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MATEMATICA COMPUTACIONAL

Formulario — I1

5. Resolugao de Sistemas Nao-lineares (f : R" — R")

Método do ponto fixo (f(2) =0 < z = g(2)):

(llg(x) —g(v)|| < Ll|jz —y|l, Ye,y€e DCR", L<1; g¢g(D)CD)

(secio) L=swla )

2 = g(x(m)), m=0,1,...
Iz =2t < Lz — 2], Iz =2t < L7z — 2
L
I = 2] < T a0 =gz gl < e g
Iz — ) < 20 - 20

Método de Newton generalizado (f(z) =0, f € C*(D), det[J;(z)] # 0):

m=20,1,...
Tp() Azt = — f(z0m),
1 m
=2 D < Kllz =2, 2=t < 2 (K]lz =2’
! 1))
— =su T ,
My | My aep
M2 - lrél?ﬁ};ilelg ||Hfz<x>H 3 Hfi €L ) (Hfi)jk - 8x]6xk

6. Interpolacao Polinomial

Formula interpoladora de Lagrange:

pa(e) =3 file), L= ]]



Formula interpoladora de Newton:

n

pn(x) = flzo] + Zf[xo,:cl, oz W)

1=0
f[l'()] - f(l'g), f[l'o,[[‘h 71:]] = j f(xl) ) J = 17 2a , I
=0 H («Tl _171)
1=0,i7#l
f[x07x17"'7xj:| _ f[x17$27 axja]: _f:l[j-?()wxla 71']71]7 ]: 1’27”.7n
Férmula do erro:
FrE)
€n<l’) = f(l') _pn(x) = (n 4+ 1)| WnJrl(x) f[warla ,%n,iC] Wn+1(x)

=
i
!
=
=
|
E

€ €lxg; 1. .. T ]

Relacao entre as diferencas divididas e as derivadas de uma funcao:

)

n!

flzo, o1, 2] ; § €lro; ;.. 1]
7. Aproximacao Minimos Quadrados

Melhor aproximacao minimos quadrados ¢* de f € E em F' C E, F subespaco de dimen-
sao n gerado por {¢o, ..., vn}, F espago pré-Hilbertiano:

I ="l =minlf = ol & (f-¢"6)=0, VoeF

¢ = arer. Y (epenar={f.0), j=0,1....n
k=0 k=0
- * <f7 Sok> , .
¢ = Z PR, Q= T, se {©o,...,¢,} ¢ um sistema ortogonal
k=0 <90k7 Sok>

Polinémios ortogonais com respeito ao produto interno

(f.9) = / w(z)f(x)g(x)dz, (f,g9 € C(a,b]), weC(la,b]), w(zx)=0)



e Férmula de recorréncia:

{ 90n+1(33) = (ZL’ - Bn+1)90n(5€) - Cn+1<,0n71(33’)7 n=12...
po(z) =1, pi(z) =z — B
T T ) e S R L 2 A P
<90n> ¢n> <90n71> 90n71>
e Polinémios de Legendre, P, (z € [a,b] = [-1,1], w(x)=1):
2n+1 n
Poii(x) = 1 ” n(x)—n+1 —1(x), n=1,2,
Py(z) =1, P(z)==x
(P, P,y =0, VYn# (PP = —2 0,1
nydtm/ — Y, n m, nmdn) = 5 1> = U L.
2n+1
L . ~ (2n)! B
An—g}Lralox P.(z) = SICTER n=12...

e Polinémios de Chebyshev, T;, (z € [a,b] = [-1,1], w(z) =1/V1—z?):

{ Toi1(z) = 22T, (x) — Thmra (), n=12...

To(x) =1, Ti(x) ==
(Tp, T) =0, VYn#m,  (Tp,Ty) =, ghny:g n=1,2,...
A, = Tim v ", () = 2", n=12,...
T,.(z) = cos(n arccos x), n=0,1,...
T, (z;) =0, xi:—cosw, i=0,....,n—1, n=12...

8. Integragcao Numérica

Férmulas de Newton-Cotes fechadas de ordem n (f € C([a,b])):

_ / () da D= winf ()

Q

L(z%) = I1(2"), k=0,1,...,n
b—
Tim=a+jh, j=0,1,....n, h= n“
Wijn = I(lj,n / H t — Z Wjn = Wpn—jn
1=0,i#]

En(f) = I(f) = Lo(f) = Cuhm v flrtonl(g)



—; " Vn—1 - o B 1 o
Cn_(n—i—z/n)!/ot 211(15 i) dt, l/n—1+2[1+( n, ¢ €la, b

en=1 h=b—a (Regra dos trapézios):

L =@+ 0L B =, ¢y

b—
en=2 h= Ta (Regra de Simpson):

L =50 s+ 4 (S0) 00 B =~

6
en=3 h= b_Ta (Regra dos trés oitavos):
L7 = T ) + 30+ W)+ 35— )+ FO). Es(f) =~ f0(g)
en—4 h=" < ? (Regra de Milne):

I(f) = bg_oa 7f(a) +32f(a+h) +12f (“;b> +32f(b—h) +7f(b)

7
Bi(f) = -0, €elo]

Formulas de Newton-Cotes abertas de ordem n:

1) = [ s~ L) =Y winfl)
I

n(2¥) = 1(2"), k=0,1,....n
bh—
Tin=a+(G+1)h, j=01,...n, h:n+§
h(—1)n—i [t~ .
Wjn = 1(ljn) = 57— / I - Win = Wi
Jn =)' J 120
Eu(f) = I(f) = In(f) = Cu™ 1 flrio e)
1 /n+1tyn_1 ﬁ(t )i Y cu ¢l
n=-—= — 1 R Vp = — _ , a,
(n+wva)! )4 pairy 2
b—a .

oen=0,h= 5 (Regra do ponto médio):

Wn=0-07(“30). BN =500, €]



Formulas de Newton-Cotes fechadas compostas:

b—a
M )

zj=a+jhy, j=0,1,...,M,  hy= fi = f(=;)

M-1
f0+fM+2Zf]]

_b_
12

uf"(),  §€lab]

M/2 M/2-1
Iz(M)(f) [f0+fM+4Zf23 1+ 2 Z f2j]

b—
180 s

ESM(f) = M),  €€la,b]
e n =3 (M multiplo de 3):

3h M/3-1 M/3
]?EM)(f) M fo+ fu 42 Z f3g+3z f3j—1+ f3j-2)

b—a
&0

EM(f) = - L0, € €lab]

e n =4 (M miltiplo de 4):

Al M/4—1 M/4 M/4
180 (p) = 984 7(fo+ fur) + 14 Z f4]+322 (faj—1 + fajos) + 12> fajo
j=1

2(b—a)

M fO©, g elabl

EM(f) =~




Formulas de Newton-Cotes abertas compostas:

. : b—a
xj:a_'_]hMa .7:0717"'7M7 hM: M fj :f(xj)
e Regra do ponto médio composta (M par):
- (b— )l

I000) = 20 S far, ESD(f) = S
j=1

Férmulas de Gauss:

b n
1) = [w@f@de = 5L(H)= Y wnf)

I,(z%) = I(2%), k=0,1,....,2n+1

Tjn, J=0,1,...,n: zeros do polinémio ®,;; de grau n + 1 per-
tencente ao sistema {®g, ®1,...} de polindmios ménicos ortogonais
com respeito ao produto interno (f, g) = I(fg).

. <(I)n+17 q)n+1>
(p;H-l (xj,n)(pn+2 (’Ijn) 7
<(Dn+1a q)n+1>

Win = I(ljn) = I(17,,) = j=0,1,....n

E _ (2n+2) b
) = L, o
e Féormulas de Gauss-Legendre ([a,b] = [—1,1], w(z) = 1):

Tjn, J=0,1,...,n: zeros do polinémio de Legendre P,

2 1 =0,1

w',n:_ ) J=UL...,n
! (n+ Q)qu-s-l (jn) Prt2(Tjn)
2203 (n + 1)1 "

Bu(f) = o WE DL i ¢ o,y

(2n +3)[(2n +2)1]?

oe Io(f) =2/(0)

w1 () (%)

o L(f)=2f <—@> b fO) 42 f <\/§>



oo I3(f) =wosf(zo3) +wisf(r13) + wosf(e3) + wssf(xs3)

1 6 1 6
703 = %(3“@:—% s = ?(3—%):—“3
L, \/3 1 3+\/3
Wo3 = = —\/ = | =w W13 = = - | =w
0,3 6 6 3,35 1,3 6 6 2,3

e Férmulas de Gauss-Chebyshev ([a,b] = [~1,1], w(z) =1/V1 —2?):

25 +1 T — 0.1
Ty = COS T, Wi, = , =0,1,...,n
2 o + 2 e J

En(f) = 22n+1(;—n + 2)

e Férmulas de Gauss-Legendre compostas:

e, € ela,b]

b n M
h m
)= [ S = 100 =TS S (o)
a 7=0 m=1
" h b—a
x§,n):a+hM<m_1)+ ;(xjm"i_l)? har = M

(xjn € w;, sdo os noés e os pesos das férmulas de Gauss-Legendre)

_b—a (h_M) 22 ¥(n + DY
2 2 (2n + 3)[(2n + 2)!]

3 FED(6), £ €lat]

10. Resolucgao de Equacgoes Diferenciais Ordinarias: Problemas de Valor Inicial

{ y'(x) = [z, y(x))

y(x0) = Yo
f:DcRFM 5 RM D aberto, MezZ*
fecD), 1f(z,y) = flz, )| < Llly — z[l,  V(x,9),(z,2) € D
(‘T07}/0) € D

Métodos de passo simples explicitos:

Ynt1 = Yn + R (20, Yn; h)
T, = To + nh, n=20,1,..., N, NezZ"

¢ : Dx]0, 00[— RM, ¢ € C(Dx]0,00()



Iz, y; h) = (@, z bl < Klly =2l V(z,y;h), (2,2 h) € Dx]0, 00]

e Erro de discretizacao local:

[Z(z+h) = Z(2)] — p(z,y; h)

> =

T(z,y; h) =

Z'(t) = f(t, Z(t)), Z(x) =y

e Erro de discretizacao global:

1Y () — yu(h)]| < 5@ 20|V (20) — yo(R) + % [ef(@nma0) 1]

7(h) = a7, Y (a); )
e Método de Euler:
Yn+1 = Yn + hf(xna yn)

(o, h) = ol ), y) + O(1?)

Ox
e Métodos de Taylor de ordem g:

(ds9) (@, y) = (3 T fay) vy) gwy),  Vge (D)

q—1 i
B .
=0

he q q+1
T(x,y;h) = CE (d}f)(@,y) + O(hT)

e Métodos de Runge-Kutta de ordem 2:

o(x,y;h) = (L =) f(z,y) +7f (m + %73/ + %f(w,y))

2 2

T(x,y;h) = % {dfcf(w, y)—3 %(&y; 0)} +O(h?)

oe Método de Euler modificado ou do ponto médio (v = 1):

h h
Ynt1 = Yn + hf (:Bn + ann + 5 f(xnayn))

3
oe Método de Runge-Kutta classico de ordem 2 <fy = Z)

h 2h 2h
Ynt1 = Yn + Z |:f($myn) + 3f (l’n + ?a Yn + ? f(xmyn)):|



1
oe Método de Heun (7 = 5)

h
Yot = Yn + 5 Lf @y yn) + f (@0 + 1y Y+ B (20, 90))]

e Método de Runge-Kutta classico de ordem 4:

h
Ynt1 = Yn + = [p1 + 202 + 203 + ©4]

6
h h
Y1 = f(xnayn)a Y2 = f (:En_l' 57?/71“’5901)
h h
o3 =f $n+§ayn+§¢2 : 01 = f(2n + h,yn + hes)

4

120

4

a5 1) = 1o |7 ) =5 5 k)] + O

Métodos de passo simples implicitos:

Yn+1 = Un + h [b—lf ($n+1> yn—i—l) + bOf(xnv yn)] ’ n 2 0
b,1 —|— bo == 1
e Erro de discretizacao local:

(e, h) = 3 1200+ h) = 2(2)] = b f(o o+ b 2o+ B) — bof (2, Z(2)

Z'(t) = f(t. Z(t),  Z(x)=y
e Erro de discretizacao global:

7(h) [6
(|b—1| + |bo|) L

1Y (@) = (W) < XY (0) = yo(h)]| + Rizn=a0) _ 1

= _ (bal + b)) L

K= 7(h) = max |[7(2n, Y (z,); b))

1—nhlb4|L "’ 0<n<N
e Método de Euler regressivo (b—1 = 1,by = 0):
Ynt1 = Yn + hf(xn-i-la yn-i—l)
h
(. h) = 5 (A ) (o) + O)

e Método trapezoidal (b_; = by = 3):

h
Ynt+1 = Yn + 5 [f(xn-i-la yn—H) + f(wm yn)]

dif)(z,y) + O(h?)

2
7(z,y; h) = _E(



10

10. Resolucao de Equacoes Diferenciais Ordinarias: Problemas de Valores na

Fronteira
{ y'(z) = p(2)y (z) + q(x)y(x) + r(x), a<z<b,
yla) = a, y(b) = p
pareC(ab),  qx)>0, Veelat, y:lab—R

Método das diferencas finitas:

[—1 ~ gp(wn)} Yn1 4+ [2 4+ h2q(zn)] yn + {—1 + gp(xn)} Ynt1 = —h?r(x,),

n=1,...,N —1,

Yo = &, yn =3
T, = a+nh n=201 N h—b_a
n — 9 — ) ) Y 9 - N
Isto é: ~ -
Aj =0, A e MY HR), ,jeRN!
A= [am] a; =2+ hzq(l’z)7 1 =1, , N —1,
h
Aii+1 = _1+§p($z); 1= 17 JN 27
h
azfl,i =—1- 527(1'@)7 1= 27 7N 17
a;; =0, li—jgl>1, 14,j=1, ,N —1
o 5 h
b= [b] by = —h%r(z) + |1+ 5]9(1:1) a,
b; = —h*r(z;), i=2,...,N—2,

v = [vi



