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Abstract

We review the construction of 2-bundles with 2-connections by Baez as a categorification of locally trivial
principal bundles with connections and focus our study on the particular case of categorical connections.
Namely we study conditions for their existence.

Keywords: 2-bundle, 2-categories, categorical connection, categorification, internalization, higher
gauge theory, holonomy.
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Resumo

Revemos a construgao de 2-fibrados com 2-conexoes de Baez como uma categorificagao de fibrados princi-
pais localmente triviais com conexoes e focamos o nosso estudo no caso particular das conexoes categéricas.
Nomeadamente estudamos condi¢oes para a sua existéncia.

Palavras-chave: 2-categorias, 2-fibrado, categorificagdo, conexao categorica, internalizacao,
holonomia, teoria de gauge superior.



iv



Contents

11 Prerequisites
[LOT Tnternalization] . . . . . . v v i e e
[L.0.2  Groupoids|. . . . . . . . .
Ill!)l;i (‘:lsz{{s:!] llls)!ll]ls :il .....................................

2 Gauge Theory|

2.2 Connections on principal bundles| . . . . . . . . ... ... o oo

B2 Teftmvariance . . . . . o v o e

13.3 Categorical connections| . . . . . . . . . . . ..
3.3.1 Local torms of the categorical connection| . . . . . . .. ... ... .. ... ...

ii
111

<

N O UL s W

10
11
11
12
13
13

15
15
17
20
21
22
23
26

26



vi

CONTENTS



Introduction

Gauge theory is a mathematical theory that describes the evolution of the state of point particles.
Recently, in physics, the need to describe the evolution of more complicated objects such as strings
has led to the development of the new field of higher gauge theory.

In this thesis we will give an overview of this field with particular focus on the special case of categorical
connections and holonomies which have recently been introduced by Martins and Picken.

In Section 1, we review the basic concepts necessary for the remaining chapters. We begin by
introducing 2-categories, which are basically categories together with “morphisms of morphisms”. Notice
that in regular categories one can talk of isomorphisms between objects using arrows, however one can
only discuss equalities of morphisms as elements in a set. By introducing morphisms of morphisms, a
notion of isomorphism of arrows is naturally introduced, leaving only the equality relation on 2-morphisms.

Using this notion of isomorphism of arrows, we could also extend, say, the associativity relation of
the composition rule to an equality up to isomorphism. This would lead us to weak 2-categories (or
bicategories) as in [ML98] and [BD98b]. As shown in this last paper, these provide a more natural
framework than strict categories, but at the time of writing there isn’t either a well established definition
of what a weak n-category (for n > 3), nor for that matter, what a 2-bundle with a such a weak group
is. Here, we will consider only strict 2-categories.

n-Categories are closely related to the theory of Categorification ( [BD98a]). Quoting Baez and Dolan:

Categorification is the process of finding category-theoretic analogs of set-theoretic concepts
by replacing sets with categories, functions with functors, and equations between functions by
natural isomorphisms between functors, which in turn should satisfy certain equations of their
own, called “coherence laws”. Iterating this process requires a theory of “n-categories”, alge-
braic structures having objects, morphisms between objects, 2-morphisms between morphisms
and so on up to n-morphisms.

Our main goal is to study categorifications of bundles with connections, which we review in Section
2 without proofs.

In Section 3 we begin by introducing the construction of 2-bundles with connection by Baez and
Schreiber ( [BS04]), as in their introductory paper |[BS07]. Following the instructions above, a categori-
fication of a bundle should be a functor p : E — B between some categories £ and B. This leads us to
a structure “2-group” G. These should still have some differentiable structure, with an added group like
structure in G. Baez’s approach uses the concept of internal category by Ehresmann ( [Ehr63]), wherein
given a category K, we write the axioms for the algebraic structure present in a category in terms of
commutative diagrams and interpret these in K.

Coincidentally this abstract construction leads to a natural way of describing certain concepts which
are important in string theory, much in the way that bundles and connections are used to describe classical
physics. Whereas holonomy assigned to each path of a particle a group element g, or in categorical terms
a morphism

g

VR

our categorified holonomy (or 2-connection) will be a functor assigning to both paths and “surfaces” (say
the area swept by a 1-dimensional string) a morphism and a 2-morphism in our 2-group
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The foremost examples for physics have been very recently described in [BH10].

We briefly mention the particular case of gerbs, which were studied in [Cha98] as a categorification of
the cocycle condition that defines isomorphism classes of line bundles. This in turn is a particular case
of the original construction of Giraud |Gir71|, and later Brylinski [Bry93].

Then we move on to a particular type of 2-connections, the categorical connections. Here lies the
original part of this work, where we answer a question left open in [MP10]. We study the existence
of categorical connections in a given bundle and crossed module, by essentially describing categorical
connections as sections in an associated vector bundle. This section can be read as an intermezzo
to the above article of Martins and Picken, who then proceed to construct categorical holonomies for
each categorical connection. With this work, a criteria for the existence of categorical holonomies from
categorical connections is immediate.

Requisites

General Topology, Basic Category Theory and Differential Geometry.

Notation

We write U;, ... ;. = U;, N...NU;, with each U; open. By neighborhood we always mean an open
neighborhood. When G, H, ... are Lie groups, we denote the corresponding Lie algebras by g,b,.... For
a category C, we denote Cj its class of objects and C} its class of morphisms. By Dziff we mean the
category of smooth manifolds with smooth maps, which in turn we simply call spaces and maps. Often
we write the composition of arrows from left to right, that is if f : A — B and g : B — C are composible
morphisms, we denote the composition by f o g.

Assumptions

The manifolds used here are assumed to be Hausdorff and second-countable.



Chapter 1

Prerequisites

A discussion of this definition can be found in [ML98] (pgs. 273-275) and [BD98b].
Definition 1.0.1. A 2-category, or a strict 2-category, consists of a category C, together with

1. categories T'(a,b) for all objects a,b € Cy, where the objects of the category T'(a,b) are the morphisms
in C from a to b,

2. a functor Fope : T(a,b) x T'(b,c) — T'(a,c), for each triple of objects a,b,c (the horizontal com-
position, denoted by o), that acts on objects as the usual composition of morphisms, is associative
and satisfies the unity axioms (see below),

3. for each object a, a functor U, : 1 — T(a,a), where 1 is the terminal category (assigning to the
single object of 1 the identity morphism in T(a,a)).

Here we are adding to a category a collection of morphisms between morphisms that can be “vertically”
composed. We refer to the arrows of T'(a, b) as the 2-morphisms or 2-cells, which inherit from T'(a,b) the
vertical composition denoted by e. For a 2-morphism « from f:a —btog:a— b, we write a: f = g,
or

g

For each f:a — b, idfﬂ denotes the identity of f as an arrow in T'(a,b) and we simply write

@ ——>)

The unity axioms of the composition require that, for each o : f = ¢, where f,g : a — b, we have
that

id,00 =0 = 0 oid

where id. € (T'(c,¢))1 also denotes the identity arrow of id. € (T'(c, ¢))o.
Note that, under the notation above and by the functoriality of the horizontal composition, we get
what we call the interchange law:

(fof)olgeg)=(fog)e(f og), (1.1)

for all f, f' € (T'(a,b))1, ¢,9 € (T(b,c))1.

1Often we make the abuse of just writing f.
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Definition 1.0.2. A 2-functor F' between two 2-categories C, C', or F': C — C’, is a functor between
C and C' as categories, together with a function that assigns to each 2-morphism o : f = g in C a
2-morphism F, : F(f) = F(g) in C’, such that the compositions and the identities are preserved, i.e.,
foralla: (f:a—b)=(g:a—=b),B:(g:a—=b) = (h:a—=b)andy:(f :b—=¢c)= (¢ :b—c):

F()z. = Fa.F 1.2
B B
Fooy =Fy0F,
Fidf = idF(f) (14

Similarly one defines 2-natural transformations between 2-functors.
Example 1.0.3. CAT, together with functors and natural transformations, are the objects, morphisms
and 2-morphisms of the prototypical 2-category. Analogously 2-categories also form a 2-category.

1.0.1 Internalization

Definition 1.0.4. Let K be a (finitely complete) category. An internal category in K (also called a
category object in K, or just category in K ) is a tuple C consisting of:

an object Ob(C) € Ky,

an object Mor(C) € K,

o morphisms s,t: Mor(C) — Ob(C) in K; (called the source and target morphisms),
e a composition morphism Mor(C)sx;Mor(C) — Mor(C) in K,

e an identity morphism Ob(C) — Mor(C),

satisfying the usual rules of categories. Alternatively, instead of restricting to finitely complete categories,
we could only have required that in K the above pullbacks and products exist in K. One can similarly
define functors and natural transformations in K (see [Ehr65]). These are the objects, morphisms and
2-morphisms of a 2-category respectively, denoted KCat.

This internalization process has a straightforward generalization for 2-categories, which we will use
later.

Example 1.0.5. 1. A small category is an internal category in Set.

2. A Lie group is a group (considered as a category with one object and invertible morphisms) in
Diff. Note that Diff has all products but not all pullbacks. But since every group as a category
has only one object, it is easy to see that our pullbacks are just products. The Lie groups with Lie
homomorphisms form a category we denote LieGrp, a finitely complete category.

Definition 1.0.6. A (strict) 2-group (respectively Lie 2-group) is a category object in Grp (resp. in
LieGrp).

A 2-group can be regarded as a 2-category K in the following way: start with the singular Ky = {- },
morphisms being the objects of the 2-group (and composition their product), together with 2-morphisms
given by the morphisms of the 2-group. In fact, a 2-group can be defined alternatively as a 2-category
with one object and invertible morphisms and 2-morphisms.

1.0.2 Groupoids

Briefly, a groupoid is a small category in which every morphism is invertible. Any group produces a
groupoid with one object (with the arrows of the groupoid being the elements of the group, and their
composition their product). More specifically:

Definition 1.0.7. A groupoid consists of two sets G and M, two maps s,t : G — M (the source and
target projection) and a map 1 : M — G, with a partial multiplication on G on the set Gx G = {(g,h) :
s(g) =t(h)} such that (denoting 1, = 1(x), and writing the composition from right to left):



. s(hg) = s(g) and t(hg) = t(h) for all (h,g) € G * G);
. f(gh) = (fg)h whenever this product is defined;
s(1z) =t(1y) =z, for allz € M;

1
2
3.
4. 9lsg) = g = ly(g)g for all g € G;

5. Every g € G has a two-sided inverse g—1, an element such that s(g™') = t(g), t(g~ ') = s(g),
997" = Lig) and 979 = Lyy).

In full, a Lie groupoid is a groupoid L with smooth structures on Ob(L), Mor(L), such that the source
and target maps s,t : Mor(L) — Ob(L) of the groupoid are surjective submersions and all the category
operations (source, target, composition, identity) are smooth.

Definition 1.0.8. e A Lie groupoid is a groupoid internalized in Diff with source and target maps
being surjective submersions.

e A 2-groupoid is a 2-category with invertible morphisms and 2-morphisms.

1.0.3 Crossed modules

Definition 1.0.9. A crossed module is a quadruple G = (H,G,0 : H — G,>) where H,G are groups,
>: G — Aut(H) is a left action of G on H and 0 : H — G is an equivariant group morphism, i.e.

(g > h) = go(h)g™* forallge G,he H

and we also require the Peiffer identity:

d(e) > h = ehe™* for alle,h € H.
When H and G are Lie groups and 9,1> are smooth, G is said to be a Lie crossed module.

Example 1.0.10. Let G be a Lie group and Ad the adjoint action of G in G. Then (id : G — G, Ad) is
a Lie crossed module.

This allows us to easily construct 2-groups, since any 2-group is derived from a crossed module
(H,G,0,r>) (the same can be said for Lie 2-groups and Lie crossed modules): take the set of objects of
K to be GG, and the morphisms

(h,9) heHgeG

with the source, target and identity maps

id(g) = (1,9) (1.5)
do((h,9)) =g (1.6
di((h,g)) = 9(h)g (L.7)

together with the composition of morphisms
(h,g) e (I',g') = (h'h, g).

everytime g’ = 9(h)g. In a 2-category form, this would be the vertical composition of 2-morphisms, and
the horizontal composition would be

(h,g)o (W,g') = (h(g > h),gg").

It should be remarked that it is property [1.7] that leads to the constraint of vanishing fake curvature,
as discussed afterwards (see [BS04, p. 16]).
Conversely a (Lie) crossed module is obtained from a (respect. Lie) 2-group G putting

G =Gy
H={f € G :source(f) =1¢€ G}
O(f) = target(f)
g h=15h1"
In fact ( [BSO7, p. 10]),
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Theorem 1.0.11. The 2-category of Lie 2-groups is biequivalent to that of Lie crossed modules.
The following examples will be crucial in the study of 2-bundles and gerbes.

Example 1.0.12. Let H be an abelian Lie group, and take G to be trivial group, together with the trivial
maps >,0. This corresponds to the Lie 2-group with one object and H as the group of morphisms.

Example 1.0.13. Let H be a Lie group. Take G = Aut(H), with the map sending h € H to the
automorphism Ady,, where f € Aut(H) acts naturally on H by

f>h=f(h)

Then (H, Aut(H),Ad : H — Aut(H),r>) is a crossed module. The corresponding Lie 2-group is called
the automorphism 2-group of H and is denoted AUT (H). In fact to any category F, we associate a
2-group AUT (F) consisting of one object, morphisms as autoequivalences of F and invertible natural
transformations between these.

Taking the induced Lie algebra map 0 : ¢ — g of a Lie crossed module, we get a structure like the
following.

Definition 1.0.14. A differential crossed module is a quadruple g = (e,g,0,>) where ¢,g are Lie-
algebras, 0 : ¢ — g is a Lie algebra morphism and > is a left action of g on e, such that:

e Forall X € g, e~ X > e is a derivation of e. That is for e, f € e:
X fe,f]=[X>efl+[6X 5 f]
e Let Der(e) be the Lie algebra algebra of derivations of e. Then the map g — Der(e) induced by the
action of g on ¢ is a Lie algebra morphism.

o Forall X egandece, 0(X > e) =[X,0(e)]

o Forall fee, de) > f=le,f]

Given a differential crossed module & = (9 : ¢ — g,1>), it is standard Lie Theory to prove there is
a unique crossed module G = (0 : E — G, >) of simply connected groups (up to isomorphism) whose
differential crossed module is &. See [MP10, p. 10].
1.0.4 Smooth spaces

As we previously noted in Example Diff does not have pullbacks. This category can be expanded
to one which does and still retains many of its properties. See [BHO§]| for details.

Definition 1.0.15. A smooth space is a set S together with, for every convex set C C R™ for arbitrary
n, a collection of functions ¢ : C — S (hereby called Plots in S) such that:

o Ifp:C — S is aplot and f: C' — C is smooth, then ¢ o f is a plot.

e If ¢ : C — S is such that, for an open cover co : Co — C of the convex set C' by convex subsets
¢ o cy s a plot, then ¢ is a plot.

e Any map from a point to S is a plot.

A smooth map from a smooth space S to a smooth space S’ is a map f : S — S’ such that for every
plot ¢ in S, ¢po f is a plot in S’. This defines a category we call C*.

Proposition 1.0.16. e C™ is cartesian closed, that is, the cartesian product X XY and Hom(X,Y)
have natural smooth structures and satisfy the usual adjunction,

e Objects and maps in Diff are naturally contained in C°°,
e Subsets of smooth spaces have a natural structure of smooth spaces,

e The quotient of a smooth space by an equivalence relation is a smooth space,



By satisfying the usual adjunction, we mean that for each X, Y € (C)g there is an object Hom(X,Y) €
C*°)g such that
(
Hom(X x Z)Y) = Hom(X, Hom(Z,Y))

A plot in Hom(X,Y) isamap ¢ : C — Hom(X,Y') such that for all plots ¢ : ¢/ — X of X, the following
is a plot of Y
idx ¢ ©
CxC —=CxX——Y

Naturally a subset will have a smooth structure given by the plots in the set whose image is contained
in the subset. Likewise, the plots of an equivalence relation of a smooth space S are those that lift to a
plot in S.

Definition 1.0.17. We call the objects, morphisms and 2-morphisms of C* Cat the smooth 2-spaces,
smooth maps and smooth 2-maps, respectively. A group object in C'*° CaEI is called a smooth 2-group
and similarly a smooth 2-groupoid is a C°° — 2Cat with all morphisms and 2-morphisms invertible.

Here the morphisms that define G as a group object in C*°Cat give a natural group structure to
Gy, G so that G is a 2-group as before. Notice that, since C*° generalizes Diff, all Lie groups and
2-groups are also smooth groups (meaning a group object in C'°°) and 2-groups respectively. Also it is
clear that, whenever F' is a 2-space, then AUT (F’) is smooth.

1.0.5 Presheaves

Definition 1.0.18. A presheaf F on a topological space X is a contravariant functor from Open(X)
(the category of open sets with inclusions) to Ab, the category of abelian groups. A homomorphism of
presheaves h : F — G is a natural transformation from the functor F to the functor G.

Example 1.0.19. o F = O*(-) which assigns to every open U on a manifold the differential forms
on U, and to each inclusion i), : V < U the restriction

Q" (U) = Q" (V)
= fiv

o F=C(.,S") that to every open U in X associates C>(U, S1), and to each inclusion iy, : V < U
the restriction

C>(U,8Y — c>=(V,8h
= fiv

Cech cohomology

Definition 1.0.20. Let F be a presheaf on a topological space X and B = {U;};cs a cover of X. The
products C*(\, F) = o, aivies FWas.airs), for i = 0 are the i-cochains on U with values in the
presheaf F.

An i-cochain is a function that assigns to a tuple of i + 1 open sets of the cover Uy,,,...,U,,,, an
element of F(Uq,...ciy1)-
F(i5)

Note that each Uao___akCLUao,,_a;__ak ,for j =0,..., kinduces arestriction F(Us...a5...an ) —>F (Uq

Defining
§:CHULF) — C*TH (U, F)
§ = Flio) — F(i1) + ...+ (=) F(igy1)
that is, for each w € C*(U, F),

k+1
(6w)ao,-<-7ak+1 = Z(_l)lf(ik)(waoy--<7ak+1)
=0

We have the following result:

2Recall that a group object in a category C' is an object G of C' together with morphisms m : G x G — G, id: 1 — G
and inv : G — G in C such that: m is associative, id is a two sided unit of m and inv is a two sided inverse for m.

0~--0‘k)'
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Proposition 1.0.21. 62 = 0.

Definition 1.0.22. The complex formed this way has a cohomology H* (W, F) we call the Cech cohomol-
ogy of the cover U with values in F.

For a proof see for instance [BT82) p. 110].



Chapter 2

Gauge Theory

It is all about parallel transport along curves.

John Baez in [BS04]

Unless when cited, the definitions and results here can be found in [KN63] and |[Hus94].

2.1 Bundles

Definition 2.1.1. A bundle is a triple £ = (E,p, B) where p : E — B is a (continuous) map. We call
B(&) = B the base space, E(£) = E the total space and p the projection of the bundle. One has naturally
products of bundles (F x E',p x p', B x B’) and subbundles (E’,p, B’) C (E,p, B) every time E' C E
and B' C B. We call a map s : B — E a cross-section if po s = idp.

Example 2.1.2. The trivial bundle (B x F, 7, B) where w : B x F' — B is the projection.

Definition 2.1.3. A pair of maps u: E — E' and f : B — B’ is said to be a bundle morphism of the
bundles € = (E,p,B) and n = (E',p’, B") when the following diagram commutes:

When B’ = B, a bundle morphism over B is a map u : E — E’ such that the following commutes:

E———>F

N

The set of bundles together with the set of bundle morphisms form a category, demoted Bun. This category
restricts to the category Bung of bundles over B together with bundle morphisms over B, for any space
B.

Note that from the categorical setting, one obtains the notion of bundle isomorphism.

When ¢ = (E,p, B) is such that each fibre p~1(z) is homeomorphic to a space F, & is said to be a
bundle with fibre F. In particular, when £ ~ B X F we call it the trivial bundle over B.

For A C B, the bundle n = (p~*(A),p, A) is said to be the restriction of ¢ = (E,p, B) to A and is
denoted & 5. This is a particular case of the following: given § = (E,p, B) and a map f : B’ — B, one
gets a bundle over B’, the induced bundle of £ over f (or pullback) and denoted f*(&) with:

o E(f*(§) ={(t,z) € B'x E: f(V') = p(x) }
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o p/(V,x) =10
The fibre product of the bundles & = (E1,p1, B) and & = (Eq, p2, B) over B is (E1 ® E2,p, B) where
Ei1¢ Ey = {(1‘7,@/) € F| x s :pl(l') = pg(.’lil)}

and p(x, ") = p1(x) = p2(2’).
The bundles & and 1 over B are said to be locally isomorphic if

VeedUse open * g\U ~Nu

If € is locally isomorphic to (B x F,p, B) for a certain space F, it is said to be a locally trivial bundle
with fibre F' (recall that local isomorphism is an equivalence relation).

Definition 2.1.4. Let B be a manifold, and let G Lie group. A (differentiable, locally trivial) principal
fibre bundle over B with group GE| is a locally trivial bundle (E,p, B) with fibre G where:

e GG acts freely on E,
e B is the quotient space of P by the equivalence relation induced by G,

e the canonical projection w: E — B is differentiable.

By local triviality, one has a covering {Uy }» of B where the isomorphisms p~1(U,) ~ U, x G induce
natural mappings
Jap - Uag -G (2.1)

the transition functions associated to the cover {U,}4. These obey the cocycle condition

Jary () = gap()gpy(x), @ € Uapy (2.2)

Conversely, given a cover {Uy }o of B and functions g.s : Usg — G obeying (2.2), we can construct
a principal bundle over M with group G with such transition functions.

Example 2.1.5 (Line bundles). A complex line bundleﬂ (or simply line bundle) on a connected, smooth
manifold M is a principal Slﬂ-bundle over M.

The equivalence classes of complex line bundles over M are in bijective correspondence with the first
Cech cohomology group ﬁl(M, S'p), where St,, denotes the sheaf of smooth G valued functions on opens
of M. This defines a group isomorphism (where cochains are multiplied pointwise, and the bundles by
their tensor product).

2.1.1 The associated and reduced bundles

Definition 2.1.6. A morphism from a principal G’ bundle (E',p’, B') to a principal G bundle (E,p, B)
is a pair f = (f', f") where f' : E' — E is a bundle morphism and " : G' — G is a homomorphism
such that f'(u'g") = f'()f"(¢") for allu € E',g € G'. It is said to be an imbedding if f : B/ — E is
an embedding and f : G' — G is a monomorphism. In this case (E',p', B') is said to be a subbundle of
(E,p,B). If also B = B’ and the induced mapping f : B’ — B is the identity, f is said to be a reduction
of the structure group G to G', and the bundle (E',p’, B') is the reduced bundle.

Proposition 2.1.7. A principal bundle has a reduction of the structure group from G to H if and only
if it has (local trivializations with) transition functions with values in H.

Definition 2.1.8. Let £ = (E,p, B) be a a principal G-bundle, and F a space with a left G action. The
associated bundle of & with fibre F', denoted £[F], is defined as follows: G acts on E X F with each g € G
mapping (x, f) — (xg, g~ 1 f). The total space is then E xg F, the quotient of E x F by the action of G. It
has a projection pr to B induced by Ex F > (x, f) — p(x). If U C B trivializes &, i.e. p~(U) =~ U x G,
then g € G acts on U x G x F by

(@, h, f) = (2,hg, 97" f)
This induces a bijection p}l(U) ~ U x F, and we introduce a differentiable structure on E xg F by
requiring p}l(U) to be open and diffeomorphic to U x F. A vector bundle is then an associated bundle
with fibre F™, where F =R or C, and structure group GL(n, F).

1

we often omit differentiability and local triviality
20ther authors define a line bundle as a complex vector bundle of rank 1.
3The unitary vectors in C
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Similarly one defines morphisms of vector bundles as bundle morphisms that are linear on the fi-
bres, and say they are monomorphisms (respectively epimorphisms) if they are monomorphisms (resp.
epimorphisms) on each fibre.

The following is a result we will later need for section and can be found in [Hus94} p.37].

Theorem 2.1.9. Let E—ts>n—"sx 0 be a short exact sequence of vector bundles over
B. Then there is a morphism w : £ & x — n such that the following diagram commutes:

EDX

While principal bundles are trivial if and only if they have a section, vector bundles always have the
zero section.

2.2 Connections on principal bundles

2.2.1 Left invariance

Let G be a Lie group, and denote e its identity. R, : G — G is the right multiplication h +— hg, L, the
left multiplication, and

adg : G — G
h— ghg™!
with derivative in the identity Ady = d(ady) : g — g. This defines the adjoint representation of G
Ad:G — Aut g

By taking the derivative at the identity we get a map Ad : g — Der g, the adjoint representation of g.
A vector field X € X(G) is said to be left-invariant if (dLy) X}, = Xgp. The set of left invariant vector
fields in G is isomorphic to g = TG under the correspondence

g3 X — (h— (dLp)X)

Much like left invariant vector fields, left invariant forms are uniquely determined by their values in
e. The canonical g-valued left invariant form on G is the Maurer-Cartan form:

0,(v) = (Ly—1)wv (2.3)

Let (E,w, B) be a principal G-bundle. The vertical tangent space of E at p € E, or V,E is ker(d,n) C
T,E. Also, for all p, there is an isomorphism

#:92T.G - V,E
()] = [p.c(t)]

It is defined in V}, E since p.c(t) is in Er(, at all times, so w(p.c(t)) = 7(p) is constant and therefore

_d
~ dtj=o

(dpm)([p-c(t))) (r(p-c(t))) = 0

So given A € g and p € E we get a vector Aﬁ € V,E, and consequently a vector field A% € X(E),
the fundamental vector field generated by A. The main property of this field is that, for each g € G,

(ad,—1 A)# = (R,).A¥* (2.4)
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2.2.2 Connections
Recall that a k-dimensional distribution on a manifold B is a map

B>x— D, CT,B,

where D, is a k-dimensional vector subspace of T, B for every x € B. C* distributions are those such
that every x has a neighbourhood U where D, is generated by k smooth vector fields X,..., Xy € X(U)

D,=<Xq,..., X >
A connection on a principal G-bundle 7 : E' — B can be defined in many ways.

Definition 2.2.1. A (principal) Ehresmann connection is a smooth distribution H in E such that for
allpe E

1. H is horizontal, i.e. T,/ = H, ® V,E

2. H is G-invariant, i.e. YyegHug = (Ry)+Hy, where Ry : E — E is the right multiplication by g,
R,(b) = b.g.

Alternatively we could have defined a connection as a projection T,F — V,,FF = g at each point p € F,
or, equivalently, in terms of a connection form as defined below.

Definition 2.2.2. A connection one-form w is an element of Q*(E,g) = QY (E)® g (the one-forms in E
with values in g), such that

1. w(A#*) = A, forall Ac g
2. Rjw = Adyw (ie, Adyg—w(X) = w(dRyX)).

This gives us a connection in the previous sense, as each connection 1-form gives, at each p € E, a
projection
wp Ty E = g=V,E

and so we get a decomposition T, F = V, ¥ @ kerw, which is equivariant.

Proposition 2.2.3. Given a connection 1-form w € Q*(E,g), H, = ker(w,) is an Ehresmann connec-
tion.

Proof. All that is left to prove is the G-invariance: H,, = (Rg)+H,. If X € H, then wy,(RsX) =
Ryw(X) = Adyg-1w(X) = 0 since w(X) = 0 by definition. Hence Ry.X € H,,. Note that Rg. is
invertible, so any Y € H,g is of the form Y = Ry, X, where X = R,-1,Y € H, because Y € H,,. O]

Conversely, given an Ehresmann connection one can obtain a connection 1-form.
Given a trivialization (¢, Uy ) we obtain a family of sections s, (p) = é4(p,e) and consequently a
family of 1-forms w, = (so)*w € Q(Uq, g). These 1-forms are such that on every U, N Up

Wp = gosWagap + Juhdgas (2.5)

Conversely, any family of 1-forms wg obeying (2.5) defines a unique connection 1-form w € Q' (P, g)
having these as local 1-forms.
Note that for line bundles the compatibility equation (2.5) simplifies to

wg = W + g;édgag (2.6)
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2.2.3 Curvature

Recall that the curvature of the connection (1-form) w is defined as the exterior covariant derivative Dw,
or more precisely,

QX,Y)=dw(XH,YH), XY cX(E)
where V " VH gives the horizontal component of the vector V. This 2-form is equivariant, that is
* —1
R,(Q) =g Qg, g€@G.
Q) and w are related for instance by the Cartan structure equation
dw(X,Y) + [w(X),0(Y)] = QX,Y),  X,Y € X(B)

and the Bianchi identity

DQ=dQ(HxHxH)=0
2.2.4 Lifting and holonomy
Given a principal G-bundle p : E — M with connection w, there is a unique map

X(M) = X(E)
X X

of vector fields (the horizontal lift), such that

o m,.(X) =X, for every X € X(M)
o« X, € THE at every u € E.

This lift is G-invariant. That is, (Rg)*)?e = )?eg for every g € G.

Recall that given a loop « in M and a point uw € F over the basepoint of «, there is a path 4 in F
such that 4(0) = u and the tangent vector of the curve at every point is horizontal. Moreover, fixing v
with 4(0) = (1) = « € M, there is a unique smooth correspondence (called the parallel transport)

H,:[0,1]x E, = E

such that 47, (t,u) = £~(t) and H,(0,u) = u. We also write He, (v, ¢, u) = Ho(t, w).
This correspondence is equivariant, i.e. H,(7,t,ug) = H.(v,t,u)g. Notice that if u € p~!(z), then
also Hy,(1,u) € p~t(z). This way we get a correspondence

QM) -G

that to a loop v in M associates the only g € G such that (0) = 5(1)g.
We call this map the holonomy (at u) of the connection w. Its image is a subgroup Hol(u) C G, the
holonomy group of w with reference point u. We often ignore its dependence on u since

e the holonomy groups are conjugate in G: if v = ug then Hol(v) = ad(g~"')- Hol(u),

e any two points which are joined by an horizontal curve, have the same holonomy group.

Let E(u) denote the set of points in F that are connected to w by an horizontal path.
Theorem 2.2.4 (Reduction theorem). E(u) is a reduced bundle with structure group Hol (u).

Theorem 2.2.5 (Ambrose-Singer). Hol(u) is a Lie subgroup of G with Lie algebra equal to the subspace
of g generated by the image of Q,, the curvature form at all points v € E(u).

Definition 2.2.6. Let us consider the space Pi(M) of smooth paths [0,1] — M that are constant in a
neighborhood of 0 and 1. Two such paths v, are said to be rank-1 homotopic, or thinly homotopic, if
there is a smooth map H : [0,1] x [0,1] = M such that:
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e rank(DH ) <1, for all (s,t) € [0,1] x [0, 1],
o there exists € €]0,1/2] such that

0<s<e= H(s,t)=alt)
1—e<s<1= H(s,t)=p(t)

0<t<e= H(st)=a(0)=p(0)
1-e<t<1= H(s,t)=a(l)=p(1)

Note that it is this last property, that of having sitting instants at 0 and 1, that forces the composition
of smooth paths to be smooth. Also any path can be reparametrized to be of this type. One can check
(see |[CP94]) this is an equivalence relation in Py (M).

Definition 2.2.7. To a smooth manifold we associate the path groupoid Pl(M) with
e points of M as objects

e morphisms between points the thin homotopy classes of paths v : [0,1] — M that are constant in a
neighborhood of 0 and 1.

Clearly it is a groupoid with the inverse given by the path with reversed orientation. Most importantly,
it is a smooth 2-space. Its set of morphisms v : [0,1] — M is smooth in the natural way, in that a plot

C——> Map([07 1]7M)

c—— ([t —=7(0)(1))
is any map from a convex set C' C R™ (for arbitrary n) such that

Cx[0,1] —= M

(¢, 1) ——="(c)(t)

is smooth.

By Proposition[I.0.16] the subset of paths with sitting instants is also a smooth space and the quotient
by the thin homotopy equivalence is also a smooth space.

Alternatively we could have restricted our study to the space Q; of loops in Py (M), only to obtain
a group (M) of loops up to rank-one homotopy. The holonomy remains constant along each thin
homotopy class, moreover:

Proposition 2.2.8. The holonomy of a connection V defines a group morphism Hvy : w1 (M) — G.

This brings us to the axiomatic definition of holonomy in [Bar91,|CP94]. Recall that a smooth family
of loops is amap ¢ : U — (M) where U C R™ is open, such that there exists ¢ : U — Q1 (M) projecting
to ¢ and

Ux|[0,1] = M

(z,1) = ¢(z)(t)
is smooth.
Definition 2.2.9. An (aziomatic) holonomy is a group morphism H : wi (M) — G such that, for every
smooth family of loops ¢ : U — wi(M), the following composition is smooth.

U —% Q) (M) —">z}(M) >

This is a proper definition of holonomy, as Barrett proved, every such holonomy comes from a holon-
omy of the connection. In fact, the main result in [CP94] is the following.

Theorem 2.2.10. There is a one-to-one correspondence between (aziomatic) holonomies and bundles
with connections (p: E — M,w) with a fized point x € M.



Chapter 3

Higher Gauge Theory

3.1 2-Bundles

Definition 3.1.1. A 2-bundle consists of 2-spaces E and B together with a smooth map p: E — B.

To consider locally trivial 2-bundles, we would need to categorify the concept of open cover to obtain a
“2-cover” of the base 2-space B. However this isn’t easy and isn’t required for the main 2-bundles we will
later study, so for us B is an ordinary smooth space (or a smooth 2-space with only identity morphisms).
Note in the following that by Property (2 one can restrict a 2-bundle p: E — B top: Ejy — B to
any subspace U C B.

Definition 3.1.2. Let F' be a smooth 2-space. A locally trivial 2-bundle with fibre F is a 2-bundle

p: E — B together with an open cover {U;} of B and smooth equivalences Eju, _ U; X F' such that
the diagrams

By, —— " > U; xF (3.1)

N

commute. We call the t;’s the local trivializations.

By definition of smooth equivalence, this means we have smooth maps
ti : Ui x F = By,
together with invertible 2-maps

o;: tifi = lE\Ui

o ity = 1y, «F
Over the intersection U;j, we get an autoequivalence
tzthUinF%UinF
which by diagram (3.1, acts trivially on U;; and
Eitj(zv f) = (‘Ta fglj(m))

for some smooth map g;; from U;; to the smooth space of autoequivalences of F', the transition functions.
As we previously saw this corresponds to a map

Gij - Uij — .AUT(F)O

Note that AUT(F) has a structure of a weak 2-group (as mentioned in the introduction), with the
operation of composition.

15
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Let us consider the triple intersection Ujj;. Composing horizontally we get the invertible 2-map

fiajtk : Eitj{jtk = Eitk
But
titjtite(x, ) = (2, f9i;(®)gjn(x)),
titk(m7 f) = ((E, fgzk(x))

tiojte(z, f) : (z, fgij(2)gjn(x)) — (2, fgir(2))
This morphism is the identity on z and so it must be of the form
tiojte(x, f) = (Las fhijr(z))

for some map h;ji () : gi;(x)gjx(z) = gix(z) depending smoothly on x. Similarly taking U;; one obtains
smooth maps

k‘i : Ui — (.A]/{T(F))l

such that for any z € U;, ki() : gii(x) — 1ay7(r). We have obtained a categorification of the cocycle
condition in bundles, where now g;r = g;;g;1r holds only up to the isomorphisms hy;i, k;, the higher
transition functions.

Proposition 3.1.3.
(hijk © gri) ® hikt = (gij © hjri) @ hiji (3.2)

Proof. In fact, we prove that
((tioojoty)otyot)e(tiooyot)=((tiot;)o(tjookot))e((tioa;)ot)

This is achieved by repeated iterations of the interchange law (|1.1). On one hand,

(724 et;)o((ojotyotyoty) e (ooty))
tio((ojotyot)eoy)o(tiet)
((O‘j oty o fk) ° (1E\U]» o Uk)) ot

(((o0j0ty)otrot;) e (tiooyot;)

[

; O

|
s+

|
.

co (0015, )0 (ko) 0 0r) oty

=t;00j000%
On the other hand,

(tiotjotjoor)e(t;00j))o(tiet;)
(tieti)o((tjotjoo;)eoj)ot
tjotjoor)e(ajolg, ))ot

(tjot;)eaj)o(oxe L, )) ot

That is, the following diagram (the associative law) commutes:

gzg g gkl
z)hjkl(x
ijk I)gkl

gl] gjl( )

%

gik( gkl

\

]k
gzl
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This can best be understood in terms of the tetrahedral diagram:

Jik

Definition 3.1.4. Let G be a smooth 2-group, and F a smooth space. A (strict) action of G in F is a
smooth map

a:G— AUT(F)

that preserves products and inverses (i.e., a smooth homomorphism). We say that a locally trivial 2-
bundle has structure 2-group G, when g, h and k (defined above) factor through an action G — AUT (F).
In this case, E is said to be a G-2-bundle. Furthermore, when F = G it is said to be a principal G-2-
bundle.

3.2 2-Bundles with 2-Connections

In order to categorify the notion of holonomy we need the following description of a connection in terms
of local holonomy functors from |[BS04):

Theorem 3.2.1. Let (E,p, B) be a principal G-bundle of smooth spaces with a smooth structure group,
locally trivialized over a cover {U;}ier with corresponding transition functions g;;. There is a bijection
between connections on E and smooth maps of 2-spaces

hol; : PL(U;) — G
for each i € I, such that: each g;;j defines a smooth natural isomorphism hol;y,, — hol;y,, -

That is, the diagram below commutes, for every path « in U;; connecting = and y.

[ ) [ )
holwwl "wlj ()
[ ) [ )

And from the cocycle equation gir = ¢i; gk,

gij ()

—_—
9i5 (y)

hol; , holy,
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Definition 3.2.2. Let M be a smooth space. A parametrized bigon in M is a smooth map
%:[0,1] x [0,1] = M

where X(s,-) is constant for s in a neighborhood of 0 and 1, and X(s,t) is independent of t when t
approaches 0 and 1. vo = X(-,0) and v, = X(-,1) are said to be the source and target of X respectively.
We write 3 : y9 — 1. We generalize the notion of path groupoid again using the notion of thin homotopy.

Definition 3.2.3. Let M be a smooth space, and ¥ : y9 — 1 and X' : 4§ — ~4 be parametrized bigons
in M. A thin homotopy between % and X' is a smooth map H : [0,1]3> — M such that

rank(dH (s,t,u)) < 3 for all s,t,u.

H(s,t,0) = 3(s,t),
e H(s,t,1)=Y(s,t),

e H(s,t,u) is independent of u in a neighborhood of u =0 and 1, and it is constant near s = 0 and
1

)

for t in a neighborhood of 0 we have that H(s,t,u) = Hy(s,u) for some thin homotopy from v and
Y05

o fort in a neighborhood of 1 we have that H(s,t,u) = Hy(s,u) for some thin homotopy from v and
§iE
As before this forms an equivalence relation, and two parametrized bigons X2, Y are said to have the same
thin homotopy class if they are thinly homotopic. To a class of this relation we call a bigon, the class
above being written [X]. The path 2-groupoid Py(B) of a smooth space B is the 2-category whose objects
are the points of B, morphisms are thin homotopy classes of paths [y] in B that are constant near the
edges, and 2-morphisms are bigons in B, represented by (taking x = v(0), y = v(1))

[70]

T
T Yy
)
[v1]

with the natural compositions (see [BS04)).

It is left to check that this has a structure of a smooth 2-category. Here we are implicitly stating the
internalization process defined in the beginning has a straightforward generalization, so that a smooth
2-category is a 2-category internalized in C'*°.

Definition 3.2.4. Let p: E — B be a G-2-bundle as in Definition where for simplicity we assume
that k; = 1. A 2-connection is a tuple of the following:

e Smooth 2-functors hol; : Po2(U;) — G,

e Pseudonatural isomorphisms
gij : hOli|P(UU) — hOlj|p(U”)

extending the transition functions. That is, for each v : x — y in U;; a morphism

gij(z)
@ — > O

hol,(y) | 97" hol, ()

9i; (y)
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depending smoothly on the path v, that makes the following diagram commute:

()

hol(n)

i)

y
° °
9ij (2/)

for any bigon X : v = 1 in Uy,

e modifications hj, (induced by the transition functions hiji,):

hOlj

hOli

holk

gik

That is, the following commutes:

hij k(l)

gzk(QT)

hol(7)

i )
SR gik(7)

hol; () — holy (7)

gir ()

0O <---

9iiy) A T giny)

huk(y) &
[ ) o
9ix(y)

for any bigon X : v = 1 in Usjy.

The following is one of the main results in [BS04].
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Theorem 3.2.5. Let p : E — B be a principal G-2-bundle, locally trivial over an open cover {U;}.
Suppose that k; = 1. Let (G, H,0,1>) be the Lie crossed module associated to G, with differential Lie
crossed module (g,h,0,>).

Then there is a one-to-one correspondence between 2-connections on E and differential forms (A;, B, a;;) €

QL (U;, 9) x Q*(U;, b) x QY(U;;,b) such that:

1. Fa, +0(B;) =0, where Fa, = dA; + A; N A; (the curvature 2-form of 4; ).
Ai = 9ijA;9,; + 9i5dg; — Oaiy)
B; = gij > Bj + k;j where k;j = da;j + a;j A aij + do(A) A agj

™o e

aij + gij > ajp = hijkaikhi_ji + (dhijk)hi_ji + (A > hijk)h’i_ji

3.2.1 Gerbes

This reduces to the case of abelian gerbes with connections when k; = 1 and F = G is as in Example
1.0.12] Similarly we arrive at nonabelian gerbes when k; =1 and F = G is as in Example[1.0.13} Recall
that equivalence classes of gerbes correspond bijectively to the elements in H?(M, S!5) (see [MP02, p.
10)).
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3.3 Categorical connections

We now focus on a particular kind of 2-connection introduced in [MP10] by Martins and Picken, which
can be used to define parallel transport. Here we address the question of the existence of such connections.

Definition 3.3.1. Let G = (0 : H — G,>) be a crossed module, with associated differential crossed
module & = (0 : h — g,>). A G-categorical connection on a principal G-bundle p : E — B is a pair
(m,w) where w € QY(E,g) is a connection 1-form on E and m is an equivariant horizontal 2-form in

O%(E,b), such that
d(m) =Q (33)

By saying that m is equivariant we mean that for all g € G, (Rg)*m = g~ ! > m. It should be remarked
that condition (3.3) corresponds to the vanishing of the fake curvature as introduced in [BMO1].

Definition 3.3.2. To a categorical connection as above, we associate the 2-curvature 3-form as
M =dm(H x H x H)

Definition 3.3.3. Let w € Q™(M,g) and n € Q™ (M,h). We define the covariant tensor field on M with
values in § is defined by

((U ®> n)(A17-~-aAnyBl7~-~7Bm) = W(Al,...,An) > n(Bl7...,Bm), A“Bl (S .}:(M)
This gives us a natural alternating tensor field w A> € Q"™ (M, b) with

(n+m)!

wAP = - Alt(w ®@% n)

nlm!

Example 3.3.4. Let G = (id: G — G,>), where > is the adjoint action of G on G.

Let p : E — B be principal G-bundle with connection one-form w. Then (w,m) is a G-categorical
connection, where m = Q is the curvature 2-form of w.

Note that in terms of Definition[3.3.3 the structure equation for the curvature form is

1
Q:dw—i—iw/\“dw

and the Bianchi identity is
dQ+w A Q=0

Lemma 3.3.5. If ¢ is a G-equivariant horizontal (n — 1)-form in P, then
Dy =dp+w N
Proposition 3.3.6 (2-structure equation).
M=dm+wA®m
In particular M is G-equivariant.
See [KN63| p. 79] and [MP10, p. 19].
Proposition 3.3.7 (2-Bianchi identity).
dM(H x Hx Hx H)=0

or by the previous lemma,
dM +wA” M = 0.
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3.3.1 Local forms of the categorical connection

Take an open cover {U, }, of B that trivializes our bundle. Taking local sections f, : U, — E,, the local
forms are given by

Ma = (fa)*m
Wa = (fa)*w

We have already characterized the local form of w and 2. Note that, defining ¢4, : Us,s =+ G by
fa(x)pa,p(x) = fa(x), from the G-invariance of m and M we get:

mg(X,Y) = ¢, > ma(X,Y)
Mp(XY,Z) = ¢35 > Mo(X,Y, Z)
for each X, Y € X(Uqyp).

Proposition 3.3.8. Let H,G be Lie groups, B a smooth manifold and E — B a principal G-bundle.
Let 4 = (0 : H — G,>) be a Lie crossed module and & = (0 : h — g,>) its associated differential
crossed module. Then a pair (w,m) € Q%(E,g) x QY(E,b) is a 9—categorical connection on E if and
only if there are local sections fo : Uy — Eqo of E (where {Uy}o is an open cover of B) and local forms
(Wa,ma) € Q(Ua, g) X Q% (Uy, b) with the following properties for each Unpg # 0: defining ¢pa.p : Ua,g — G
by fo(2)9a,p(z) = f5(2),

1
O(my) = Qo = dwy, + JWa A (3.4)

wp (X) = ¢;7lﬁwa (X)d)a,ﬁ + ¢;,15d¢a,5 (3.5)
mﬁ(Xv Y) = (b;% > ma(va)

for each X, Y € X(B).

Lemma 3.3.9. Let (E,p, B) be the trivial bundle E = B x G. Given (wo,mg) € QY(B,g) x Q?(B,h)
such that 9(mg) = Qo, there exists a G-categorical form (w,m) with local forms (wo, mo).

Proof. Let 6 be the canonical left invariant g-valued form on G (see Equation ) Let f: B —> E
be the trivial section f(z) = (x,e) (where e is the identity of G). Then w(, g = g 'p*(wo)g + 6 is a
connection 1-form on E = M x G with local form wy (this is a classical construction, see [KN63| p. 67]).
Define m for any (z,9) € B x G and X,Y € T(, 4 E by

m(X,Y) =g~ > p*(mo)(X,Y)
This 2-form is horizontal since clearly p*(my) is horizontal. For G-invariance, let X,Y € T, o E.

(Rym)g(X,Y) = mg(Xh,Yh)
= (gh)™! > p*(mo)(Xh,Yh)
=h7lg7 ! > p*(mo)(X,Y)
=h7'>m(X,Y)

Also recall that Q(X,Y) = g 1p*(Q0)(X,Y)g, therefore:

A(m)(X,Y) =0(g7" > p*(mo)(X,Y))
=g '0(p*(mo)(X,Y))g
=g 'p*(9(mo))(X,Y)g

=g 'p" () (X,Y)y
— Q(X,Y)
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3.3.2 Existence

A connection 1-form on any bundle can always be found by the means of partitions of unity (see for
instance [KN63, p. 67]). Our problem lies with the form m. For that, we describe it in the following
terms (as in [KN63| p. 75]).

Definition 3.3.10. Let (E,p, B) be a principal G-bundle. Let (p, V') be a representation of G in a finite
dimensional vector space V. A tensorial form of degree k on E of type (p,V) is a form ¢ € QF(E,V)
such that

e ¢ is G-invariant for the induced action of G on'V, i.e. R, = (g7 Y,
e  is horizontal, i.e. p(X1,...,X) =0 when one of the tangent vectors X; is vertical.

Example 3.3.11. A connection w is a tensorial form of degree 1 in E of type (Ad,g). By definition, m
is a tensorial form of degree 2 in E of type (1>,h).

Lemma 3.3.12. Let (E',q, B) be the bundle associated with the principal G-bundle (E,p, B) with fibre
V', where G acts naturally by p. There is a one-to-one correspondence between the tensorial forms as
above and sections of the bundle

ANT*B @ E'

B

Proof. The associated bundle with fibre V has total space E' = E x V/ ~ where (eg, x) ~ (e, gx). Then
each u € E defines a linear mapping V — ¢~ *(z), where z = p(u) given by v — [(u,v)]

A tensorial (p, V) form of degree k can be regarded as a skew-symmetric multilinear mapping @, :
T.(B) x ... x Ty(B) — ¢~ (x), putting

Ox( X1, ., Xp) =u(e(XT, ..., X})), X, € T,(B)

letting X be any vectors at u such that p(X}) = X;. One verifies that this does not depend on the choice
of u or the X?’s. Conversely, given @, : Tp.(B) X ... x T,.(B) = ¢~ (x) skew-symmetric and multilinear,
one obtains a tensorial form of degree k of type (p, V) on E defined by

‘p(Xikv s 7XI:) = uil(gx(p(xf)v s 7P(X/:))), Xz* e TLE
O]

Let b = Ker 9 and fix a connection w. One immediately notices that for any 2-forms m,m’ € Q%(E, b)
of categorical connections with connection w, m — m’ is in Q?(E,b). Moreover, given such a 2-form m,
all others are in {m + mg : mg € Q?(E,b)}.

Corollary 3.3.13. For a connection w, if the set of forms m, such that (w, m) is a categorical connection,
is non-empty, then it is an affine space over 'g(A*T*B @ b).

Theorem 3.3.14. Let £ = (E,p, B) be a principal G-bundle, and let G = (0 : H — G) a Lie crossed
module. The following are equivalent:

1. There is a G-categorical connection on &.
2. & admits a connection with curvature 2-form Q such that Im(2) C a, where a = Im 9 .
3. & admits a reduction to a structure group G' C G, with Lie algebra g’ contained in a.

Proof.

= Follows by definition.
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= Let (Eq,p1, B) be the associated bundle with fibre ¢, and (Eq,ps, B) with fibre a. Recall that
Ey = E xghand E; = E xXg a. m corresponds to a 2-form with values in Ey, while { corresponds
to a 2-form with values in F5. Since 0 is equivariant, the obvious surjective morphism 0 : F; — Fs
is well defined. Now the problem of finding m corresponds to the problem of finding a 2-form with
values in F; that projects to the 2-form corresponding to €. But applying Theorem [2.1.9] with
& = Kerd,x = E; and n = FE5 the projection has a right section w, and therefore we can take
m=wof.

= Let Hol be the holonomy group. By the reduction theorem there is a reduction of the
structure group to Hol. If h denotes its Lie algebra, by Ambrose-Singer (Theorem [2.2.5)) and since
Q is horizontal h = Im Q C a.

= If there is a reduction of the structure group G to G, let {U,s} be a cover with transition functions
gap of & with values in G’ (which exists by Proposition [2.1.7). Denoting the Lie algebra of Hol of
the reduced bundle by ', we get again by Ambrose-Singer that

ImQ=hH cCcg Ca

Then the reduced bundle has a categorical connection (by the equivalence of (1) and (2) proved
earlier), and by Proposition we see that the local categorical connection forms of the cover
{Uqp}, are also local categorical connection forms on &.

O

It should be noted that the above proof (together with the results used) is constructive.

Alternatively we could have proved = by using the fact that the connection in the reduced
bundle induces naturally a connection on the bundle by G-invariance (it is defined solely by its value in
a point in each fibre) together with the main property of the fundamental vector field (see equation .

Corollary 3.3.15. In the conditions of Theorem if 0 : ¢ — g is surjective there is always a
categorical connection on a bundle with structure group G.

This is the case of the crossed modules in Examples|1.0.12|and [1.0.10} Most importantly, a categorical
connection doesn’t always exist.

Example 3.3.16. Let (H,.) = (R",+) and (G,.) = (GL(n,R),0). Take the trivial map 0 : H - G
together with the action f > e = f(e) of GL(n,R) in R™. Clearly G = (0 : H — G,>) is a crossed
module. Since 0 : h — g is the zero map, in order for there to be a categorical connection, the holonomy
group would have to be a discrete subgroup of G. But in general that is not the case: take for instance
the frame bundle over S?, with G = GL(2,R) and H = (R2,+). If the frame bundle could be reduced
to a discrete group then it would be trivial as, for any topological group, principal G-bundles over S? are
classified by conjugacy classes in w1 (G). In particular there would be a section of the frame bundle and
hence a nowhere vanishing tangent vector field to S? which is impossible by the hairy ball theorem (see
Theorem (2.28) in [Hat02, p. 135]).

Construction for compact groups

In the case where categorical connections exist, we provide an alternative way of getting one when the
structure group G is compact. Notice that a local form m, € Q?(U,, ¢) satisfies (3.4)) if and only if it is
of the form

Ma = 18 + Qo

for a left section r : @ — ¢ of 9 (ie, Or = id,) and a local form ¢, € Q%(U,,b). We can write (3.6) in the
form:

(TQB(Xv Y)+ <)05(X7 Y)) = ¢_1ﬁ > (rQ2,(X,Y)) + ¢;,1ﬂ > ¢a(X,Y)

a7

So it would be sufficient to get
rQs(X,Y) = ¢ > (rQ)(X,Y) (3.7)
Pp(X,Y) = ¢y s > ¢a(X,Y) (3.8)
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But Qp(X,Y) = qS;,lﬁQa (X,Y)¢a,p = Adg,, ,Q./(X,Y) where Ad, is the adjoint representation of G,
the canonical action of G in g.
So condition (3.7)) is verified when r is G-equivariant.

Lemma 3.3.17. Let G be a compact Lie group acting on V,W linear spaces. Let T : V. — W be an
equivariant linear map. Then there is an equivariant left inverse R : Im(T) — V of T.

Proof. Put A = Im(T). One can always find a linear section Ry, not necessarily equivariant. In general
an equivariant map f : A — V is a fixed point of the action o given by

G x Hom(A,V) — Hom(A,V)
(9:./) = (gof) = (v g.f(g7"v)
Let [(-)dG be the unique (normalized) left-invariant integral on G (see |BtD85, p. 41]). Define
R:A=V

gRO La)
“r / Vol(G

It is clearly linear, and by left-invariance of the integral:
(ho R)(a) = hR(h™'a)

[ hgRo((hg)""a)
- /G Vol(G) %

_ [ gRo(g"a)
_/G Vol(G)
= R(a)

It is also a left inverse since, fixing a base of V, T is represented by a matrix (T5;);; and

(TR)(a) =T /G %dg

Ro(g~"a)
Ygol(G) dg);

ZT” / Vol G()l) Jidg),

B gRo(9™"a)
_/GT( VOOZ(G) Jdg

[ 9gTRo(9™'a)
- /G VoG
-1
g9 ~a
Vo)

= (Tij)i5(
G

O

With the section given by this proposition, and taking all ¢, to be null, we get a connection 2-form
m compatible with a given w .

General local construction

Given a categorical connection we will locally construct other categorical connections with the same
curvature. We observed that any two @-categorical connections (w,m) and (w,m’) differ only on an
horizontal and equivariant 2-form 1 = m — m/ € Q?(E,b). There is a correspondence between these
forms and the local forms ¢, = mq, — ml, (given by 1, = s51) obeying

bp = ¢ > Ya (3.9)
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That is, for a fixed local form (w4, mq) of ¥-categorical connections, any other over the same w will be

of the form (wea, Ma + 1q) for 1, € Q%(U,, b) obeying (3.9). B
Since M is second countable it has countable open covers {U;}; and {V;}; such that V; C U;. Let
m; = sim. Then at Up, start with the 2-form m{, € Q?(Up, b)

mg = mo + o

for any 1o € Q?(Uy, b), where my is the local form of our initial categorical connection.

Next for m} = mj + 11, our choice of ¢; has to be an extension of ¢511 > p.

Let {v;}; be a basis for b, so that ¢ = 3, 0;v; for some 2-forms 0; € Q?(U1,R). Using local
coordinates x1, ..., x, in Uy, this becomes Zj fjdz; for some smooth functions f; : Up; — R. Considering

instead the closed subset Vy N U; in Uy, this reduces the problem to the following lemma, found on
Appendix 3 of [KN63]:

Lemma 3.3.18. FEvery differentiable function defined on a closed subset of R™ can be extended to a
differentiable function on R™.

Assume having found {v;},<;, with ¢; € QZ(U]7 b) related by ¢ = qu_kl > 1 in Vi # 0. Then we
need to extend 1/1§+1 = ng(H_l) > ¢, from Uiy N VoU...UV; to U;+1. Note that this extension does not
depend on j < i since:

Oriian) > Vi = (D5 Syraan) T > Uy = D) B (D550 B> U) = D5 ) B Wi

Then we proceed as before and apply the previous lemma. We have defined inductively a local form of a
@-categorical connection on the cover {V;};.

3.3.3 Relation with 2-bundles

In [MP10] the main goal was to construct a smooth map P(B) — G, where P2(B) is the path 2-groupoid
of B, that unlike Baez’s holonomy is defined in all of B. But this requires the existence of a smooth
group morphism 71 (B) — G, which by Theorem requires the existence of a principal G-bundle
with connection. Using the passage from 2-groups to crossed modules (see Section ()), a G-2-bundle for a
Lie crossed module G = (0 : E — G, 1>) is described by smooth maps g¢;; : U;; — G and Bijk 2Uijp - E
satisfying O(hijk)gi;9jk = gik and, by Equation ,

((9ij g5k higr) © (grt: 1) ® (gingnis hart) = (965 1) © (ggni> hjka)) @ (93950, hijt) ©
(953956900 hijie) ® (Gingrts hint) = (91 9509k0: 91 > Tjia) ® (93955 hiji) &
(9ij 95k 9x1 Pirahiji) = (955951910, hiji(gi5 & hjra)) &

hijihire = (9i5 > hjr)hiji,

where e and o are the associated vertical and horizontal compositions respectively.

Then we get a bundle if and only if d(h;j,) = 1. 2-bundles of this type are called special G-2-bundles.
Thus categorical connections are a particular kind of 2-connection on a subclass of 2-bundles, namely
special 2-bundles.
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