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[1]
(a)10

a = π ã = 3.14159

b =
2199

700
b̃ = 3.14143

ã− b̃ = 0.00016 ã+ b̃ = 6.28302

c̃ = 0.254655× 10−4

δc̃ =
c− c̃

c
= 0.0249 (2.49%)

(b)10

c =
u

v
, u = a− b, v = a+ b

δũ = pu,a δã + pu,b δb̃ + δS =
a

u
δã −

b

u
δb̃ + δS

δṽ = pv,a δã + pv,b δb̃ + δA =
a

v
δã +

b

v
δb̃ + δA

δc̃ = pc,u δũ + pc,v δṽ + δD

= δũ − δṽ + δD

= a

(
1

u
− 1

v

)
δã − b

(
1

u
+

1

v

)
δb̃ + δS − δA + δD

=
2ab

a2 − b2
(δã − δb̃) + δS − δA + δD

[2]

(a)15 f(x) = x− 3− 1

2
cosx− 1

3
sin x

Condições suficientes de convergência do método de Newton
para z para qualquer x0 ∈ I:

(0) f ∈ C2(I)



2

(i)
f(2.6) = −0.143

f(2.8) = 0.159

}
⇒ f(2.6)f(2.8) < 0

(ii) f ′(x) = 1 +
1

2
sin x− 1

3
cosx, f ′(x) > 0, ∀x ∈ I

(iii) f ′′(x) =
1

2
cosx+

1

3
sin x, f ′′(x) < 0, ∀x ∈ I

(iv)

∣∣∣∣ f(2.6)f ′(2.6)

∣∣∣∣ = 0.0929 < 0.2,

∣∣∣∣ f(2.8)f ′(2.8)

∣∣∣∣ = 0.108 < 0.2

(b)15 Método de Newton:

xm = g(xm−1), m ≥ 1, g(x) = x− f(x)

f ′(x)

Critério de paragem: |z − xm| ≤ Bm, Bm = KB2
m−1, m ≥ 0

K =
maxx∈I |f ′′(x)|
2minx∈I |f ′(x)|

=
|f ′′(2.8)|
2|f ′(2.8)|

= 0.1213

m xm Bm

0 2.6 0.2
1 2.69291 0.485× 10−2

2 2.69368 0.286× 10−5

z̃ = 2.69368, |z − z̃| ≤ B2.

[3]20 O método iterativo converge para a solução do sistema Ax = b
para qualquer x(0) ∈ R2 para os valores de ω para os quais é satisfeita
a condição necessária e suficiente de convergência:

rσ(C(ω)) < 1, C(ω) é a matriz iteradora do método.

C(ω) = I − ω

2
A =

[
1− ω −ω

2

ω
2

1− ω

]

det[C(ω)− λI] =

∣∣∣∣∣ 1− ω − λ −ω
2

ω
2

1− ω − λ

∣∣∣∣∣ = (1− ω − λ)2 +
(ω
2

)2

det[C(ω)− λI] = 0 ⇔ λ ∈
{
1− ω + i

ω

2
, 1− ω − i

ω

2

}
rσ(C(ω)) =

√
(1− ω)2 +

(ω
2

)2

rσ(C(ω)) = 1 ⇔ ω ∈
{
0,

8

5

}
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rσ(C(ω)) < 1 ⇔ ω ∈
]
0,

8

5

[

[4]
(a)15

A função g : R2 → R2 tem um único ponto fixo em D pois satisfaz
às hipóteses do teorema do ponto fixo. Com efeito:

(i) g ∈ C1(D)

(ii) Jg(x) =

[
−1

2
sin θ −1

2
sin θ

1
3
cos θ 1

3
cos θ

]
, θ := x1 + x2

‖Jg(x)‖1 =
1

2
| sin θ|+ 1

3
| cos θ|

sup
x∈D

‖Jg(x)‖1 ≤
1

2
+

1

3
=

5

6
< 1

(iii) g1(x) ∈
[
1 + 1

2
cosπ, 1 + 1

2
cos 13

6

]
= [0.5, 0.719385] ⊂

[
1
2
, 3
2

]
, ∀x ∈ D

g2(x) ∈
[
2 + 1

3
sin 23

6
, 2 + 1

3
sin 13

6

]
= [1.78737, 2.27589] ⊂

[
5
3
, 7
3

]
, ∀x ∈ D

⇒ g(D) ⊂ D

Sendo z o único ponto fixo de g em D então é também o único zero de f em D.

(b)15{
x(1) = x(0) +∆x(0),

Jf (x
(0))∆x(0) = −f(x(0))

Jf (x) =

[
1 + 1

2
sin θ 1

2
sin θ

−1
3
cos θ 1− 1

3
cos θ

]
, θ := x1 + x2

x(0) =

[
1

π − 1

]
, θ(0) = π

[
1 0

1
3

4
3

]
∆x(0) =

[
−1

2

3− π

]
⇔ ∆x(0) =

[
−1

2

19−6π
8

]
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x(1) =

[
1
2

11+2π
8

]
=

[
0.5

2.1604

]

[5]
(a)20

Fórmula de Newton às diferenças divididas:

i xi f [xi] f [·, ·] f [·, ·, ·] f [·, ·, ·, ·] f [·, ·, ·, ·, ·]
0 -2.0 -1.908

1.067
1 -1.0 -0.841 0.387

1.841 -0.129
2 0.0 1.000 0.0 0.0

1.841 -0.129
3 1.0 2.841 -0.387

1.067
4 2.0 3.908

p(x) = f [x0] + f [x0, x1](x− x0) + f [x0, x1, x2](x− x0)(x− x1)

+f [x0, x1, x2, x3](x− x0)(x− x1)(x− x2)

+f [x0, x1, x2, x3, x4](x− x0)(x− x1)(x− x2)(x− x3)

p(x) = −1.908 + 1.067(x+ 2) + 0.387(x+ 2)(x+ 1)− 0.129(x+ 2)(x+ 1)x

p(x) = 1.0 + 1.97x− 0.129x3

(b)20

Melhor aproximação mı́nimos quadrados:

q(x) = a∗0φ0(x) + a∗1φ1(x) + a∗2φ2(x)

φ0(x) = 1, φ1(x) = x, φ2(x) = x3

 〈φ̄0, φ̄0〉 〈φ̄0, φ̄1〉 〈φ̄0, φ̄2〉
〈φ̄1, φ̄0〉 〈φ̄1, φ̄1〉 〈φ̄1, φ̄2〉
〈φ̄2, φ̄0〉 〈φ̄2, φ̄1〉 〈φ̄2, φ̄2〉


 a∗0

a∗1

a∗2

 =

 〈f̄ , φ̄0〉
〈f̄ , φ̄1〉
〈f̄ , φ̄2〉



f̄ =


−1.908
−0.841
1.000
2.841
3.908

 , φ̄0 =


1
1
1
1
1

 , φ̄1 =


−2
−1
0
1
2

 , φ̄2 =


−8
−1
0
1
8


〈ḡ, h̄〉 =

4∑
i=0

ḡi, h̄i, ∀ḡ, h̄ ∈ R5
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〈φ̄0, φ̄0〉 = 5, 〈φ̄0, φ̄1〉 = 0 = 〈φ̄1, φ̄0〉

〈φ̄0, φ̄2〉 = 0 = 〈φ̄2, φ̄0〉, 〈φ̄1, φ̄1〉 = 10

〈φ̄1, φ̄2〉 = 34 = 〈φ̄2, φ̄1〉, 〈φ̄2, φ̄2〉 = 130

〈f, φ̄0〉 = 5.0, 〈f, φ̄1〉 = 15.314, 〈f, φ̄2〉 = 50.21 5 0 0
0 10 34
0 34 130

 a∗0
a∗1
a∗2

 =

 5.0
15.314
50.21

 ⇔

 a∗0
a∗1
a∗2

 =

 1.0
1.97

−0.129


q(x) = 1.0 + 1.97x− 0.129x3

[6]
(a)20

Q(f) = w0f(x0) + w1f(x1)

Q(p) = I(p), ∀p ∈ P3 ⇔ Q(xk) = I(xk), k = 0, 1, 2, 3
w0 + w1 = 4

w0x0 + w1x1 = 0

w0x
2
0 + w1x

2
1 = 8

w0x
3
0 + w1x

3
1 = 0


w0 = 2

w1 = 2

x0 = −
√
2

x1 =
√
2

Q(f) = 2
[
f(−

√
2) + f(

√
2)
]

(b)10

Uma fórmula de quadratura Q(f) que aproxima um integral I(f) tem grau de
precisão m se:

(i) Q(q) = I(q), ∀q ∈ Pm;

(ii) Q(q) 6= I(q), para algum q ∈ Pm+1;

Por construção a fórmula obtida em (a) satisfaz a (i) com m = 3.

Uma vez que

Q(x4) = 16 6= I(x4) =
64

3
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conclui-se que a fórmula obtida em (a) tem grau de precisão três.

[7] {
W ′(t) = F (W (t)), t ≥ 0

W (0) = W0

W =

[
φ

v

]
=

[
φ

φ′

]
, F (W ) =

[
v

− sinφ

]
, W0 =

[
π
2

0

]

(a)15

Método de Euler modificado (um passo de comprimento h):

W1 = W0 + hF
(
W̃1

)
, W̃1 = W0 +

h

2
F (W0)

W̃1 =

[
π
2

−h
2

]

W1 =

[
π
2

0

]
+ h

[
−h

2

−1

]

Φ(h) ≈ φ1 =
1

2
(π − h2), Φ′(h) ≈ v1 = −h

(b)15

Método de Taylor de ordem 2 (um passo de comprimento h):

W1 = W0 + hF (W0) +
h2

2
(dFF )(W0)

(dFF )(W ) = (F · ∇F )F (W ) =

(
v
∂

∂φ
− sinφ

∂

∂v

)
F (W ) =

[
− sinφ
−v cosφ

]

W1 =

[
π
2

0

]
+ h

[
0
−1

]
+

h2

2

[
−1

0

]

Φ(h) ≈ φ1 =
1
2
(π − h2), Φ′(h) ≈ v1 = −h

Exame de 12.JUL.2011


