On inverse scattering by screens

Carlos J. S. Alves^� Tuong Ha-Duong^y

Abstract

A generalization of Isakov’s theorem ([13]) to admissible shapes that include screens with a Robin boundary condition (in which the impedance is also an unknown) is presented. We also establish a characterization that enables us to distinguish the far-field of plane screens from others. Numerical results using a quasi-Newton method are presented.

1 Introduction

Identifying the object shape by means of the far field pattern of some acoustic wave, scattered by the object, is a mathematical and numerical problem with large applications in industry. For an overview on the subject we cite, for instances, the book of Colton and Kress ([7]).

The first uniqueness result known on the subject, was presented by Schiffer in 1967 (cf. [18]) for the case of the Dirichlet problem, based on the eigenvalues of the interior problem. The same technique was not possible neither for screens shapes nor for the Neumann case. And it was only in 1990 that Isakov ([13]) gave a new proof that enabled Kirsch and Kress ([14]) to establish an uniqueness result for the Neumann problem.

However, in this uniqueness results, screen shapes were not considered. Here, we deduce the uniqueness theorem also considering screens as admissible shapes and Robin boundary conditions with unknown impedance. Further, we derive a simple characterization of plane screens, which also enables us to determine the plane of the screen. When the plane direction is known, we also obtain an uniqueness result for plane screens, considering only one incident plane wave.

On the numerical point of view, in the 80’s, Kirsch and Kress or Colton and Monk developed original numerical techniques that enabled a good recovering of the shape, in the case of round objects (cf. [16]). But this techniques are no longer available if we work with screens, so, a different technique, by using a quasi-Newton type method and a Levenberg-Marquardt minimization algorithm, was tested in the recovering of plane screen shapes. The numerical results obtained were good, even considering non-regular screen shapes, such as a cardioid.

It is worth noticing that a large part of this work was already presented in the PhD thesis of Alves [1] (1995), and that there is a very recent work by Eller [10] (1996) on the uniqueness for screens (considering the near field). Also, a recently published work by Kress in [15] (1995) shows uniqueness results for 2-D screens and a numerical scheme using a Newton method. However, both these results prove the uniqueness assuming a screen shape.

�Centro de Matemática Aplicada - Departamento de Matemática, Instituto Superior Técnico, Av. Rovisco Pais 1, 1096 Lisboa (Portugal) (e-mail: calves@math.ist.utl.pt)

yUniversité de Technologie de Compiègne, B.P. 529, 60205 Compiègne Cedex (France)

(e-mail: tuong.ha-duong@utc.fr)

2 Isakov’s Theorem and Consequences

The uniqueness theorem for the inverse Dirichlet problem, given by Schiffer ([18]), considers the far-field knowledge for an infinity of incident frequencies. Several improvements were made since, namely a result by Colton and Sleeman [8], which proves the uniqueness result using only one incident wave, with frequency κ, by supposing the object in a sphere with radius R < π/κ .

Since these proofs were based on the eigenvalues of the interior problems, they were not extendible neither to the Neumann case, because of the possible irregularity of the intersection of two regular domains, nor to screen shapes. The recent proof from Isakov ([13]), presented for the Dirichlet problem, was adapted for the Neumann problem by Kirsch and Kress [14], and, as we’ll see, it can be generalized for screen shapes.

To present the uniqueness result including screen shapes, we begin by defining which kind of shapes we’ll consider admissible.

– We call S_1 the set made by all closed C^1 surfaces, boundaries of bounded domains D with connected exterior Ω = D̄^c . This last hypothesis is necessary in total wave reflection problems, and means that we can’t “see” the interior of D.

– We call S_2 the set of all screens. By screen we mean a C^1-surface Γ with boundary γ = ∂Γ, such that:

i)^oΓ= Γ\γ is homeomorphic to an open bounded set of IR^2 ii) exists a Γ̃ ∈ S_1 : Γ̃ ⊃ Γ.

In particular this means that we only consider orientable screens (non-orientable shapes, such as the Möbius strip, are not considered), and we’ll take a continuous vector normal field by using one of the two possible orientations.

The admissible surfaces considered here after will be taken in S_1, in S_2, or will be a disjoint union of members from S_1 or S_2, which means the scatterer can have two disjoint parts of different geometrical nature.

Γ = Γ_1 ∪ Γ_2, Γ_1 ∈ S_1, Γ_1 = ∂D_1 = ∂Ω_1 (Ω_1 = D̄^c_1) Γ_2 ∈ S_2, Γ_2 ∩ D̄_1 = ∅

(Γ_1 or Γ_2 may be empty sets) and we’ll write Ω = IR^3\(D̄_1 ∪ Γ_2).

The cases where we have two screens with non-void intersection, or a screen and an object with non-void intersection, are too complicated to be considered on this framework.

If Γ ∈ S_2, we’ll write Ω = IR^3\Γ̄, while if Γ ∈ S_1 we consider Ω = IR^3\D̄, where D is the interior of Γ (that is the bounded components of IR^3\Γ̄). Consider then the following scattering problem by a screen:

(P )

(Δ + κ^2)u = 0 in Ω (1) Bu = −B(u^{inc}) = g on Γ (2) ∂u ∂r − iκu = o( 1 r ) when r → ∞ (3)

where u^{inc}(x) = e^{iκd.x}, is an incident plane wave in Γ, with d ∈ S^2, and Bu defines a boundary condition – we’ll be mainly interested in Robin boundary conditions of the form: Bu = ∂u ∂n + iZ(x)κu (4) where Z(x) is the acoustic impedance (ℜe Z ≥ 0).

It’s well known (e.g. [4]) that the problem (P) is well posed when Γ = Γ_1 and when Γ = Γ_2 (cf.[20]). The well-posedness proved in [20] can be extended easily to the general case considered here, ie: Γ_1 ∪ Γ_2 with Γ_1 ∈ S_1, Γ_1 = ∂D_1 and Γ_2 ∈ S_2, Γ_2 ∩ S̄_1 = ∅.

We’ll note a solution of (P) by u(x; κ, d) and its far-field by F (x̂; κ, d), and begin by recalling some density results (e.g. [7]) :

Lemma 1 :

a) If κ^2 is not an eigenvalue of the Laplacian −Δ in D_1, with Dirichlet boundary conditions, the vectorial space V_0(κ, Γ) = Vect ( u^{inc}(.; κ, d)_{|Γ}; d ∈ S^2 ) is dense in L^2(Γ).

b) If κ^2 is not an eigenvalue of the Laplacian −Δ in D_1, with Neumann boundary conditions, the vectorial space

V_1(κ, Γ) = Vect ( ∂ ∂n u^{inc}(.; κ, d)_{|Γ}; d ∈ S^2 )

is dense in L^2(Γ).

Lemma 2 Let D be an open set in IR^3 and u ∈ C^2(D) ⋂ C^1(D̄) a solution of the Helmholtz equation in D, so ∃v_n ∈ V (κ; D) = Vect ( u^{inc}(.; κ, d)_{|D}; d ∈ S^2 ) such that v_n → u et ∇v_n → ∇u uniformly on the compact subsets of D.

Noticing that the eigenvalues of the Dirichlet and Neumann interior problems are not the same (for the same domain), one can use Lemma 1 to show Lemma 2 without the use of a mixed potential (c.f.[1]).

We are now in condition to establish an uniqueness result for the inverse problem, here considering also screen shapes and unknown Robin boundary conditions. We associate to a boundary Γ_k the impedance Z_k, supposed to be a regular and bounded function.

Theorem 1 For a fixed κ, let Γ_1 and Γ_2 be two admissible surfaces with impedance functions Z_1 and Z_2 (respectively) defined on those boundaries and bounded. Suppose that u_1 and u_2 are solutions of (P) for Γ_1 and Γ_2 (respectively) and that their far-fields verify:

F_1(.; κ, d) = F_2(.; κ, d), ∀d ∈ S^2, (5)

then Γ_1 = Γ_2 and Z_1 = Z_2.

Proof:

a) Consider X the connected component of the infinity neighborhood in Ω_1 ∩ Ω_2. Let x_0 ∈ X and w_j (j = 1, 2) be solutions of the auxiliary problem

(P_m)

(Δ + κ^2)w_j = 0 in Ω_j B_jw_j = −B_j G(x_0 − x) on Γ_j ∂w_j ∂r − iκw_j = o( 1 r ) when r → ∞ where G is the Green function, and B_j the Robin boundary condition (4), with impedance function Z_j . We’ll see that w_1 = w_2 in X.

Consider D an open bounded set with connected exterior having Γ_1 and Γ_2 and with x_0 ∈ D̄^c. G(x_0 − x) is a solution of the Helmholtz equation in D and Lemma 2 allows to approach it by v^{inc}_n ∈ V . Let v^{sc}_{n,j} be solutions of (P) for Γ_j and boundary data induced by v^{inc}_n . As v^{inc}_n is a superposition of plane waves the far-fields of v^{sc}_{n,1} and v^{sc}_{n,2} are equal, using the hypothesis (5). We then have v^{sc}_{n,1} = v^{sc}_{n,2} in X. But on Γ_j,^{∂vincn}_{∂n} converges uniformly to^∂_{∂n} G(x_0 −x) and v^{inc}_n converges uniformly to G(x_0 −x). Thus, convergence also occurs for Bv^{inc}_n and the well-posedness of problem (P_m) allows us to conclude that v^{sc}_{n,j} converges to w_j in Ω_j (in H^1_{loc}, for instances, by analyticity). In particular w_1 = w_2 in X.

b) Consider now the case when Γ_1 = Γ_2 = Γ Since w_1 = w_2 in X, this means that the traces are equal on Γ and from the boundary condition we now get (Z_1 − Z_2)(w(x) − e^{iκθ.x}) = 0 (x ∈ Γ)

calling w = w_1 = w_2 . To conclude that Z_1 = Z_2 we now follow an idea in [12]. Consider the set Γ^′ = {x ∈ Γ : w(x; d) = e^{−iκd.x}} with d ∈ S^2. We then have^{∂w}_{∂n} (x; d) = −^∂_{∂n} (e^{iκd.x}). Applying Holmgren’s unique continuation principle for real analytic elliptic equations, if the interior of Γ^′ is non empty, then w̃(x) = w(x; d) + e^{iκd.x} is null on an open set in Ω, by analyticity we should also have w̃ = 0 in Ω, but this is a contradiction with the behavior of w̃ at infinity.

So the interior of Γ^′ must be void which means that Z_1 = Z_2 almost everywhere in Γ.

c) Suppose now Γ_1 ≠ Γ_2.

Without any loss of generality we consider ∂X\∂Ω_2 ≠ ∅. If fact, if we suppose ∂X ⊂ ∂Ω_2 = Ω̄_2 ⋂ Ω^c_2 then ∂X ⋂ Ω_2 = ∅, so ∂Ω_2 ⊂ ∂X^c = X̄^c ⋃ X. This way Ω_2 = Ω_2 ⋂ (X̄^c ⋃ X) = (Ω_2 ⋂ X) ⋃ (Ω_2 ⋂¯ X^c). As Ω_2 ⋂ X ≠ ∅ (infinity neighborhood), we have Ω_2 ⋂¯ X^c = ∅, or else Ω_2 is not connected. Thus Ω_2 ⊂ X ⊂ Ω_1 ⋂ Ω_2 ⊂ Ω_2, so Ω_2 = X ⊂ Ω_1. So, we have ∂X\∂Ω_1 ≠ ∅.

Let x^∗ ∈ ∂X\∂Ω_2 = ∂X\Γ_2. We have x^∗ ∈ Γ_1, since as Ω_1 ⋂ Ω_2 = X ⋃ T with T a bounded open set with empty intersection with X, ∂(Ω_1 ⋂ Ω_2) = ∂X ⋃ ∂T thus ∂X = ∂(Ω_1 ⋂ Ω_2) and it is clear that ∂(Ω_1 ⋂ Ω_2)\∂Ω_2 ⊂ ∂Ω_1.

d) It follows that for m ∈ IN sufficiently large, x_m = x^∗ + n^{1(x�)}_m ∈ X (n_1(x^∗) being the normal vector to Γ_1 on x^∗, oriented to Ω_1).

Considering the problems (P_m) with x_m instead of x_0, we have solutions w^m_1 and w^m_2 identical in X. When m → ∞,

G_m(x) = e^{iκ|xm −x|} 4π|x_m − x| converges uniformly to G(x^∗ − x) when x is on ∂Ω_2 = Γ_2, and also ∇G_m converges to ∇G(x^∗ − x). We deduce then that w^m_2 (x) converges to the finite limit w^m_2 (x^∗) and n_1(x^∗).∇w^m_2 (x) converges to the finite limit n_1(x^∗).∇w^m_2 (x^∗) when x ∈ X tends to x^∗, and since Z_1 is bounded, the sequence

n1(x^∗).∇w^m_2 (x^∗) + iκZ1(x^∗)w^m_2 (x^∗) (6)

is bounded when m → ∞.

Since w^m_2 (x) = w^m_1 (x) and n_1(x^∗).∇w^m_2 (x) = n_1(x^∗).∇w^m_1 (x) for all x ∈ X, it follows that { iκZ_1(x^∗)w^m_2 (x^∗) = iκZ_1(x^∗)w^m_1 (x^∗)

n1(x^∗).∇w^m_2 (x^∗) = n1(x^∗).∇w^m_1 (x^∗)

This means that sequence (6) converges to − ∂ ∂n1^{Gm(x∗) − iκZ1(x∗)Gm(x∗)} which is clearly not bounded, and so we have a contradiction.2

Remark 1:

Each admissible surface Γ_i may be a reunion of two surfaces, for instances Γ_1 = Γ_{11} ∪ Γ_{12} with Γ_{11} ∈ S_1, Γ_{12} ∈ S_2. Then the far-fields allow not only to distinguish a screen Γ among other screens, but also from other closed surfaces, boundaries of open bounded sets.

It is also worth noting that the information on the far field pattern contains the information on the impedance function used in the Robin boundary condition.

Remark 2:

Except for part b), the above proof follow essentially an idea of Isakov [13] reviewed by Kirsch and Kress [14]. On the other hand, part c) is added in the proof to ensure that this doesn’t demand that Γ_1 and Γ_2 should be boundaries of open sets with interior D_1 and D_2.

Remark 3:

As we mentioned in the Introduction, a similar uniqueness proof appeared recently in [15] for the 2-D case, and in [10] for the near-field, but they assume (as admissible surfaces) only screen shapes, and known boundary conditions.

• We may now question ourselves on the existence of some criteria on F (.; κ, d) to say if it is the far-field of a scattered wave by a screen. We have not achieved yet to answer this question, so we’ll concentrate ourselves on the case of a plane screen.

2.1 Characterization of plane screens

2.1.1 Neumann boundary conditions

In the case of the Neumann problem, the scattered wave can be represented, for all screens, by a double layer potential (e.g. [11]), and its far-field is given by: F (κ, d; θ) = iκ 4π ∫ Γ (θ.nx)φ(x)e^{−iκθ.x} ds(x) (7) so, if n_x is constant (the case when Γ is a plane screen), F (κ, d; θ) = iκ 4π (θ.n)^∫_Γ φ(x)e^{−iκθ.x} ds(x), (8)

φ being given as a solution of the associated variational problem (see [11]), with g = − ∂ ∂n (e^{iκd.x}). Proposition 1 Let n be an unitary fixed vector, and F the far-field associated to an admissible surface Γ, with a Neumann boundary condition. F (κ, d; θ) = 0, ∀θ, θ.n = 0, ∀d ∈ S^2, (9) if and only if Γ is a plane screen.

Moreover, the screen plane is well determined by

P = {αn + y : y.n = 0}

where α is given by (we suppose Γ in some ball B(0, R)) α = −1 2κβ arcos (−ℜe ( F (κ, d, θ) F (κ, d, θ^′) ) ) (10)

where θ, θ^′ are distinct observation directions, and d is one fixed incident direction such that d.n ≠ 0.

Proof:

a) After (8), if Γ is a plane screen, we have (9).

b) Suppose that Γ is a screen, or a closed surface – boundary of an open set with interior D such that κ^2 is not an eigenvalue of the interior Neumann problem – in a way that the operator G(κ) : g → φ is invertible (for instances, from H^1(Γ) to L^2(Γ)).

The hypothesis allow us to show that F (u^{inc}; θ) verifies still the nullity property if θ.n = 0, for each u^{inc} with g =^{∂uinc}_{∂n} in L^2(Γ) (by the density Lemma 1). If Γ is not on the normal plane to n and since φ = G(κ)^{−1}g, we can choose φ with a small support in a neighborhood V (y) of a point y ∈ Γ such that n_x.n ≠ 1, and F (κ, d, θ) = iκ 4π ∫ Γ (θ.nx)φ(x)e^{−iκθ.x} ds(x) ≠ 0 contradicting the hypothesis.

In the case where κ^2 is an eigenvalue of the Neumann interior problem on D, we must take a different representation of u, namely we can consider u = (D + iηS)φ for some constant η, where S is the single layer potential and D the double layer potential. The far-field becomes then F (κ, d, θ) = 1 4π ∫ Γ (iκ(θ.n_x) + iη)φ(x)e^{−iκθ.x} ds(x), which is not null for an appropriate choice of η.

c) Suppose now that we have determined the normal vector n of the plane screen. We take d fixed, and we’ll write x ∈ Γ x = (x.n)n + y = αn + y with y.n = 0. Thus F (θ) = iκ 4π βe^{−iκαβ} ∫ Γ φ(αn + y)e^{−iκy.τ} ds(x) ≠ 0 where θ = βn + τ, (τ ⊥ n).

Taking another observation direction θ^′ = −βn + τ , we get F (θ) F (θ^′) = −e^{−2iκαβ} and we obtain (10), with an a priori hypothesis (Γ ⊂ B(0, R) for instances), we then determine α (−R < α < R). Γ plane is then perfectly determined.2

Remark 1:

It’s necessary to locate the screen in some ball, since we can have screens in parallel planes. More, to determine the plane, we suppose (by writing x = αn + y) that the screen has not connected components over two distinct planes.

Remark 2:

Another possible plane screen characterization comes from the well known reciprocity relations, which adds to the previous result that if F (κ, d; .) = 0 for an incident wave with direction d then the screen plane must be parallel to d. The screen is identified and its plane well determined if, for two independent directions d_1 et d_2, we have F (κ, d_1; .) = 0 et F (κ, d_2; .) = 0.

2.1.2 Dirichlet boundary conditions

For the Dirichlet problem, if we want to determine whether the object is a plane screen or not, we don’t have a priori an evident condition as (7).

In this case the scattered wave can be represented by a single layer potential and its far-field is now given by: F (κ, d; θ) = 1 4π ∫ Γ ψ(d; x)e^{−iκθ.x} ds(x). (11) where ψ is the normal displacement of the solution with Dirichlet boundary condition u(d; x) = −e^{iκd.x} = g(x), (x ∈ Γ). To overcome this characterization difficulty, we questioned ourselves over the tangential gradient ∇^∗ on S^2. It’s easy to verify that ∇^∗_θF (κ, d; θ) = 1 4π ∫ Γ ψ(d; x)(x − (x.θ)θ)e^{−iκθ.x} ds(x). so, when Γ is a plane screen with normal n n.∇^∗_θF (κ, d; θ) =^{iκ}_{4π}^∫_Γ ψ(d; x)((n.x) − (x.θ)(n.θ))e^{−iκθ.x} ds(x). (12) is null when θ ⊥ n.

Proposition 2 Let n be an unitary fixed vector, and F the far-field associated to a surface Γ, with a Dirichlet boundary condition. n.∇^∗_θF (κ, d; θ) = 0, ∀θ, θ.n = 0, ∀d ∈ S^2, (13) if and only if Γ is a plane screen.

Proof:

The direct statement comes from (12).

Suppose inversely that Γ is a screen, or a closed surface – boundary of an open set with interior D such that κ^2 is not an eigenvalue of the interior Dirichlet problem.

The same reasoning as for the Neumann case can be applied, using now the operator G(κ) : g → ψ invertible from H^1(Γ) to L^2(Γ).

Since (13) holds if θ.n = 0, for each u^{inc} with g = −u^{inc} in L^2(Γ) (by the density Lemma 1), we take ψ = G(κ)^{−1}g. Notice that ψ can be chosen with a small support in a neighborhood V (x) of a point x ∈ Γ such that for y ∈ V (x) we have n_x.y ≠ 0, if Γ is not perpendicular to n. Then ∇^∗_θF (κ, d, θ) = iκ 4π ∫ Γ (n.x)φ(x)e^{−iκθ.x} ds(x) ≠ 0 contradicting the hypothesis (13).

In the case where κ^2 is an eigenvalue of the Dirichlet interior problem on D, we also must take a different representation of u.2

2.1.3 Robin boundary conditions

As for the case of a Robin problem, we are only able to proof a similar result, to the previous ones, if we consider a constant impedance function Z(x) = Z ≥ 0. The far-field is now given by: F (κ, d; θ) = iκ 4π ∫ Γ ((θ.n_x) − Z)φ(d; x)e^{−iκθ.x} ds(x), (14) where the density φ is obtained by the following representation of u: u = (D + iκZS)φ. where S is the single layer potential and D the double layer potential.

A condition of the type (θ.n) = Z, ∀θ, like we had for the Neumann problem, is only possible for 0 ≤ Z < 1, so we’ll use again the tangential gradient, which is now: ∇^∗_θF (κ, d; θ) = iκ 4π ∫ Γ [iκ(x − (x.θ)θ)((θ.n_x) − Z) + n_x − (θ.n_x)θ] e^{−iκθ.x}φ(d; x) ds(x). so, when Γ is a plane screen with constant normal n and if we consider observation directions θ normal to n we get n.∇^∗_θF (κ, d; θ) =^{iκ}_{4π}^∫_Γ e^{−iκθ.x}φ(x; d) ds(x). (15) it’s now easy to see that we obtain the following proposition, in an analogous way to the previous ones:

Proposition 3 Let n be an unitary fixed vector, and F the far-field associated to a surface Γ with a Robin boundary condition where impedance function Z ≥ 0 is constant. Zn.∇^∗_θF (κ, d; θ) + F (κ, d; θ) = 0, ∀θ, θ.n = 0, ∀d ∈ S^2, (16) if and only if Γ is a plane screen.

Proof:

Similar to the previous, we only remark that if Γ is not a plane screen, we have for θ ⊥ n and φ with a small support V that is not a part of a plane normal to n, then n.x ≠ 0 and n_x.n ≠ 1 Zn.∇^∗_θF (κ, d; θ) + F (κ, d; θ) =^{iκ}_{4π}^∫_Γ iκZ(x.n) {(θ.nx) − Z+ +Z(nx.n) + (θ.nx) − Z} e^{−iκθ.x}φ(d; x) ds(x) ≠ 0, contradicting the hypothesis. This is so, because in that support, the term

N (x) = iκZ(x.n)((θ.n_x) − Z) + Z(n_x.n) + (θ.n_x) − Z

for (θ.n_x) − Z ≠ 0, has always an imaginary part, which is not zero and we would simply get N (x) = (θ.n_x) − Z ≠ 0.

The case (θ.n_x)−Z = 0 implies N (x) = Z(n_x.n), so if N (x) = 0, and since we consider all θ : n ⊥ θ, this would mean n_x orthogonal to all vectors in IR^3, thus N (x) ≠ 0.2

• If we have determined the screen plane, we can show that only one incident wave is necessary to completely determine the shape of the screen.

2.1.4 Uniqueness for a single incident wave

Proposition 4 Consider the screens Γ_1, Γ_2 in the plane {x_3 = 0} where we have Robin boundary conditions with constant impedance Z. and only one incident wave with direction d such that d_3 ≠ Z. If the associated far-fields F_1, F_2 (of the scattered waves) are equal, i.e:

F_1(θ) = F_2(θ), ∀θ ∈ S^2,

we have Γ_1 = Γ_2.

Proof :

Let φ_1 ∈ H^{1/2}(IR^2) be the extension by 0 of the screen open displacement outside the screen Γ_1 and φ_2 the same for Γ_2. They are not null since g = iκ(d_3 − Z)e^{iκd.x}

If the far-fields coincide, we have iκ 4π (θ_3 − Z) ∫ IR2 φ_1(x)e^{−iκθ.x} ds(x) = iκ 4π (θ_3 − Z) ∫ IR2 φ_2(x)e^{−iκθ.x} ds(x) then, since x_3 = 0, if we consider θ such that θ_3 ≠ 0 we get

F_2(φ_1)(κθ^′) = F_2(φ_2)(κθ^′) (17)

where F_2 is the Fourier transform in IR^2, and θ^′ = (θ_1, θ_2). But, since φ_1, φ_2 are functions on IR^2 with compact support, their Fourier transforms on IR^2 are analytical functions. Since the identity (17) is true for all θ^′ projection of θ on the plane IR^2, we have the identity for θ^′ in the unitary disk. By consequence we have two analytical functions in IR^2 that coincide on a disk with radius κ > 0, so they are equal. Then φ_1 and φ_2 coincide, and also their support.

The support of the screen open displacement coincides with the screen, for a plane wave with d_3 ≠ Z. Because otherwise, if [u] = 0 and [^{∂u}_{∂n} ] = 0 on a non-empty open subset of Γ, we would have g = 0.

Thus, we can conclude that Γ_1 = Γ_2. 2

Remark 1 :

– We can also consider a weaker hypothesis, that is: the far-fields coincide for some observation directions θ ∈ O ⊂ S^2, where O is a set with non-empty interior for the topology of S^2. The projection of O on IR^2 has non-empty interior also, and we have uniqueness. – By using the reciprocity relations, we can also conclude that for a set O of incident directions and only one observation direction, the shape of the plane screen is completely determined.

Remark 2 :

It’s easy to conclude that this proposition is also true for Dirichlet boundary conditions, by using the same arguments.

However, we were not able to prove the uniqueness for an unknown Z with only one incident wave.

2.2 Numerical Approach for Plane Screens

In the Neumann case, as we saw, we can distinguish a plane screen from other shapes by a simple test on the far-field. Determined the plane of the screen, our aim is to improve a numerical method which enable us to determine the shape of the screen.

Kirsch-Kress or Colton-Monk numerical methods (see [16]) are not possible in this case, since they are based on the fact that the objects have a non-empty interior. Thus, we’ll develop a quasi- Newton-type numerical procedure.

First we establish the space that contains the admissible shapes (which we’ll suppose to be star-shaped). Let ∂Γ be the screen boundary determined by the points (in the plane x_3 = 0)

x = ρ(τ )(cos τ, sin τ ), where τ ∈ [0, 2π]

fixed some constants a and b, we take a compact subset of S = { ρ ∈ C^{1,α}[0, 2π] : ||ρ||_{1,α} ≤ b et ρ(τ ) ≤ a. }

which is the set that contains all admissible border shapes:

A_p = { r ∈ S : r(θ) = a_0 + p∑ k=1 (a_kcos(kθ) + a^′_ksin(kθ)) with a_k, a^′_k ∈ [0, M ] } (18)

The value p is fixed, and determines the complexity of the screen shape; for instances, if we take p = 0, we’ll only have disks. The parameters a_k, a^′_k determine completely the shape of the screen Γ, and we’ll adopt the notation ⃗a to designate all.

Now, we’ll suppose known the values of the far-field F (d, θ) for some screen Γ unknown. We’ll take a finite number of incident directions d_1, ..., d_m and a fixed number of observation directions θ_1, ..., θ_n. We must minimize the L^2-difference between F (d, θ) and F̃ (d, θ) - the far-field generated by screens with border shapes in A_p.

To find this minimum, we follow the Levenberg-Marquardt algorithm, based on a least-squares method (cf. [9]).

2.2.1 Search Algorithm

(0) We begin by considering one arbitrary initial guess of the border shape defined by ⃗a. (1) Determine the far-field F_{⃗a}(d_i, θ_j) for all considered incident and observation directions.

(2) Levenberg-Marquardt’s Method

F(⃗a) = m∑ i=1 n∑ j=1 |F (d_i, θ_j ) − F_{⃗a}(d_i, θ_j)|^2 = mn∑ k=1 f_k(⃗a)^2

⃗b = ⃗a + ⃗h where ⃗h is the solution of (J^T J + λI)⃗h = −J^T ⃗f. a p × p system, where J is the m × p Jacobian matrix of ⃗f .

(3) We consider a new guess defined by the parameter-vector ⃗b and return to step 1).

3 Numerical Tests

We’ll concentrate ourselves in the Neumann case.

Consider the admissible shapes chosen in (18), we notice that A_0 ⊂ . . . ⊂ A_p ⊂ . . .

The tests will always suppose a given far-field. That far-field may be calculated with the same method used in retrieving the shape or with another one. However, to have a real test, we must assure that the given far-field is not a far-field generated by the objects of A_p (see [7] on “inverse crimes”). To avoid this danger, we can use a different direct method, some random perturbations, or, what becomes the same thing, a different precision on the direct calculations.

If the shape doesn’t belong to A_p, we can consider direct calculations of the far-field without any restriction.

To solve the direct problem we’ll use a boundary element method (cf.[2]).

As observation directions, we take (in polar coordinates) the directions : θ_{ij} = (1, 2π/i, π/j) (i = 1, . . ., M_1 and j = 1, . . . , M_2) that is M_1 × M_2 observation directions.

The first test presented (figure 1) is very simple, we’ll try to retrieve the shape of the acoustic disk (in A_0) , among the shapes of A_1.

We’ll consider only one incident wave (with κ = 4, normal incidence) in a disk, and the associated far-field in 10×10 directions of observation, measured with 10% random noise. We apply our method by using 19 interior nodes, and we start with a shape on A_1 not too close to the disk. We see, after five iterations that results are quite close, and we arrive to a circular shape which is not far from the searched object – the unitary disk.

In the figures 2, 3 and 4, we consider the incidence of a normal incident wave (with κ = 6) in a square shape.

First we try to approach it by considering only disk shapes (that is in A_0), this way we obtain a minimal disk (figure 2).

Figure 1: Convergence to a simple object

Then, we start with the minimal disk, which has almost the same area as the square, and we search the minimal shape in A_4 (see figure 3). The same procedure is taken to search the minimal shape in A_4 (figure 4).

We can see that the results are quite good, and the strategy (to start with the minimal shape obtained with less parameters) allows us to avoid other local minima.

It seems convenient to find first a shape which has almost the same dimension as the desired shape. This was obtained, in our case, considering first disk shapes, which depend on one parameter only.

We have also tested some results with a kite. Again, we have obtained the minimal disk and took it as a start shape, while considering screens on A_4 (figure 5).

We have then used the minimal shape on A_4 as the start shape for screens in A_{10}, but we haven’t obtained convergence, so we had to consider a “middle-step” with screens in A_6 (figure 6). The minimal shape obtained there was then used as a start, to find the minimal shape in A_{10}. Convergence was achieved, but no major differences were seen with this increase of parameters .

Figure 2: Approximation of a square by disks.

Figure 3: Approximation of a square by shapes in A_4

Figure 4: Approximation of a square by shapes in A_{10}

Figure 5: Approximation of a kite by shapes in A_4

Figure 6: Approximation of a kite by shapes in A_6

Even if we have shown that the screens can be well determined by the use of only one incident wave, we’ll compare the results with two incident waves.

In figure 7 we show the previous test for two incident waves. One of this incident waves will be normal to the plane, and the other has a direction 45^o to the normal vector, and it will be i) either in the {x_2 = 0} plane, ii) either in the {x_1 = x_2} plane.

Figure 7: Approximation of a kite by shapes in A_4 using two incident directions: a normal one, and other on the plane defined by i) and ii)

It can be seen, as already noticed in [16], that the result of the approach depends on the directions of the incident waves – in a clear way – the reconstruction is better on the directions close to the optical reflection.

Finally, we present some results for an irregular shape, such as the cardioid (figures 8 and 9). We can see that the approach is globally very good when we use shapes in A_4, but it almost ignores the cardioid cusp.

When we increase the number of parameters, considering screen shapes on A_7, the minimal shape obtained now, is not globally so good as the previous, but it approaches quite well the geometrical singularity point (the cusp).

Figure 8: Approximation of a cardioid by shapes in A_4 by using a normal incident wave.

Figure 9: Approximation of a cardioid by shapes in A_7 by using a normal incident wave.

References

[1] Alves C.J.S. : Etude numérique de la diffraction d’ondes acoustiques et élastiques par une fissure plane de forme quelconque. Problèmes directs et inverses. Thèse de Doctorat, Ecole Polytechnique, 1995.

[2] Alves C.J.S., Ha Duong T. : Numerical resolution of the boundary integral equations for elastic scattering by a plane crack. Int. J. Num. Meth. in Eng. 38, pp.2347–2371, 1995.

[3] Alves C.J.S., Ha Duong T. : On the far-field amplitude for elastic waves, submitted for publication in IMA J. of Appl. Math., 1996.

[4] Bamberger A., Ha Duong T. : Diffraction d’une onde acoustique par une paroi absorbante:

nouvelles équations intégrales. Math. Meth. in Apll. Sc., Vol. 9, pp.431–454, 1987.

[5] Bécache E., Ha Duong T. : A space-time variational formulation for the boundary integral equation in a 2D elastic crack problem. Math. Mod. and Num. Anal., 28 (2), pp.141–176, 1994.

[6] Colton D., Kress A. : Integral Equations Methods in Scattering Theory. Wiley-Intersc. Publ., New York, 1983.

[7] Colton D., Kress A. : Inverse Acoustic and Electromagnetic Scattering Theory. Applied Mathematical Sciences93, Springer-Verlag, Berlin Heidelberg, 1992.

[8] Colton D., Sleeman B.D. : Uniqueness theorems for the inverse problem of acoustic scattering.

IMA J. Appl. Math., 31, pp.253–259, 1983.

[9] Gill P.E., Murray W., Wright M.H. : Practical Optimization. Academic Press, London, 1981.

[10] Eller, M. : Identification of cracks in three-dimensional bodies by many boundary measurements. Inverse Problems, 12, pp.395–408, 1996.

[11] Ha Duong, T. : On the boundary integral equations for the crack opening displacement of flat cracks. Integr. Eq. Op. Th., 15, pp.427–453, 1992.

[12] Ha Duong T. : An Invariance Theorem in Acoustic Scattering Theory. accepted for publication in Inverse Problems, 1996.

[13] Isakov V. : On uniqueness in the inverse transmission scattering problem. Comm. Part. Diff.

Eq., 15, pp.1565–1587, 1990.

[14] Kirsch A., Kress R. : Uniqueness in inverse obstacle scattering. Inverse Problems, 9, pp.285– 299, 1993.

[15] Kress R. : Inverse scattering from an open arc. Math. Meth. in Appl. Sc., 18, pp.267–293, 1995.

[16] Kirsch A., Kress R., Monk P., Zinn A. : Two methods for solving the inverse acoustic scattering problem. Inverse Problems, 4, pp.749–770, 1988.

[17] Kubo S. : ”Requirements for uniqueness of crack identification from electrical potential distributions”. in Inverse Problems in Engineering Sciences, ICM-90 Satellite Conference Proceedings, pp. 52–58, 1991.

[18] Lax P.D., Phillips R.S. : Scattering Theory. Academic Press, New York, 1967.

[19] Nishimura N. : A numerical method of crack determination by the boundary integral equation method. Ill Posed Probl. in Nat. Sc., pp.553–562, 1992.

[20] Stephan E. P.: Boundary Integral Equations for Screen Problems inIR^3. Integral Eq. and Oper.

Theory, 10 , pp.236-257, 1987