CHAPTER 1: DELZANT’S CONJECTURE
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1. SYMPLECTIC QUOTIENTS

Theorem 1. If the action of a Lie group G on a manifold M is free and
proper!, then the orbit space M /G has a unique manifold structure such
that 7 : M — M/G is a submersion.

Remark. If the action is not free (but proper), then M /G is still a smooth
stratified space [DK, Theorem 2.7.4].

Example 1. Let G be a compact Lie group and consider its (proper, but
not free) coadjoint action on g*. Let 7' C G be a maximal torus. We can
view t* as a subset of g*:

t'={{eg :Ad ;{ = Vge T}
Let C C t* be a closed Weyl chamber. The composition
C—g —g/G
is a homeomorphism. The strata of C are its faces.

When (M,w) is a symplectic manifold and G acts by symplectomor-
phisms, the quotient is in general no longer a symplectic manifold. Since
C®(M/G) = C>®(M)®, we do retain the Poisson structure.

Proposition 2. If the symplectic action of a Lie group G on (M,w) is
proper and free, then M /G has a Poisson bracket such that 7 : M — M/G
is a Poisson map.

To obtain a quotient within the symplectic category, we define Hamilton-
ian G-spaces.

Definition 3. Let (M,w) be a symplectic manifold on which G acts by
symplectomorphisms. Let u: M — g* be a momentum map, that is a map
such that for every X € g

(1) bx W= d<,u,, X>7

(2) w is equivariant,
where X/ is the is the vector field on M generated by X.2 We then call
the triple (M, w, u) a Hamiltonian G-space.
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LAn action G x M — M is called proper if the map M x G — M, (p,g) — (p,gp) is
proper. This is true of any G-action when G is compact.
2For X € g, the vector field Xas on M is defined as the unique vector field with flow
pr—exp(tX).p .
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A morphism ¢ : (My,wi,p1) — (Ma,we, o) between Hamiltonian G-
spaces is a G-equivariant Poisson map which makes the following diagram

commutative:
@ My
g *

Ezercise. Define Hamiltonian g-spaces and check that they are just Poisson
maps p: (M,w) — g*.

M,

Theorem 4 (Meyer, Marsden—Weinstein). If the symplectic action of G on
(M,w) is proper and free, then M //G := p~(0)/G has a symplectic form
Wred Which is determined by ijw = 7{wred-

M
S
(0 - MG
K /

MG
Remark. 7 and ¢ are Poisson maps.
Example 2. Consider the proper and free S'-action
Stx €™t — {0} — C"H — {0},0.(20, ..., 2n) = (e?20,...,€%2,).

It is a symplectic action for the standard symplectic form:

. n n
7 —
w = §Zdzk/\dzk = Zd:pk/\dyk.
k=0 k=0
Moreover, it is Hamiltonian with moment map:

1 1
M:C”+1—{O}—>t*:R,u(zo,...,zn):§—§ g EAR
k

The symplectic quotient ;~1(0)/St is P* and the form wyeq is also known
as the Fubini-Study symplectic from wy.

Example 3 (Cotangent bundle of a Lie group). [AM, Example 4.3.4.v] Let
G act on itself by left multiplication. Like the cotangent bundle of any G-
manifold, the cotangent bundle T*G of G itself is a Hamiltonian G-manifold.

Given X € g*, let AT be the right-invariant 1-form on G such that A?(e) =
A Explicitly, A*(g) := T 5 Rg-1()), where R, is right multiplication by
g € G. In the right trivialisation of T*G,

G xg" = TG, (g,)\) — )\R(g),

the moment map is given by projection onto g*.
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2. CONVEXITY THEOREM AND DELZANT’S CONJECTURE

Theorem 5 (Atiyah, Guillemin—Sternberg, Kirwanl. Let G be a compact
Lie group and (M, w, 1) a Hamiltonian G-space. Let C' C t* < g be a closed
Weyl chamber. Then the set A(M) := p(M) N C is a convex polytope.

We will sometimes use A for A(M) when there is only one manifold under
consideration.

Example 4. Consider the proper, but non-free torus action
T"xC" {0} — C" ™ {0}, (01,...,0,)-(20,...,2n) = (20,€ 21, ..., €0 2,).

It is Hamiltonian with moment map

2 2
+1 n\* n |Zl‘ |Zn’
p:CP—{0} — (R") :R,(zo,...,zn)H( ey .
Dk lzl T 2
Since this action commutes with the S'-action of example 2 and the moment
map of each action is invariant under the other action, we obtain a Hamil-
tonian T"-action on (P",w,y) with moment map g induced by . Since T"

is abelian, we have that C' = t* ~ R™ and one verifies that the moment
image is the standard convex n-polytope:

(M) = {()\1,...,)\”) ER™: A, > 0Vk, >\, < 1}.
k

From now on, we assume that both M and G are compact and
connected. In order to state Delzant’s conjecture, we require two more
concepts.

Definition 6 (Completely integrable systems). A Hamiltonian G-space
(M, w, ) is called completely integrable if

(1) the action of G is locally free? in at least one point of M;
(2) dim G + rank G = dim M.

Delzant [D2] showed that for a completely integrable Hamiltonian G-space
the inverse image under p of a coadjoint orbit is a G-orbit in M. In other
words, p induces a homeomorphism between M /G and the polytope A in

theorem 5.

MG N> g /G =C

Proposition 7. Let M be a G-space. There exists an dense open subset U
of M such that all its points have the same orbit type: for all x and y in U,
the isotropy groups G, and G, are conjugate. The conjugacy class of these
isotropy groups is called the principal isotropy type of the action.

A proof for this proposition can be found in [DK, Proposition 2.7.1]. In
place of principal isotropy type, [D2] speaks of principal isotropy group.
Others still, use generic isotropy group.

3The G-action on M is called locally free at x € M if the isotropy group G, is discrete.
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Remark. If the action is locally free in at least one point, then the generic
isotropy group is discrete; that is, the action is locally free on a dense open
set.

Conjecture (Delzant). Given two completely integrable Hamiltonian G-
spaces (My,wi, p1) and (Ma,wa, p2) such that A(My) = A(Msz) and such
that their principal isotropy types are the same, there is a G-equivariant
symplectic diffeomorphism ¢ : M1 — My such that po o ¢ = py.
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