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Mestrado em Engenharia F́ısica Tecnológica

Ano Lectivo: 2010/2011 Semestre: 1o
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√
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√
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=: pf (x) δx̃ + q1(x) δ1 + q2(x) δ2 + q3(x) δ3 + δ4

O problema é estável ou bem posto para qualquer x ∈ R pois
|pf (x)| ∈

[
0, 1

2

[
em todo o domı́nio de f .

O algoritmo para o cálculo de f(x) é numericamente instável para x � 1

pois f(x) ≈ 1

2
√
x
e portanto q1(x) ≈ x, q2(x) ≈ 2x, q3(x) ≈ −2x para x � 1.
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f(x) = 0 ⇔ x = g(x), g(x) =
ex/2√
3

g′(x) =
1

2
g(x), g′′(x) =

1

4
g(x)

Condições suficientes de convergência do método do ponto fixo
com função iteradora g para z2, ∀x0 ∈ I2 = [0.8, 1.0]:
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(i) g ∈ C1(I2),

pois x 7→ ex é C∞(R).

(ii) max
x∈I2

|g′(x)| = |g′(1.0)| = 0.475945 < 1,

pois g′ é positiva e crescente em I2.

(iii) g(I2) ⊂ I2,

pois g(0.8) = 0.861305 ∈ I2, g(1.0) = 0.951890 ∈ I2,

e g é crescente em I2.

Método do ponto fixo:

xm = g(xm−1), m ∈ N0, x0 ∈ I2

|z2 − xm| ≤
L

1− L
|xm − xm−1| =: Bm, m ≥ 1

L = max
x∈I2

|g′(x)| = 0.475945

m xm Bm

0 0.9
1 0.905465 0.496× 10−2

2 0.907943 0.225× 10−2

3 0.909069 0.102× 10−2

4 0.909581 0.465× 10−3

z2 = 0.909581 + ∆, |∆| < B4

(b)35

Condições suficientes de convergência do método de Newton para z3,
∀x0 ∈ I3 = [3.6, 3.8]:

(0) f ∈ C2(I3)

(i) f(3.6) = −2.28177, f(3.8) = 1.38118, f(3.6)f(3.8) < 0

(ii) f ′(x) = ex − 6x > 0, ∀x ∈ I3

(iii) f ′′(x) = ex − 6 > 0, ∀x ∈ I3

(iv)

∣∣∣∣ f(3.6)f ′(3.6)

∣∣∣∣ = 0.152136 < 0.2,

∣∣∣∣ f(3.8)f ′(3.8)

∣∣∣∣ = 0.0630644 < 0.2
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Método de Newton:

xm = G(xm−1), G(x) = x− f(x)

f ′(x)
, m ≥ 0, x0 ∈ I3

|z3 − xm| ≤ Bm, Bm = KB2
m−1, K =

maxx∈I3 |f ′′(x)|
2minx∈I3 |f ′(x)|

min
x∈I3

|f ′(x)| = f ′(3.6)

max
x∈I

|f ′′(x)| = f ′′(3.8)|

 =⇒ K = 1.29019

x0 = 3.7, |z3 − x0| ≤ 0.1 = B0

K|z3 − x0| ≤ 0.129019 < 1

m xm Bm

0 3.7 0.1
1 3.73413 0.129× 10−1

2 3.73308 0.215× 10−3

z3 = 3.73308 + ∆, |∆| ≤ B2.

(c)20

lim
m→∞

Bm = 0

K
[r]
∞ =

Bm+1

Br
m

= δqm+1−rqm

qm+1 − rqm =
1√
5

[
rm+1
0 (r0 − r)− rm+1

1 (r1 − r)
]

lim
m→∞

K [r]
∞ =


0, r < r0

1, r = r0

∞, r > r0

Conclui-se pois que a sucessão {Bm} tem ordem de convergência r0.
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‖δxε‖1 ≤
cond1(A0)

1− cond1(A0)‖δAε‖1
(‖δAε‖1 + ‖δbε‖1)

δxε =
x0 − xε

‖x0‖1
, δbε =

b0 − bε
‖b0‖1

, δAε =
A0 − Aε

‖A0‖1

cond1(A0) = ‖A0‖1‖A−1
0 ‖1, cond1(A0)‖δAε‖1 < 1
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A0 =

[
6 −2

−2 3

]
, b0 =

[
4
1

]
, x0 =

[
1
1

]
A−1

0 =
1

14

[
3 2
2 6

]
‖A0‖1 = max{6 + 2, 2 + 3} = 8

‖A−1
0 ‖1 =

1

14
max{3 + 2, 2 + 6} =

4

7

cond1(A0) =
32

7

‖b0‖1 = 5, ‖x0‖1 = 2

Aε − A0 =

[
ε 0
0 0

]
, bε − b0 =

[
ε
0

]
‖Aε − A0‖1 = |ε|, ‖bε − b0‖1 = |ε|

‖δAε‖1 =
|ε|
8
, ‖δbε‖1 =

|ε|
5

‖xε − x0‖1 ≤ 2

32

7

1− 32

7

|ε|
8

(
|ε|
8

+
|ε|
5

)
≤

104

35
|ε|

1− 4

7
|ε|

(b)35

A1 =

[
7 −2

−2 3

]
= L+D + U = MGS +NGS, b1 =

[
5

1

]

MGS = L+D =

[
7 0

−2 3

]
, NGS = U =

[
0 −2

0 0

]

x(m+1) = D−1
(
−Lx(m+1) − Ux(m) + b1

)
, m ≥ 0

x(m+1) =

[
1
7

0

0 1
3

](
−

[
0 0

−2 0

]
x(m+1) −

[
0 −2

0 0

]
x(m) +

[
5

1

])

x(m+1) =

[
x
(m+1)
1

x
(m+1)
2

]
=

 1
7

(
5 + 2x

(m)
2

)
1
3

(
1 + 2x

(m+1)
1

)
 , m ≥ 0
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x(0) =

[
0

0

]
, x(1) =

[
5
7

17
21

]
, x(2) =

[
139
147

425
441

]

‖x1 − x(2)‖∞ ≤ c

1− c
‖x(2) − x(1)‖∞, c = ‖CGS‖∞

CGS = −M−1
GSNGS = − 1

21

[
3 0
2 7

] [
0 −2
0 0

]
=

1

21

[
0 6
0 4

]

‖CGS‖∞ =
2

7

x(2) − x(1) =

[
34
147

68
441

]
⇒ ‖x(2) − x(1)‖∞ =

34

147

‖x1 − x(2)‖∞ ≤ 68

735
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