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MATEMATICA COMPUTACIONAL

Resolugao do Exame e Testes de 21 de Janeiro de 2011
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(a)lo \

xo = 0.01234, uozsinxozxo—g+...

iy = f1.(0.01234 — 0.3132 x 1076 +...) = 0.01233

20 = f(x0) = zo — sin zy, Zo = 0.1000 x 104
5 =1— =2 = 3093
20
(b)15
u =sinz, z=f(z)=2—u
5L — x(.zosxéj_kél
sin x
o =26, — L6k 45,
z z
_ E(;i _sinz (x?osxaijLél) 45,
z z sin
T sin x
=—— (1—cosz) 03 — —— 01 + 6
Flay ) T gy

=: ps(x) 05 + qu(x) 61 + b

O problema é estavel para qualquer = € R pois, com p(0) = lir%pf(x) =3,
z—>
pr(z) € [0,3] em todo o dominio de f.

O algoritmo para o célculo de f(z) é numericamente instavel para z = 0
pois lin% lg1(z)] = o0 .
T—



2]
(a) 10

2 1 1 ,
f’@)zg—p—l_—j(z—l)

2 2 2
f”(-%)——; 5_5(1—@
lin[l)f(x) = 400, lim f(z) = —oo0, [ ¢é decrescente em R*
r— T—00

= f tem um unico zero em R™

()20 [ =[3.9,4.1]

2 1 2 1
/ - _ - _ = _ !
g(q:)—x ol (:c 2), g(x) >0, Veel
2 2 2
J"(z)=——=+—==—=(1-2), Jd'(r) <0, Vzel

[ 7o S

Condicoes suficientes de convergéncia do método do ponto fixo
com funcao iteradora ¢ para z, Vg € I:

(i) g € C'()

(ii) Iilglx|g'(x)| =¢'(3.9) = 0.447074 < 1,
pois ¢’ é positiva e decrescente em I.

(iii) g() € I,
pois ¢(3.9) =3.97836 € I, g(4.1) = 4.06588 € I,
e g é crescente em I.

Método do ponto fixo:

Ty = g(Tm—1), m €Ny, xo €1

<3 L’xm_l'mfl‘::Bnu m > 1

L = max |¢'(x)] = 0.447074



m|Tn [ Bm
0 4.0
1 |4.02259{0.183 x 107!
2 [4.03245 | 0.797 x 1072
2z =4.03245 + A, |A| < By
[3]
(a)15
O método de Jacobi convergira para a solucao do sistema Az = b
se e sO se o raio espectral da matriz iteradora do método for inferior
a unidade, r,(Cy) < 1.
010
A=D+L+U, M;=D =21, N,=L+U=1|1 01
010
1 1
Cyj=-M;"N; = —§N
-2 -1 0
1
det(Cy—A)=| —1 —x —1|=-) (Az _ 5)
0 —% —A
1 1
o(Cy)=10,—,———=
) { V2 2}
1
re(Cy;) = —= <1
( J) \/5
(b)QO
Método de Jacobi:
g(m+h) = D1 (b —(L+ U)x(m)) , m=>0
Estimativa de erro do método de Jacobi:
Iz =2ty < e 2O <, o= Gl
(1—c)e
8 T — 2O,
m >
log ¢

¢ =[Cylla = V/1,(CTCy) = /15(C3) = 15(C) = %




[4]10

] 4 [0 10 1 5 [ 1
x(l):§ 5/ —-110 1 1 =5 |1
41 o010 1 1
T
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e=10"%: m > 42.9912

Norma matricial associada & norma da soma em R™:

| Azl

zeR"\{0} (E4IR

]l =

Seja x € R\ {0}. Entao:

n

[Az[[y = Z [(Az)il =)

i=1

n
E aijx]-

j=1

n n
<Y Ml > ]
=1 i=1

1<j<n 4

n
Seja ¢ tal que ¢ = max Z ;]
=1

Entao: ||Az|; < ¢|lz|:, VzeR™\{0}

Seja k tal que ¢ = Z ||
i=1
L,

Seja y = ey, o vector com componentes y; = 05 = { 0
Y

n

4yl = (Al =

i=1

n

n
E aijéjk

j=1

i=1

Conclui-se pois que ||A]|; = c.

j=k
JFk

= Z |air| = c = cllyllx



[5] 20
Método da Newton generalizado:

{ Jy (m(m)) Az = —f (x(m)) , m>0

—6 2&32 233‘3
Ji(z)=| 1 -5 322
25E1 -3 6
0
@ =10
0
-6 0 0 0 0
1 =5 0 |AzO =10 s ArO=1|0
0 -3 6 1 i
0
M =10
1
6
1 1 359
—6 0 3 36 76680
1 =5 5 | AW =—| L s Azl =] 2
0 -3 6 0 s
359 0.00468179
2@ = &= | = | 0.00187793
1 0.167606
[6]
(a)20

Formula de Newton as diferencas divididas:

7 X f[xZ] f[’] f[vv] f['?'?'v']

0 -1.0 -1.0
1.9093
1 0.0 0.9093 -1.28765
-0.6660 0.7865
2 1.0 0.2433 1.07185
1.4777

3 20 1.721




ps(x) = flzo] + flzo, x:1](x — 20) + fl20, 21, 22| (¥ — 20) (7 — 1)
+flxo, 1, X2, x3)(x — x0) (2 — 21) (T — 22)

ps(x) = —1.0 4+ 1.9093(z + 1.0) — 1.28765(x + 1.0)x + 0.7865(x + 1.0)z(x — 1.0)

p3(x) = 0.9093 — 0.16485x — 1.28765x% + 0.7865x>

e Alternativa. Formula interpoladora de Lagrange:

3 3
o) =3 fale), o= [ =
=0 i=0,ij " J ¢

p3(z) = —lo(x) + 0.9093 11 () + 0.2433 1y(x) + 1.721 I3(z)
(z —0.0)(z — 1.0)(z — 2.0) !
(C1.0—0.0)(—1.0—L.0)(—10—20) ~ ¢~ 10@=20
(

hz) = @ HLO@=10@=20) L, g0 00— 20

lo(flﬁ) =

0.0+ 1.0)(0.0 — 1.0)(0.0 — 2.0) _ 2
() = (z+1.0)(x — 0.0)(z — 2.0) __1( - 10)a(x — 2.0)
2T 0+ LO)(L0 —0.0)(1.0 —2.0) 2 T mETS
 (+1.0)(z—-0.0)(z—-10) 1
ls() = (2.0 + 1.0)(2.0 — 0.0)(2.0 — 1.0) 6 (v + 1.0)z(w = 1.0)

p3(z) = 0.9093 — 0.16485x — 1.28765x2 + 0.78652> o

Erro de interpolagao:

ACS)

esl) = f(2) = pale) =

Wy(z), r € [-1.0,2.0]
Wy(z) = (x + Da(x — 1)(z — 2), £el-1;22] C[-1,2]

1
7o) = pala)] < 55 max |F0(@)| maxe [Wa(a)l, Vo€ (1.2

flx) =z +sin(2zx+2),  fD(z)=16sin(2z +2)
W(x)| =16
e |f ()]
Wy(z) = 2* — 223 — 22 + 22
Wi(z) =42® — 62% — 22 +2 =4(x — z1)(x — 22)(x — 23)

1o

21 = 9 ’

_1 —_
DY 2



max |Wy(z)| = max{|Wy(21)|, [Wi(22)|, |[Was(23)|} = max {1, 2, 1} =1

z€[—1,2] 16
16 2
— < = _1
[f@) =) < 5; =3, Vee[-12)
£(@) = pal)| < 2
m — —
rel1 Pl =3
Erro de interpolagao:
@ (g -
ealw) = F(2) — ) = £ 4,(5) Wi(z),  z€[-1.0,2.0]

Wi(z) = [ [ (= — ), £el-1;22] C [-1,2]

1=0

2 ~
= max_|Wy(x)]

— <
max [/(z) = ga(0)] < 5 max,

z€[—1,2
Sabe-se que a quantidade

3

[

max
te[—1,1]

toma o menor valor possivel (1/8) quando os n6s t, t1, t2, t3 sao os zeros do
polinémio de Chebyshev de grau 4, T;. Usando a definicao destes polinémios
obtemos:

To(x) =1, Ti(x) =z, Ty(x) =222 — 1, Ty(x) = x(42? — 3)
Ty(z) = 8z* — 822 + 1

2+ 2 2 -2

€ros de 14 0 3 5 ) 1 2 9

A quantidade max,c| 19 |[Wy(x)| tomara entdo o menor valor possivel (1/8)
quando os pontos xg, 1, T2, 3 forem dados por

JZZ:X(tZ), i:0,1,2,3

X:[-1,1] = [-12, X(#)=-1+ ; (t+1)

Isto é:

3



[7] 20

(8]

Resulta entao:

1
— < =
ax |f(x) = as(@) < 33

Férmula dos trapézios composta (f € C([a,b])):

Fla) + Flaw) +2 Y f(:vj)]

s xj:a—I—th, ij,l,...,M
a=0, b=2, M = 4, has =
z; =057, j=0,1,234

Jﬁkf)zzi[faym—+f@1n4-2(ﬂo5)+j(L0)+f(Lm)]::41@%5

( ](f)::z123653>

Erro da férmula dos trapézios composta:

b—

BY(f) = == W £, € elay]
1

B ()] < 57 max 1/(a)

f(z) = em7 f'(z) = f(x)cosx, f"(z) = f(x)(cos® x — sinx)

f"(x) = f(x)cosz(cos? x — 3sinz — 1) = —%f(x) sin(2z)(3 + sinx)

f"(z)=0 & z=0 V m:g, z € [0,2]
max | (2)] = max {|f"(O)] |1 (5)]-17/@I} = max{Le, 182747} = ¢
GIEES

(a)'® Método de Runge-Kutta classico de 2¢ ordem:

2h

Y1 = Yo +% [f(%,yo) +3f (xo +3 %t %f@o,yo)ﬂ



f($,y):l'(1—y2)—y, xO:L y0:2

y1:2+% [f(1,2)+3f <1+% 2+%f(1,2))}

3’ 3
f(1,2) = =5
f(l—i—%ﬂ—@) _ +44h_ 20h? _200h3
3 3 3 9 27
y1—2—5h+11h2—5—f— 509h4

(b)15

g(z,y,2) =z(1—y*)z —y

Método de Taylor de ordem 2 (passo h):

2

h
Wn-‘rl = Wn + hF(xna Wn) + E(dFF)(xn7Wn)v n Z 0

(DpF)(z,W) = (% + F(x, W) - VW) F(x, W)

= (g—l—zg—i-g(x,y,z)g) [ : ]

ox dy 0z glx,y, 2)
T 6(z,9,2) ]
| gel@y 2) + zgy (2 y, 2) + oy, 2)g: (2, y, 2)

9(z,y,2)
| s(z,y,2)

s(x,y,2) = (1 —=y*)z + 2(=1 = 2zyz) + g(2,y, 2)z(1 — 3?)

Yn+1 Yn Zn h2 g(xna Yn, Zn)
Zn+1 Zn g(xny Yn, Zn) 2 S(xna Yn, Zn)
2

Y1 = Yo+ hzo + ?g(xo, Yo, 20) = 2 + 2h — 4h*

h2

21 =20+ h9($07yo, Zo) + 53(900,90, Zo) =2-8h



