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Abstract

It is shown that the heat operator in the Hall coherent state trans-
form for a compact Lie group K [Hal] is related with a Hermitian
connection associated to a natural one-parameter family of complex
structures on 7% K. The unitary parallel transport of this connection
establishes the equivalence of (geometric) quantizations of T*K for
different choices of complex structures within the given family. In
particular, these results establish a link between coherent state trans-
forms for Lie groups and results of Hitchin [Hi] and Axelrod, Della
Pietra and Witten [AdPW].
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1 Introduction

In the present paper we relate the appearance of the heat operator in the Hall
coherent state transform (CST) for a compact connected Lie group K [Hal]
with a one-parameter family of complex structures on the cotangent bundle
T* K, in the framework of geometric quantization. The heat equation appears
also in the quantization of R?*" and of Chern-Simons theories [AdPW, Hi]
and in the related theory of theta functions, where it is associated with
the so-called Knizhnik-Zamolodchikov-Bernard-Hitchin (KZBH) connection
[Fa, Las, Ra, FMN]. The general case was studied from a cohomological
point of view in [Hil.

Our main motivation is to give a differential geometric interpretation to
the appearence of the heat equation in the Kahler quantization of T* K, thus
answering a question raised in [Ha3], §1.3. This interpretation is based in
the projection of the prequantization connection to the quantum sub-bundle
in geometric quantization, as proposed in [AdPW]. The main advantage
of this approach consists in the fact that it ensures the that the quantum
connection is Hermitian. Our method is also complementary to the one of
Thiemann [Thl, Th2] where he considers generalized canonical transforma-
tions generated by complex valued functions on the phase space. The heat
equation appears then naturally as the Schrodinger equation for these com-
plex Hamiltonians or complexifiers.

For R?" the heat equation is associated with independence of the quanti-
zation with respect to the choice of a complex structure within the family of
complex structures which are invariant under translations.

We consider on T*K a one-parameter family of complex structures {J, } ser,
induced by the diffeomorphisms

T"K ~ Kx& ~ Kx8 % Ke (1.1)
(2,Y) +— axebY, .

where K¢ is the complexification of K. Here we identify T* K with K x £* by
means of left-translation and then with K x & by means of an Ad-invariant
inner product (-,-) on 8 = Lie(K).

Together with the canonical symplectic structure w, the pair (w, J) defines
on T*K a Kahler structure for every s € R,. Hall has shown [Ha3] that,
when one considers geometric quantization of 7K, the CST gives a unitary
map between the vertically polarized Hilbert space and the Kéhler polar-



ized Hilbert space and provided that one takes into account the half-form
correction.

We collect the prequantum and quantum Hilbert spaces for all s € R, in
a prequantum and a quantum Hilbert bundles over R,

HprQ N R+

and
HY — R,

and show that the natural Hermitian connection on H™< induces on H® a
connection given by a heat operator (Theorem 1). This connection turns out
to be naturally equivalent to the connection obtained by varying A in the
CST of Hall (Theorem 4).

Contrary to the flat R?" case, and its infinite dimensional generalization
considered in [AdPW], our family of complex structures is not generated
by acting on a fixed one with a family of canonical transformations. It is
generated by the flux of a vector field which is not symplectic, but rescales
w. The symplectic structure on 7T* K however will be kept fixed throughout
the paper.

Notice that, as could be expected from [Ha3|, the use of the half-form
correction to define the Hermitian structure on H™® plays a decisive role
in the appearance of the heat equation for the connection induced on the
quantum sub-bundle (see also remark 1).

2 The quantum connection and the heat equa-
tion

Let K be a compact, connected Lie group. We will consider first the case
when K is semisimple and will comment briefly on the case of compact tori,
K =U(1)", at the end of section 2.4.

We start by recalling from [Ha3, Wo| aspects of the geometric prequantiza-
tion of T* K but with a natural one-parameter family of complex structures
generalizing the fixed complex structure considered by Hall.

The prequantum Hilbert bundle H*™< over this family is endowed with
a natural Hermitian connection, *?. The quantum connection §° induced
from 6*? by orthogonal projection on the quantum Hilbert sub-bundle is then
automatically Hermitian. Our main result in the present section is Theorem
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1 in which we show that d9 corresponds in a precise sense to a family of
Laplace operators on T* K.

2.1 Complex structures and the prequantum Hilbert
bundle

Consider an Ad-invariant inner product (-,-) on & = Lie(K) and {X;} |,
n = dim K, a corresponding orthonormal basis for & viewed as the space of
left-invariant vector fields on K. The canonical 1-form on T* K is given by 6 =
>or, y'w" where (y',...,y") are the global coordinates on K corresponding
to the basis {X;}",, and {w'}}, is the basis of left-invariant 1-forms on
K dual to {X;},, pulled-back to T*K by the canonical projection. The
canonical symplectic 2-form is defined as w = —df. We let € denote the
Liouville volume form on T* K, given by

1 n
€= . (2.1)

Following the geometric quantization program we consider the trivial complex
line bundle L over T*K, L = T*K x C, with the trivial Hermitian structure.
Sections of this bundle are thus just functions on T* K.

Using the diffeomorphisms ¢, between T*K and K¢ introduced in (1.1)
we produce a family, parameterized by s € R, , of complex structures Js; on
T* K by pulling back the canonical complex structure J from K¢. Explicitly,

JS = ;kl o J O ws*,
where 1, denotes the push-forward of the map ;.

Proposition 1. The pair (w, J5) defines a Kihler structure on T*K for every
s € Ry, whose Kdhler potential is rs(x,Y) = s|Y|*.

Proof. The family of complex structures J; can also be generated by pulling
back a fixed complex structure on 7% K with the family of diffeomorphisms
ps(2,Y) = (2,5Y) since J, = (1 0 p,)7 0 J o (g 0. 9,). = il o Ji 0 .
Therefore (w, Js) defines a Kéhler structure on T*K for every s € R, if and
only if ((p;1)*w = w/s, J;) defines a Kihler structure on T*K. This follows
from the fact that (7% K, w, J;) is a Kéhler manifold as shown in [Ha3]. In this
reference, the Kahler potential of (7% K, w, J;) is computed to be r(z,Y) =
|Y'|2. Then, the Kéhler potential r, for (w, Jy) is ks = (¢ik)/s = s|Y 2. O
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Let Xj, 7 =1,...,n, be the vector fields on T* K generating the right action
of K lifted to T*K and given by

Xj(2,Y) = (X5, [Y, X;)). (2.2)

Therefore, ) '
7vDS*‘Xj (l‘, Y) = XJ}C (:Cest)’

where X ¢ denotes the natural extension of X; from a left-invariant vector
field on K C K¢ to the corresponding left-invariant vector field on K¢. Let
{7} be the basis of left invariant 1-forms dual to {X;}. For every s € R,
a basis of left invariant Js;-holomorphic 1-forms is then

(= — i},
where (Jsw)(X) = w(J;X), for a vector field X and a 1-form w on T*K. Con-
sider also the J,-canonical bundle on 7" K whose sections are .J;-holomorphic
n-forms with natural Hermitian structure defined as follows. For a J,-
holomorphic n-form ag, let |a| be the unique non-negative C'*° function
on T*K such that a, A ay = |o|?be, where b = (24)"(—1)""~1V/2, Following
[Ha3] we write
‘2 _ s N\ O
be

A global nowhere vanishing (trivializing) Js-holomorphic section of the

Js-canonical bundle is given by

[e

Q=70 A AT

Let us introduce the bundle of half-forms. Let , denote a square root of the
Js-canonical bundle with a fixed trivializing section whose square is €);. As
in [Ha3] we denote this section by 1/€25. Smooth sections of L ® d, are of the
form

os = fvVQs, [f€CTTK).
The Hermitian structure on the line bundle L ® ¢, is given by

O AN
(Bn) = i (23)



Definition 1. The prequantum bundle H”™? — R, is the Hilbert vector
bundle with fiber over s € R, given by

_ pra
HErQ — Vé}r
where the bar denotes norm completion, V< is

Ve ={o, € I°(L ® ds) : ||os

e < oo},

['*°(L ® d5) denotes the space of C* sections of the bundle L ® d,, and

<Osa 08)12rQ = / |Us|2€'
*K

From (2.3) it is easy to see that sections of H>? of the form

S
V16|

have s-independent norm.
We choose the smooth Hilbert bundle structure on HP? as the one com-
patible with the global trivializing map

VQ,, feLl*T°K,e) (2.4)

Ry x L*(T*K,e) — H™

S — / Q
(s, f) mﬁ

2.2 The prequantum connection — ™¢

We now introduce a natural Hermitian connection on H*?. Before giving
its precise definition we state the following proposition, which is a straight-
forward consequence of [Ha2, Ha3]. Let n(Y) be the Adg-invariant function
defined for Y in a Cartan subalgebra by the following product over the set
R™ of positive roots of &,

nY)= ][ % (2.5)

Let dg be the Haar measure on K¢. We then have,

Proposition 2. The following identities hold:
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1 || = ) 258 = s3n(sY);

2. dg, = ()" (dg) = (s e = [0, %,
where 1 is the function on T*K defined by equation (2.5).
Proof. In [Ha2, Ha3] it is shown that

b (Y)e = O A Q.

This is exactly the first identity with s = 1. Recall from Proposition 1 that
Js = @3} o J1 0 pg. This implies the equality ¢(J108) = Js(¢:B) for all
1-forms § on T* K. Therefore,

i) = L (@) —ipi(S') = @' — i = i,
Moreover ¢fe = s"e and this proves the first equation. For the second iden-
tity, let
{ne = we —iJue}
be a basis of J-holomorphic 1-forms on K¢, where wf is the natural extension

of w' from K to K¢, obtained by left translations. Then, the Haar measure
on K¢ is given by

1 —
dg = E Q(C AN Qc,
where Q¢ =n¢ A--- AnE. Since ¥f o J = J, 0 ¢ for all 1-forms on K¢, and
w' = Y (wk), we have
vi(ng) = ¥i(we) — i (Jug) = 0 —iJab" = .
Using the previous result we get the desired identity. O]

Definition 2. The prequantum connection 6*< on HP? is the connection for
which sections of the form (2.4) are horizontal

f
| —— VO, | =0, 2.6
( L f) ©.6)

for all f € L*(T*K¢).
Note that the prequantum connection is Hermitian, that is, it is compatible
with the Hermitian structure on H™? in the following sense
d
(0,07 = (6%, ()" + (0, 0%°()™ (2.7)
ds s s
for all smooth sections o, ( of H™<.



2.3 The induced quantum connection — ¢°

The Kéhler polarizations (w, J;) enter already the definition of the prequan-
tum Hilbert spaces HE*® through the half-form bundles ¢ and the Hermitian
structures (2.3). To define the fibers H of the quantum Hilbert sub-bundle
H?Q C H*<, one considers polarized, or J,-holomorphic, sections of L ® d;.

Explicitly, for every s € R, , consider the frame of left K-invariant vector
fields on T*K

n

1 :
{Zj,s =5 (X5 - ZJsz)}
Let the polarizations be given, for every s € R, by
Pley) = spang {Zj75(at, Y)}?:l ,

where Zj’s = %(Xj +14.J,X;). We use the notation 7 € P for Z(%y) € P(szy)
for all (z,Y) € T*K.

Definition 3. The quantum bundle H® — R, is the Hilbert sub-bundle of
HP? with fiber over s > 0 given by

J=1

He = Ve

where

sz{f\/Q_seV;”Q: Vif =0, vZePS},

and V; = Z — %9(2 ) is the geometric quantization connection defined on
the trivial bundle L and Aq is Planck’s constant. We call the solutions of
Vzf =0 the polarized sections of L.

Proposition 3. For every s > 0, the P*-polarized (or Js-holomorphic) sec-
tions of L are the C* functions f on T*K of the form

s|v|?

f:Fe_ZrLO

where F' is an arbitrary Js-holomorphic function on T*K.

Proof. From [Ha3, Proposition 2.3] the solutions of V f =0 are
f=Fe /2o

where F'is a Js-holomorphic function on 7% K, so that the result follows from
proposition 1. 0



Let us denote by (-, -)? the Hermitian structure on H® inherited from H*?.
We conclude that the fibers HE of H® are given by

S

sly|?
HY = {O’S = Fe 20 +/Q,, F is J,-holomorphic and ||o,]|¢ < oo} .

The quantum Hilbert bundle inherits from (H"<, §>?) a Hermitian connec-
tion §¢ which we call the quantum connection. The parallel transport with
respect to this connection is automatically unitary and it establishes the in-
variance of the quantization of T K with respect to the choice of polarization
within the family {P*}scr, .

Definition 4. The quantum connection 62 is the Hermitian connection in-
duced on H® by the natural connection 0**? on H<

0% = P o @ 7
where P denotes the orthogonal projection H*<® — H<.

Below in theorem 1 we will obtain an explicit expression for 2. Consider
the second order differential operator A% on T*K given by the pull-back,
with respect to 1, of the second order Casimir operator on K,

=) (X)) - (LX)
i=1
Note that Ag takes Js-holomorphic functions to Js-holomorphic functions.
Let AZ be the (unbounded) operator on ‘HZ defined on its dense domain

by
R (FemsM o\ /0.) = Ay [F) e/ /0 (2.8)

Theorem 1. Let F' be the function on Ry XT*K obtained, for every s € Ry,
as the pull-back of a given J-holomorphic function F on K,

F(s,z,Y) = F(ze™), (2.9)

_slyi? ~
such that F(s,-)e” 2ho /Qg € HY is in the domain of the operator AL. The
quantum connection < acts on sections of H? of the form

sy

Fe 2 /Q (2.10)
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as

ds 2 2
where p is half the sum of the positive roots of K.

_sly)? A, 1 _sly?
5 [Fe™ 7o /] = 2 (--A;g+ |p|2> [F] e 7o /0, (2.11)

Notice that choosing the sections of H? in the form (2.9) and (2.10) cor-
responds to choosing moving frames, more precisely a class of global moving
frames related by s-independent transformations. Having made such a choice
the covariant derivative in the direction of 9/0s is defined by a linear operator
acting on the fibers as in (2.11).

We will divide the proof of this theorem in several lemmata. Let us denote
by W the following vector field on T K,

W = Zzn: ijjﬁ .
j=1

Note that, from (2.2),

i n . . i n o . B
W=2 D v (X —idiXp) = 5 D (X — il X;).

J=1 J=1

Lemma 1. Let I be a Jized C* function on Kc, F' be the function on
Ry xT*K, given by F(s,-) =¢IF, and let f € C(T*K) be a function only
of Y. We have,

i) If F is holomorphic then

OF
< _wF
Os
i) If F is right K -invariant then
F ywr—2wr
Os

iii)
1 Z” 0
|/|/ = — J_—
! 2 Jj=1 ! Oy’ I
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Proof. A direct computation gives,

9 * T _ d » isY\ __ & iT v,
5 V)@ Y) = g Fle™) =30 A E

The special cases i) and i) above follow from this equation.
The identity in dii) follows from

;yﬂJsz = gZy]a—yj-

j=1
]

Lemma 2. Let X be a smooth vector field on T* K, with | X (y")| < cexp(a|Y])
for some positive constants ¢ and o, and let ¢ € C°(T*K) be such that

¢, Y)| < e,

for |Y| > R and fized positive constants R,0. Then,

/ _ Lx(e) =0

Proof. Using Cartan’s formula, Lx = d o tx + tx o d, we have Lx(¢e) =
d(¢ txe), where the symplectic volume form is € = w Ady* A--- Aw™ A dy™.
Since T*K = K x R, using Stokes formula we only need to show that

lim oLxe =0,
R—oo KxSp!

where S% ! denotes the sphere of radius R in & centered at the origin. We

have
_ip2
/ buixe| < de 2
K xSl’éfl
for some positive constant ¢/, which proves the lemma. O

Let B be the subspace of the space H(K¢) of holomorphic functions on
K¢, spanned by the holomorphic functions

tr (m(g)A), (2.12)
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where 7 is an irreducible finite-dimensional representation of K extended to
an holomorphic representation of K¢ and A € EndV,. Let F; denote the
subspace of H2 given by sections of the form (2.9) and (2.10) with ' € B.
It follows from the Lemma 10 of [Hal] that F; is dense in H2.

Lemma 3. Let 0,( € I'(H?) with 0,, (s € Fs, Vs € Ry, and

s|Y|2 s Y|2

o= Fe T \/0,  (=Ge 0/

Then we have,

- Y2 10In|Qs] n (= _sly)?
W — = — | |F| Ge "o |Q]e = 0.
/*K ( ho * 2 Os * 4s [F]Ge™ mo 6] e

Proof. The vector field W satisfies W (y?) = %yj and we can apply lemma 2
with 0 < 0 < % to the first term above. Integrating by parts we obtain

S 2 — — 2
- V [F] G(f%mg €= / FGW [€—SIY\ /ho} 1] €
T*K

T*K

+/ FGe Py In|Q,] €] €
‘K
+/ FGe VPO Ly (6).  (2.13)
T*K
For the first term on the r.h.s. of (2.13) we have from i) in lemma 1

sy Lm0 gvime Y _vime
j=

From i) in lemma 1, we see that

- 101In|Q, n
Wiln |,]] = 5 aL L o

For the third term in (2.13), we have

(2.15)

n e
Ly (€) = ﬁﬁw(w) Aw™ L
From w = —d#f, Cartan’s formula Ly;; = d o ¢ + 1y o d and
1 ?
vdf = —0+—dY|

13



we obtain Ly (w) = (1/2s)w, which implies that

n

= = —e¢. 2.1
L () = e (2.16)
Substituting (2.14), (2.15) and (2.16) into (2.13) we obtain the desired result.
[

Recall that the prequantum connection is Hermitian, so it satisfies equation
(2.7). Consider sections of H?,

s|v|2

s 2
o= Fe T\, (=Ge o/ (2.17)

where F, G are as in (2.9). These sections also satisfy (2.7) and we have

(6% 0,0)% = (6%°0, ()™ . (2.18)

ds ds

Lemma 4. Let 0,( be as above. Then, the following identity holds

|Y|2 n\ e IYI?/h
w E) n(Y)

where dg is the Haar measure on K¢, g = ze” and h = shy.

(5%,0,0)° = 57 / dg. (2.19)

K¢

FG ho(

Proof. From the definition of horizontal sections (2.6) and from (2.18), we
obtain

OF |YPF  Foh|Q a2
Q Q _ _ - ho |Q,] €.
(05,0,) /T*K (83 e T T s Ge o |Q]e

We now use lemmata 1 and 3 to simplify the equation above for the quantum
connection to get,

— Y|2 n 2
59 Q _ FG | _ ) syl /e Q,
< %07 C> /*K (2h0 48) € | | €,
which with the help of 15 and proposition 2 gives (2.19). ]

Let us introduce the K-averaged heat kernel measure dvy on K¢ given by
[Ha3]
oIV I2/m

xR dg, (2.20)

dvi(g) = vn(g) dg = cn

14



and ¢, = (wh)""2e~1P"P_ p being half the sum of the positive roots. Recall
from [Hal] that vy, satisfies the equation
(9yh 1

I 21
on 75w (2:21)

on K¢, where
n

Ac = Z(Xi,c)2 — (JXie)?,

i=1
is the Casimir operator for K¢. The equation (2.21) is equivalent to the
following equality:

|Y|2 n\ e IYIP/h 1A |p|2 e~ IYI?/h
(e =) Sy~ (50 5 ) T

Lemma 5.

We are now ready to prove Theorem 1.
Proof. Consider o and ¢ as in (2.17) and let
1

Zj:§(Xj’C—iJXj7c), jzl,---n,
so that .
_ 2, 72
Ae=2) 7+ 7
j=1
From (2.19) and Lemma 5, since
X (67|Y|2/h) 0, forall j
j,C =Y or all 7,
" (YY)
we obtain
e [ e (La oY [
690, ()¢ = ”/2/ FG Ry | —=Ac + dg =
< %0-7 C) S Ko 0 8 C + 2 T](Y) g
s" — | - +|p qg.
K(C 2 j:1 ’ TI(Y)




Lemma 2 can be applied since Z;(y’) grows linearly with |Y| (see section 6 in
[Ha3]). Using it to integrate twice by parts with respect to Z; and noticing
that, from the bi-invariance of dg, £z dg = 0 and also Z;(@) = 0 we obtain

the statement of the theorem

ho 1 v
030.0%= [ Rghr+lpRGe T Rl (22

for sections o, ¢ with values in F; 3 oy, (s, for all s € R;. The operator 3(% in

(2.8) is essentially self-adjoint (it has a basis of eigenvectors, with F’s given

by matrix elements of finite dimensional holomorphic representations as in

(2.12), with real, and nonpositive, eigenvalues) and the space F; is dense in

HS. Therefore, the expression (2.22) implies that 0% is given by (2.11) for
o

sections of H? in the form (2.9) and (2.10) and with values in the domain of
AZ, for all s € R, [

Remark 1. Note that the simple expression (2.19) would not be valid without
the inclusion of the half-form correction in the definition of the Hermitian
structure on H”™? (see (2.3) and proposition 2). The half-form leads to the
cancellation of the term proportional to 01n Q| /0s. This is what ultimately
leads to the heat operator in the quantum connection.

2.4 The heat equation
Let ¥ be the diffeomorphism

U:R, xT'K — R, x K¢
(5, (2,Y)) +— (s,ze™Y),

so that W(s,.) = 1, for all s € R,.. Consider sections o of H? of the form

1 _sly?

\/a_SF(s, SCEETRVAN (2.23)

Og —

where a, = (mhg)"/2ele"fos
F=UF (2.24)

and F is a C* function on R, x K¢, holomorphic in the second variable.
We then have,

16



Theorem 2. A section of HP of the form (2.23), (2.24) with o, in the
domain of AL, for all s € Ry, is 69-horizontal if and only if F is a solution
of the following heat equation on Kc,

0~ hy
-
O0s 4

Proof. Substituting (2.23) in (2.11) we obtain

AcF.

s|y|?

0~ hy, =\e %o
030 =0 ~F - 2 AcF V.
27 (05 4 ¢ ) Vs

Os

]

Besides establishing the relation of the heat equation on complex semisim-
ple Lie groups K¢ with the geometric quantization of T*K this result also
provides the link with the coherent state transform introduced by Hall in
[Hal].

Concerning the case K = U(1)", note that the results in proposition 2 and
equations (2.20) and (2.21) are still valid if we replace n(sY’) by 1 and the
Weyl vector p by 0. Therefore, all the results above apply also to this case.

3 The quantum connection, the heat equa-
tion and the CST

The coherent state transform for K defines a parallel transport on a Hilbert
bundle over R, for an Hermitian connection that we denote by §. In this
section we show that this parallel transport is naturally equivalent to the par-
allel transport of the quantum connection §%. This follows from propositions
2 and 3, and from (2.3) and (2.20).

3.1 The CST connection - /"

Let pp, h > 0, be the heat kernel for the Laplacian A on K associated to
the Ad-invariant inner product (-,-) on &, A = Y " X?. As proved in
[Hall, pr has a unique analytic continuation to K¢, also denoted by ps. The

17



K-averaged coherent state transform (CST) is defined as the map
Cn : L*(K,dr) — H(Kc)

(Crf)(g) = f(z)pr(zg) dx, feL*K,dx), g€ K¢, (3.1)

K
where dz is the normalized Haar measure on K. For each f € L*(K,dxz),
Chrf is the analytic continuation to K¢ of the solution of the heat equation

on K,
ou 1

oh 2
with initial condition given by w(0,x) = f(x). Therefore, Cyf is given by

(Chf)(g) = (Copnx F)lg) = (Coef) (9),

where x denotes the convolution in K and C denotes analytic continuation
from K to K¢. Recall that the K-averaged heat kernel measure dvy on K¢
is given by (2.20). Hall proves the following:

Au,

Theorem 3 (Hall). For each h > 0, the mapping Cy, defined in (3.1) is an
unitary isomorphism from L*(K,dz) onto the Hilbert space HL*(Kc, dvy) =
L2(K(C, dl/h> n H(K@)

This transformation defines a Hilbert vector bundle H™ over the one-
dimensional base R, with global coordinate h,

HY — R+
HI;; - HL2<K((j,th).

which we call the CST bundle. The Hilbert space structure on the fibers of
‘H"™ is defined by

(Fn, Gn)p 12/ Fu(9) Gulg) dv,  Fr, Gy € Hj.

K¢

From Theorem 3 we conclude that the operators
Upp, = Cry o Cpl s Hyp — My (3.2)
define unitary transformations between the fibers which satisfy

H H _ H
Uh3ﬁ2 o Uﬁ2h1 - Uh3hl'
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These operators correspond to the parallel transport with respect to an Her-
mitian connection 6" on H". Let K denote the set of (equivalence class of)
irreducible unitary representations of K. It follows from Theorem 3 that by
choosing an orthonormal basis in the vector spaces Vy of all the representa-
tions R € K the matrix entries R;;(-) analytically continued to K¢ form an
orthogonal basis of H}!

ReK
{Rij<')}z‘,j€:1,...,diva - Hg

for all A > 0 and
Rii(g) Riryr(g) dvp = €788,
K¢

where cp is the eigenvalue of —A on the representation R. Therefore the
sections of H"

Ri;()

form a global orthogonal frame and obviously the sections
Bt = et Ry () (3.3)

form a global orthonormal frame, that is, their norms do not depend on h.
Moreover

U%hl(Rij) — 6*(h27h1)03/2 Rij PN Ufl'fghl (Ff?J) _ FFZ” ) (34)

Definition 5. The CST connection 6™ on H" is the (unique) connection for
which the sections (3.3) are horizontal

SH(FRi) = 0. (3.5)

The CST connection is automatically Hermitian. From (3.3), §" can be
equivalently defined through
Ac

C
0% (Rij) = = Rij = —— B

oh 2

Proposition 4. The unitary parallel transport U corresponding to the con-
nection (3.5) is given by the unitary operators (3.2), U = UH.
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Proof. Since the sections F'%i satisfy (3.5) the parallel transport for them is
Ri; Ri;
UFLthFhlj — FhQJ vhl, h2 e R+. (3-6)
This map of orthonormal basis extends to a unique unitary isomorphism
Uhghl : Hgl — ng

From (3.4) and (3.6) we see that Up,s, and Uy, coincide on the basis vectors
and therefore they coincide as unitary operators. O

3.2 Equivalence between 0" and 0°

Our main result in this section is

Theorem 4. The quantum connection 6¢ and the CST connection " are
equivalent in the sense that there exists a natural unitary isomorphism
S H" — H? such that

0% oS =506

o -
E oh

(3.7)

Proof. We start by constructing a natural unitary isomorphism between the
CST bundle H" and the quantum bundle H?. Let o, be two sections of H®
of the form (2.9), (2.10),

s|v|?

o, = F(ze®) e 20 /Q,
N s[|?
G = Gwe™) e o vV Qs

From proposition 2 we obtain

<JS,CS>Q = as/ Eéduh ,
K¢

where i = shy and as was defined in (2.23). Therefore, the bundle morphism
Sh : H% — H(SQ
P (e [

is a unitary isomorphism. To show (3.7) it is sufficient to see that the frame
of horizontal sections

{Fl = el Ry; )
is maped to an horizontal frame. This follows directly from theorem 2.

[]
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