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We extend the coherent state transform (CST) of Hall to the context of
abelian varieties by considering them as quotients of the complexification of the
abelian group K = U(1)9. We show that this transform, applied to appropriate
distributions on K, gives all classical theta functions, and that, by defining on
this space of theta functions an inner product related to the K-averaged heat
kernel, the unitarity of the CST transform is still preserved.

1. INTRODUCTION

The Segal-Bargmann or coherent state transform (CST) was introduced
in the context of the quantum theory [20, 21, 3] as a transform from the
Hilbert space of square integrable functions on the configuration space to
the space of holomorphic functions on the phase space. In finite dimen-
sions this transform maps L?(R"™, d"x) to the space H(C") of holomorphic
functions on C". With an appropriate choice of measure dy on C™ the
transform is a unitary transform (on)to L?(C™,du) N H(C").
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In [13] Hall proposed a generalization of the CST in which R™ is replaced
by an arbitrary compact connected Lie group K and C" by the complex-
ification K¢ of K (see [16]). When K is abelian this CST is an easier
extension of the one defined by Segal and Bargmann; however, the normal-
ization proposed by Hall is particularly convenient for our purposes. This
Segal-Bargmann-Hall CST was further generalized to gauge theories with
applications to gravity in the context of Ashtekar variables in [1] and to
Yang-Mills theories in two space-time dimensions in [8]. For reviews and
recent developments see [14] and [15, 24].

In the present paper we extend the CST in a different direction. By
considering a general complexified invariant metric —iQ on K = U(1)? and
applying the appropriately extended CST to certain spaces of distributions,
we obtain spaces of (level k) theta functions on a rank g abelian variety M
with period matrix 2. These theta functions are not square integrable on
K¢ = (C*)9 with respect to the averaged heat kernel measure introduced
in [13]. However, since level k theta functions correspond to holomorphic
sections of the k-th power L* of the determinant bundle L — M, their
natural inner product is given instead by an integral over M with respect
to the Liouville measure and an appropriate hermitian structure on LF.
We show that the averaged heat kernel does satisfy the necessary quasi-
periodicity conditions to define the pull-back of an hermitian structure on
L*. With this inner product the unitarity of the CST is recovered by
choosing a natural 2-independent inner product on the initial spaces of
distributions.

Analogous techniques can be applied to the study of non-abelian theta
functions [2, 4, 6, 7, 23] on the moduli space of semi-stable holomorphic
vector bundles [18] on a compact Riemann surface. The CST on Lie groups
appears in this context through the use of the Schottky uniformization of
the moduli space [5, 9] and it provides a purely finite dimensional framework
for the explicit study of non-abelian theta functions. The application of
these techniques to genus one non-abelian theta functions will appear in
[10]. Applications to higher genus will appear in [11].

The paper is organized as follows. In section 2, for convenience of the
reader and also to establish notation, we start by briefly recalling from [13]
the coherent state transform for Lie groups. In section 3, we recall from
[12] some aspects of theta functions on abelian varieties. Finally, in section
4 we define the CST for abelian varieties, study its relation to classical
theta functions, and prove its unitarity.

2. COHERENT STATE TRANSFORM FOR LIE GROUPS

Let K be a compact connected Lie group, K¢ its complexification [16]
and let p; be the heat kernel for a Laplacian A on K associated with a
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given bi-invariant metric. By definition, p; for ¢ > 0 is the fundamental
solution at the identity of the heat equation on K

ou 1

As proved in [13], p; has a unique analytic continuation to K¢, also denoted
by p:. The K-averaged coherent state transform is defined as the map

C; : L*(K,dz)— H(Kc)
(Cif)(z) = /Kpt(zxfl)f(x)dx, f€L?K,dx), z € K¢

where dz is the normalized Haar measure on K and H(K¢) is the space
of holomorphic functions on K¢. For each f € L?(K,dr), the restriction

of C;f to K is just el f, the solution of the heat equation (1), with initial
condition given by u(0,z) = f(x). Therefore, C;f can be also defined by

A
(C)(z) = (Cop f)(2) = (Coe'd f) (2), (2)
where x denotes the convolution in K and C denotes analytic continuation

from K to Kc. In [13], Hall defines the K-averaged (or K-invariant) heat
kernel measure dv; on K¢, and proves the following result

THEOREM 2.1 (Hall). For each t > 0, the K -averaged coherent state
transform Cy, is an unitary isomorphism from L?(K,dx) onto the Hilbert
space L*(Kc,dvy) H(Kc).

A useful expression for Cyf can be obtained from the expansion of f €
L?(K,dx) given by Peter-Weyl’s theorem,

f(z) =) Te(n(z)An, ), (3)

where the sum is taken over the set of (equivalence classes of) irreducible
representations of K, and A, ;s € End V; is given by

Ay ;= (dim Vﬂ)/ f(x)m(z=)da, (4)
K
V: being the representation space for 7. Then we obtain

(Cef)(2) = Y e F Te(m(2) Ar p), (5)
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where A, is the eigenvalue of —A on functions of the type
Tr(An(z)), A€ End(Vy).

As we will show, it turns out that the image of appropriately chosen
distributions on K with respect to a natural extension of C}, gives functions
satisfying quasi-periodicity conditions in the imaginary directions of Kc.
These are theta functions corresponding to holomorphic sections of the
pull-back of line bundles over abelian varieties.

3. ABELIAN VARIETIES AND THETA FUNCTIONS

Let V be a g-dimensional complex vector space and A = Z29 a maximal
lattice in V' such that the quotient

M=V/A (6)

with canonical projection p: V — M, is an abelian variety, i.e. a complex
torus which can be holomorphically embedded in projective space. We
assume that M is endowed with a principal polarization. The case with a
general polarization is treated analogously [12]. We will address the CST
transform for the general case of abelian varieties in [10], in the context of
genus 1 non-abelian theta functions. We can always find a basis A1, -+ -, Ay
for A, such that Ay,---, ), is a basis of V" and

)
)\g+a:ZQﬂa>\ﬁa azla"'vg 3 (7)
5=1

where Q = (Qap)], 5, 18 a g X g matrix in the Siegel upper half space H,
of symmetric matrices with positive definite imaginary part. Conversely,
principally polarized abelian varieties are parametrized by matrices in Hy,
so we will consider once and for all an arbitrary but fixed matrix Q € H,
and refer to M = V/A as the abelian variety determined by the (period)
matrix ).

Let L — M be the holomorphic line bundle defined by the automorphy
factors

ex,(z2) =1
EAgta (Z) = 6_2ﬂiza_ﬂi9aa , %€ |4 , = 1a ) (8)
where zq,--- , 2z, are complex coordinates on V' dual to the complex basis

AL, -+, Ag, and let k£ be a nonnegative integer. Level k (abelian) theta
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functions @ are holomorphic sections of L¥, § € H°(M,L*). Using the
automorphy factors (8), we see that the space H°(M, L*) is naturally iso-
morphic with the space of holomorphic functions 6 on V such that

0(z+ Aa) = 0(2) 9)
9(Z+>\g+a) _ e—27rikza—7rikﬂaa9(z) ) (10)

Let us denote the latter space by Hq k,
Hfz,k C H((C*)g)

From (9) it follows that there exists a uniformly convergent series such that

9(2) — Z an627rin-z , (11)

nezI

where n -z = nyz + -+ + ngzy. By substituting this function in (10),
we conclude that only the first coefficients, a,, n = (n1,---,ny) with
0 < ngy < k, can be chosen freely while the others are fixed by the quasi-
periodicity conditions (10). In fact, the general level k theta function,
0 € Hq,k, is of the form

0(z) = > ab(=9Q) |, (12)

1e(Z/kZ)9
where the functions

0[(2’, Q) _ Z em’(l+kn)~%(l+kn)62ﬂ'i(l+kn)»z’ le (Z/k}Z)g (13)

nez9
form a basis of Hq , and are commonly called theta functions with char-
acteristics { Lk ] and usually denoted by ¢ [lék} (kz, k) (see [17]). In

0
particular we see that

dimH®(M, L*) = dimHq, 5, = k?

4. COHERENT STATE TRANSFORM FOR ABELIAN
VARIETIES

As is well known the theta functions (12,13) are, for Q, = tQ, t > 0,
analytic continuations of solutions of a heat equation on U(1)9. This is a
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defining property of the CST in [13] (see section 2 above), the main dif-
ference coming from the fact that, in the present case the “initial” (i.e.
for t = 0) values of the theta functions (12) are distributional rather than
L?, indicating that the CST could be extended to distribuitions on U(1)9.
Here, we define this extension of the CST for a given abelian variety, study
its main properties related to theta functions, and prove that it is uni-
tary when restricted to the subspace of linear combinations of Dirac delta
distributions supported on points of order dividing the level k.

4.1. CST for Complexified Laplacians on U(1)9

From now on, we consider the abelian Lie group K = U(1)9 = (S!)9 =
RY9/79, and its complexification K¢ = (C*)9. Let Q € H, and consider on
K = U(1)9 the invariant Laplacian given by

9 2
Y. 0
A — Yop _ 14
a,ﬁZ:1 2w Oz, 0x3 (14)
where ¥ = Im(Q2) and = € [0,1]9 are periodic coordinates. Let w =
(e2m=1 ... e2™i%4) be the coordinates in K¢ = (C*)9, with 2 = 2 +iy, y €

RY9, and denote by dw = dxdy the Haar measure on K¢. The K-averaged
heat kernel measure dv; is defined in the following way. First, we consider
the fundamental solution p; at the identity, of the heat equation on K¢
0 1

u 7A(Y)

ot T4 c W (15)

where Ag) is the K-invariant laplacian given by

Yog [ O? 02

A =% < + ) , (16)
et 2 \0z,0xz3  OyYaOys

Then, the K-invariant measure dvy = v4dw is obtained by averaging p;dw
with respect to the action of (S1)9,

w(z) = [ (e +ajde, (17)

which in this case yelds the explicit formula
27/ . _ )
vi(z) = <t) (det W)1/2e3t Lap(2a=Za)Wap(20=25) (18)

with W = (W) =YL
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We are now in the situation described in Theorem 2.1, and we conclude
that the transform

o) LA((SY)9,dx) — H((C)?) NL2((C*)9, dwy)
(ctm f) (w) = (coe%A‘” f) (w) , t>0, (19)
is unitary.

To obtain the theta functions (12,13) as solutions of a heat equation, we
need to consider the non-self-adjoint Laplace operator on (S')¢

g . 2
(i) __ N g 07
A aﬁzzl 27rQaB dxoadxg (20)

It is easy to see that the imaginary part of this Laplacian does not affect

the unitarity properties of Hall’s CST. Therefore we have the following

PRrROPOSITION 4.1.  For any 2 € Hy and t > 0 the transform
C = Co et L L2((8Y)9,dx) — H((C*)?) N L2((C*)Y, dwy),

18 unitary.

Proof. We can decompose this transform as

—3 t AY) t A(—iX) t A(—iX)
Ct( D —Coesd ezt :C't(y)oe2A

9

where Q0 = X + Y. The unitarity of C’t(y) follows from Theorem 2.1, and
that of the operator

es AT e mis AT 200919 gy — L2((S1)9, da)

follows from the fact that A(X) is a self-adjoint operator. |

Consider f € L?((S')9,dr). The Peter-Weyl decomposition (3) corre-
sponds in this case to the usual Fourier decomposition, as the irreducible
representations of U(1)9 are given by m, (€221 ... 2% = 221 with
n € 79. We have then

f(m) _ Z an€27'r’ix~n ; (21)
nezI

and its image under Ct(_m)

(Ct(_lQ)f> (Z) — Z anetiﬂ'n-QnEQﬂ'iz% ) (22)

nezI

is given by
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This function is the analytic continuation to (C*)9 of the solution of the
complex heat equation on (S*)9

ou 1 (.,

with initial condition given by f in (21).

4.2. Extension to distributions on U(1)¢

We now extend the CST transform of Proposition 4.1, from L2((S1)9, dx)
to the space of distributions (C°°((S*)9))’. This is the space of Fourier
series of the form:

f(l‘) — Z an€27r'i:c~n , (24)
nezI
for which there exists an integer N > 0, such that [19]

: |an|
lim ——onl 2%
ol T TP )
where ||n|| = v/n-n. The Laplace operator and its powers act as con-

tinuous linear operators on this space of distributions by duality from the
corresponding action on C*°((S')?), and define (for € H, and ¢ > 0) the

action of the operator ¢34 on a distribution fe(C=((shHy)y. If f
has the form (24), we have

(e%AHmf) (z) = Z a, el 2mizn (26)
nez9

LEMMA 4.1, If f(x) =Y, cq0 an€®™ ™™ € (C°°((S1)9))’ then the series

Z anetiﬂwﬂneQﬂiz'n, t> O, (27)
nez9

defines a holomorphic function on (C*)9.

Proof. The growing condition (25) implies that there exists an A > 0
such that for all n € Z9 we have

la,| < Aellnll,

Since the imaginary part of {2 is positive definite, there exists a ¢ > 0 such
that

. . 2
|anetm’n Qn| <e c||n|| ,
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for n sufficiently large. Therefore the series (27) is uniformly convergent on

compact subsets of (C*)9 and its sum is holomorphic. |

Recall that M = V/A is the abelian variety defined by the period matrix
1 € Hy. We introduce now the definition

DEFINITION 4.1.  The coherent state transform for the abelian variety
M and for ¢ > 0 is the map:

CM o (C((81)9) — H((CH)Y)
f = (Coe%A(im))f . (28)

This definition has the following justification. Clearly when we extend
the CST of Proposition 4.1 to distributions we lose unitarity in the sense of
this proposition. The holomorphic images of distributions in Definition 4.1
are in general not square integrable with respect to the averaged heat kernel
measure on (C*)9. However, as we will see below, by considering discrete
values of t,t = 1/k,k € N and by taking the image under C{\;[k of cer-
tain finite dimensional spaces Fj, of Dirac delta distributions supported on
points of order dividing & in (S*)? we obtain the space Hq . of level k theta
functions (12,13). As we mentioned these are the pullback of holomorphic
sections of L¥ — M. The amazing fact is (Lemma 4.2 below) that the av-
eraged heat kernel Vi introduced by Hall in (C*)9 descends to the abelian
variety M and defines an hermitian structure there. The Hall expression
for the inner product in H((C*)9) N L*((C*)Y,dv;) remains then almost
unchanged for Hq j with the only difference that one integrates in (C*)?
only over one fundamental region of the projection (C*)9 — M = V/A (see
eqs. (36,39)).

Consider first, for [ € (Z/kZ)?, the following distributions on (S')¢

00 (x) := 0)(x,0) = Z e2millkn)z (29)

nezI

From the discussion above, it is now easy to verify some of the claimed
properties of the transform CM.

PROPOSITION 4.2.  The restriction to L*((S')9,dx) of the CST trans-
form for the abelian variety M coincides with the CST transform of Propo-
sition 4.1. If we write f(x) =Y, c70 an€®™@™ € (C((S1)9)), then CM f
is given explicitly by:

(C«tJV[f) (Z) — Z a7l6ti7rn<ﬂn627riz-n ) (30)

nezI
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In particular, we obtain all level k theta functions (12,13), since

(C10) (2) = 012, 2). (31)

Proof. The first and second statements follow immediately from the
coincidence of the formulas (22) and (26), for z = . The third follows from

(13,29). 1

Let us denote by M; the abelian variety defined by the period matrix
Q; = tQ. Then from the Definition 4.1 we see that the CST for the abelian
variety M; at time s > 0 coincides with the CST for the abelian variety
M; at time ts

cMi = oM g t>0. 32
ts S

With this notation, we can obtain all level k theta functions for the period
matrix t ) using the CST for M; but at time s = %,

(CM00) () = (C0) (2) = (2, 19). (33)

4.3. Distributions supported on points of finite order
The subgroup of K = U(1)Y cousisting of points whose order divides
k € N (the elements g € K such that g* is the identity) is isomorphic to
(Z/kZ)9 and its elements are given, in the coordinates € R9/Z9, by the
points {I/k, | € (Z/kZ)7}. Let Fj be the k9 dimensional complex linear
subspace of (C*°((S1)9))" spanned by the Dirac delta distributions

é), le(zZ/kz7)? (34)

0i(xz) :=0(x —
which are supported on the points of order dividing k. Distributions of this
type appear naturally in the context of geometric quantization of M with
L* as the pre-quantum line bundle, in a real polarization, where the points
of order dividing k correspond to the so-called Bohr-Sommerfeld conditions
[22, 25, 26]. This aspect will be further explored in [11]. We will now see
that the image of Fj under the CST for M;, at time s = % consists of theta
functions of level k. More precisely, we have

PROPOSITION 4.3. For any t > 0 and level k, C’f\ﬁ restricts to an iso-
morphism of vector spaces between Fi, and Hiq k-
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Proof. This is a consequence of the well known relation between the
distributions 0? in (29) and the Dirac delta distributions d;, supported at
the points I /k,

l .
Jl(x) :5($_ %) — Z 627rzn<(x7£)

nezZI

—omilll (1 .
_ E e 2mi E e27r7,(l +kn)-x

0<1’ <k nez9

= Y @

o<y, <k

This implies that C’fv/[,’;(él) is a linear combination of the 0y (z,tQ) =
(Civ/[w?,) (2), by (33), and so it belongs to Hq k. The lemma then follows

by checking that the k9 x k9 matrix A which appears above, and whose [, [’
entry is

Apy = (e*%“ll) : (35)

is invertible. |

4.4. Unitarity of the CST transform

Let us consider now the question of defining an appropriate inner product
on the space Hq i of level k theta functions (12,13). These functions are
not square integrable in the non compact space K¢ = (C*)9 with respect
to the heat kernel measure dv;. However, by considering the sequence

p’ N p//
5}/ - 2miz ((C )g 2miz - M (36)
2= Zada = (2T €2T2) s 2 (modA),

such that p” o p’ is the canonical projection p : V. — M, we will find and
work instead with an appropriate measure on the compact manifold M.

Let m, -+ ,ng,&1,- -+ ;&4 be the coordinates on V' which are dual to the
generators of the lattice A, A1, -+, Aag. The &4, 7, can also be considered
as periodic coordinates in M, and are related to the complex ones by

g
Za:na"‘rzﬂaﬁgﬁa O‘:L"'vg . (37)
B=1
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Then the symplectic form w on M (which coincides with the first Chern
class of L) can be written as

g
w=Y djo Ndés (38)

a=1

and the Liouville measure on M is dnd§ = %‘f (see [12]).
Let £ be the pull-back of L to (C*)9 with respect to p”’. Since by holo-
morphic trivialization of £ we have

Mo = ()" (H°(M, L*)) € H((C*)?)

relating the space of level k theta functions on (C*)9 and the holomorphic
sections of L, it is natural to define an inner product on Hqj in terms
of integration on the abelian variety M, after defining an appropriate her-
mitean structure on L. This can be accomplished by using the K-averaged
heat kernel (18) defined above. In view of Proposition 4.3, we will consider
dv; with t = %

LEMMA 4.2.  The function on (C*)9 given by h(z) = vy,(2) defines an
hermitean structure on LF which is the pull-back of an hermitean structure
on L*.

Proof.  Using the formula (18) for vy ,;(2), we have that

h(z4+ o) = h(2)
Bt Agra) = |25 2emib0ee 21 (2),

for @ = 1,...,g. Therefore, from the quasi-periodicity relations (9,10) we
conclude that h is the pull-back of a section of (L* ® L*)* and so, it defines

an hermitean structure on £*. |

Using this hermitean structure we define the inner product on Hg i by

w9

< 0,0 >= /[0 oo éefyl/kdndg:/Méé’ﬁ o (39)
,1]9 x[0,1]9 °

where 0 = (p")*0, h = Vg = (p")*h. From this definition of the inner
product, the normalization of which was fixed by the averaged heat kernel,
we obtain

LEMMA 4.3. The set of level k theta functions {0;(z, )}, | € (Z/kZ)9,
with the inner product (39) forms an orthonormal basis of Ha.x-
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Proof.  Applying the formulas for 0;(z,€2) (13) and vy ,(2) (18), we have

< 01(2,9),91/(2,9) >:/

e—i‘n’(l—&-kn)'%(l+kn)e—2‘n—i(l+kn)~2 )
[0,1]9x[0,1]9 \ ;€79

. ( Z eiﬂ(l’Jrkn’).S]z(l'+kn’)627ri(l’+kn’)-z> (Qk)g/Q(det Y)1/2672k7r§~Y5dnd€ _
n’'€zZ9
= 6.0 (2k)9/%(det Y)1/2 Z / e~ 2hm(EFEER) Y (6455 ge
[0,1]¢

nezI

= 0,.0(2k)9?(det Y)1/? / e 2kmEYEqe —
R9
= 6l,l’7

where §;;» denotes Kronecker’s delta. |
Finally, consider on the space Fy, the 2 independent inner product such
that the distributions {4;} (34) form an orthogonal basis, with

< 51,51 >= k9. (40)

We can now prove unitarity of the CST.

THEOREM 4.1. For any Q € H, level k € N, and t > 0, the CST
transform of the abelian variety My, at time % restricted to Fy, is a isometric
1somorphism between Fi, and Hiq ) = HO(Mt, Lk).

Proof. Observe that the k9 x k9 matrix A (35) in Lemma 4.3, relating
the two basis {6} and {&;} of the space Fy, is unitary up to scaling, namely
is such that AA* = k91, where I is the identity k9 x k9 matrix. This implies,
by (40) and (34), that the set {6Y(z)}, 0 <l, < k, is an orthonormal basis
of F, and the theorem follows from

< (cff;a?) (), (cfj;a?) (2) > = < 01(2,1Q), 0y (2,tQ) > = 61 |

by (33) and Lemma 4.3. |
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