Inverse scattering for elastic plane cracks

Carlos J. S. Alves^� Tuong Ha-Duong^y

Abstract

It is known that hard planar acoustic screens generate null far-field amplitude on the directions defined by the plane that encloses them. We proved in an earlier paper that this property actually characterizes plane screens among scatterers of any shape, and we generalized it to other boundary conditions. Furthermore it was proved that a single incident wave is sufficient to distinguish screens that lie in the same plane. Generalizations of these results are carried out in this paper to the elastic case.

1 Introduction

Identifying the shape of an object by means of the far field pattern of an acoustic wave, scattered by the object, is a mathematical and numerical problem with many applications. For an overview on the subject we refer to the book by Colton and Kress ([6]). However, until the works of Kress ([12]) and Alves ([2]) scatterers of crack shapes, i.e. with neglectible thickness, were not considered. In ([4]), we proved the uniqueness theorem considering admissible scatterers including boundaries of open sets as well as cracks, and Robin boundary conditions with unknown impedance. Furthermore, we derived a simple characterization of plane cracks, which also enabled us to determine the plane of the screen. When the plane direction is known, we also obtained an uniqueness result for plane cracks, considering only one incident plane wave.

�Centro de Matemática Aplicada - Departamento de Matemática, Instituto Superior Técnico, Av. Rovisco Pais 1, 1096 Lisboa (Portugal) (e-mail: calves@math.ist.utl.pt) yUniversité de Technologie de Compiègne, B.P. 529, 60205 Compiègne Cedex (France) (e-mail: tuong.ha-duong@utc.fr)

These results are generalized here to elastic scattering problems with Neumann boundary condition.

2 The Uniqueness theorem

Since this paper is a continuation of [4], we shall use the same notations and assumptions and omit details of proofs that were already presented in that paper.

Briefly, we call admissible scatterer a surface Γ union of members Γ_1 of S_1 and Γ_2 of S_2, where S_1 designates the set of closed C^2 surfaces, boundaries of bounded domains D with connected exterior D̄^c and S_2 the set of open parts of a surface in S_1, called here cracks. The crack part Γ_2 is supposed to be exterior to the bounded domain D of Γ_1. The scatterer is a (pure) crack if Γ_1 is void, and a round object if Γ_2 is void. We shall set Ω = IR^3\(D̄ ∪ Γ_2), the

connected exterior domain where waves are propagating.

We consider direct and inverse scattering problems of these admissible scatterers by elastic waves in an isotropic, homogeneous medium characterized by its Lamé coefficients λ, μ and by its density ρ.

The direct problem is governed by the usual Navier’s equations :

(P V ) μΔu + (λ + μ)∇ div u + ρω^2u = 0 in Ω (1) Bu = −Bu^{inc} = g in Γ (2) |u| = O(^1_r ); |σ(u).x̂ − iW u| = o(^1_r ) when r = |x| → ∞ (3)

where W u = (λ + 2μ)κ_p(u.x̂)x̂ + μκ_s(u − (u.x̂)x̂). As for the boundary condition, we’ll consider the classical Neumann problem Bu = σ(u).n_{|Γ} (4) When Γ is a closed surface, that is, an element of S_1, the well-posedness of problem (P V ) can be found in many classical treaties on elastodynamics. When Γ is a crack, one can easily adapt the proof of well-posedness in [15] for the static case and in [5] for the case of a complex frequency ω. See also the proof of Kress in [13] for the 2D problem.

We shall concentrate ourselves in studying the inverse problem of identifying

the scatterer Γ from the scattering amplitude or far-field pattern of u. This scattering amplitude F = F^p + F^s represents the asymptotic behavior of the scattered wave u as indicated by the following well known formula (cf.[1]) : u(x) = { e^{iκp|x|} |x| F^p(x̂) + e^{iκs|x|} |x| F^s(x̂) } + o( 1 |x| ). (5)

More precisely, as in the acoustic case, one can reconstruct u in Ω from its scattering amplitude. One possible method for that is by the elastic Atkinson expansion (see e.g. [3]). Another important feature of this elastic scattering amplitude, proved in ([3]), is that its pressure and shear parts F^p(θ) and F^s(θ) can be expressed with the Fourier transform of grad div and curl curl of a same vector distribution supported by Γ. From that, it follows easily that they are respectively parallel and orthogonal to the observation direction θ. Their expressions depend on different layer potentials one can use to represent u. In terms of the traces of u on Γ, one gets the following formula (see [1]):

F^p(θ) = θ 4π(λ + 2μ) ( iκ_p ∫ Γ [λ(n.u) + 2μ(θ.u)(θ.n)] e^{−iκpθ.x} ds

+ ∫ Γ σ(u)n.θ e^{−iκpθ.x}ds ) (6) and F^s(θ) = −θ 4πμ ∧ ( θ ∧ ∫ Γ iκ_sμ [(θ.u)n + (θ.n)u] e^{−iκsθ.x}ds+ +θ ∧ ∫ Γ σ(u)n e^{−iκsθ.x} ds ) . (7)

In the next section, we will have to represent u as a double layer potential with density φ, which is its crack opening displacement (COD). In this case, one has :

F^p(θ) = θ 4π(λ + 2μ) ∫ Γ iκ_p [λn.φ + 2μ(θ.φ)(θ.n)] e^{−iκpθ.x}ds (8) and F^s(θ) = −θ 4πμ ∧ ( θ ∧ ∫ Γ iκ_sμ [(θ.φ)n + (θ.n)φ] e^{−iκsθ.x} ds ) . (9)

As for the plane incident wave, one has to distinguish the cases of P -wave and of S-wave, respectively, with the polarization direction parallel and orthogonal to the propagation direction. In particular, we will consider u^{inc,p}(x; d) = iκ_pde^{iκpd.x} = grad e^{iκpd.x} (10) and u^{inc,s}(x; q, d) = iκ_sq ∧ de^{iκsd.x} = curl q e^{iκsd.x} (11) where q is a given non null vector and d ∈ S^2. Then, we have the following uniqueness theorem as in the acoustic inverse problem.

Theorem 1 For a fixed frequency ω, let Γ_1 and Γ_2 be two admissible surfaces such that the associated solutions of problem (P V ) have identical far-field patterns :

F^p_1 = F^p_2 and F^s_1 = F^s_2,

for all incident waves satisfying either (10) or (11) then Γ_1 = Γ_2.

The proof of Theorem 1 is the same as in Theorem 1 of [4]. One has only to verify that the density results proved by Kirsch and Kress in ([10]) for acoustic plane waves, and used in the proof of the cited theorem, remain valid in the two situations considered here. Concretely, one needs the approximation of grad(G_p(x−x_0)) in a bounded domain excluding the point x_0 by the functions (10) when d varies in S^2, and the approximation of curl(qG_s(x − x_0)) by the functions (11), where G_α is the outgoing Green function of the scalar Helmholtz equation with wavenumber κ_α. The result was already obtained by Hähner and Hsiao ([8]) treating the inverse problem with only round obstacles as admissible scatterers. Note that we use only S-incident waves with polarization orthogonal to the fixed direction q. See also, for two dimensional problems, the cited paper of Kress ([13]). 2

The before-mentioned density result in a domain is proved in ([8]) in a different manner than the analogous result for scalar waves by Kirsch and Kress ([10]). However, we will need the following density result on the surface Γ, like the one in ([10]) :

Lemma 1 If Γ is a crack or a closed surface in S_1, boundary of a domain D and if ω^2 is not an eigen-value of the elastic Neumann problem in D, then the space V = Span { σ(u^{inc}).n_{|Γ}; u^{inc}satisfying (10) or (11) } is dense in (L^2(Γ))^3.

Proof Let φ be a function in (L^2(Γ))^3 such that ∫ Γ φσ(u^{inc}).nds = 0 (12) for all u^{inc} satisfying (10) or (11). Consider v the elastic double layer potential with density φ. A simple calculation using (12) with u^{inc} satisfying (10) and formula (8) shows that the P-far field pattern of v is null. The same for its S-far field pattern, using (12) with u^{inc} satisfying formula (11) and (9). Thus, v is null in the exterior domain, and by the hypothesis on Γ, its COD also. 2

3 Characterizations of plane cracks

Now, let us consider the case of plane cracks. We can first observe the following properties on the far field pattern of incident waves propagating parallel to the crack.

Proposition 1 Let n be a fixed unit vector, if Γ is a plane crack orthogonal to n, then a) if the incident wave is a P-wave propagating parallel to the crack (that is, u^{inc} given by (10) with d ⊥ n), then

F^s(θ) = 0 ∀θ ⊥ n (13)

b) if the incident wave is a S-wave propagating parallel to the crack,

F^p(θ) = 0 ∀θ ⊥ n (14)

Proof We note that in scattering by cracks, the scattered wave is always representable by a double layer potential which density φ is the crack opening displacement (COD) and solution of the boundary integral equation Dφ = g := −σ(u^{inc}).n_{|Γ} (15) where Dφ is the surface traction of the potential. On the other hand, if Γ is plane with normal vector n, using axis such that n = (0, 0, 1) one knows (cf. [7]) that the operator D can be put in the form D = R� ∘ t_{11} t_{12} 0 t_{21} t_{22} 0 0 0 t_{33} ∘ P� where P� is the extension operator by zero out of Γ in its plane, R� the restriction operator to Γ, and the matrix is an elliptic pseudo-differential operator in the plane x_3 = 0.

From that, and from the explicit expressions of g in (15) for the two incident waves under consideration, one finds easily that in the first case φ is parallel to n and in the second case φ is normal to n. Using now (8) and (9), formulae (13) and (14) are obtained. 2

However, for the converse of proposition 1, the restriction to waves propagating parallel to the crack raises a major difficulty, since the proof needs the density of the set { g := −σ(u^{inc}).n_{|Γ}; d ∈ S^2 } in (L^2(Γ))^3 (cf. Lemma 1).

The following property, which is also a simple consequence of formula (9), is then preferable.

Proposition 2 Let n be a fixed unit vector, if Γ is a plane crack orthogonal to n, then for every plane incident wave, one has η.F^s(θ) = 0 ∀θ, η ⊥ n (16) One can say that for a plane crack, the “horizontal part” of the shear farfield patttern of the scattered wave vanishes along any horizontal observation direction. Its converse can now be formulated :

Proposition 3 Let n be a fixed unit vector. If for any P-incident wave (10) and for any S-incident wave (11) - with fixed q -, the property (16) holds, then Γ is a plane crack orthogonal to n.

Proof Suppose that u can be represented by a double layer potential on Γ, with density φ (this is the case when Γ is a crack non orthogonal to n, or a round object which doesn’t contain ω as a spurious frequency). Otherwise, one has to modify a little the proof as in proposition 1 of ([4]). Then one has formula (9) for the S-far field pattern of u. Thus F^s(θ) = Const. θ ∧ ( θ ∧ ∫ Γ [(θ.φ)n + (θ.n)φ] e^{−iκsθ.x} ds )

Using the classical identity (X ∧ Y ) ∧ Z = (X.Z)Y − (Y.Z)X for vector products, and choosing η ⊥ θ, one obtains η.F^s(θ) = Const. ∫ Γ [(θ.φ)(η.n_x) + (θ.n_x)(η.φ)] e^{−iκsθ.x} ds Now, by the invertibility of operator D (from (H^1(Γ))^3 to L^2(Γ))^3), and the density of the functions g = σ(u^{inc}).n_{|Γ} when d varies in S^2, one can choose φ of the form ψn_x with the support of ψ contained in a small vicinity V of a point x_0 such that n_{x0} .n < 1, one gets η.F^s(θ) = Const. ∫ V [(θ.n_x)(η.n_x)] ψe^{−iκsθ.x} ds which does not vanish for an appropriate choice of ψ. 2

Finally, if Γ is already known to be a plane crack, it can be identified by only one incident wave as indicated in the two following propositions:

Proposition 4 If n be a fixed unit vector and Γ_1 and Γ_2 are plane cracks orthogonal to n. Then, Γ_1 = Γ_2 if one has F^α_1 = F^α_2 for either α = p or α = S, and for one P- incident plane (10) wave normal to n.

Proof We are going to suppose that the cracks are in the plane {x_3 = 0}. It is easy to see that, for a P- incident plane wave normal to n, the surface traction g is given by : g = −κ^2_pλ e^{iκpd0.x0} n. We define here x = (x^′, x_3) for x ∈ R^3. Using the expression of D as recalled in the proof of Proposition 1, one sees that the COD φ_j are of the form φ_j = ψ_j n. Formula (8) then yields F^p_j (θ) = Const. θ ∫ {x3=0} (λ + 2μ(θ_3)^2)ψ_j(x^′)e^{−iκpθ0 .x0} ds,

for j = 1, 2, where ψ_j are null outside of Γ_j . Thus, the hypothesis implies that ∫ {x3=0} ψ_1(x^′)e^{−iκpθ0 .x0} ds = ∫ {x3=0} ψ_2(x^′)e^{−iκpθ0.x0} ds (17) that is, the Fourier transforms of ψ_j are equal in the disk |θ^′| ≤ κ_p(1 − θ_3). So ψ_1 = ψ_2. Now, ψ_j is obtained from the non null analytic function g_3 = −κ^2_pλ e^{iκpd0 .x0} by inverting an elliptic pseudo-differential operator (the term t_{33} in D), its support is equal to Γ_j , the case α = p is done.

For the case α = s, using formula (9), one obtains again equality (17). Thus, the same conclusion follows. 2

For a S-incident wave, the result is a little different.

Proposition 5 If n be a fixed unit vector and Γ_1 and Γ_2 are plane cracks orthogonal to n. Then, Γ_1 = Γ_2 if one has F^s_1 = F^s_2 for one SH- incident plane wave normal to n (that is, u^{inc} satisfying (11) with the orthogonal vectors q, d, n). Proof The surface traction g is now given by : g = −κ^2_sμ (q ∧ d).nde^{iκsd0 .x0} = Const. d e^{iκsd0 .x0} . so that, because d is orthogonal to n, so are φ_j = φ^0_j. If one looks at the Pfar field pattern, one gets F^p_j (θ) = Cte θ ∫ {x3=0} (θ.φ_j )θ_3e^{−iκsθ0 .x0} ds and the equality of F^p_j implies ∫ {x3=0} θ^′.φ^0_1 e^{−iκsθ0 .x0} ds = ∫ {x3=0} θ^′.φ^0_2 e^{−iκsθ0.x0} ds. That means div(φ^0_1) = div(φ^0_2) and we cannot conclude here. But, if one considers the S-far field pattern, one gets from formula (9) F^s_j(θ) = Const. θ ∧ ( θ ∧ ∫ {x3=0} [ (θ.φ^0_j)n + (θ.n)φ^0_j ] e^{−iκsθ.x} ds ) . And from the equality of F^s_j

(2θ_3θ − n)(θ^′.ψ^0_1) − θ_3ψ^0_1 = (2θ_3θ − n)(θ^′.ψ^0_2) − θ_3ψ^0_2 ∀θ, (18) where ψ^0_j stands for ∫ {x3=0} φ^0j e −iκsθ.x ds. Taking θ = θ^′ (i.e. θ_3 = 0), one obtains again the equality of div(φ^0_j). But then, (18) is reduced to ψ^0_1 = ψ^0_2, and the conclusion follows as before, with the property of support of φ^0_j. 2

N.B. We would like to take the opportunity of this paper to rectify an assertion following the Lemma 2 of our precedent paper [4]. It was affirmed in that paper that the eigenvalues of the Dirichlet and Neumann interior problems are not the same. It is false, for example for squares or cubes. However, since we raised only a possibility of a different proof of this lemma 2, which was taken from [10], there is no consequence of this error in the paper. On the other hand, it is worth noticing the difference between the end of the proof of propositions 4 and 5 in this paper (from the equality of the COD to the equality of the cracks by a property of support of these COD), compared with the unclear end of the proposition 4 in [4] (similar result for the scalar case).

We would like to thank Professor R. Kress for having posed to us the question of eigenvalues, and to Dr. Kwon (University of Seoul, Korea) for the lack of clearness in the proof of proposition 4 in [4].

References

[1] Achenbach J.D., Gautesen K., McMaken H. : “ Ray methods for waves in elastic solids ”. Monog. and Studies in Mathematics, Vol. 14, Pitman, London, 1982.

[2] Alves C.J.S. : Etude numérique de la diffraction d’ondes acoustiques et élastiques par une fissure plane de forme quelconque. Problèmes directs et inverses, Thèse de Doctorat, Ecole Polytechnique, 1995.

[3] Alves C.J.S., Ha Duong T. : On the far field amplitude for elastic waves, in Modern Mathematical Methods in Diffraction Theory and its Applications in Engineering, E. Meister Ed., Peter Lang, Frankfurt am Main 1997.

[4] Alves C.J.S., Ha Duong T. : On inverse scattering by screens, Inverse Problems 13, pp.1161-1176, 1995.

[5] Bécache E., Ha Duong T. : A space-time variational formulation for the boundary integral equation in a 2D elastic crack problem, Math. Mod. and Num. Anal., 28 (2), pp.141–176, 1994.

[6] Colton D., Kress A. : Inverse Acoustic and Electromagnetic Scattering Theory, Applied Mathematical Sciences93, Springer-Verlag, Berlin Heidelberg, 1992.

[7] Ha Duong T. : On the boundary integral equations for the COD by flat cracks, Journ. Integral Eq. and Oerator Theory. 15, pp. 427-453, 1995.

[8] Hähner P., Hsiao G. : Uniqueness theorems in inverse obstacle scattering of elastic waves, Inverse Problems 14, pp.525-534, 1993.

[9] Isakov V. : On uniqueness in the inverse transmission scattering problem, Comm. Part. Diff. Eq., 15, pp.1565–1587, 1990.

[10] Kirsch A., Kress R. : Uniqueness in inverse obstacle scattering, Inverse Problems, 9, pp.285–299, 1993.

[11] Kirsch A., Kress R., Monk P., Zinn A. : Two methods for solving the inverse acoustic scattering problem, Inverse Problems, 4, pp.749–770, 1988.

[12] Kress R. : Inverse scattering from an open arc, Math. Meth. Appli. Sci., 18, pp.267-293, 1985.

[13] Kress R. : Inverse Inverse Elastic Sattering from a Crack, Preprint of the Institut für Numerische und Angewandte Mathematik, Universität Göttingen, Germany.

[14] Lax P.D., Phillips R.S. : Scattering Theory, Academic Press, New York, 1967.

[15] Stephan E. P.: Boundary Integral Equations for crack Problems inIR^3, Integral Eq. and Oper. Theory, 10 , pp.236-257, 1987