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Abstract

We establish an index formula for the Fredholm convolution type operators
A=3"0 ap,WO(by) acting on the space L*(R), where ay, by belong to the
C*-algebra alg(SO, PC) of piecewise continuous functions on R that admit
finite sets of discontinuities and slowly oscillate at +oo, first in the case where
all a or all by are continuous on R and slowly oscillating at +o0, and then
assuming that ay, by, € alg(SO, PC) satisfy an extra Fredholm type condition.
The study is based on a number of reductions to operators of the same
form with smaller classes of data functions ay, by, which include applying a
technique of separation of discontinuities and eventually lead to the so-called
truncated operators A, = ZZL:l ak,TWo(bkvr) for sufficiently large r > 0,
where the functions ay,, by, € PC are obtained from ay, by € alg(SO, PC)
by extending their values at £r to all £¢ > r, respectively. We prove that
ind A = lim,_,, ind A, although A = s-lim, _,,, A, only.
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1. Introduction

Let C(R), C(R) and C(R) denote the spaces of continuous functions on
R = (=00, +o0), R = [—00, 400] and R = RU{oo}, respectively, and let PC'
stand for the set of all functions f : R — C which possess finite one-sided
limits at every point = € R.

For a continuous function f: R — C and a set I C R, let

osc(f, I) :=sup{|f(t) — f(s)|: t,s € I}.

Following [19], we denote by SO the set of slowly oscillating functions,

SO = {f e C(RYNL®(R): lim osc(f, [~2z, —a] U [z,2z]) = 0}.
T—>+00
Clearly, SO is a C*-subalgebra of L®(R) and C(R) C SO.

We denote by alg(SO, PC') the smallest C*-subalgebra of L>*(R) that
contains SO and PC, and let alg(SO, C(R)) stand for the C*-subalgebra of
L>®(R) generated by SO and C(R).

In the present paper we deal with an index formula for the operators of
the form

k=1
that are Fredholm on the space L*(R), where a;W9(b;) are products of
multiplication operators a;/ and convolution operators Wo(bk) = F b F,
the functions ag, by are in alg(SO, PC'), and F is the Fourier transform,
(Ff)(@) = [ge™ f(t)dt.

Let B(X) denote the Banach algebra of all bounded linear operators act-
ing on a Banach space X. An operator A € B(X) is said to be Fredholm
if its image is closed and the spaces ker A and ker A* are finite-dimensional
(see, e.g., [12]). If A is a Fredholm operator, then the number ind A =
dim ker A — dim ker A* is called the index of A.

The Fredholm theory for the Banach algebra Apc generated by all op-
erators of the form (1.1) with piecewise continuous functions ag, by on the
spaces LP(R) with p € (1,00), which contains a Fredholm criterion and an
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index formula for considered operators, was constructed by R.V. Duduchava
(see [8], [9] and the references therein). The Fredholm theory for this algebra
unites the Fredholm theories for the Banach algebra of singular integral op-
erators with piecewise continuous coefficients (see [11], [22], [7], [4]) and for
the Banach algebras of the Wiener-Hopf and paired convolution operators
with piecewise continuous presymbols (see [10], [7], [6]).

The Fredholm theory for the C*-algebra of pseudodifferential operators on
L3(R) with slowly varying symbols, which contains the C*-algebra Aiso.cm)]
generated by all operators of the form (1.1) with data functions ax,b, €
alg(SO, C(R)), was constructed in [20, Chapter 6] and [21, Section 3] (also
see [18, Theorem 7.2]).

A Fredholm criterion for the operators in the Banach algebra Aiso pc;
generated by the operators of the form (1.1) with ag, b € alg(SO, PC') on
the spaces LP(R) (1 < p < 00), where by in addition are Fourier multipliers
on LP(R), was obtained in [1]-[2]. Later on these results were generalized
to Banach algebras generated by all operators of the form (1.1) on weighted
Lebesgue spaces LP(R,w) with Muckenhoupt weights w and data functions
ay, by, admitting piecewise slowly oscillating discontinuities at arbitrary points
of R (see [13]-[15]).

To establish an index formula for the Fredholm operator (1.1) with data
functions ag, b, € alg(SO, PC) on the space L*(R), we assume that these
functions have finite sets of discontinuities and either

(C1) all ay, or all by, are in alg(SO,C(R)), or
(C2) there exist functions ay, by, € alg(SO, C(R)) such that

Jim (ag(t) — ar(t)) = Tim (by(x) = be(z)) =0, (1.2)
i inf > G(t)bi(z)| > 0. (1.3)
k=1

Condition (1.3) is equivalent to the Fredholmness of the operator
Yoy WO (bg) allowing us to reduce the computation of the index in the
case (C2) to the case (Cl). To provide an index formula in the case (C1)
with all by, € alg(SO, C(R)), we proceed in two main steps, doing reductions

to smaller classes of coefficients:

(1) First decomposition: reduction of the Fredholm operator A given by
(1.1) to Fredholm operators Ay and A$ of the form (1.1) with functions



b, € alg(SO,C(R)) and coefficients a;- and ag, respectively, where a;-
are continuous on R with a limit at Foo and the slowly oscillating
behavior of a;, at o0, and aj, € PC have one-sided limits at 00 and
are continuous on R\ {r,...,7,}. Thus, Af € Ajso.c@) and their
index formulas follow from [21] or [18], so we are left with computing
the index of A7 .

(2) Separation of discontinuities: we separate discontinuities of a, € PC' by
reducing to the case of only one discontinuity point of the functions ay
on R. Using the index formula from [17] for Wiener-Hopf type operators
and approximation and stability arguments, we obtain ind A7 .

The case (C1) with all a;, € alg(SO, C(R)) is reduced to the case of all
br € alg(SO,C(R)) by applying the map A — (FAF1)*, while the index
for A € Ao o) follows from [21] or [18].

In the case (C2), using conditions (1.2)—(1.3), we construct another de-
composition of the Fredholm operator A that reduces A to Fredholm opera-
tors Ar oo, Aooco, Asor Of the form (1.1), where at least all a; or all by are
in alg(SO, C(R)). Therefore indices of the operators AR oo, Acor and Ay
are calculated as in the case (C1). Collecting these indices, we obtain ind A.

The crucial point is noticing that the index of each operator mentioned
above can be reduced to the computation of indices of the same form op-
erators with data functions ag,b, € PC. To this end, for every function
c € alg(SO, PC) with finite sets of discontinuities and every sufficiently large
r > 0, we define the function ¢, € PC by

c(—=r) if t < -,
(t) if |t <, (1.4)

e (t) :=1qc¢
c(r) if t>r,

which we call the truncated function for ¢. Then with the operator A of the
form (1.1) we associate the family of truncated operators

A= ap,Wo(be,) (r>0), (1.5)
k=1

where ay ., b, € PC are truncated functions for ag, by € alg(SO, PC). It is
easily seen that A = s-lim,_,, A,.
The main result of the paper reads as follows.



Theorem 1.1. If the operator A given by (1.1) is Fredholm on the space
L3(R), where the functions ay, by, € alg(SO, PC) admit finite sets of discon-
tinuities and either all aj, or all by are in alg(SO, C(R)), or ai and by satisfy
conditions (1.2)—~(1.3), then there is an 1o > 0 such that for all v > 1o the
truncated operators A, given by (1.5) are Fredholm on the space L*(R), and

s=

3o (T e )

1 [ s o(t, —r)
ind A = lim ind 4, = — lim — Z{arg’—}
r—00 T—00 27T 1 O‘(t, T) tE[Ts—1+O77—s_O]

s=1
I
2 e (R R0 0)
] L) ) welyj—1+0,y;—0]
where
o(t,z) = zm:ak(t)bk(x) for (t,z) € R xR, (1.7)
k=1

T <...<Tpandy, < ...<uy; are all possible discontinuity points on R for
the data functions ay, and by (k = 1,2,...,m), respectively, and 19 = yo =
-, Tn+1 = yl+1 =T.

The paper is organized as follows. In Sections 2 and 3 we review the
main properties of the function spaces needed and Fredholm criteria for op-
erators A € A[so,pc) in terms of their Fredholm symbols. We also give
Duduchava’s index formula for the truncated operators in Apc related to
operators (1.1) (Theorem 3.4). In Section 4, we give an index formula for the
Wiener-Hopf operators with symbols in alg(SO, C(R)), which follows from
[17, Theorem 6.5] (see Theorem 4.2).

Sections 58 are related to proving the index formula for the operator A
in the case (C1). In Section 5 we make a first reduction (see Theorem 5.2)
of the Fredholm operator (1.1) with data functions a; € alg(SO, PC) and
be € alg(SO,C(R)) to Fredholm operators A;; and A7 of the form (1.1)
with the same by, where A € Aiso.c@) and their indices are given by
Theorem 5.3, and A7 have coefficients aj € PC.
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To obtain the index of the Fredholm operator A7 with data functions ajy, €
PC and by, € alg(SO, C(R)), we first in Section 6 separate discontinuities of
ap € PC by reducing the index study of the operator A7 to the case of an
only one discontinuity point of functions a; on R. This result is applied in
Section 7 to the operator A7 with piecewise constant coefficients aj, which
gives the index formula for the operator Ay with general ay € PC and
b € alg(SO,C(R)) by using Theorem 4.2 and approximation and stability
arguments for the Fredholm index. In particular, it follows that the indices
of the operators A7 and Af; are given by limits of the indices of truncated
operators.

Finally, in Section 8, we combine the index formulas from Sections 5 and
7 to obtain first the index of the operator A of the form (1.1) with a; €
alg(SO, PC) and b, € alg(SO,C(R)), and then the index of the operator
A with a; € alg(SO,C(R)) and b, € alg(SO, PC) by making use of the
transform A — (FAF1)*.

In Section 9, under conditions (1.2)—(1.3), we make a reduction of the
operator A with data functions ax, b, € alg(SO, PC) to Fredholm opera-
tors Ar oo, Acocos Acor Of the form (1.1), which fall into the case (C1) (see
Lemma 9.2). Applying Lemma 9.2 and Theorem 8.1, we establish the index
formula indicated in Theorem 1.1.

2. The maximal ideal space of the C*-algebra alg(SO, C(R))

Let M(SO) denote the maximal ideal space of SO, that is, the space
of all characters of slowly oscillating functions on R. Identifying the points
t € R with the evaluation functionals at ¢, one can define the fiber of M (SO)
over t € R by

M,(SO) = {¢ € M(SO) : &gy =t}

If t € R, the fiber M;(SO) consists of the only evaluatlon functional at ¢,
and thus
S0) = | J My(SO) = RU M(S0).
teR
The fiber M, (SO) is characterized by the following proposition which can
be proved by analogy with [7, Proposition 3.29] (cf. [5, Proposition 4.1]).

Proposition 2.1. [3, Proposition 5] The fiber M. (SO) has the form M, (SO)
= (closgo~ R) \ R where closso R is the weak-star closure of R in SO*, the
dual space of SO.



The fiber M, (SO) is related to the partial limits of functions a € SO at
infinity as follows (see [5, Corollary 4.3] and [1, Corollary 3.3]).

Proposition 2.2. If {a;}32, is a countable subset of SO and & € M (SO),
then there exists a sequence {g,} C R, such that g, — oo as n — 0o, and

lim ag(gnt) = &(ax) for all t € R\ {0} and all ke N. (2.1)

n—o0

Conversely, if {g,} C R, is a sequence such that g, — oo as n — oo and
the limits lim ay(g,) exist for all k, then there is a £ € My (SO) such that
n—oo

(2.1) holds.

Let M(alg(SO, PC)) and M (alg(SO,C(R))) denote the maximal ideal
spaces of the unital commutative C*-algebras alg(SO, PC) and alg(SO, C(R)),
respectively, and let M (alg(SO, PC)) and My (alg(SO,C(R))) stand for

the fibers of these maximal ideal spaces over the point oo.
According to [19] we have the following.

Proposition 2.3. The fibers My (alg(SO, PC)) and M (alg(SO,C(R)))
coincide, they are homeomorphic to the set My (SO) x {£oo}, and these
homeomorphisms are given, respectively, by the restriction maps

B (Blso, Blpc) and B (Blso: Blem))-

As M (PC) = {£o0}, from Proposition 2.3 it follows that for every
£ € M (SO) there is a homomorphism

ac s alg(S0, PC) = PClupcy, 9+ ag 9)(E00) i= (€, ko0)g. (22)
The maximal ideal space of alg(SO, C(R)) can be written in the form
M (alg(SO,C(R))) = M_o(SO)URU M,,(SO),
Whelée t};e fibers of M (alg(SO, C(R))) over oo are given by M. (SO) =
M (SO).

3. Fredholmness of the operator A

In this section we introduce the Fredholm symbol and recall the Fredholm
criterion from [1]-[2] for the operator A acting on the space L?(R) and given

by (1.1) with ay, by € alg(SO, PC).



With each operator (1.1) we associate the functions cy,ds : R xR — C
given by

m

ce(t,x) =Y ap(t£0)bp(x+0), di(t,z) = ag(t+0)bp(z—0). (3.1)
k=1 k=1
Setting c(£%) := ¢(€ £0) := (£,Fo0)c by (2.2) for every ¢ € alg(SO, PC)
and every £ € M, (SO), we extend the functions cy,ds to the whole set
(RU M4 (SO)) x (RU My (SO)). We also consider the set

M= Mp oo UMgr U Mg o, (3.2)
where
Mg oo =R x M (SO) x [0,1],
Meoor = M (SO) x R x [0, 1], (3.3)
Moo = M (SO) x M (SO) x {0,1}.

With each operator A of the form (1.1) we associate the matrix function
A M — C?*2 given by

A(t T /’L> — C+(t’ [E)/,L + d—i—(tv C(])(l - :u) (C—i-(ta l’) - d+(t7 ZL’))V(,LL)
PO Leten = dienp) =+
3.4
for all (¢,z, 1) € M, where v(u) = /(1 — p). Then for all such operators
A we define the map

A ®(A) = A(+,-,-) € B(M,C*?), (3.5)

where A(-,-,-) is given by (3.4), and B(M,C?*?) is the C*-algebra of all
bounded C?*2-valued functions defined on M and equipped with the norm
[ A[l := sup; ;. yem AR, 1) ||sp (here || - |5 is the spectral matrix norm).

Let B(H) be the C*-algebra of all bounded linear operators acting on
a Hilbert space H, and let Ajgo pcy denote the C*-subalgebra of B(L*(R))
generated by all multiplication operators al with a € alg(SO, PC) and by
all convolution operators W(b) with b € alg(SO, PC)).

Theorem 3.1. The map ® given for operators (1.1) by (3.4)—(3.5) extends
to a C*-algebra homomorphism

@ : Ajso,pc) = BIM,C¥?), A A(, ),
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whose kernel coincides with the ideal KC of all compact operators on L*(R).
An operator A € Aiso,pcy is Fredholm on the space L*(R) if and only if

det A(t,x, ) #0  for all (t,z,p) € M.

Proof. This theorem follows from [2, Theorems 6.3 and 6.5], where the Ba-
nach algebra Aigo pcy C B(LP(R)) is studied for p € (1,00) and the Banach
algebra homomorphism ® given by (3.1) possesses the property K C ker ®.
But, actually, = ker @ for p = 2 (see, e.g., [16, Theorem 3.3]). ]

Thus, the map ® defines the Fredholm symbol ®(A) for all operators
A € Aiso,pey. If € {0,1}, then [®(A)](-, -, i) is a diagonal matrix function.
For the operator A given by (1.1), this matrix function is given by

A(t,:z:,()):{d*(é’x) C_((;I)}, A(t,w,l):{a“(é’x) d_((zw)} (3.6)

for all (t,z) € M, where
M := (R x M (SO))U (Mx(SO) x R) U (My(SO) x My (SO)). (3.7)

Corollary 3.2. An operator A € Aiso,pcy of the form (1.1) is Fredholm on
the space L*(R) if and only if the functions c+ and di given by (3.1) are
invertible and for all (t,z, ) € M,

c.(t,x) c_(t,x)
(dlt,x) P "“‘)) 7Y

or, equivalently,

(s ne e a-m) 2o

Proof. By Theorem 3.1 and (3.6), the Fredholmness of A implies that

ce(t,z) #0, di(t,x)#0 forall (t,x) € M. (3.8)
Assuming (3.8), we have
det A(t,z, 1) = co(t,x)d_(t,x)p + c_(t,x)d(t,2)(1 — p) (3.9)
D) () )

which completes the proof by Theorem 3.1. O



Theorem 3.1 in view of the stability of matrix invertibility implies the
following assertion.

Lemma 3.3. If the operator A € Ajso.pc) given by (1.1) is Fredholm on
the space L*(R) and the functions ag, by € alg(SO, PC) admit finite sets of
discontinuities, then there is an rq > 0 such that for all r > rqy the truncated
operators A, € Apc given by (1.5) are also Fredholm on the space L*(R).

The index formula for the operators A, € Aps was obtained by R.V.
Duduchava (see, e.g., [9]). Applying [9, Theorem 7.7], we get the following.

Theorem 3.4. If the operator A, € Apc given by (1.5) is Fredholm on the
space L*(R), then

1 n+1 t—
indAT:__ {arg O'( ) T)}
27 U<t7 T) te[Ts—1+0,7s—0]
o(ts +0,—7) o(1s —0,—r)
+ arg ( o+ (1—p)
{ U(Ts +0, ’I") U(Ts -0, T’) pnel0,1]
{a

rg( o(r,y; +0) it U(T,yj—0)>(1_m)}#€[o,1]

U(—’f’, Y;j + O) 0<_Ta Y; — 0

- o(r, )
+ {arg —’} : (3.10)
i=1 (7(—7”, £E) z€[yj—1+0,y;—0]

where o is defined in (1.7), 71 < ... < 7, and y; < ... < y; are all possible
discontinuity points on R for the data functions ay and by (k=1,2,...,m),
respectively, r > max{—T71, Tn, —y1, Y} and To = Yo = —7, Tny1 = Yio1 =T

Thus, to prove Theorem 1.1, it remains to establish the crucial formula

ind A = lim ind 4,, (3.11)
r—00
where the truncated operators A, are given by (1.5). The proof of (3.11)
is sufficiently difficult and is related to a separation of discontinuities of
functions ag, by € alg(SO, PC') based on some appropriate decompositions.
The remaining part of the paper is devoted to the proof of equality (3.11).
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4. Wiener-Hopf type operators

We now consider the Wiener-Hopf type operators given by
B =xW(b) +x; 1 (4.1)

with b € alg(SO, C(R)), where x} and x; are the characteristic functions of
the intervals [, +00) and (—o0, 7], respectively, and 7 € R is fixed.
Applying Theorem 3.1 or [17, Corollary 6.3], we obtain the following.

Proposition 4.1. Ifb € alg(SO, C(R)), then the Wiener-Hopf type operator
(4.1) 4s Fredholm on the space L*(R) if and only if b(z) # 0 for allz € R
and b(nT)p+b(n7)(1 — u) #0 for alln € M (SO) and all p € [0, 1].

Proof. By (3.1) and (3.9), the determinant of the Fredholm symbol B = ®(B)
of the operator (4.1) is given for (¢,n, 1) € Mg » by

b(n™)b(n~), if t>7,
det B(t,n, p) = ¢ b(nF)u+o(n7)(1 —p), if t=r1,
1 if t<7,

while for (&, z, 1) € Mg and (&,n, 1) € My o We get
det B(&, x, 1) = b(z), det B(¢,n,0) =0b(n"), detB(&n,1)="0bn").
Applying now Theorem 3.1, we complete the proof. O

Theorem 4.2. Let b € alg(SO, C(R)) and the operator B = xTWO(b) +x; I
be Fredholm on the space L*(R). Then for every sufficiently large r > 0 the
truncated operator B, = xTWO(b,) + x; I, with b, given by (1.4), is also
Fredholm on the space L*(R), and

ind B = lim ind B,

r—00

= o lim ({argb(a)}eiorg + {arglb(—r)e+ 00 (1 — )]} i) - (4:2)

2 r—oo

Proof. By Proposition 4.1, the function b is invertible in alg(SO, C(R)) and

b(n ) +b(n )1 —pu)#£0 forall n € My (SO) and all p € [0,1].
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Then there exists a point zy > |7| such that
b(—z)u+b(x)(1 —pu) #0 forall |z| >z and all p € [0,1].

Hence, by Proposition 4.1, the truncated operators B, are Fredholm on L*(R)
for all 7 > xy. Further, from [17, Theorem 6.5] it follows that

ind B = lim ind B,. (4.3)

r—00

It remains to apply [6, Theorem 2.20], which gives

ind B, =~ ({argb(a)}actro) + {orglb(—r)u-+ 6(r)(1 — )]} ) (44)

Combining (4.3) and (4.4), we obtain (4.2). O

5. First decomposition

We now proceed to obtain the index formula for the Fredholm operator
(1.1) on the space L*(R) in the case (C1), that is, assuming that all a; or all
br are in alg(SO, C(R)). We start with reviewing the index formula when all

ar and by are in alg(SO, C(R)), and check that (3.11) holds in this case.

Theorem 5.1. If ai, b, € alg(SO,C(R)) for all k = 1,2,...,m, then the

operator A given by (1.1) is Fredholm on the space L*(R) if and only if
liminf |o(t,x)] > 0, (5.1)
t24+x2 00

where the function o is defined by (1.7). The index of the Fredholm operator

A is calculated by the formula

1

ind A = — lim —{arg o(t, %) }(t.2)com, = lim ind A,, (5.2)
r—o0 27 ’ r—00

where {arg o(t,x)}wz)con, denotes the increment of arg o(t,x) when the

point (t,x) traces counter-clockwise the boundary Oll,. of the square 11, =

{(t,x) : |t| <, || <7}, and A, are truncated operators for the operator A.

Proof. Since all functions a; and by, are in alg(SO, C(R)), we conclude from
21, Corollary 3.7] (also see Theorem 3.1) that condition (5.1) is equiva-
lent to the Fredholmness of the operator A on the space L*(R). More-
over, condition (5.1) implies that for all sufficiently large > 0 the function
o(t,x) =Y 4o, ar(t)b(x) is separated from zero on the set R?\ [—r,r]?. The
index formula follows from [21, Corollary 3.7] (see also [18, Theorem 7.2]). [
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For the remainder of this section, we assume that A satisfies condition

(C1), with all b, € alg(SO,C(R)):

A=Y "aWO(by), ax € alg(SO, PC), by € alg(SO,C(R)),  (5.3)

k=1

for all k£, and that 7, < ... < 7, are all possible discontinuity points on R for
the functions a; (k=1,2,...,m).

It follows from Lemma 3.3 and Corollary 3.2 applied to the Fredholm
operator A given by (5.3) that there is a ¢, > max{|7],...,|7,|} such that
for all t € R\ (—to, %) the functions z — > ;" | ax(t)by(z) are invertible in
the C*-algebra alg(SO, C(R)). Then the operators

Ay = WO(g;ak(to)bk), Ay, = Wo(kzm;ak(—to)bk>

are invertible on the space L*(R).
Given 7 € R, let xF and x; be the characteristic functions of [r, 4+00)
and (—oo, 7], respectively. We define the operators

A;i(—) = X;,’(—)A + X;)Atm A;) = X:tOA + XttgA—tov (54>
Apy = XAt + XD Xao A + X At (5.5)

Then . .
Al =D WO, Af =D Wby,
k=1 k=1
where the functions aj € alg(SO,C(R)) and af, € PC are given by
ax(t), if t>t, _ ax(t), if ¢ < —t,
a; (t) = . ) ak (t) = .
ak(to), if t< to, ak(—to), if t> —t,
ak(to), lf t Z to,
ap(t) = qar(t),  if [t| <to, (5.6)
ar(—to), if t < —t,
that is, the functions af are continuous on R with a limit at FFoo and the
slowly oscillating behavior of a;, at o0, respectively, while the functions aj

have one-sided limits at +-00 and are continuous on the set R\ {7,...,7,}.
In what follows, A ~ B means that the operator A — B is compact.
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Theorem 5.2. If the operator A given by (5.3) is Fredholm on the space
L*(R), then the operators A;, and A3, given by (5.4) and (5.5) are also
Fredholm on the space L*(R), and

ind A = ind A} +ind A; 4 ind A7 . (5.7)

Proof. Along with A}, we define the operator /Alzg = > aWO(by), where

t()?

a, (t) = ay(t) for t < tgand @, (t) = ax(ty) for t > to. We start with showing
that the operators A;; and A are Fredholm and

ind A = ind A + ind A;:. (5.8)

To this end, we consider the operator

By, = AA = gakwo (bk(jzlas(to)bs) _1). (5.9)

It is Fredholm on the space L?*(R), and, using the symbol map ® defined in
Theorem 3.1, we see that the Fredholm symbol By, = ®(B,) is such that

By, (to,m, ) = Iy for all n € M (SO) and all p € [0,1], (5.10)
where 5 is the identity 2 x 2 matrix. Let us show that

By, =~ (X¢: Bty + Xio ) (Xio Bro + x2,1)

to to (5.11)
~ (X3 Bto + Xi: 1) (X5, Bty + X3, 1)-

Indeed,

(X2, Bio + Xio 1) (X2, Bio + X151) = Xt Bio Xty Bio + Xa Bio Xty I + Xz Bio =~ B,

if X&* BiyXz,I = 0. To prove the compactness of x; By, xy I, it is sufficient to
check its Fredholm symbol at the points (tg, n, 1) for (n, n) € M (SO) x [0, 1]
and at the points (§,z, 1) € Myr and (€,7, 1) € M . We then obtain

(b[X:(_)BtoX;)I] (t07 n, ,LL) = dlag{lv O} Bto(t07 n, ;u) dlag{ov 1} = 02><27
CI)[X;&EBtoX;)I] (&7 z, ,LL) = dla’g{07 ]-} Bt0(£7 €, M) dlag{lu O} - O2><27
(b[X;;BtOX;OI] (67 7, :u) = dlag{07 1} Bto(£> 7, N) dlag{L 0} = 02><27
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because (5.10) holds and

By, (€, x, 1) = diag { > ey ar(E)be(x)  Doph ar(§7)be(x) }

ST a(t)b(®) " S axlto)bel@)
(T e (Ehr) T asl€belr)
Buw(8.0) = d g{ ST ) S an()n(n) } ’
ZZ; ak(5+)bk(77+) ZZL 1ak(

By (&, 1) = diag{ ow(r) }

> e an(to)br(nt) " 3200 an(to)bi(n™)
Since the symbol of xi By xz, I is the zero matrix for all (¢,z, ) € M, the
operator X;g By, x4, 1 is compact in view of Theorem 3.1, which gives the first
relation in (5.11). The second relation in (5.11) is obtained analogously.

It follows from (5.11) and the Fredholmness of B;, (which is equivalent to
the Fredholmness of A) that both the operators xif By, +x;, I and xy, Bi, +X:, 1
are Fredholm. Hence the operators

~—

A;&; XtOA + XtOAto - (X;(_)Bto + X;)])Atoa
A;(_) = XtoA + XtoAto = (X;)Bto + XZ)])A??O
are Fredholm as well. Moreover, from (5.9), (5.11) and (5.12) it follows that

(5.12)

ind A = ind B, = ind A; 4 ind Af

to?
which gives (5.8).
Replacing A by Azg, we proceed similarly for the point —¢y. Let
By, = Af AL, (5.13)

Then B_ (—to,n, 1) = Iz for all n € M (SO) and all u € [0,1]. In the same
way as above, we have

B*tO = (XitoB*tO + X:tOI) (X:tOB*tO + XitO]—)

- B (5.14)
= (X—tOB—tO + Xi_tol) (Xi—tOB—tO + X—t()])'

Since the operator B_;, is Fredholm along with ﬁ;“) and since x_; A =
X_ toAto= we infer from (5.14) the Fredholmness of the operators

At_o - X:toA + Xi—toA_tO = (X:toB—tO + Xi_to[)A—toa
A;)o = X+t0X;)A + Xz—f’(_)AtO + X:toA—to
= X- toAJr +X- toA to = (XJ—rtoB—to + X:tOI)A—t0~

15



Hence we deduce from (5.13) and (5.14) that
ind A/ = ind A, +ind A3, (5.15)
Finally, (5.8) and (5.15) imply (5.7). O

Since the data functions aj;, by of the operators Aj; are in alg(SO, C(R)),
the indices of the Fredholm operators Ai are computed as in Theorem 5.1.
Put

m

ou(t,x) =Y ai(t)p(z), (t,z) eRxR. (5.16)

k=1
Theorem 5.3. The indices of the Fredholm operators A,?E are calculated by

1
ind A7 = — lim —{arg o4 (¢, 2)}(t0)eom, = lim ind [Af],, (5.17)

r—oo 27 r—00

where {arg o4 (t,x)}z)con, denotes the increment of arg o4 (t, x) when the
point (t,z) traces counter-clockwise the boundary Ol of the square 11, =
{(t,z) : [t| <, || <r}, and [AL], are truncated operators for AF.

6. Separation of discontinuities

According to (5.7) and Theorem 5.3, to compute ind A under conditions
(5.3), it remains to compute the index of the Fredholm operator Aj acting
on the space L*(R) and given by

A5 = Xy Aty X XA+ Xy Ay = > ag WO (b, (6.1)
k=1

where a € PC are given by (5.6), by, € alg(SO,C(R)),and 1, < ... < 7, are
possible discontinuity points in R of the functions aj. Thus, aj = a;, with
r =to. By (3.1), with A7 we associate the functions

m

(tx) = ap(t£0)be(z +0), di(t,x) =) ag(t+0)bu(z—0) (6.2)

k=1 k=1

for all (t,z) € M, where M is given by (3.7).
Since the operator Ay is Fredholm on the space L*(R), it follows from
Corollary 3.2 that there is an r > 0 such that the functions x +— ¢° (75, x) in
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alg(SO, C(R)) are separated from zero for all || > 7 and all s = 1,2,...,n.
Then, for every k = 1,2,...,m and every s = 1,2,...,n there exist functions
by s € alg(SO, C(R)) such that by s(x) = bi(2) for all ]:E\ > r and the functions

@ :Zak(TS—O)/b\k,S (s=1,2,...,n)
k=1

are invertible in alg(SO,C(R)). Indeed, fix s and a(7, — 0) # 0, and for
x € [—r,7] put

m (r=z)/(2r) / m (r+z)/(2r)
_ <Z ag (s — 0)bp(— (Z a7y — O)bk(r)> ,
k=1

while ¢s(x) 1= >"7" | ag(7s — 0)bg(x) for all other z € R. Then ¢ is invertible
in the C*-algebra alg(SO C( Choosing now arbitrary restrictions on

R)).
[—r, 7] of functions bjs € alg(SO,C[R)) for j € {1,2,...,m} \ {k}, it is
sufficient to take b;aS = (55 > ik @ (1 —0) ],s)/ak(Ts — O).

Hence the operators

Zak — )W (bes) = WO(@,) (s=1,2,...,n) (6.3)

are invertible on the space L?(R), and the operator

D, = A;(A;)"" (6.4)

is Fredholm on this space.

Lemma 6.1. The operator x; D x+ I is compact on the space L*(R), and
DT’IL - ( DTn + X I)( DTn + X’TT,LI) (65)
Proof. Applying (6.2), we deduce from (3.4) that

St d ()L —p) (€ () — &t a)vin)

AT =1 o () — de (La)ol) (6 ) (1 — ) + (1, xﬂé

6.6)
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for all (¢t,z,u) € M. On the other hand, since ¢,(x + 0) = ¢® (7, ) and
Cp(x —0) = d° (7, ) for all x € M(SO), we infer for (¢,z, 1) € Mg o that

A (4, p)
_ [Ci(% 2+ d2 (T, ) (L= 1) (2 (T, ) = d2 (T, ) )0 (1) ]
(€ (T, ) = d2 (m, ) () € (T, 2) (1 = ) + d2 (7, )]
[j;n (t, 2, p)] = [ det .Z;n (t, 2, p)] -
{Ci(% 2) (1= p) +d2 (7o, w)pp = (2 (7, ) — d2 (7o, x))V(M)}
— (2 (T, &) = d2 (7, 2))p () (s )+ d2 (7, ) (1 = 1)

(6.7)

To prove the compactness of the operator x - D, xt I, where D, is given
by (6.4), it suffices to check that its Fredholm symbol vanishes at the points
(T, z, ) for (z, 1) € Moo(SO) x [0,1] and at the points (¢t,z,p4) € Mg U
Mo 0o. Writing D, := ®(D,,), we get

. 0 0 10 0 0
q)[XTnDTnX;;I} (Tn,x,ﬂ) = |:0 1:| DTn(Tn,LU,,LL> |:O O:| - |:d'r (7—7”1:7:“) 0:| 7

where, by (6.6) and (6.7), d;,, (7, x, u) = 0. Thus,
(I)[X;HDTann[} (t,x, 1) = 022 for all (¢,z,u) € Mg -

On the other hand, since the matrices Aj (¢, z, 1) and .Z; (t,z, ) are diag-
onal for all (¢,2, 1) € Maor U My, We again conclude that

@[X;nDTnX:fn[} (t, 2, p1) = O2x2 for all (t,2,1) € Mor U Mo .

Hence, the Fredholm symbol of the operator x; D, xi I is the zero matrix
function on M, and therefore, by Theorem 3.1, this operator is compact on
the space L?(R), which immediately implies (6.5). O

Theorem 6.2. If the operator Ag is Fredholm on the space L3(R), then the
operators
A = Xr, Apy + X:;ﬁ;, ;LJ; = X1 Ay + X;ﬂﬁ;ﬂ, (6.8)

Tn

where E;n is given by (6.3), also are Fredholm on this space, and

ind A3, = ind A, +ind AF . (6.9)
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Proof. We infer from (6.2), (3.4) and (3.9) that

A (e, i) = A2 (L, ) i (8, 1) € [1m, +00) X Moo(SO) x [0,1],
det .Z;(t,x,u) = ° (1, 2)d° (1, ) if (t,2, 1) € (—00,Ty) X My (SO) %[0, 1],
det AT (t, 2, 1) = &,(2)d° (to,x) if (t,7,1) € Mu(SO) x R x [0,1],

and
det z;(t,x,O) = (to,x)d’ (1, 2), det .Z:L(t,x, 1) = % (7, x)d° (to, )

for (t,2) € Mo (SO) x My (SO). Then from Corollary 3.2 and Theorem 3.1
it follows that the operator Al is Fredholm on the space L*(R) along with
Ag , which implies the Fredholmness of the operator X+ Dy, + x5, 1 in view

of the equality B B
AL = (XE D+ x5 D) AL (6.10)

(see (6.4) and (6.8)) and the invertibility of the operator E;n. Since the
operators D, and x} D. + x; I are Fredholm on L?(R), so is the operator
Xr, Dr, + xi I due to (6.5), which according to the equality

AL = (x5, Dn, 4 XEDA;, (6.11)

Tn

(see (6.4) and (6.8)) and the invertibility of the operator Z;n implies the

Fredholmness of the operator A\;n on the space L*(R).
Finally, from (6.4) and (6.5) it follows that

ind A}, = ind D, = ind(x;, D, + xi. 1) + ind(x; D-, + x,. 1),
which gives (6.9) because

ind(x;, Dy, + x; I) = ind g;n, ind(x} Dy, + x5, 1) =ind ;ﬁ;

according to (6.10) and (6.11). O
Taking s =n—1,n—2,...,1for n > 2, we recursively define the operators
A; = X;A;H + XZA;’ A;rs = X‘fJ'rsA;sH + X;A;s <6'12>

It is easily seen that

o~

AL = XA+ XJDZIT_S forall s=1,2,...,n. (6.13)

Ts
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Corollary 6.3. If the operator A7 given by (6.1) is Fredholm on the space
L*(R) and n > 1, then the operators (6.12) for all s =1,2,... ,n—1 and the
operators (6.8) also are Fredholm on the space L*(R), and

ind A} =ind A_ +) ind A} (6.14)

s=1
Proof. For n = 1, the corollary follows from Theorem 6.2. Let now n > 2. By
analogy with Theorem 6.2, one can prove that for every s =n—1,n-2,...,1
the Fredholmness of the operator A”  given by (6.13) and the invertibility
of the operator Aé on the space L*(R) implies the Fredholmness of both the

operators gjf and A\; on this space, and also the fulfilment of the recursive
relations R R B

indA_, =indA_ + ind A} . (6.15)
Finally, applying (6.9) and then (6.15) forall s =n—1,n—2,..., 1, we arrive
at the equality (6.14). O

It is easily seen that

m

AL =3 G as(ma — 0WO b)) + X7 ag W0 (b)), (6.16)

k=1
where, for all kK =1,2,...,m, the functions x; aj(7, —0) + x{ aj can have a
discontinuity on R only at the point 7,,, while, for every s =n—1,n—2,...,1,

Zj_: = Z (X;Saz(Ts — O)Wo@k’s)
k=1
0 [ OB + XL 0t — OWOBg)]). (617
It follows from [9, Lemma 7.1] that the operators x; x;. . asW°(bx —gk,Sle),
for s =1,2,....,n—1and k = 1,2,...,m, are compact on the space L*(R)

because the functions xf x7 L, ay, and by, —Ek,sﬂ equal zero at neighborhoods
of co. Hence, we infer from (6.17) that for every s =1,2,...,n — 1,

A 2= 37 (X (=)W (b)Y X 0,03 (T —O)] W (Bii1)).
k=1
(6.18)
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where, for all K =1,2,...,m and every s =1,2,...,n — 1, the functions

Xr i (e = 0) + X X0 an + i, ax(Te1 — 0)

can have a discontinuity on R only at the point 7.
On the other hand, we see that

AL = AL XA =) (a0 () + X ap(m — 0) WO (b)), (6.19)
k=1

where xaj + x;aj(ri —0) € OR) for all k =1,2,...,m

7. Index of the operator A7

In this section we compute the index of the Fredholm operator

Za WO(by), (7.1)

where a € PC, b, € alg(SO,C(R)), a3(t) = ax(t) for all t € [~to, 1],
ap(£t) = ap(Ety) for all t > ¢y, and 7y < ... < 7, are all possible discontinu-
ity points of the functions ay on (—to, to).

Theorem 7.1. The index of the Fredholm operator (7.1) on the space L*(R)

15 given by
1 m
ind A7 = lim ind[A7 ], = —=— lim {arg( z;,f:l ax{to)be(7) )}
rree T rreo > ket k(o) bk () c€[—rr]

- Dokt k(s + 0)b(=r) Doy ar(Ts — 0)be(—7)
+ arg( = 1+ (1—p)

;{ > 1 @i(7s + 0)by(r) D e @(Ts — 0)by(r) uel0,1]

n+1 m

2 k-1 ak(t)bk(—r)> }

+ arg ( = , (7.2)

Szl { Zk:l ak(t)bk‘on) te€[rs—1+0,75—0]
where 1o = —ty and 1,11 = 1g.

Proof. To calculate ind A7 , we approximate the piecewise continuous func-
tions aj by piecewise constant (step) functions Ay on the compact set [—to, to]
such that hi(£to F0) = ap(Eto) and hy(7s £ 0) = ax(7s £ 0), respectively,
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and ¢ < t3 < ... < t, are all possible discontinuities of the functions hy
(k = 1,2,...,m) in (—to,tp), where the set {t;,...,t,} contains the set
{m1, ...} Put hgp(Et) = ax(Ety) for all t > ¢;. Then the functions hy
are continuous at the points +t.

In view of the stability of operator indices there is an € > 0 such that the
operator @ := Y -, hyW°(by) is Fredholm on the space L*(R) if

llaw — hil|Looj—tot0) < € forall k=1,2,... m,

and then ind A7 = ind Q.

Further, to the operator ) with piecewise constant coefficients h; and
functions by € alg(SO, C(R)) we apply the results of Section 7. By analogy
with (6.16), (6.18) and (6.19), we introduce the operators

@t_l = Z [Xle_lak(_t())WO(bk) + X3 hie(t — O)Wo@\k,l)}a
k=1

OF =5 [ halt; = OWO(bis) + 3 alty 1 — )W (Beyin)]
P (7.3)
for j=12,...,p—1,

Qf = Z X hue(ty — WO (i) + X3t an(to) WO (b,
k=

where for all j = 1,2,...,p the functions
= " hilt; — 0)biy(x), 7 €R, (7.4)

are invertible in the C*-algebra alg(SO, C(R)), and therefore the operators
W0(g;) are invertible on the space L*(R). To this end we take by j(x) = bg(x)
for all |x| > r, where r > 0 is sufficiently large, which implies that the

functions > ;" hy(t; — O)Zm are separated from zero on R\ [—r, 7] for all
j =1,2,...,p, and then extend these functions to [—r,r] to get functions
(7.4) invertible in alg(SO, C(R)).

By Corollary 6.3, the operators @t_l and sz; for all 7 = 1,2,...,p are
Fredholm on the space L?(R) and

p
ind A} =indQ =indQ;, + ) _indQ; . (7.5)

J=1
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Since the functions (7.4) are invertible in alg(SO, C(R)), the operators (7.3)
are Fredholm simultaneously with the operators

By = xiW g1/ (~to, ) + xi 1,

i1
§+ _XtW (gj+1/gj>+xt[ (]:1;277])_1), (76>
B+ = X, WO( (tO’ ')/gp) + tiL
where o(t,x) = > ", ax(t)bg(x) for (t,z) € R x R, and
ind@;, =ind B, indQf =indB} (j=1.2,....p). (7.7)
Hence from (7.5) and (7.7) it follows that
~ p ~
ind A, = ind B, + » _ind B, (7.8)

j=1

Applying now Theorem 4.2 to the operators (7.6), we conclude that for every
sufficiently large r > 0 the truncated operators

(Bl = X WO lor /o (~to, ))r) + xi, 1.
[Bt—;_] _Xt W ([g]-i-l/gj]?”)_'_X;I (]:17277p_1)a
[Bif]r = xi, W (o (to, )/ 9p)) + X3, 1

are Fredholm on the space L*(R), and

ind B = lim ind [By], =~ Tim ({axgloa(r) /(1o 20},
+ {Larg (lon (=)o (~to, =)+ [0 ) /o (~t0, D)1 = 1), c0y)).

ind B} = = lim ind Bf], = —% TILHOE({ arglg;+1(2)/9; ()]} e Ly

#{ s (9501 () /g5 (=) + loga () /,0N1 = 1)},

forall j=1,2,....p—1,

1
ind BtJr = lim ind [B+] = —— lim ({ arg| (to,x)/gp(w)]}xe[_m]

r—00 27 r—o0

+ {Larg ([o(to, ~r)/gp () + [0t 1)/ (PN(1 = 1))
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Substituting the latter formulas into (7.8) and noting that

{arg f(x)}ze[zq,ug] + {arg g(x)}xE[m,w] = {arg[f(x)g(x)]}xe[mm]a

we obtain

ind A = _%}E& ({arg[a(to,x)/ﬁ(—to,x)]}xe[ ]
+{arg ([g1(=r)/o(—to, =) + [91(r) /o (—to, )I(L = 1)) } e

+ Z {arg ([gj41(=7)/g;(=r) + [gj41(r)/g;(r)](1 — ) }MG[OJ}
+ { arg ([o(to, =)/ gp(—7) |1 + [0 (to, 1)/ gp(r)](1 — 1)) }ue[o,1]>‘

Since hg(t; — 0) = hi(—to) = ar(—ty), we conclude that

gi(Er)/o(~to, £r) = %kllhzit(l ;0())125?(;;) -

and therefore

{arg ([91(=r)/o(=to, =)+ [g1(r) /o (=to,)](L = 1)) } 0.y = 0 (7-10)

Because the functions hy are piecewise constant and hence hg(tj41 — 0) =
hi(t; +0) and ay(to) = hi(t, +0), we see that, for all sufficiently large r > 0,

2 (5 + 0y (1)
2 e k(85 — 0)i(£7)
2 Tty + 0)br ()
2 ke i (tp — 0)br (7).
(

Consequently, we deduce from (7.11) that

{arg ([gj41(=7)/g; (=i + [g541(r) /9;(]I(L = 1)) } o
S Doy ety + )b (=) DT Pty + 0)be(r)

{ g(ZZLl Bty — 0)b(—r)" i > et hae(ty — 0)by(r) S Iu))}ue[o,l]
(

S o (2= s A O (=r) 3y Pty = 0)b(=r)
‘{ g( S ety + O)ben) M S Al — O)b(r) “))}Mem .

gi+a(Er)/g;(£r) =

(G=1,2...,p—1),
(7.11)
o(to, £1)/gp(Er) =

(7.12)
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forall j =1,2,...,p— 1 and, analogously,

{arg ([o(to, =) /gp(—7)l + [0 (to, )/ 9p(r)](1 = 1)) } o

S bty + 0)be(r) "SIl — 0)ba(r)
(7.13)
It remains to observe that if all the coefficients a; are continuous at the points
tgo 141, tg—1 foralls =1,2,... n+1, where g = 0 and ¢,,41 = p+1, and
the function ¢ — [ >0, ax(t)br(—7)] /[ Do, an(t)bi(r)] is discontinuous at
the points ¢,, = 7, for all s = 1,2,...,n, then for all sufficiently large r > 0
and all s =1,2,...,n+1,

Z {arg(z;:l ety £ Obe(=1) | S Pnlty = Obu(=1) () “b}ue[o,”

i ket (5 + 0)0i(r) ket (5 — 0)bi(r)
o t)b(—
Zk:1 ak(t)bk<7") t€[Ts—1+0,7s—0]
where 79 = —t¢, 7,11 = to and, for a continuous branch of arg f on [7,_1, 7],

{arg f(t)}tE[‘rs—1+0,Tst] = arg f(Ts - 0) —arg f(Ts—l + 0)-

Consequently, taking into account the equalities hy(7s £ 0) = ax(7s £ 0)
(s =1,2,...,n), we infer from (7.9), (7.10) and (7.12)—(7.14) that

ind A2 = — - lim {arg ( Si ax(to)bu(2) )}
oM e D1 ak(—t0)be(2) ) ) e

2 ke @(Ts + 0)b (r) 2 ke @k(Ts = 0)by ()

N L | a1

Moreover, it follows straightforwardly from (7.15) and the index formula in
Theorem 3.4 for the truncated operators [Af ], that ind A7 = lim ind[A§ ],,
7—00

which completes the proof. ]
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8. Index formula for the operator A in the case (C1)
Applying Theorems 5.1-5.3 and 7.1, we compute ind A in the case (C1).

Theorem 8.1. If the operator A =>"7"  axW°(by), with functions ay, by, €
alg(SO, PC) having finite sets of discontinuities, is Fredholm on the space
L*(R) and either all ay, or all by, are in alg(SO, C(R)), then

ind A = lim ind 4,, (8.1)

=00

where ind A, is calculated by (3.10).

Proof. (i) If ag, by € alg(SO,C(R)) for all k = 1,2,...,m, then (8.1) is
proved in Theorem 5.1.

(ii) Let now all a, € alg(SO, PC) and all b, € alg(SO,C(R)). Then,
by (5.16) and (5.17), where aj (t) = ay(t) if £t > to and af () = ax(dto) if
+t < tp, we obtain

—27ind A}, = lim { arg Z a;(t)bk(x)}

rreo k=1 (tvw)ean"'

=l ({ e ZZSTZ—”;GSIEZ;)ZZ(;;) }te[to,r} ! { e %2%11 5: ((;))Zi)) }xe[—m}) ’

—2rind A, = lim { arg Z a; (t)bk(a:)}
(t,z)€oIl,

r—00
k=1

= ({ e 232%11@2:2[))22 (_7“? }te[r,t:}r {arg %%11 CCLLZ((_—?)):: ((;‘C )) }xe[m]> '

Applying the latter formulas, we infer from (5.7) and (7.2) that

ind A =ind A;g + ind A;O + ind Afo

_ _% Jim ({ arg (gfjlaﬁgﬁz,ﬁ)) }xE[r,r]

(S a(n O R an(r = O)b(=) |
*Z{g( ST a0 TS alr — 0 “>>}ue[0,1]

o3 (o (SRunCyy ), e
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where now 79 = —r and 7,41 = r. Moreover, we see from (8.2) and Theo-
rem 3.4 that again (8.1) holds.

(iii) Finally, let all a; € alg(SO,C(R)) and all b, € alg(SO, PC). Using
the Fourier transform and setting ay(z) = ax(—z), we obtain

.FA.F i (Ik bkl i WO CLk
k=1 k=1

We then deduce from part (ii) with az = by and by = Q. that

ind A = —ind (FAF ')

k=1 k=1 r

= — lim ind (FA,F')* = lim ind 4,, (8.3)
r—o0 r—00
which completes the proof. O

9. Index formula for the operator A in the case (C2)

In this section, we return to the general case of the Fredholm operator
(1.1) with ay, by € alg(SO, PC'). We show that under conditions (1.2)—(1.3)
the computation of the index of A can be reduced to the case where at least
all a;, or all by are in alg(SO, C(R)).

Given functions ay, by € alg(SO, PC) with finite sets of discontinuities,
we can always take functions @, by € alg(SO, C(R)) in (1.2) such that, for
some 7 > 0,

an(t) —ap(t) = bp(z) —be(x) = 0 for |t|,|z| >r and k=1,2,...,m. (9.1)
Let .
F(t,x) =Y ap(t)be(z) forall (t,z) eRxR (9.2)
k=1
similarly to the function o given by (1.7), and consider the functions

cr(t,x) =0(t+£0,24+0), di(t,z)=0(t£0,2—0),

cr(t,x)=0(t+£0,24+0), dy(t,z)=0(t£0,2—0)
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defined on the set M (SO) x M(SO) according to (3.1).
By Corollary 3.2, conditions (1.2)—(1.3) are equivalent to the following:

There exist functions Gy, by, € alg(SO, C(R)) satisfying (9.1) such that for
some r > 0 the function (9.2) is separated from zero on the set R? \ [—r,r]?
or, equivalently,

C(t,x) #0, di(t,x) #0 (9.3)
for all (t,x) € (R x My(SO))U (M5 (SO) x R) U (My(SO) x My (SO)).

Note that if the operator A is Fredholm, then from (9.1) and Corollary 3.2
it follows that for some r > 0 condition (9.3) is fulfilled on the set

(M(SO)\ [r,7]) x Ms(S0)) U (Ms(SO) x (M(SO)\ [=r,7])).

Hence, we only need to define the functions Gy, by on the segment [—r, 7]
to ensure the invertibility of the functions ¢y and di on the set ([—r,7] x
M (SO)) U (My(SO) x [—r,r]).

We now present a sufficient condition for the fulfilment of (9.1) and (9.3).

Lemma 9.1. If the Fredholm operator A is given by (1.1) with functions
ag, by, € alg(SO, PC') that have finite sets of discontinuities and satisfy the
conditions

cr(t,r)p+ce_(t,x)(1—p) #0, (t,x,u) € R x M (SO) x [0,1], (9.4)

dy(t,m)p+d_(t,z)(1—pu) #0, (t,z,u) €Rx My (SO) x [0,1],
and

cr(t,r)p+dy(t,x)(1—p) #0, (t,x,u) € Myo(SO) x R x [0, 1], 9.5)

c_(t,)p+d_(t,x)(1—pu) #0, (t,2,u) € My(SO) x R x [0,1],

then there exist functions Gy, by, € alg(SO, C(R)) such that conditions (9.1)
and (9.3) are fulfilled.

Proof. By Corollary 3.2, the Fredholmness of the operator A implies that
o(t£0,2+4+0)=cy(t,x) #0, o(t£0,2—-0)=ds(t,x)#0

for all (t,2) € (R X My (SO)) U (My(SO) x R) U (My(SO) x My (SO)).
In particular, we may choose r > 0 such that all discontinuities on R of
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the functions ag, by, for all &k = 1,2,...,m lie in the segment [—r, 7] and the
function o given by (1.7) is separated from zero on the set R? \ [—r, r]?.

We first define functions a, by, € alg(SO, C(R)) (k =1,2,...,m) on the
set R\ [—r, 7] by (9.1). Then the function o given by (9.2) is separated from
zero on the set (R \ [=r,7])2. In particular, ¢y (¢, z) # 0 and du (¢, ) # 0 for
all (t,2) € My (SO) X My (SO).

Now we define a(t) for ¢t € [—r,r]. According to (9.4), we can also assume
that » > 0 is chosen such that for all ¢ € [—r,7] and all z € R\ [—r, 7], the
function

e (t,x)p+c (t,x = (ar(t +0)p + a(t — 0)(1 — ) by(x) (9.6)

is separated from zero for any p € [0,1]. Around each discontinuity point 7
of the functions ax, we choose points t s, t1 s such that 75 € (to,t15) and

lag(7s +0) —ar(tis)] <e/2, |ar(rs — 0) — ar(tos)| < /2.

Then from (9.6) it follows that for sufficiently small € > 0 the function

> (ar(tr)p+ ar(tos) (1 — p))be(x) (9.7)

is separated from zero for any p € [0,1] and all || > r. Assuming that
(tos, t1,s) N (to,t15) = 0 for s # j, we define the functions

ap(t1s) — ar(tos .
[t + B m o) e e (r,0)
ap(t) = l1,s — tos

Clk-(t) if t ¢ ngl(t[),satl,s)-

The functions @ are continuous on [—r,7], and hence a; € alg(SO,C(R)).
Moreover, since ag(t) = ag(tis)pn + ar(tos)(1 — p) for t € [tos,t1s] with
p= = ¢ 10, 1], we infer from (9.6) and (9.7) that the function

tl,s*tO,s
F(t,x) =Y a(t)bi(z) =Y a(t)bi(@)
k=1
is separated from zero for all t € R and all x € R\ [—r, 7].
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Applying (9.5) and noting that for ¢t € R\ [—r,r] and = € R the function
cr(t,m)p+de(t2) (1 — ) = ap(t)(be(z + 0)p + b(z — 0)(1 — ) (9.8)

is separated from zero for any u € [0, 1], we can proceed in the same way as
above by defining by, on [—7, 7] and showing that the function &(¢,z) is also
separated from zero for all t € R\ [—r,r] and all x € R.

Thus, the function 7 (¢, x) is separated from zero on the set R? \ [—r,r]?,
which is equivalent to (9.3). O

Note that Lemma 9.1 remains valid with p replaced by any continuous

complex function f defined for p € [0, 1] and such that f(0) =0, f(1) =

In the remainder of this section, we let A be a Fredholm operator given by
(1.1) and such that condition (9.3) is satisfied. With such an A, we associate
the operator

o = iakwo(zk), ar, by € alg(S0,C(R)), (9.9)

which is Fredholm on the space L?*(R) according to Theorem 5.1 because

liminf |o(t,z)] >0

242200

in view of conditions (1.2)—(1.3) or, equivalently, condition (9.3).
By analogy with [9], we introduce the following operators associated with
the operator A:

Apoo =Y arWo(bi), Ao = (ar — ar)W°(by),
=l =l (9.10)
Za WO bk ooO = Z&'kWO(bk _gk)
k=1 k=1

Since by (9.1) and [9, Lemma 7.1] the operator

m

A070 = Z(ak — 5k)W0(bk _gk)

k=1
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is compact on every Lebesgue space LP(R), 1 < p < oo, we infer that
A= AO,oo + Aoo,oo + Aoo,O + AO,O = AO,oo + Aoo,oo + Aoo,O- (911>

Denoting by AS;?O a regularizer of the Fredholm operator A,  in the
C*-algebra Ajgo o(my, we conclude that the operator

B = Ags A =3 ar — @) WO (b)) AL WO(b; — by) (9.12)

k=1 j=1

is compact on every Lebesgue space LP(R), 1 < p < co. Indeed, representing
the functions ay — @ in the form ay — a = aycy, where @y, € alg(PC, SO)
and ¢, € C(R) with ¢;(c0) = 0, and using the compactness of commutators
of ¢, and operators in Ajg o) (see, e.g., [1, Theorem 4.2]), we get

ZZ D aeWO(b; — by),

where the operators ¢, WO (b, —Ej) are compact according to [9, Lemma 7.1].
Then, similarly to the proof of [9, Theorem 7.7], we deduce from (9.10),
(9.11) and the compactness of operator (9.12) that

A~ AO,oo + Aoo,oo + Aoo,O + B~ AR7OOA((><_)7?<)AOO7R ~ Aoo,RAg;QOAR,oo- (913)

Since the operator A is Fredholm, we conclude from the last two relations
in (9.13) that both the operators Ag o, and A, r are also Fredholm. Indeed,
let ACY be a regularizer of the operator A. Then the operators

ACD A gAY and ACYA AT

are, respectively, the right and the left regularizers of the operator A .,
while the operators

ACY Ap cATY and ATV AR ACY

are, respectively, the right and the left regularizers of the operator Ay g.
Hence, in the case (C2) we obtain another decomposition of the operator A,

which has the form
A~ Ap o AGY A, (9.14)

where all operators on the right are Fredholm, and gives the following.
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Lemma 9.2. If the operator A given by (1.1) is Fredholm on the space L*(R),
and satisfies conditions (1.2)—(1.3) (or condition (9.3)), then so are the op-
erators A cos Aroco and Ao r in (9.14), and therefore

ind A = ind Ag o + ind Ayo g — ind A . (9.15)

Making use of Lemma 9.2, Theorem 8.1 and Lemma 3.3, we now obtain
the main result of this paper, stated already in Theorem 1.1.

Theorem 9.3. If the operator A = Y, aW(bg), with data functions
ag, by, € alg(SO, PC) admitting finite sets of discontinuities and satisfying
conditions (1.2)~(1.3), is Fredholm on the space L*(R), then its index is
given by

ind A = TILIEO ind A,, (9.16)

where ind A, is calculated in Theorem 3.4.

Proof. Since the data functions of the operators Ar o, Aoor and A o corre-
spond to the case (C1) and these operators are Fredholm on the space L*(R)
by Lemma 9.2, we infer from Theorem 8.1 and equality (9.15) that

ind A = ind Ag oo +ind Ao g — ind A o0
= lim (ind [Agco); + ind [Asr], — ind [As o)) - (9.17)
r—00

Since decomposition (9.14) holds, the corresponding truncated operators are
Fredholm on the space L?(R) as well (see Lemma 3.3), and

Ar = [Ar o] ([Asocolr) TV [Acc 2,
which implies the quality
ind [Ag o) + ind [Aoo r]r — ind [Aso o) = ind A,. (9.18)
Finally, by (9.17) and (9.18), we obtain (9.16). ]

Applying now Theorems 8.1 and 9.3, we immediately infer Theorem 1.1,
with index formula (1.6), from Theorem 3.4.
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