each measure p on % we consider the following property:
There exists a sequence ¥ such that u(Xy) > 0. (16)

This holds, for example, for o-invariant measures on subshifts of finite type,
sofic subshifts, and, more generally, subshifts with the specification property;
in each of these cases Yy = X for some constant sequence W.

Theorem 7.6. Let 0| be a one-sided or two-sided subshift, and u a strictly
positive Hélder continuous function on 3. If p1, ..., pg is a distinguishing
collection of ergodic o-invariant measures for FY, ..., F™ such that the
condition (16) holds for each measure ju; with respect to some sequence W'
satisfying (14), then

dim, F(Ft, ..., F™) > min{dimy p1, ..., dimy pz}.

Furthermore, given ¢ > 0 there exist a set A C F(F', ..., F'™), and a
measure p on X with p(A) > 0, such that if x € A then

d,, ,(r) > min{dim, p1, ..., dimy pg} — €.

It is an open question to describe the class of subshifts which possess
distinguishing collections of measures.
The following is a subproduct of the proof of Theorem 7.6.

Theorem 7.7. Let py, ..., i be ergodic o-invariant measures such that
the condition (16) holds for each measure p; with respect to some sequence
Ul satisfying (14). If not all the numbers dim,, 1, ..., dim, yy are equal,
then, for any strictly positive Holder continuous function u on X, we have

dim,, ﬂ F({—log i (Cn(+))/Snutnen) > min{dim, p1, ..., dim, px}, (17)
where the intersection is taken over all © such that
dim,, p; < max{dim,, p1, ..., dim, pg}.
An immediate consequence is the following.

Theorem 7.8. Let o|¥ be a one-sided or two-sided subshift with the speci-
fication property, p1, ..., ur ergodic o-invariant measures, and u a strictly
positive Holder continuous function on 3. If not all the numbers dim,, p1,
..., dimy, pg are equal, then the inequality (17) holds.

8. PROOFS

8.1. Proofs of the results in Section 7. We first formulate some auxil-
iary results.

Proposition 8.1. If u; and ps are probability measures on 3, and u is a
strictly positive Héolder continuous function on %, then, for every § > 0,

m{rex:d,, () > dim,p —6}) > 0. (18)
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Proof of Proposition 8.1. If (18) does not hold, then the set

s ={zeX:d,,,(r) <dim,p -} (19)
has full pi-measure. For each x € T's, let {ng(z)}ren be an increasing
sequence of positive integers such that

_ IOg MQ(an (z) (1’))
for each k. Observe that two cylinders are either disjoint, or one is contained
in the other. Hence, for each L > 0 there is a finite or countable cover
{Ch,;(x;): i € N} of I's formed by disjoint cylinders, for some points z; € I's
and integers m; € {ng(x;): k € N} such that m; > L for each i € N. We
obtain

< dimy, py — 6/2

p2(Ts) = > pa(Cin, (1))
=1

e}

> exp|—(dimy, p1 — 6/2)Sm, u(z;)]

> CZ sup  exp[—(dimy, g1 — §/2) S, u(z)],
i—1 2€Cm,; (4)
where c is a constant depending only on the Holder exponent of u. Hence,
dimy, pg —0/2 > dim,, I's > dim,, p1, because p(I's) = 1. This contradiction
implies the desired result. O

Corollary 8.2. Let py and uo be two probability measures on 3, and u a
strictly positive Hoélder continuous function on Y. If puy is an ergodic o-
mvariant measure, then

m{z e X dm,u(x) > dimy, p1}) = 1.

Proof of Corollary 8.2. For each § > 0, the set I's defined by (19) is o-
invariant. By Proposition 8.1, u1(3 \ I's) = 1 for every 6 > 0, and hence,
the set

(N(E\Ts) ={z € X: d,, () > dim, p1}

>0
has also full p1-measure. O

Proof of Theorem 7.3. For each i, we have

Sn%(w) _ fz} ©i dm,,

n—00 Sng(m) fz g dmu
Fix ¢ > 0. Since ¢; is not cohomologous to a;g, one can show that for
each a > 0 the set of points ¢ € [—a, a] such that fz i dvg = oy fz gdyy is
finite. Otherwise, by the analytic dependence of fz @i dvg and fz gdvy on g,
we would have fz Y du = o fz g dy for every equilibrium measure p with
potential in a Cy(X) open neighborhood of some ¢,, and hence fz p;dp =

for m.-almost every x € X.
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Q; fz gdu for every Gibbs measure. But this is impossible because ¢; is
non-cohomologous to «;g. Thus, by Theorem 6.6, there is an equilibrium
measure v; such that dim, v; > dim, > — ¢, and

S 0 dm,
lim — ni(2) #* — fz i for v;-almost every x € X.
n—00 Sng(m) fz g dmu
The collection of m+ 1 measures v, ..., Vy,, and m,, gives rise to a collection
of distinguishing measures with the desired properties. ([

Proof of Theorem 7.6. For the sake of clarity we first present the proof in
the case m = 1. The general case will be discussed at the end.

When m = 1, we write f, = f! for each n € N, and, without loss
of generality, we may assume that p1, po is a distinguishing collection of
measures for F' = {f,}nen with dim, g1 > dim,, po; we write al = a; for

Jj =1, 2. We may also assume that a; # 0 for j = 1, 2. Otherwise we
can consider the sequence of functions F' + a = {f, + a}nen, where a is a
non-zero constant, since F(F'+a) = F(F). Choose a positive number § such
that

lay — ag| > 40. (20)

We consider the sequence ¥ = {max{t} 12} },en, where U = {3 },en
for ¢ = 1, 2. For each integer s > 1, we set

1 if sisodd
Ps =

2 if s is even

For each integer £ > 1, let IA“{ C Xy be the set of points x € Xy such that
for all n > ¢ and ¢ = 1, 2, we have

|fn(z) —a1] <d and — W > dimy, pg — 0. (21)

For each £ > 1, let fé C Xy be the set of points x € Yy such that for all
n>4,

~ log pa(Cn(2))
Spu(x)

Clearly ff“ D ff foreach £ > 1,and i =1, 2.
Let ;1 and 9 be the normalized measures obtained from the restrictions
of p1 and pg to the set Yg. Fix € € (0,1), and for each integer s > 1 set

ly = min ({f e N: I/ps(ff;s) >1-— 5/23+1} U {&—1}) )

where £g = co. We note that £, > ;1. By Corollary 8.2 and Theorem 6.3,
we have £, < oo for every s > 1.
For j =1, 2, since p; is o-invariant, the set of points = € X such that

|fn(x) —az| < and > dim,, po — 6. (22)

lim f,(z) = lim f,(c™x)
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for every m € N has full p;-measure. We define the number

Dy () = max{|frm(y)/ fm(@)]; [ fm(2)/ frn4m(2)]: y, 2 € 07"},

By Lusin’s Theorem, for each j = 1, 2, and § > 0 there is an integer
rj(n,d) > n such that D, ,,(z) < 146 for all m > r;(n,d) and all 2 outside
a set YJ"(¢) of pj-measure at least 1 — 4.

For each s > 1, we define inductively the increasing sequences of positive
integers {ns}sen and {ms}seny by mq = ny = ¢4, and, for every s > 2, by

Ms = Tps (ns—l + 1/}7157175/284_1) + es—i—l!

(23)
Ng =MNg_1+ wns_l +ms + 1.
We set
ls _ s s— +1
Fps - Fps n }/;Z 1(6/28 )
Then
vp,(T5) > 1 —¢/2°. (24)
For each s > 1, we define a family of cylinders by
€ = {Cp,(2): z €T )5 (25)

moreover, we set ®1 = €1, and

D, ={CCCe€Zs:CED,; 1, C €€, and C € Zy is minimal}.  (26)
Here, minimality refers to the order < in Zy, defined by: if C, C' € Zy, are
distinct, we write C' < C" if |C| < |C'], or if |C| = |C’| but C is smaller than
C’ in the lexicographical order. We note that if o|¥ has the specification
property, then the length of C' in (26) may be taken constant.

We now prove that for each CCC € D, with C € ©,_1 and C € &, we
have |C| < ns—1 and |C| < v,,,_, for each s > 2. For s = 2 this is clear
because n; = my. Using (23) and induction on s > 2, we obtain

|ICCC| < ns—1+ tn, |, +ms < ng
and hence, |C’| < ¥, for each C'C'C" € D41 with O’ € D, and C’ € €441,

because V¥ is non-decreasing.

Set
A= U ¢ (27)
521 CeDs
We define a measure p on A by u(C) =v1(C) if C € D4, by
mCCC) = u(C)wp, (C) (28)

if CCC € ®, for some s > 1, and arbitrarily for backward cylinders, i.e.,
cylinders with coordinates fixed in the past. We extend p to ¥ by u(A4) =
w(ANA) for each measurable set A C X. For each s > 1 and every C € ©,_,
it follows from (24) that

p|l UenTlzuo(1-5),
CeD,
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and hence,

M(A)zﬁ(l—;> >0
s=1

for all sufficiently small €.
Let now = € C' € D,. Then m, < |C| < ng, and olCl=ms gy e Fffs for each
s> 1. By (21) and (22), we obtain

fie1@) = ap,| < | fin (0" 2) = ap,| X fio)(2)/ fin, (0197 2)
+ (1= fie) @)/ fm, (6117 2)| X |ap,|
< Dicjmmm, () X | fn (0190 2) — ap, |
+ (Dic)—my,m, (@) = 1) X|ap, |-
Hence, for all sufficiently large s and every x € C € D4, we have

[fic1(@) — ap, | < 26. (29)
It follows from (20) and (29) that
F(F) DA (30)
Lemma 8.3. If x € A, then
1
lim inf —M > dim,, pg — 39.
n—oo Spu(x)

Proof of the lemma. Let x € A. For each ¢ € N, choose an integer s, such
that |C%| < g < |C%TY, where
D412 CH C Cy(z) C C* € Dy,
Assume that
€] < g < %] + thycma) + Loy, (31)
We have (¢¢sq| + €s,41)/|C%| — 0 as ¢ — oo, and hence

Squ(l') < S‘qu‘+w‘05q‘+zsq+1u(x)

S‘Cs,]‘u(l') B S|Cs(1|u(x)
<14 Yiosa) + syt mf.ixxez u(z) Y
|C3q| mingey u(x)
as ¢ — o0o. Therefore there exists g1 € N such that
_log p(Cy(2)) _ _log u(C*)
Squ(z) Squ(x)
L logp(Co)  Siceaju(z) (32)
— Sjgsaqu(m) Squ(x)
> dim,, pg — 26
for every g > ¢;. In particular,
1 S
18 1C™) iy o — 25 (33)

S|qu\u(37)
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for every ¢ > q1. When (31) does not hold, we have

1(Cq()) = n(C*),, (C) < W(C*)tp,, .1 (C),
where Cy(z) = C5CC and the cylinder C' contains an element of Cs 15
moreover, |C| < 1csq and IC| > ls,+1. Thus
[C*] +1C] < g < |C*| + e +|C],

and -
Sicsaju(z) + S‘é‘u(aq_mx)

Squ(z)

as ¢ — o0o. Therefore, by the definition of T"
g2 > g1 such that

log #(Cy (1)) } i
Sl ol (—1ogu(C )—logupsq+l(0))

Sjceapul) (dimy, iz — 26) + 8 g u(o?71Clz) (dimy, iz — 5)
>

—1

£5q+1
p5q+1 9

and (33), there exists

- Squ(z) (34)
S\csaju() + S‘é‘u(aq_@x)

> i -9

> Sl (dim, s> — 20)

> dimy, po — 30

for every q > qo. The desired statement follows now immediately from (32)
and (34). O
By Theorem 3.1 in [13], and Lemma 8.3, we obtain

dim,, A > dim,, (u|A) > dimy,, g — 396. (35)

By (30) and since ¢ is arbitrary,
dim, F(F) > dim,, po.

Since dim,, 1 > dim,, ps, this completes the proof of the theorem in the case
m = 1.

We now briefly discuss how to deal with the case m > 1. We consider the
sequence ¥ = {max{¢}, ..., ¥} },en, where UF = {¢i }, ey fori =1, ..., k.
For each integer s > 1, we set p; = s (mod k) + 1.

Without loss of generality, we may assume that

dimy, pj, 5y > dimy, pj, ) for all 1 <i <m,
and
dim,, pr; > dim,, py, for all 1 < j < k.
) C Xy be the set of

(2

points x € Yy such that for all n > ¢ and t = k, j1(i), we have

_ log 1 (C(2))
Spu(x)

For each integer ¢ > 1, and ¢ = 1, ..., m, let ffjl(

\fi(x) — a}l(i)\ <0 and > dimy, g, 5y — 0.
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¢
For each £ > 1, let Fi,jg(i

all n > ¢ and t = k, jo(i),

y C Yy be the set of points x € Xy such that for

: : log i (Cn()) _ .
[fn(2) —aj,| <6 and  — ~ Soulr) > dimy 1, () — 0.
We then define a set A C ¥ in a similar way to that for m = 1, selecting
alternatively Cylinders from F17j1(1)7 Pl,jQ(l)’ F2,j1(2)7 F2,j2(2)7 PN Fm,jl(m)7
and I'yy, j,(m) (not necessarily in this order; compare with (25) and (26)).
The remaining arguments are similar. g

We remark that in the case of two-sided subshifts the cylinders used to
construct the set A in (27) are forward cylinders, i.e., they are completely
determined by a finite number of symbols in the future. Moreover the non-
invariant measure p constructed in (28) can be, for the purposes of the proof
of Theorem 7.6, arbitrarily defined for backward cylinders, primarily since
we only require Lemma 8.3 when n — +400.

One can also consider “two-sided” irregular sets of points, that is, irregular
sets for which there exist no limits both when n — oo and whenn — —oo. In
this new situation one can obtain a similar statement to that in Theorem 7.6,
with some slight modifications in the proof. Namely, the set A defined by
(27) must be replaced by AN A~, where A~ is constructed in a similar way
to that of A replacing forward cylinders in (25) by backward cylinders, and
inverting the order of the cylinders in (26). Furthermore, the measure y is
defined in (28) for forward cylinders, but instead of choosing it arbirarily
for backward cylinders in A N A~ we must also define the py-measure of
a backward cylinder by taking an alternated product of the measures v
and v5 (note that these are invariant measures, and hence backward and
forward typical points coincide in sets of full measure) as in (28). Using
these modified versions one can prove a stronger version of Lemma 8.3: if
r € ANA™, then

1 C
Len(Cnl®) 5 i, 1y — 35,
n—-+oo =0 u(okx)
Using this property one can show (for two-sided shifts) that the set of points
where both the backward and forward averages do not converge has also full

u-dimension.

Proofs of Theorems 7.1 and 7.2. These are immediate consequences of The-
orems 7.3 and 7.6. O

Proof of Theorem 7.4. One can easily obtain Statements 1, 2, and 3 by re-
peating with slight changes the proof of Theorem 21.1 in [13] (and in particu-
lar that of Lemmas 2 and 3 in Theorem 21.1). More precisely, Statements 1
and 2 are obtained as in Lemma 2, while Statement 3 is obtained as in
Lemma 3.

Statement 4 is not a consequence of Statement 3 because we did not
discard the hypothesis that it exists x € ¥ such that d,, .., () < dyy oy ()
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and

lim d U= lim d ,U). 36
Lm0 = Tim T(x(@),10) (36)
However it is an immediate consequence of the arguments in the proof of
the above mentioned Lemma 3 in [13] that d,, o, (Z) = dyuox () (i-e., there
exists the limit corresponding to the pointwise dimension of z in ¥) if and
only if the identity (36) holds (i.e., if and only if there exists the limit
corresponding to the pointwise dimension of x(z) in X). That is, either
both limits exist or both limits do not exist. This completes the proof of

the theorem. ]

Proof of Theorem 7.5. It follows from Statements 3 and 4 in Theorem 7.4
that the irregular set

F= :EF({Sn(pl/Sng}nENv cey {Sn(Pm/Sng}neN)

coincides with the image by x of the corresponding irregular set ¥ C X
for the associated symbolic dynamics ¢|¥; furthermore x ~'F = F”. For the
topological entropy the identity can be obtained as in the proof of Theo-
rem 3.2 (see below), and so we will not reproduce the proof here.

We now consider Hausdorff dimension. The Hausdorff dimension of sets in
X coincides with the log a-dimension, where a(x) = ||d; f|| (see Section 6.1).
Proceeding as in [13, p. 200], for each r > 0 sufficiently small we obtain a
Moran cover U, of X. This is a special cover composed of images under
x of cylinders, such that given x € X and a sufficiently small » > 0 the
number of sets in the cover that have non-empty intersection with B(z, )
is bounded from above by a anumber x, which is independent of z and r.

We now equip ¥ with the unique metric d, such that a cylinder C of
length n has diameter sup,cq HZ;& (a(x(c®z))™1). The Hausdorff dimen-
sion associated to this metric coincides with the (loga o x)-dimension in .
Let U be a finite cover of F by open balls. Then for each B € U of radius r
there are at most x cylinders (not necessarily all with the same length) such
that their image by x are the elements of the Moran cover U, intersecting
B. Doing the same for every B € U, we obtain a family V of cylinders in X
which form a cover of ¥/, and

Z(diam U)* < Z(diam C)* < ksupa® Z(diam U)s.

Uelu cev Uelu

Therefore dimiog g0y ' = dimpy F. By repeating this argument with F re-
placed by X we conclude that dimjog 40y % = dimpg X. By Theorem 7.1, we
have dimjog goy F' = dimigg g0y X and hence, dimy F = dimy X. O

Proof of Theorem 7.7. For simplicity we consider only the case k£ = 2 and
assume that dim, @1 > dim, puo. Let A be the set constructed in the proof
of Theorem 7.6. It follows from (21), (22), (23), and the construction of the
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set A that if x € A, and x € C'° € D, for each s > 1, then

1 C2q+1
lim inf —M > dim,, 1 — 20
g—o0  So2eu(r)

and
. log 112(C*7)
limsup ————"———
q—00 S‘C2q‘u(x)
with the notation in the proof of Theorem 7.6. This implies that
F({—log pa(Cn(-))/Snuufnen) D A.

The desired result follows from (35) and the arbitrariness of 4. g

8.2. Proofs of the results in Section 2.

Proof of Theorem 2.1. The remarks after Theorem 2.1 imply that we only
need to show that Property 5 follows from Property 1, which in turn is an
immediate consequence of Theorem 7.1. ]

Proof of Proposition 2.3. Let g € L. If there exist n € N and points =z,
y € ¥ such that o"x = z, o™y = y, and S,g(x) # Spg(y) then g is non-
cohomologous to 0. Otherwise S,g(z) = Sng(y) for any z, y € ¥ such
that "2 = = and ¢"y = y. In this case Livshitz theorem implies that g
is cohomologous to 0. Given € > 0 one can find a function h in L which
is e-close to g (with respect to the supremum norm) simply by changing
slightly the value of ¢ in a small cylinder that contains the orbit of only
one of the points = and y, so that Syh(z) # S,h(y). Therefore h is non-
cohomologous to 0. We conclude that in any neighborhood of a function in
L there exist functions in L which are non-cohomologous to 0. Furthermore,
if g € Cp(¥) is non-cohomologous to 0, then any sufficiently small Cy(X)-
neighborhood of ¢ is composed by functions which are non-cohomologous
to 0. This completes the proof of the proposition. O

Proof of Proposition 2.2. It is immediate from Proposition 2.3. U

Proof of Proposition 2.4. Observe that H(u) C B whenever p is a Gibbs
measure (if p is a Gibbs measure for the continuous potential ¢, one consid-
ers the function g = Py 5(p) — ¢ in (4)). Hence, if A C ¥ is the set defined
by the right-hand side of (6), then A C B.

Let x € A. Then the limit lim, . Syp(z)/n exists for every Holder
continuous function ¢ on ¥. For a given continuous function g on X let
{©m}men be a sequence of Holder continuous functions on ¥ such that
lg — ¢ml| — 0 as m — oo, where ||-|| denotes the supremum norm on X.
This implies that

1 1
0 < limsup ESng(m) - linnigf ESng(x)

n—oo

. 1 1
< limsup Sy o (2) — lminf = Snpm(z) +2]lg = om| — 0

n—0o0
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as m — oo, and hence, x € B. This implies that B C A, and hence,
A =B. O

8.3. Proofs of the results in Sections 3 and 4.
Proof of Theorem 3.2. We start with an auxiliary result.

Lemma 8.4. If J is a repeller of a topologically mizing C' expanding map f,
and R is a Markov partition, then h(f|OR) < h(f|J).

Proof of the lemma. The partition R is a generating partition and hence the
diameter of each cylinder tends (uniformly) to zero. Therefore there exist
n € Nand C € \/}_,f ¥R such that C N OR = @. Since f(OR) C OR,
when we look at the coding of the boundary in the symbolic dynamics we
conclude that it does not contain at least the cylinder y~'C. Therefore

h(fIOR) < h(f|]). 0

For the Markov partition R it follows from Lemma 8.4 that
h(f [ f70R) < h(£17),
n=1

since the entropy of a set coincides with the entropy of its invariant hull.
Since x is a homeomorphism on the set J \ |J,—, f""0R, if A C ¥ and
h(o]A) = h(c|X), then

h(fIx(A)) = h(f]J) = h(o]%).

The desired statements are thus immediate consequences of Theorem 2.1.

O

We note that a more general statement is proved in [17] for C'*¢ expand-
ing maps: the coding map preserves the entropy of any subset (and not only
the entropy of the irregular and of the full set).

Proof of Theorem 3.3. Let ¢ be a potential for pu with P(p) = 0. The
identities follow from Theorem 7.5 taking respectively v = 1 and u = loga
(see the examples after Theorem 6.2), and for each statement the sequences
of functions:

1. {Sng/n}nen, where g is some Hélder continuous function non-co-
homologous to 0, since By D x(B(g)) = x(F({Sng/n}nen)) (the first state-
ment also follows from Theorem 2.1);

2. {Sploga/n}pen;

3. {Sne/Sylogalnen;

4. {Snp/n}nen;

5. {Sn¢/Snlogatnen, {Snp/n}nen, and {S, loga/n}nen. O

Proof of Theorem 4.1. One can easily obtain a version of Lemma 8.4 for
hyperbolic sets. With similar arguments to those in the proof of Theorem 3.2
the desired statements are thus immediate consequences of Theorem 2.1. [
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Proof of Theorem 4.2. The case of hyperbolic sets can be reduced to that
of repellers in the following way. If g is a Holder continuous function on the
two-sided subshift ¥, then there is a cohomologous function g, such that
(see [8]):
gy (- -i_qigip--) :9(“‘2'/712'61'/1"‘)

if 4, = 4}, for every k > 0. Let X7 be the one-sided subshift having the
same transfer matrix as Y. Then the irregular set B(g ) with respect to X+
coincides with B(g).

We now address Statement 4. We decompose A into local stable and un-
stable manifolds. For u-almost every point x € A one can define conditional
measures p5 and p on the local stable and unstable manifolds of x. There
is a positive constant x such that £~ tu(A) < (us x u¥)(A) < ku(A) for every
measurable set A in a small rectangle. The measures 3 and p} are Gibbs
measures corresponding to some potentials ¢3 and ¢¥. See [5] and [13] for
details. Since p € Mp, the measures p and p cannot both be equivalent
to the measures of maximal dimension on the stable and unstable mani-
folds of z, respectively. Without loss of generality we assume that g2 is not
equivalent to the measure of maximal dimension on the unstable manifold.

Let DY (u) be the set of points in W*(z) such that the pointwise dimension
of p¥ does not exist; D%(u) is the image under x of the set of points y € ¥
such that (S,¢%/Syloga™)(y) does not converge. One can define D35 (u)
in a similar way. Proceeding as in the proof of Theorem 3.3 one can use
Theorem 7.5 to obtain

h(f1D5 (1)) = h(fIF({Snpy/Snlog a” }nen)) = h(fIW*(x) N A)
and
dimpy Dy (p) = dimegau F({ Sy /Sn log a" bren)
= dimy (W"(z) N A).

Let m3, , be the measure of maximal dimension on W#*(x), i.e., the Gibbs
measure of d* loga®. One can easily show that Dy (1) C D(p) for y € W#(x)
in a set GP of full mip ;~-measure. Thus, the set (J,cop Dy (1) is contained
in D(p) and has full stable and unstable dimensions. We obtain the second
identity in Statement 4.

Let mj; , be the measure of maximal entropy on W* (z), and GE a set
of full mj ,-measure such that Dy(u) C D(p) for every y € GE. The set
UyeGE Dy (u) has full topological entropy with respect to f. Hence,

h(f1D(u fI U Diw) = h(fIA).
yeGE

This completes the proof of Statement 4.
The proofs of the remaining statements are similar to the proofs of those
in Theorem 3.3. 0
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Proof of Theorem 4.5. We can consider a straightforward modification of
the definition of u-dimension similar to the modification used to obtain the
two-sided entropy h* from the topological entropy. Namely, for each set
Z C X and each real number «, we define

M*(Z,a,u,U) = lim inf Z exp[—au(U) — au(V)],
n—oo I' (UV)er

where the infimum is taken over all finite or countable collections I' C

Lrtoon We(U) x Wy(U) such that

U x@nmVxwv)oz
(U,V)er

Hence, we can set dim;,  Z = inf{a: M*(Z, o, u,U) = 0} and the following
limits exists:

dim?* Z < ol dimy gy Z.
Using this “modified” u-dimension and its corresponding lower and upper
pointwise dimensions, one obtains the desired statement by reproducing with
minor changes the proof of Theorem 7.6; see also the discussion after the
proof of Theorem 7.6. U

8.4. Proofs of the results in Section 6.

Proof of Theorem 6.1. This is a slight modification of the proof of Propo-
sition 2.8 in [8]. Let V be a finite open cover of X with diameter smaller
than the Lebesgue number of the cover U. Each element V' € V is con-
tained in some element U(V) € U. We write U(V) = U(V)---U(V,,) for
each V€ W, (V) and observe that if I' C (J,cy Wi(V) is a cover of Z, then
{U(V): VeT} CUpeny Wa(U) is also a cover of Z.

Set

y(U) = sup{|u(z) — u(y)|: x, y € U for some U € U}
and v = mingex u(z). We obtain
w(U(V)) <u(V) +7Wm(V) < (1 +~+(W)/w)u(V),
and
M(Z,a,u,U) > M(Z, (1 +~v(U)/u)a,u,V)
for each o > 0. Therefore, dim, v Z < (1 +y(U)/u) dim,, 1 Z and

limsup dim, v Z < (1 + (W) /) dim,, 1 Z.
diam V—0

By the uniform continuity of u on X, we conclude that

limsup dim, v Z < liminf dim, 2.

diam V—0 diam U—0

and dim,, Z is well defined. The proofs of the other statements are similar.
O
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Proof of Proposition 6.5. Set § = J, §(u). By the variational principle for
the topological pressure [14], and Theorem 6.3, for every o € R,

Pg(—au) =  sup <hu(a)—a /X ud,u>

ergodic p € M

= sup [(dimuu - a)/ ud,u} .

ergodic p € M X
By Proposition 6.4, if & = dim, G, then Pg(—au) = 0. Since u is positive,
this happens if and only if a coincides with the right-hand side of (13),

because [y udp > mingex u(x) > 0 for every ergodic p € M. O

Proof of Theorem 6.7. The first two statements follow easily from results in
[16].
In [16], Schmeling proved that if ¢ < 0 then

dlmu{.%' € 3%“(90) == au(Q)} S Du(au(Q))v
and if ¢ > 0 then
dim,{z € ¥: d, ,(v) = au(q)} < Dulau(q))-

This implies that dim, Kg, 4, < min{Dy(a1),Dy(az2)}. One can obtain the
reverse inequality by considering the distinguishing collection of measures
vg, and vg,, where ay,(¢;) = a; for i = 1, 2, and applying Theorem 7.2. This
completes the proof of the third statement. O
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