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i. Resolução numérica de sistemas não-lineares

Método do ponto fixo (x = G(x))

x(m+1) = G(x(m)), m = 0, 1, . . .

‖z − x(m+1)‖ ≤ L ‖z − x(m)‖, ‖z − x(m+1)‖ ≤ L

1− L
‖x(m+1) − x(m)‖, m = 0, 1, . . .

Método de Newton (F (x) = 0)

x(m+1) = x(m) + ∆x(m), [JF (x(m))] ∆x(m) = −F (x(m)), m = 0, 1, . . .

ii. Interpolação polinomial

Fórmula interpoladora de Lagrange:

pn(x) =
n∑

i=0

fi li(x), li(x) =
n∏

j=0

j 6=i

x− xj
xi − xj

, i = 0, 1, . . . , n

Fórmula interpoladora de Newton:

pn(x) = f [x0] +

n∑
i=1

f [x0, . . . , xi] (x− x0) · · · (x− xi−1)

Fórmula do erro:

en(x) = f(x)−pn(x) = f [x0, . . . , xn, x]

n∏
i=0

(x−xi) =
f (n+1)(ξ)

(n+ 1)!

n∏
i=0

(x−xi), ξ ∈ ]x0; . . . ;xn;x [

iii. Melhor aproximação mı́nimos quadrados discreta

N∑
k=0

ak 〈φk, φj〉 = 〈f, φj〉 , j = 0, . . . , N , g(x) =

N∑
k=0

ak φk(x) , 〈φ, ψ〉 =

M∑
k=0

φ(xk)ψ(xk)



iv. Polinómios ortogonais com respeito ao produto interno (f, g) =
∫ b
a f(x)g(x) dx

[a, b] 3 t −→ x ∈ [−1, 1] : t =
a+ b+ (b− a)x

2

Polinómios de Legendre: [a, b] = [−1, 1], (f, g) =
∫ 1
−1 f(x)g(x) dx

P0(x) = 1, P1(x) = x, P2(x) =
1

2

(
3x2 − 1

)
, P3(x) =

1

2

(
5x3 − 3x

)
P4(x) =

1

8

(
35x4 − 30x2 + 3

)
, P5(x) =

1

8

(
63x5 − 70x3 + 15x

)
(Pn, Pn) =

2

2n+ 1

v. Melhor aproximação mı́nimos quadrados – caso cont́ınuo

Φ∗(x) =
n∑

k=0

b∗k ϕk(x),
n∑

k=0

b∗k (ϕk, ϕj) = (f, ϕj), j = 0, . . . , n .

vi. Fórmulas de quadratura Qn(f) =
∑n

j=0Ajf(xj) ≈ I(f) =
∫ b
a f(x) dx

Regra do ponto médio

I0(f) = (b− a) f(
a+ b

2
) , E0(f) =

(b− a)3

24
f ′′(ξ), ξ ∈]a, b[

In0 (f) = h

n∑
i=1

fi, En
0 (f) =

h2(b− a)

24
f ′′(ξ), ξ ∈]a, b[

Regra dos trapézios

I1(f) = (
b− a

2
)[f(a) + f(b)], E1(f) = −(b− a)3

12
f ′′(ξ), ξ ∈]a, b[

In1 (f) = h

[
(f0 + fn)/2 +

n−1∑
i=1

fi

]
, En

1 (f) = −h
2(b− a)

12
f ′′(ξ), ξ ∈ (a, b)

Regra de Simpson

I2(f) =
h

3

[
f(a) + 4f(

a+ b

2
) + f(b)

]
, E2(f) = −h

5

90
f (4)(ξ), ξ ∈ (a, b)

In2 (f) =
h

3

(f0 + fn) + 4

n/2∑
i=1

f2i−1 + 2

n/2−1∑
i=1

f2i

 , En
2 (f) = −h

4(b− a)

180
f (4)(ξ), ξ ∈ (a, b)

Fórmula de erro para as quadraturas de Newton-Côtes:

En(f) := I(f)−In(f) =


En(xn+1)

(n+ 1)!
f (n+1)(η) , n impar

En(xn+2)

(n+ 2)!
f (n+2)(η) , n par

η ∈ (a, b) .



Quadraturas de Gauss-Legendre:

I(f) :=

∫ 1

−1
f(x) dx ≈ Qn(f) :=

n∑
j=0

Ajf(xj) ,

Pn+1(xj) = 0 , j = 0, 1, . . . , n .

vii. Resolução numérica de EDO’s – problemas de valor inicial{
y′(t) = f(t, y(t)), t > t0

y(t0) = y0

Método de Euler (expĺıcito)

yn+1 = yn + hf(tn, yn) , n ≥ 0 , Tn+1(h) = O(h2)

Método de Crank-Nicolson

yn+1 = yn +
h

2

[
f(tn, yn) + f(tn+1, yn+1)

]
, n ≥ 0 , Tn+1(h) = O(h3)

Métodos de Runge-Kutta expĺıcitos de s etapas

yn+1 = yn + h
s∑

i=1

biki ,

k1 = f(tn, yn) ,

ki = f
(
tn + cih, yn + h

i−1∑
j=1

aijkj

)
, i = 2, . . . , s ,

ci =
i−1∑
j=1

aij , i = 2, . . . , s .

Tabela de Butcher:

0 0 0 . . . . . . 0
c2 a21 0 . . . . . . 0
...

...
. . .

. . .
...

...
...

. . .
. . .

...
cs as1 as2 . . . as,s−1 0

b1 b2 . . . bs−1 bs

c A

bT

Consistência e ordem (≤ 3)

s∑
i=1

bi = 1 ,

s∑
i=2

bici =
1

2
,

s∑
i=2

bic
2
i =

1

3
,

s∑
i=3

i−1∑
j=2

biaijcj =
1

6



Métodos multipasso lineares a p passos

p∑
j=0

ajyn+j = h

p∑
j=0

bjf(tn+j , yn+j) , n ≥ 0 , ap = 1 , a20 + b20 6= 0

Consistência e ordem q

p∑
j=0

aj = 0 , ∀ k = 1, . . . , q :

p∑
j=0

jkaj = k

p∑
j=0

jk−1bj

Polinómio caracteŕıstico

ρ(r) =

p∑
j=0

ajr
j

Métodos de Adams

yn+p − yn+p−1 = h

p∑
j=0

bjf(tn+j , yn+j) , n ≥ 0


