An Introduction to

Riemannian Geometry
with Applications to Mechanics and Relativity

Leonor Godinho and José Natario

Lisbon, 2004



Contents

Chapter 1. Differentiable Manifolds 3
1. Topological Manifolds 3
2. Differentiable Manifolds 9
3. Differentiable Maps 13
4. Tangent Space 15
5. Immersions and Embeddings 22
6. Vector Fields 27
7. Lie Groups 33
8. Orientability 45
9. Manifolds with Boundary 49
10. Notes on Chapter 1 51
Chapter 2. Differential Forms 57
1. Tensors 57
2. Tensor Fields 64
3. Differential Forms 66
4. Integration on Manifolds 72
5. Stokes Theorem 75
6. Orientation and Volume Forms 78
7. Notes on Chapter 2 81
Chapter 3. Riemannian Manifolds 87
1. Riemannian Manifolds 87
2. Affine Connections 94
3. Levi-Civita Connection 97
4. Minimizing Properties of Geodesics 103
5. Hopf-Rinow Theorem 110
6. Notes on Chapter 3 113
Chapter 4. Curvature 115
1. Curvature 115
2. Cartan Structure Equations 122
3. Gauss-Bonnet Theorem 131
4. Manifolds of Constant Curvature 137
5. Isometric Immersions 144
6. Notes on Chapter 4 151



2 CONTENTS

Chapter 5. Geometric Mechanics 153
1. Mechanical Systems 153
2. Holonomic Constraints 162
3. Rigid Body 166
4. Non-Holonomic Constraints 179
5. Lagrangian Mechanics 188
6. Hamiltonian Mechanics 196
7. Completely Integrable Systems 205
8. Notes on Chapter 5 212

Chapter 6. Relativity 213
1. Galileo Spacetime 213
2. Special Relativity 215
3. The Cartan Connection 225
4. General Relativity 227
5. The Schwarzschild Solution 231
6. Cosmology 242
7. Causality 247
8. Singularity Theorem 254
9. Notes on Chapter 6 265

Bibliography 267

Index 269



CHAPTER 1

Differentiable Manifolds

This chapter introduces the basic notions of differential geometry.

The first section studies topological manifolds of dimension n, which
is the rigorous mathematical concept corresponding to the intuitive notion
of “continuous n-dimensional spaces”. Several examples are studied, partic-
ularly in dimension 2 (surfaces).

Section 2 specializes to differentiable manifolds, on which one can
define differentiable functions (Section 3) and tangent vectors (Section
4). Important examples of differentiable maps, namely immersions and
embeddings, are examined in Section 5.

Vector fields and their flows are the main topic of Section 6. It is
shown that there is a natural differential operation between vector fields,
called the Lie bracket, which produces a new vector field.

Section 7 is devoted to the important class of differentiable manifolds
which are also groups, the so-called Lie groups. It is shown that to each
Lie group one can associate a Lie algebra, i.e. a vector space equipped with
a Lie bracket, and the exponential map, which maps the Lie algebra to
the Lie group.

The notion of orientability of a manifold (which generalizes the intu-
itive notion of “having two sides”) is discussed in Section 8.

Finally, manifolds with boundary are studied in Section 9.

1. Topological Manifolds

We will begin this section by studying spaces that are locally like R™,
meaning that there exists a neighborhood around each point which is home-
omorphic to an open subset of R™.

DEeFINITION 1.1. A topological manifold M of dimension n is a topo-
logical space with the following properties:

(i) M is Hausdorff, that is, for each pair p1,p2 of distinct points of
M, there exist neighborhoods Vi, Vs of p1 and ps such that V1NV, =
.
(ii) Each point p € M possesses a neighborhood V. homeomorphic to an
open subset U of R"™.
(iii) M satisfies the second countability axiom, that is, M has a
countable basis for its topology.

3



4 1. DIFFERENTIABLE MANIFOLDS

Conditions (i) and (iii) are included in the definition to prevent the
topology of these spaces from being too strange. In particular, the Hausdorff
axiom ensures that the limit of a convergent sequence is unique. This, along
with the second countability axiom, guarantees the existence of partitions of
unity (cf. Section 7.2 of Chapter 2), which, as we will see, are a fundamental
tool in differential geometry.

REMARK 1.2. If the dimension of M is zero, then M is a countable set
equipped with the discrete topology (every subset of M is an open set).
If dimM = 1, then M is locally homeomorphic to an open interval; if
dim M = 2, then it is locally homeomorphic to an open disk, etc.

(c)
FIGURE 1. (a) St (b) S2, (c) Torus of revolution.

ExaMPLE 1.3.

(1) Every open subset M of R™ with the subspace topology (that is,
U C M is an open set if and only if U = M NV with V an open
set of R™) is a topological manifold.

(2) (The circle St) The circle

St ={(z,y) eR*: 2” +3y* =1}
with the subspace topology is a topological manifold of dimension
1. Conditions (i) and (i7i) are inherited from the ambient space.
Moreover, for each point p € S! there is at least one coordinate axis
which is not parallel to the vector n, normal to S Lat p. The projec-
tion on this axis is then a homeomorphism between a (sufficiently
small) neighborhood V' of p and an interval in R.

(3) (The 2-sphere S?) The previous example can be easily generalized
to show that the 2-sphere

S% = {(z,y,2) eR®: 22 +9° + 22 =1}
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with the subspace topology is a topological manifold of dimension
2.

(4) (The torus of revolution) Again as in the previous examples,
we can show that the surface of revolution obtained by revolving
a circle around an axis that does not intersect it is a topological
manifold of dimension 2.

(5) The surface of a cube is a topological manifold (homeomorphic to

S52).

ExXAMPLE 1.4. We can also obtain topological manifolds by identifying
edges of certain polygons by means of homeomorphisms. The edges of a
square, for instance, can be identified in several ways (see Figures 2 and 3):

(1) The torus T2 is the quotient of the unit square @ = [0,1]?> C R?
by the equivalence relation
(@,y) ~ (@ +1Ly) ~ (z,y +1),
equipped with the quotient topology (cf. Section 10.1).
(2) The Klein bottle K? is the quotient of the unit square Q =
[0,1]? C R? by the equivalence relation
(@,y) ~ (x+1,y) ~ (z,1 - y).
(3) The projective plane RP? is the quotient of the unit square Q =
) C y the equivalence relation
0,1]> C R? by th ival lati

(z,y) ~ (1 —2,y) ~ (2,1 —y).

12

(b)

FIGURE 2. (a) Torus (72), (b) Klein bottle (K?).

REMARK 1.5.
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FIGURE 3. Real projective plane (RP?).

(1) The only compact connected 1-dimensional topological manifold is
the circle S1 (see [Mil97]).

(2) The connected sum of two topological manifolds M and N is
the topological manifold M#N obtained by deleting an open set
homeomorphic to a ball on each manifold and gluing the bound-
aries, which must be homeomorphic to spheres, by a homeomor-
phism (cf. Figure 4). It can be shown that any compact con-
nected 2-dimensional topological manifold is homeomorphic either
to S? or to connected sums of manifolds from Example 1.4 (see
[Blo96, Mun00]).

FIGURE 4. Connected sum of two tori.

If we do not identify all the edges of the square, we obtain a cylinder or
a Mobius band (cf. Figure 5). These topological spaces are examples of
manifolds with boundary.

DEFINITION 1.6. Consider the closed half space
H™ = {(z!,...,2") € R": 2" > 0}.
A topological manifold with boundary is a Hausdorff space M, with a
countable basis of open sets, such that each point p € M possesses a neigh-

borhood V' which is homeomorphic either to an open subset U of H™\OH",
or to an open subset U of H"™, with the point p identified to a point in OH™.
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1

1

(b)
FIGURE 5. (a) Cylinder, (b) Mobius band.

The points of the first type are called interior points, and the remaining
ones are called boundary points.

The set of boundary points OM is called boundary of M and is a
manifold of dimension (n — 1).

REMARK 1.7.

1. Making a paper model of the Mobius band, we can easily verify
that its boundary is homeomorphic to a circle (not to two disjoint
circles), and that it has only one side (cf. Figure 5).

2. Both the Klein bottle and the real projective plane contain Mobius
bands (cf. Figure 6). Deleting this band on the projective plane, we
obtain a disk (cf. Figure 7). In other words, we can glue a M&bius
band to a disk along their boundaries and obtain RP?2.

— —
— T T —

(a) (b)
FIGURE 6. (a) Klein bottle, (b) Real projective plane.

Two topological manifolds are considered the same if they are homeo-
morphic. For example, spheres of different radii in R? are homeomorphic,
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1
1%

FiGUrE 7. Disk inside the real projective plane.

and so are the two surfaces in Figure 8. Indeed, the knotted torus can be
obtained by cutting the torus along a circle, knotting it and gluing it back
again. An obvious homeomorphism is then the one which takes each point
on the initial torus to its final position after cutting and gluing.

=

F1cURE 8. Two homeomorphic topological manifolds.

12

EXERCISES 1.8.

(1) Which of the following sets (with the subspace topology) are topo-
logical manifolds?

(a) D* = {(z,y) e R* | 2” +y* < 1}
(b) S*\{p} (p € 5%);

(c) S®\{p,q} (p,q € S%,p # q);

(d) {(z,y,2) €R? |2? +y* = 1};

(e) {(1’,:[/,2) € R? ’ a? +y2 - 22};

(2) Which of the manifolds above are homeomorphic?

(3) Show that the Klein bottle K? can be obtained by gluing two
Mobius bands together through a homeomorphism of the boundary.

(4) Show that

(a) M#S? = M for any 2-dimensional topological manifold M;
(b) RP?#RP? = K2
(c) RP?#T? = RP2#K?2.

(5) A triangulation of a 2-dimensional topological manifold M is a
decomposition of M in a finite number of triangles (i.e. subsets
homeomorphic to triangles in R?) such that the intersection of any
two triangles is either empty or composed of common edges or
common vertices (it is possible to prove that such a triangulation
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always exists). The Euler characteristic of M is
X(M):=V —E+F,
where V', E and F' are the number of vertices, edges and faces of

a given triangulation (it can be shown that this is well defined,
i.e. does not depend on the choice of triangulation). Show that:

(a) Adding a vertex to a triangulation does not change x(M);
(b) x(5) = 2

() (1% = 0;

(@) X(K?) =0

(0) X(RP?) =1,

(1) X(M4N) = x(M) + x(N) — 2.

2. Differentiable Manifolds

Recall that an n-dimensional topological manifold is a Hausdorff space
with a countable basis of open sets such that each point possesses a neigh-
borhood homeomorphic to an open subset of R™. Each pair (U, ¢), where
U is an open subset of R" and ¢ : U — ¢(U) C M is a homeomorphism of
U to an open subset of M, is called a parameterization. The inverse ¢!
is called a coordinate system or chart, and the set ¢(U) C M is called a
coordinate neighborhood. When two coordinate neighborhoods overlap,
we have formulas for the associated coordinate change (cf. Figure 9). The
idea to obtain differentiable manifolds will be to choose a sub-collection of
parameterizations so that the coordinate changes are differentiable maps.

M
Pa 2]
R™ R™
e /ﬁ\
Ua Yo' 0 wp Us

FIGURE 9. Parameterizations and overlap maps.

DEFINITION 2.1. An n-dimensional differentiable or smooth mani-
fold s a topological manifold of dimension n and a family of parameteri-
zations pq, : Uy — M defined on open sets U, C R™, such that:

(i) the coordinate neighborhoods cover M, that is, |J, ¢a(Us) = M;
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(ii) for each pair of indices o, 3 such that

W= Spa(Ua) N Qpﬁ(Uﬁ) 7& g,
the overlap maps
05l ovaipa (W) — w5 (W)
valows eyt (W) — o' (W)

are C*°;

(i1i) the family A = {(Ua,a)} is mazimal with respect to (i) and (ii),

meaning that if oo : Uy — M is a parameterization such that goglogo
and ¢~ o g are C™ for all ¢ in A, then (Uy, o) is in A.

REMARK 2.2.

(1)

(2)

(3)

Any family A = {(U,, pq)} that satisfies (i) and (i7) is called a
C*-atlas for M. If A also satisfies (7i7) it is called a maximal
atlas or a differentiable structure.

Condition (#4¢) is purely technical. Given any atlas A = {(Ua, ¢a)}
on M, there is a unique maximal atlas A containing it. In fact, we
can take the set A of all parameterizations that satisfy (i7) with
every parameterization on A. Clearly A C ./1, and one can easily
check that A satisfies (i) and (i7). Also, by construction, A is
maximal with respect to (i) and (i7). Two atlases are said to be
equivalent if they define the same differentiable structure.

We could also have defined C*-manifolds by requiring the coordi-
nate changes to be C*-maps (a C°-manifold would then denote a
topological manifold).

ExXAMPLE 2.3.

(1)

The space R™ with the usual topology defined by the Euclidean met-
ric is a Hausdorff space and has a countable basis of open sets. If,
for instance, we consider a single parameterization (R",id), condi-
tions (7) and (i7) of Definition 2.1 are trivially satisfied and we have
an atlas for R™. The maximal atlas that contains this parameter-
ization is usually called the standard differentiable structure
on R™. We can of course consider other atlases. Take, for instance,
the atlas defined by the parameterization (R", ) with p(z) = Ax
for a non-singular (n x n)-matrix A. It is an easy exercise to show
that these two atlases are equivalent.

It is possible for a manifold to possess non-equivalent atlases: con-
sider the two atlases {(R, ¢1)} and {(R, ¢2)} on R, where ¢;(x) = x
and @o(x) = 2. As the map ¢, o ¢y is not differentiable at the
origin, these two atlases define different (though, as we shall see, dif-
feomorphic) differentiable structures (cf. Exercises 2.5.4 and 3.2.6).
Every open subset V of a smooth manifold is a manifold of the same
dimension. Indeed, as V is a subset of M, its subspace topology



2. DIFFERENTIABLE MANIFOLDS 11

is Hausdorff and admits a countable basis of open sets. Moreover,
if A = {(Uy,a)} is an atlas for M and we take the U,’s for
which ¢, (Uy) NV # &, it is easy to check that the family of
parameterizations A = {(ﬁa,goa\ﬁa)}, where U, = ¢;1(V), is an
atlas for V.

(4) Let M,x, be the set of n x n matrices with real coefficients. Re-
arranging the entries along one line, we see that this space is
just ]R"2, and so it is a manifold. By Example 3, we have that
GL(n) = {A € Myxn|det A # 0} is also a manifold of dimension
n?. In fact, the determinant is a continuous map from M,,x,, to R,
and GL(n) is the preimage of the open set R\{0}.

(5) Let us consider the n-sphere

S ={(z!,..., 2" ) e R" (21)2 + - + (z"F1)2 = 1}
and the maps
o UCR" — §"

(..., 2" — (2. 27 g2t 2™, 2t ),

o, :UCR" — §"

(@2 e (@ a T —gat, 2, A 2,
where
U= {(xl,...,x”) € R" | ($1)2+---+(x")2 <1)
and
glat,. 2" =(1— ()2 = — (a™)?)2.

Being a subset of R"*!, the sphere (equipped with the subspace
topology) is a Hausdorff space and admits a countable basis of open
sets. It is also easy to check that the family {(U, 1), (U, p; )}7] is
an atlas for S™, and so this space is a manifold of dimension n (the
corresponding charts are just the projections on the hyperplanes
' =0).

(6) We can define an atlas for the surface of a cube Q C R® making
it a smooth manifold: Suppose the cube is centered at the origin
and consider the map f : Q — S? defined by f(x) = x/||z||. Then,
considering an atlas {(Uy, @a)} for S2, the family {(Ua, f 1o wa)}
defines an atlas for Q.

REMARK 2.4. There exist topological manifolds which admit no differ-
entiable structures at all. Indeed, Kervaire presented the first example (a
10-dimensional manifold) in 1960 [Ker60], and Smale constructed another
one (of dimension 12) soon after [Sma60]. In 1956 Milnor [Mil56b] had
already given an example of a 8-manifold which he believed not to admit a
differentiable structure, but that was not proved until 1965 (see [Nov65]).
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EXERCISES 2.5.

(1)
(2)

(4)

()

(6)

(7)

(8)

Show that two atlases A; and As for a smooth manifold are equiv-
alent if and only if A; U A5 is an atlas.

Let M be a differentiable manifold. Show that a set V' C M is open
if and only if ¢ !(V) is an open subset of R™ for every parameter-
ization (Uy, pqa) of a C™ atlas.

Show that the two atlases on R™ from Example 2.3.1 are equivalent.
Consider the two atlases on R from Example 2.3.2, {(R, ¢1)} and
{(R,p2)}, where ¢1(2) = z and @po(z) = 2. Show that ¢, ' o ¢y is
not differentiable at the origin. Conclude that the two atlases are
not equivalent.

Recall from elementary vector calculus that a surface S C R3 is
a set such that, for each p € S, there is a neighborhood V), of p in
R? and a C*° map f, : U, — R (where U, is an open subset of R?)
such that SNV}, is the graph of z = fy(z,y), or x = fp(y,2), or
y = fp(z, z). Show that S is a smooth manifold of dimension 2.
(Product manifold) Let {(Ua,¥a)}, {(V3,1%5)} be two atlases for
two smooth manifolds M and N. Show that the family {(U, x
Vg, ¢a X 1Pg)} is an atlas for the product M x N. With the dif-
ferentiable structure generated by this atlas, M x NN is called the
product manifold of M and N.

(Stereographic projection) Consider the n-sphere S™ with the sub-
space topology and let N = (0,...,0,1) and S = (0,...,0,—1) be
the north and south poles. The stereographic projection from
N is the map mn : S"\{N} — R"™ which takes a point p € S"\{N}
to the intersection point of the line through N and p with the hy-
perplane 2"t = 0 (cf. Figure 10). Similarly, the stereographic
projection from S is the map g : S”"\{S} — R”" which takes a
point p on S™\{S} to the intersection point of the line through S
and p with the same hyperplane. Check that {(R",7x'), (R, 75")}
is an atlas for S™. Show that this atlas is equivalent to the atlas
on Example 2.3.5. The maximal atlas obtained from these is called
the standard differentiable structure on S™.

(Real projective space) The real projective space RP™ is the set
of lines through the origin in R"*!. This space can be defined as
the quotient space of S™ by the equivalence relation x ~ —z that
identifies a point to its antipodal point.

(a) Show that the quotient space RP™ = S™/~ with the quotient
topology is a Hausdorff space and admits a countable basis of
open sets (Hint: Use Proposition 10.2);

(b) Considering the atlas on S™ defined in Example 2.3.5 and the
canonical projection 7 : S™ — RP" given by 7(x) = [z], define
an atlas for RP"™.
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FIGURE 10. Stereographic projection.

(9) We can define an atlas on RP" in a different way by identify-
ing it with the quotient space of R"*!\{0} by the equivalence
relation = ~ Az, with A € R\{0}. For that, consider the sets
Vi = {[=t,...,2"]| 2 # 0} (corresponding to the set of lines
through the origin in R"*! that are not contained on the hyper-
plane ' = 0) and the maps ¢; : R® — V; defined by

oi(zt, ..z = [zt .. 2 2t L.

Show that:

(a) the family {(R", ¢;)} is an atlas for RP";

(b) this atlas defines the same differentiable structure as the atlas
on Exercise 2.5.8.

(10) (A non-Hausdorff manifold) Let M be the disjoint union of R with
a point p and consider the maps f; : R — M (i = 1,2) defined by
fi(z) =z if x € R\{0}, f1(0) =0 and f2(0) = p. Show that:

(a) the maps f{l o f; are differentiable on their domains;
(b) if we consider an atlas formed by {(R, f1), (R, f2)}, the corre-
sponding topology will not satisfy the Hausdorff axiom.

3. Differentiable Maps

In this book the words differentiable and smooth will be used to mean
infinitely differentiable (C*°).

DEFINITION 3.1. Let M and N be two differentiable manifolds of dimen-
sion m and n, respectively. A map f : M — N is said to be differentiable
(or smooth, or C*) at a point p € M if there exist parameterizations (U, )
of M at p (i.e. p € o(U)) and (V,4) of N at f(p), with f(p(U)) C (V),
such that the map

fi=¢tofop:UCR™—R"
is differentiable at o~ (p).
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The map f is said to be differentiable on a subset of M if it is differen-
tiable at every point of this set.

As coordinate changes are smooth, this definition is independent of the
parameterizations chosen at f(p) and p. The map f =y lofop:UC
R™ — R™ is called a local representation of f and is the expression of f
on the local coordinates defined by ¢ and . The set of all smooth functions
f: M — N is denoted C*(M, N), and we will simply write C>°(M) for
C>(M,R).

M N

7
3
s
:
: S

FIGURE 11. Local representation of a map between manifolds.

A differentiable map f : M — N between two manifolds is continuous
(cf. Exercise 3.2.2). Moreover, it is called a diffeomorphism if it is bijective
and its inverse f~! : N — M is also differentiable. The differentiable
manifolds M and N will be considered the same if they are diffeomorphic,
i.e. if there exists a diffeomorphism f: M — N. A map f is called a local
diffeomorphism at a point p € M if there are neighborhoods V' of p and
W of f(p) such that f|y : V — W is a diffeomorphism.

For a long time it was thought that, up to a diffeomorphism, there was
only one differentiable structure for each topological manifold (the two differ-
ent differentiable structures in Exercises 2.5.4 and 3.2.6 are diffeomorphic —
cf. Exercise 3.26). However, in 1956, Milnor [Mil56a] presented examples of
manifolds that were homeomorphic but not diffeomorphic to S7. Later, Mil-
nor and Kervaire [Mil59, KM63] showed that more spheres of dimension
greater than 7 admitted several differentiable structures. For instance, S
has 73 distinct smooth structures and S3! has 16,931, 177. More recently,
in 1982 and 1983, Freedman [Fre82] and Gompf [Gom83] constructed ex-
amples of non-standard differentiable structures on R*.

EXERCISES 3.2.

(1) Prove that Definition 3.1 does not depend on the choice of param-
eterizations.
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(2) Show that a differentiable map f : M — N between two smooth
manifolds is continuous.

(3) Show that if f : M; — My and g : My — Ms are differentiable maps
between smooth manifolds M7, My and Ms, then go f: My — Mj
is also differentiable.

(4) Show that the antipodal map f : S™ — S™, defined by f(z) = —=,
is differentiable.

(5) Using the stereographic projection from the north pole 7y : S?\
{N} — R? and identifying R? with the complex plane C, we can
identify S? with CU{oc}, where oo is the so-called point at infin-
ity. A Mdbius transformationis a map f: CU{oo} — CU{o0}
of the form

az+b
f(z) = cz+d’
where a, b, c,d € C satisfy ad — bc # 0 and oo satisfies
“ ) e
- = — =0
00 ’ 0

for any @ € C\ {0}. Show that any Mobius transformation f, seen

asamap f:S? — S2, is a diffeomorphism. (Hint: Start by showing that

any Mobius transformation is a composition of transformations of the form g(z) = é
and h(z) = az + b).

(6) Consider again the two atlases on R from Example 2.3.2 and Exer-
cise 2.5.4, {(R, ¢1)} and {(R, ¢2)}, where p1(z) = = and @a(z) =
x3. Show that:

(a) the identity map i : (R, ¢1) — (R, p2) is not a diffeomorphism;

(b) the map f : (R,¢1) — (R, ps2) defined by f(z) = 22 is a dif-
feomorphism (implying that although these two atlases define
different differentiable structures, they are diffeomorphic).

4. Tangent Space

Recall from elementary vector calculus that a vector v € R3 is said
to be tangent to a surface S C R? at a point p € S if there exists a
differentiable curve ¢ : (—¢,¢) — S C R? such that ¢(0) = p and ¢(0) = v
(cf. Exercise 2.5.5). The set T},S of all these vectors is a 2-dimensional vector
space, called the tangent space to S at p, and can be identified with the
plane in R? which is tangent to S at p.

To generalize this to an abstract n-dimensional manifold we need to find
a description of v which does not involve the ambient Euclidean space R3.
To do so, we notice that the components of v are

. d(ztoc)
vt = ——=(0),
o (0
where ml :R3 — R is the i-th coordinate function. If we ignore the ambient
space, ' : S — R is just a differentiable function, and

vt = wv(2h),
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Y

FIGURE 12. Tangent vector to a surface.

where, for any differentiable function f : S — R, we define

o(f) = 429 )

This allows us to see v as an operator v : C*(S) — R, and it is clear
that this operator completely determines v. It is this new interpretation of
tangent vector that will be used to define tangent spaces for manifolds.

DEFINITION 4.1. Let ¢ : (—e,e) — M be a differentiable curve on a
smooth manifold M. Consider the set C*°(p) of all functions f : M — R
that are differentiable at ¢(0) = p (i.e., C*° on a neighborhood of p). The
tangent vector to the curve c at p is the operator ¢(0) : C*°(p) — R
given by

d(foc)
p (0).

¢(0)(f) =

A tangent vector to M at p is a tangent vector to some differentiable curve
c: (—e,e) = M with ¢(0) = p. The tangent space at p is the space T, M
of all tangent vectors at p.

Choosing a parameterization ¢ : U C R™ — M around p, the curve c is
given in local coordinates by the curve in U

ét) == (ap_l o c) (t) = (xl(t), o z(t),
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and
f ¢
oc —
o)) = U290 - LHFeon| =
lt=0
- SO ) =Y e o -

o)
Ox*
¢; at p given in local coordinates by

Gt) = (b, ..., 2 2t e, 2t ),

where ( )p denotes the operator defined by the vector tangent to the curve

with (z!,...,2") = o= 1(p).
EXAMPLE 4.2. The map ¢ : (0,7) x (—m,7) — S? given by
(0, ) = (sinf cos p, sin @ sin ¢, cos 0)
parameterizes a neighborhood of the point (1,0,0) = (3,0). Conse-

2
9

quently, (%)(I,0,0) = ¢p(0) and (&0 = ¢,(0), where

>(1,0,0)
co(t) =1 <g + t,O) = (cost, 0, —sint);

co(t) =1 (g,t) = (cost,sint,0).

Note that, in the notation above,
éo(t) = (E +t,0> and  ¢,(t) = (E,t).
2 2
: : 3 9 o)
Moreover, since ¢y and c, are curves in R?, (%)(170’0) and (%>(1’070) can
be identified with the vectors (0,0, —1) and (0, 1,0).

ProprosITION 4.3. The tangent space to M at p is an n-dimensional
vector space.

Proor. Consider a parameterization ¢ : U C R” — M around p and

take the vector space generated by the operators ( aii)p’

0 0
Dp .= Span { (@)p,. ey <%>p}
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It is easy to show (cf. Exercise 4.9.1) that these operators are linearly inde-
pendent. Moreover, each tangent vector to M at p can be represented by a
linear combination of these operators, so the tangent space T),M is a subset
of Dp. We will now see that D, C T,M. Let v € Dp; then v can be written

as
=30 <8x> |
=1 p

If we consider the curve ¢: (—¢,¢) — M, defined by
c(t) = p(zt +olt,... 2™ +o"t)
(where (x!,...,2") = ¢»~1(p)), then
é(t) = (bt + oty 2™ ™)
and so #°(0) = v’, implying that ¢(0) = v. Therefore v € T,M. O

REMARK 4.4.
n
(1) The basis {( 0 )p}_ . determined by the chosen parameterization
i

ox*
around p is called the associated basis to that parameterization.
(2) Note that the definition of tangent space at p only uses functions
that are differentiable on a neighborhood of p. Hence, if U is an
open set of M containing p, the tangent space T,U is naturally
identified with T,,M.

If we consider the disjoint union of all tangent spaces 1), M at all points
of M, we obtain the space
T™M = | ) T,M ={veT,M|pe M},
peEM
which admits a differentiable structure naturally determined by the one on
M (cf. Exercise 4.9.8). With this differentiable structure, this space is called
the tangent bundle. Note that there is a natural projection 7 : TM — M
which takes v € T,M to p (cf. Section 10.3).

Now that we have defined tangent space, we can define the derivative
at a point p of a differentiable map f : M — N between smooth manifolds.
We want this derivative to be a linear transformation

(df)p : TyM — Ty N

of the corresponding tangent spaces, to be the usual derivative (Jacobian)
of f when M and N are Euclidean spaces, and to satisfy the chain rule.

DEFINITION 4.5. Let f : M — N be a differentiable map between smooth
manifolds. For p € M, the derivative of f at p is the map
(df)p : TyM  — Ty N

d(foc)
2290,
where ¢ : (—e,e) — M is a curve satisfying ¢(0) = p and ¢(0) = v.
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PROPOSITION 4.6. The map (df ), : TyM — TN defined above is a
linear transformation that does not depend on the choice of the curve c.

PrOOF. Let (U, ) and (V,4) be two parameterizations around p and
f(p) such that f(p(U)) C (V) (cf. Figure 13). Consider a vector v € T, M

M N

7
3
s
i s
3
>

FI1GURE 13. Derivative of a differentiable map.

and a curve ¢ : (—¢,e) — M such that ¢(0) = p and ¢(0) = v. If, in local
coordinates, the curve c is given by

&t) = (¢~ o) (t) = (2! (t),...,a™ (1)),
and the curve 7 := foc: (—e,e) — N is given by
At) =W ey) (1) = (Mo fop) (@ (t),...,a™ (1))
= (' @), y" (@),

then (0) is the tangent vector in Ty, N given by

n

7(0) = Z% (yi(xl(t)"' \t 0< 82)
=1

dy

g{g‘;ikm) <5mk> } <3y’>f(p>
S @) G,

where the v* are the components of v in the basis associated to (U, ¢). Hence
4(0) does not depend on the choice of ¢, as long as ¢(0) = v. Moreover, the
components of w = (df ),(v) in the basis associated to (V, ) are

Z@xﬂ v,
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where (%) is an m x m matrix (the Jacobian matrix of the local repre-

sentation of f at ¢~!(p)). Therefore, (df), : TyM — TN is the lincar
transformation which, on the basis associated to the parameterizations ¢
and 1, is represented by this matrix. O

REMARK 4.7. The derivative (df), is sometimes called differential of
f at p. Several other notations are often used for df, as for example f,, Df

and f’.

EXAMPLE 4.8. Let ¢ : U C R" — M be a parameterization around a
point p € M. We can view ¢ as a differentiable map between two smooth
manifolds and we can compute its derivative at z = ¢~!(p)

(dp)y : T,U — T,M.
For v € T,U = R", the i-th component of (dy);(v) is
N

L~ QI
J=1

vl ="

(where <E> is the identity matrix). Hence, (dg)(v) is the vector in T, M

OxJ

which, in the basis {( a?ci )p} associated to the parameterization ¢, is repre-

sented by v.

Given a differentiable map f : M — N we can also define a global
derivative df (also called push-forward and denoted f,) between the cor-
responding tangent bundles:

df :TM — TN
TpMB’U = (df)p(’U) ETf(p)N

EXERCISES 4.9.

(1) Show that the operators ( 62«1’)1) are linearly independent.
(2) Let M be a smooth manifold, p a point in M and v a vector tan-
gent to M at p. If, for two basis associated to different parame-

terizations around p, v can be written as v = > " | ai(aii )p and
v=30 bi(a%i)p, show that

n .
oy
oxt @

i=1

bi =

(3) Let M be an n-dimensional differentiable manifold and p € M.
Show that the following sets can be canonically identified with
T,M (and therefore constitute alternative definitions of the tan-
gent space):
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(a) Cp/ ~, where C, is the set of differentiable curves ¢: I C R —
M such that ¢(0) = p and ~ is the equivalence relation defined

by
d d
c1~ o & E(Sfl oc1)(0) = a(sﬁfl °¢2)(0)
for some parameterization ¢ : U C R™ — M of a neighborhood
of p.

(b) {(a,va) : p € 9a(Uy) and v, € R"}/ ~, where A = {(Uy, v0)}
is the differentiable structure and ~ is the equivalence relation

defined by
(@, 00) ~ (8,09) 03 = d(#7" 0 9a) =1 ) (V).
(4) (Chain Rule) Let f: M — N and g : N — P be two differentiable

maps. Then go f : M — P is also differentiable (cf. Exercise 3.2.3).
Show that for p € M,

(d(g o f))p = (dg) ) © (df )p-

(5) Let ¢ : (0,400) x (0,7) x (0,27) — R3 be the parameterization of
U=R3\{(z,0,2) | z >0 and z € R} by spherical coordinates,

(1,0, ¢) = (rsinf cos @, rsinfsin , r cos §).

Determine the Cartesian components of %, % and % at each point
of U.

(6) Compute the derivative (df)n of the antipodal map f : S™ — S
at the north pole N.

(7) Let W be a coordinate neighborhood on M, let z : W — R" be a
coordinate chart and consider a smooth function f : M — R. Show
that for p € W, the derivative (df), is given by

of of .
)y = £ 5@y + o+ 2 (alp)) (A",
where f = foz L.

(8) (Tangent bundle) Let {(Ua, )} be a differentiable structure on

M and consider the maps

®,: U, xR" — TM
(x,v) — (dpa)z(v) € Ty (x)M.

Show that the family {(U, x R™, ®,)} defines a differentiable struc-
ture for TM. Conclude that, with this differentiable structure, 7'M
is a smooth manifold of dimension 2 x dim M.

(9) Let f: M — N be a differentiable map between smooth manifolds.
Show that:
(a) df : TM — TN is also differentiable;
(b) if f: M — M is the identity map then df : TM — TM is also

the identity;
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(c) if f is a diffecomorphism then df : TM — TN is also a diffeo-
morphism and (df)~! = df L.
(10) Let M;, M> be two differentiable manifolds and

7T1:M1><M2 — M1
7T2:M1XM2 — M2

the corresponding canonical projections.

(a) Show that dmy x dmg is a diffeomorphism between the tangent
bundle T'(M; x Mj) and the product manifold TMy x T Mj.

(b) Show that if N is a smooth manifold and f; : N — M; (i = 1,2)
are differentiable maps, then d(f1 x f2) = df1 X dfs.

5. Immersions and Embeddings

In this section we will study the local behavior of differentiable maps
f+ M — N between smooth manifolds. We have already seen that f is
said to be a local diffeomorphism at a point p € M if dim M = dim N and
f transforms a neighborhood of p diffeomorphically onto a neighborhood of
f(p). In this case, its derivative (df), : T,M — Ty, N must necessarily be
an isomorphism (cf. Exercise 4.9.9c). Conversely, if (df), is an isomorphism
then the Inverse Function Theorem implies that f is a local diffeomorphism
(cf. Section 10.4). Therefore, to check whether f maps a neighborhood of
p diffeomorphically onto a neighborhood of f(p), one just has to check that
the determinant of the local representation of (df), is nonzero.

When dim M < dim N, the best we can hope for is that (df), : T,M —
Tt N is injective. The map f is then called an immersion at p. If f is an
immersion at every point in M, it is called an immersion. Locally, every
immersion is (up to a diffeomorphism) the canonical immersion of R™ into
R™ (m < n) where a point (z!,...,2™) is mapped to (z!,...,2™,0,...,0).
This result is known as the Local Immersion Theorem.

THEOREM 5.1. Let f : M — N be an immersion at p € M. Then
there exist local coordinates around p and f(p) on which f is the canonical
1MMersion.

PRrOOF. Let (U, ¢) and (V,4) be parameterizations around p and ¢ =
f(p). Let us assume for simplicity that ¢(0) = p and ¥(0) = ¢. Since f
is an immersion, (df)o : R™ — R” is injective (where fi=vlofopis
the expression of f in local coordinates). Hence we can assume (changing
basis on R™ if necessary) that this linear transformation is represented by
the n x m matrix
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where I,,,x, is the m x m identity matrix. Therefore, the map
F:UxR"™ — R"

(z',...,2") — fz',...,2™) +(0,...,0,2™FL . ),
has derivative (dF)g : R™ — R"™ given by the matrix
Im><m | 0
- + ——- = dnxn-

0 | I(nfm)x(nfm)
Applying the Inverse Function Theorem, we conclude that F' is a local dif-
feomorphism at 0. This implies that o F' is also a local diffeomorphism at 0,
and so Yo F' is another parameterization of N around ¢. Denoting the canon-
ical immersion of R™ into R™ by j, we have f =Foje f=v¢oFojop™l,
implying that the following diagram commutes:

M>el) L @WoF)(V)cN

e1 TioF

R ST - V cR®
(for possibly smaller open sets UcUandV C V). Hence, on these new
coordinates, f is the canonical immersion. O

REMARK 5.2. As a consequence of the Local Immersion Theorem, any
immersion at a point p € M is an immersion on a neighborhood of p.

When an immersion f : M — N is also a homeomorphism onto its
image f(M) C N with its subspace topology, it is called an embedding.
We leave as an exercise to show that the Local Immersion Theorem implies
that, locally, any immersion is an embedding.

EXAMPLE 5.3.

(1) The map f : R — R? given by f(t) = (t?,1%) is not an immersion
att =0.

(2) The map f : R — R? defined by f(t) = (cost,sin2t) is an immer-
sion but it is not an embedding (it is not injective).

(3) Let g : R — R be the function g(t) = 2arctan(t) + 7/2. If f is the
map from (2), h := f o g is an injective immersion which is not an
embedding. Indeed, the set S = h(R) in Figure 14 is not the image
of an embedding of R into R?. The arrows in the figure mean that
the line approaches itself arbitrarily close at the origin but never
self-intersects. If we consider the usual topologies on R and on R?,
the image of an open set in R containing 0 is not an open set in
h(R) for the subspace topology, and so h~! is not continuous.

(4) The map f : R — R? given by f(t) = (e’ cost, e! sint) is an embed-
ding of R into R?.
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=
M

FiGURE 14

Y

If M C N and the inclusion map ¢ : M — N is an embedding, M is said
to be a submanifold of N. Therefore, an embedding f : M — N maps
M diffeomorphically onto a submanifold of N. Charts on f(M) are just
restrictions of appropriately chosen charts on N to f(M) (cf. Exercise 5.9.3).

A differentiable map f : M — N for which (df), is surjective is called a
submersion at p. Note that, in this case, we necessarily have m > n. If
f is a submersion at every point in M it is called a submersion. Locally,
every submersion is the standard projection of R onto the first n factors.

THEOREM 5.4. Let f : M — N be a submersion at p € M. Then
there exist local coordinates around p and f(p) for which f is the standard
projection.

PROOF. Let us consider parameterizations (U, ) and (V,v) around p
and f(p), such that f(p(U)) C ¢(V), ¢(0) = p and ¢(0) = f(p). In
local coordinates f is given by f := ¢~ o f o and, as (df)p is surjective,
(d f)o : R™ — R” is a surjective linear transformation. By a linear change
of coordinates on R" we may assume that (df)y = (Inxn | *). Asin
the proof of the Local Immersion Theorem, we will use an auxiliary map F
that will allow us to use the Inverse Function Theorem,

F:UCR™ — R™

Lnxn | *
@Fp=| -~ + =~
0 | I(mfn)x(mfn)
The Inverse Function Theorem then implies that F' is a local diffeomorphism
at 0, meaning that it maps some open neighborhood of this point U C U,
diffeomorphically onto an open set W of R™ containing 0. If 7y : R™ — R"
is the standard projection onto the first n factors, we have 7 o F' = f , and
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hence
foF '=m :W —R™

Therefore, replacing ¢ by @ := ¢ o F~!, we obtain coordinates for which f
is the standard projection m; onto the first n factors:

profop=9Tlofopo Pl =foF ! =m.
O

REMARK 5.5. This result is often stated together with the Local Immer-
sion Theorem in what is known as the Rank Theorem.

Let f : M — N be a differentiable map between smooth manifolds of
dimensions m and n, respectively. A point p € M is called a regular point
of f if (df), is surjective. A point ¢ € N is called a regular value of f if
every point in f~!(q) is a regular point. A point p € M which is not regular
is called a critical point of f. The corresponding value f(p) is called a
critical value. Note that if there exists a regular value of f then m > n.
We can obtain differentiable manifolds by taking inverse images of regular
values.

THEOREM 5.6. Let ¢ € N be a reqular value of f : M — N and assume
that the level set L = f~1(q) = {p € M : f(p) = q} is nonempty. Then L is
a submanifold of M and T,L = ker(df), C T,M for all p € L.

PROOF. For each point p € f~1(q), we choose parameterizations (U, )
and (V, 1) around p and ¢ for which f is the standard projection 7 onto the
first n factors, ¢(0) = p and ¥(0) = ¢ (cf. Theorem 5.4). We then construct
a differentiable structure for L = f~!(g) in the following way: take the sets
U from each of these parameterizations of M; since f o ¢ =1 o w1, we have

e Ng) =7 (W () =7 (0)

= {(0,...,0,2™ ™) |2t L e € RY,
and so
U=¢ (L)={(",....a™") eU:a' = =a" =0}

hence, taking w9 : R™ — R™™" the standard projection onto the last m —n
factors and 7 : R™™"™ — R™ the immersion given by

L meny = (0,...,0,2%,...,2™"),

jlar,.. .,z

the family {(m2(U), ¢ o)} is an atlas for L.
Moreover, the inclusion map ¢ : L — M is an embedding. In fact, if A
is an open set in L contained in a coordinate neighborhood then

A= <p((R" x (poj) (A)N U) NnL

is an open set for the subspace topology on L.
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We will now show that T}, = ker (df),. For that, for each v € T,,L, we
consider a curve ¢ on L such that ¢(0) = p and ¢(0) = v. Then (foc)(t) = ¢
for every ¢ and so

d .
5 ([ 20 (0) =0 (df),c(0) = (df)pv =0,

implying that v € ker (df),. As dim7,L = dim (ker (df),) = m — n, the
result follows. O

Given a differentiable manifold, we can ask ourselves if it can be embed-
ded into R¥ for some K € N. The following theorem, which was proved by
Whitney in [Whid4a, Whid44b| answers this question and is known as the
Whitney Embedding Theorem.

THEOREM 5.7. (Whitney) Any differentiable manifold M of dimension
n can be embedded in R?" (and, provided that n > 1, immersed in R?"~1).

REMARK 5.8. By the Whitney Embedding Theorem, any smooth man-
ifold M™ is diffeomorphic to a submanifold of R?".

EXERCISES 5.9.

(1) Show that any parameterization ¢ : U C R™ — M is an embedding
of U into M.

(2) Show that, locally, any immersion is an embedding, i.e., if f : M —
N is an immersion and p € M, then there is an open set W C M
containing p such that f|y is an embedding.

(3) Let N be a manifold and M C N. Show that M is a submanifold
of N of dimension m if and only if, for each p € M, there is a
coordinate system z : W — R™ around p on N, for which M N W
is defined by the equations 2™t = ... = 2" = 0.

(4) Consider the sphere

Sn — {x c RnJrl . ($1)2 4. (xn+1)2 — 1} ]
Show that S™ is an n-dimensional submanifold of R**! and
T,5" = {veR": (z,0) =0},

where (-, ) is the usual inner product on R".

(5) Let f: M — N be a differentiable map between smooth manifolds
and let V.C M, W C N be submanifolds. If (V') C W, show that
f:V — W is also a differentiable map.

(6) Let f : M — N be an injective immersion. Show that if M is
compact then f(M) is a submanifold of N.
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6. Vector Fields

A vector field on a smooth manifold M is a map that to each point
p € M assigns a vector tangent to M at p:

XM — TM
p — X(p):=X,eT,M.

The vector field is said to be differentiable if this map is differentiable.

The set of all differentiable vector fields on M is denoted by X(M). Locally
we have:

PROPOSITION 6.1. Let W be a coordinate neighborhood on M (that is,
W = o(U) for some parameterization ¢ : U — M), and let x := o1 : W —
R™ be the corresponding coordinate chart. Then, a map X : W — TW 1is a
differentiable vector field on W if and only if,

Xp=X'(p) (%)p +-+ X"(p) <a%n>p

for some differentiable functions X' : W — R (i =1,...,n).

PROOF. Let us consider the coordinate chart x = (x!,...,2"). As X, €
T,M, we have

Xp=X'(p) (%)p +o 4+ X (p) <3%">p

for some functions X? : W — R. In the local chart associated with the
parameterization (U x R™, dy) of T M, the local representation of the map
X is

Xz, 2™ =@ e XN e, XL a).

Therefore X is differentiable if and only if the functions Xi:U — R are
differentiable, i.e., if and only if the functions X* : W — R are differentiable.
O

A vector field X is differentiable if and only if, given any differentiable
function f: M — R, the function

X-f-M — R
p = Xp'f::Xp(f)

is also differentiable (cf. Exercise 6.11.1). This function X - f is called the
directional derivative of f along X. Thus one can view X € X(M) as a
linear operator X : C*°(M) — C*>°(M).

Let us now take two vector fields X,Y € X(M). In general, the operators
X oY, YoX will involve derivatives of order two, and will not correspond to

vector fields. However, the commutator X oY — Y o X does define a vector
field.
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PROPOSITION 6.2. Given two differentiable vector fields X,Y € X(M)
on a smooth manifold M, there exists a unique differentiable vector field
Z € X(M) such that

Z-f=(XoY—-YoX)-f
for every differentiable function f € C*°(M).

Proor. Considering a coordinate chart z : W C M — R", we have

X:;X@ and Y:;Y&Ei.

Then,
(XoY —-YoX)-f

(k) g

1,j=1

(
=1

and so, at each point p € W, one has (X oY —Y o X) (f)(p) = Z,- f, where

73 (cvi-vx) (1)

i=1

Hence, the operator X oY — Y o X is a derivation at each point, and con-
sequently defines a vector field. Note that this vector field is differentiable,
as (X oY —Y o X)- fissmooth for any smooth function f: M — R. O

The vector field Z is called the Lie bracket of X and Y, and is denoted
by [X,Y]. In local coordinates it is given by

(1) [X,Y]:Z(X-Yi—Y-Xi)aii.

We say that two vector fields X,Y € X(M) commute if [X,Y] = 0. We
leave the proof of the following properties of the Lie bracket as an exercise.

PROPOSITION 6.3. Given X,Y,Z € X(M), we have:
(i) Bilinearity: for any o, 8 € R,
[0X +8Y,7] = alX,Z]+ 8,2
[X.a¥ +8Z] = a[X,Y]+ 8IX,Z);

(i) Antisymmetry:
(X, Y] = [, X];

-)

- of . Pf 92 f
= X Y Y- - Y X' —
iz < )830 ( 31") + Z < Bmﬂaxz X o0xI 0x?
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(iii) Jacobi identity:
(X, Y], Z] + [V, 2], X] + [[Z, X], Y] = 0;
(iv) Leibniz Rule: For any f,g € C*(M),
[fX,gY]=fg[X, Y]+ f(X g)Y —g(Y - f)X.

The space X(M) of vector fields on M is a particular case of a Lie
algebra:

DEFINITION 6.4. A wvector space V' equipped with an anti-symmetric bi-
linear map [-,-] : V. xV — V (called a Lie bracket) satisfying the Jacobi
identity is called a Lie algebra. A linear map F : V — W between Lie alge-
bras is called a Lie algebra homomorphism if F'([v1,vs]) = [F(v1), F(v2)]
for all vi,vy € V. If F is bijective then it is called a Lie algebra isomor-
phism.

Given a vector field X € X(M) and a diffcomorphism f : M — N
between smooth manifolds, we can naturally define a vector field on N using
the derivative of f. This vector field, the push-forward of X, is denoted
by f+X and is defined in the following way: given p € M,

(s X) pp) = (df )pXp.
This makes the following diagram commute:

daf

™ % TN
X1 T fuX
M LN

Let us now turn to the definition of integral curve. If X € X(M) is a
smooth vector field, an integral curve of X is a smooth curve ¢ : (—¢,e) —
M such that ¢(t) = X ). If this curve has initial value ¢(0) = p, we denote
it by ¢, and we say that ¢, is an integral curve of X at p.

Considering a parameterization ¢ : U C R™ — M on M, the integral
curve c is locally given by ¢ := ¢~ oc. Applying (d(pfl)c(t) to both sides of
the equation defining ¢, we obtain

et) = X (1)),
where X = dyp~' o X o is the local representation of X with respect to the
parameterizations (U, ) and (TU,dy) on M and on TM (cf. Figure 15).
This equation is just a system of n ordinary differential equations:

(2) %(t) = XU(&(t)), fori=1,...,n.

The (local) existence and uniqueness of integral curves is then determined
by the Picard-Lindel6f Theorem of ordinary differential equations (see for
example [Arn92]), and we have
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Rn

FIGURE 15. Integral curves of a vector field.

THEOREM 6.5. Let M be a smooth manifold and X € X(M) a smooth
vector field on M. Given p € M, there exists an integral curve ¢, : I — M
of X at p (that is, ¢p(t) = Xe ) fort € I = (—¢,¢) and cp(0) = p).
Moreover, this curve is unique, meaning that any two such curves agree on
the intersection of their domains.

This solution of (2) depends smoothly on the initial point p (see [Arn92]).

THEOREM 6.6. Let X € X(M). For each p € M there exists a neighbor-
hood W of p, an interval I = (—¢,¢€) and a mapping F: W x I — M such
that:

(i) for a fixed g € W the curve F(q,t), t € I, is an integral curve of
X at q, that is, F(q,0) = q and %—?(q,t) = Xp(q,1)s
(ii) the map F is differentiable.

The map F : W x I — M defined above is called the local flow of X
at p. Let us now fix t € I and consider the map

W — M
q — F(g,t) = cq4(t).

defined by the local flow. The following proposition then holds:
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PROPOSITION 6.7. The maps ¢ : W — M above are local diffeomor-
phisms and satisfy

(3) (Yt 0 ¥s)(q) = Yr45(q),
whenever t,s,t + s € I and s(q) € W.

PRroOF. First we note that

dc
d—tq( )= Xe,0)

and so

d
E(Cq(t + 8)) = ch(tJrs).

Hence, as c,(t + s)|t=0 = c4(s), the curve c.,(5)(t) is just cq(t + s), that is,
Yrvs(q) = Wr(¥s(q)). We can use this formula to extend )y to 1s(W) for
all s € I such that t + s € I. In particular, ¢)_; is well defined on (W),
and (¢Y_¢ o 4)(q) = ¥o(q) = ¢4(0) = g for all ¢ € W. Thus the map 1, is
the inverse of 1y, which consequently is a local diffeomorphism (it maps W
diffeomorphically onto its image). O

A collection of diffeomorphisms {¢; : M — M}y, where I = (—¢,¢),
satisfying (3) is called a local 1-parameter group of diffeomorphisms.
When the interval of definition I of ¢, is R, this local 1-parameter group
of diffeomorphisms becomes a group of diffeomorphisms. A vector field
X whose local flow defines a 1-parameter group of diffeomorphisms is said
to be complete. This happens for instance when the vector field X has
compact support.

THEOREM 6.8. If X € X(M) is a smooth vector field with compact sup-
port then it is complete.

ProOOF. For each p € M we can take a neighborhood W and an interval
I = (—¢,¢) such that the local flow of X at p, F(q,t) = ¢4(t), is defined on
W xI. We can therefore cover the support of X (which is compact) by a finite
number of such neighborhoods Wy and consider an interval Iy = (—¢eg,&q)
contained in the intersection of the corresponding intervals Ij. If ¢ is not
in supp(X), then X, = 0 and so ¢4(t) is trivially defined on Iy. Hence we
can extend the map F' to M x Iy. Moreover, condition (3) is true for each
—e0/2 < s,t < €p/2, and we can again extend the map F', this time to
M x R. In fact, for any t € R, we can write t = keo/2 + s, where k € Z and
0 < s < £0/2, and define F(q,t) := F¥(F(q,s),£0/2). O

COROLLARY 6.9. If M is compact then all smooth vector fields on M
are complete.

We finish this section with an important result, whose proof is left as an
exercise (cf. Exercise 6.11.12).
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THEOREM 6.10. Let X1, X9 € X(M) be two complete vector fields. Then

their flows 1,1y commute (i.e., 140 1a s = a5 011 for all s,t € R) if
and only if [ X1, X2] = 0.

EXERCISES 6.11.

(1) Let X : M — TM be a differentiable vector field on M and, for
a smooth function f : M — R, consider its directional derivative
along X defined by

X-f:M — R
p — X,-f
Show that:
(a) (X - )(p) = (df)p Xy
(b) the vector field X is smooth if and only if X - f is a differentiable
function for any smooth function f: M — R;
(c) the directional derivative satisfies the following properties: for
fige C®(M) and o € R,
() X-(f+g)=X-f+X-g
(ii) X (af) =aX - f;
(iii) X (fg)=fX -g+9X-f.
(2) Prove Proposition 6.3.
(3) Show that (R3, x) is a Lie algebra, where x is the cross product

on R3.
(4) Let X1, X5, X3 € X(R3) be the vector fields defined by
d d 0 0 d 0
X =yL_ .2 x,-,2 .9 x,-.2_,2
L= Y%, Z@y’ 2= %0: Yo 3 x(?y Yoz

where (z,y, z) are the usual Cartesian coordinates.

(a) Compute the Lie brackets [X;, X;] for i,j =1,2,3.

(b) Show that span{Xj, X2, X3} is a Lie subalgebra of X(IR?), iso-
morphic to (R3, x).

(c) Compute the flows 11 ¢, 12+, 193+ of X7, X9, X3.

(d) Show that ;= 0 ¢); z # 1hjx oty z for i # j.

(5) Give an example of a non-complete vector field.

(6) Let N be a differentiable manifold, M C N a submanifold and
X,Y € X(N) vector fields tangent to M, i.e., such that X,,,Y, €
Tp,M for all p € M. Show that [X,Y] is also tangent to M.

(7) Let f: M — N be a smooth map between manifolds. Two vector
fields X € X(M) and Y € X(N) are said to be f-related (and we
write Y = f,X) if, for each ¢ € N and p € f~1(q) C M, we have
(df )pXp = Y,. Show that:

(a) The vector field X is f-related to Y if and only if, for any
differentiable function g defined on some open subset W of N,
(Y-g)of =X-(go f) on the inverse image f~1(W) of the
domain of g;
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(b) For differentiable maps f : M — N and g : N — P between
smooth manifolds and vector fields X € X(M),Y € X(N) and
Z € X(P), if X is f-related to Y and Y is g-related to Z, then
X is (g o f)-related to Z.

(8) Let f: M — N be a diffeomorphism between smooth manifolds.
Show that f.[X,Y] = [f. X, fiY] for every X|Y € X(M). There-
fore, f. induces a Lie algebra isomorphism between X(M) and
X(N).

(9) Let f: M — N be a differentiable map between smooth manifolds
and consider two vector fields X € X(M) and Y € X(N). Show
that:

(a) if the vector field Y is f-related to X then any integral curve
of X is mapped by f into an integral curve of Y
(b) the vector field Y is f-related to X if and only if the local flows
Fx and Fy satisfy f(Fx(p,t)) = Fy(f(p),t) for all (¢,p) for
which both sides are defined.
(10) (Lie derivative of a function) Given a vector field X € X(M), we
define the Lie derivative of a smooth function f: M — R in the

direction of X as
Lxf(p) := —((fovu)(p)
dt [t=0
where ¢y = F(-,t), for F the local flow of X at p. Show that
Lxf = X" f, meaning that the Lie derivative of f in the direction
of X is just the directional derivative of f along X.
(11) (Lie derivative of a vector field) For two vector fields X,Y € X(M)
we define the Lie derivative of Y in the direction of X as,

d

LxY = E((w_t)*Y)lt:O,

where {14 }4cr is the local flow of X. Show that:

(a) LxY = [X,Y];

(b) Lx[Y, Z] = [LxY, Z] + [V, Lx Z), for XY, Z € X(M);

(C) LX o Ly — Ly o LX = L[X7y}.
(12) Let X,Y € X(M) be two complete vector fields with flows 1, ¢.

Show that:

(a) given a diffeomorphism f : M — M, we have f,X = X if and

only if fo, =y o f for all t € R;
(b) Yo ¢s = ¢s 0y for all s,t € R if and only if [X,Y] = 0.

d

7. Lie Groups

A Lie group G is a smooth manifold which is at the same time a group,
in such a way that the group operations

GxG — (G G
Y

G
(g,h) +— gh and

N
N |

9
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are differentiable maps (where we consider the standard differentiable struc-
ture of the product on G x G).

ExaMPLE 7.1.

(1)
(2)

(R™, +) is trivially an abelian Lie group
The general linear group

GL(n) = {n x n invertible real matrices}

is the most basic example of a nontrivial Lie group. We have seen
in Example 2.3.4 that it is a smooth manifold of dimension n?.

Moreover, the group multiplication is just the restriction to
GL(n) x GL(n)

of the usual multiplication of n x n matrices, whose coordinate
functions are quadratic polynomials; the inversion is just the re-
striction to GL(n) of the usual inversion of nonsingular matrices
which, by Cramer’s rule, is a map with rational coordinate func-
tions with nonzero denominators (only the determinant appears on
the denominator).

The orthogonal group

O(n) = {A € Mpyn | A'A =T}

of orthogonal transformations of R" is also a Lie group. We can
show this by considering the map f : A — A'A from My, = R"
to the space S, xn = Rz of symmetric n X n matrices. Its
derivative at a point A € O(n), (df)a, is a surjective map from
TAMan = Mnxn onto Tf(A)San = Spxn- Indeed7

(df)a(B) = lim LATRB) = F(4)

h—0 h
. (A+hB){(A+hB)— A'A
= lim
h—0 h
= B'A+ A'B,

and any symmetric matrix S can be written as B'A + A'B with
B = %(A_l)tS = %AS. In particular, the identity [ is a regular
value of f and so, by Theorem 5.6, we have that O(n) = f~1(I) is a
submanifold of M,,«,, of dimension %n(n— 1). Moreover, it is also a
Lie group as the group multiplication and inversion are restrictions
of the same operations on GL(n) to O(n) (a submanifold) and have
values on O(n) (cf. Exercise 5.9.5).

The map f : GL(n) — R given by f(A) = det A is differentiable,
and the level set f~1(1) is

SL(n) ={A € Myxn |det A =1},
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the special linear group. Again, the derivative of f is surjective
at a point A € GL(n), making SL(n) into a Lie group. Indeed, it
is easy to see that

det (I +hB) —det] _

()1 (B) = lim - trB
implying that
. det(A+hB)—detA
(@)aB) = Jm SLALLD)
. (det A)det (I + hA™'B) —det A
= lim
h—0 h
I+hA7IB) -1
— (det A) Jim ST AT B)
h—0 h

= (det A) (df)1(A™'B) = (det A) tr(A™'B).

Since det (A) = 1, for any k € R, we can take the matrix B = %A
to obtain (df)a(B) = tr (%I) = k. Therefore, (df), is surjective
for every A € SL(n), and so 1 is a regular value of f. Consequently,
SL(n) is a submanifold of GL(n). As in the preceding example, the
group multiplication and inversion are differentiable, and so SL(n)
is a Lie group.

The map A — det A is a differentiable map from O(n) to {—1,1},
and the level set f~1(1) is

SO(n) ={Ae€O(n)|det A =1},

the special orthogonal group or the rotation group in R",
which is then an open subset of O(n), and therefore a Lie group of
the same dimension.

We can also consider the space M,,x,,(C) of complex n x n matri-
ces, and the space GL(n,C) of complex n x n invertible matrices.
This is a Lie group of real dimension 2n?. Moreover, similarly to
what was done above for O(n), we can take the group of unitary
transformations on C",

Un) = {A € Myyn(C) | A*A =TI},

where A* is the adjoint of A. This group is a submanifold of
M xn(C) = C"” =~ R?"’, and a Lie group, called the unitary
group. This can be seen from the fact that I is a regular value of
the map f : A — A*A from M,,«,(C) to the space of self-adjoint
matrices. As any element of M,,»,,(C) can be uniquely written as a
sum of a self-adjoint with an anti-self-adjoint matrix, and the map
A — iA is an isomorphism from the space of self-adjoint matrices
to the space of anti-self-adjoint matrices, we conclude that these
two spaces have real dimension %dimR Muxn(C) = n%. Hence,

dim U (n) = n?.
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(7) The special unitary group
SUMn)={AeU(n)|detA=1},

is also a Lie group now of dimension n2 —1 (note that A +— det (A)
is now a differentiable map from U(n) to S!).

As a Lie group G is, by definition, a manifold, we can consider the
tangent space at one of its points. In particular, the tangent space at the
identity e is usually denoted by

g:=1.G.
For g € GG, we have the maps

Ly:G — G

R,:G
h — g-h h

- G
and — heg

which correspond to left multiplication and right multiplication.
A vector field on G is called left-invariant if (Ly),.X = X for every
g € GG, that is,

((Lg)*X)gh = Xgp or (dLg)pXp = Xghs

for every g, h € GG. There is, of course, a vector space isomorphism between
g and the space of left-invariant vector fields on G that, to each V € g,
assigns the vector field XV defined by

X} = (dLy).V.
for any g € G. This vector field is left-invariant as
(dLg)n Xy = (dLg)n(dLp)eV = (d(Lg o Lp))eV = (dLgp)eV = X),.

Note that, given a left-invariant vector field X, the corresponding element
of g is X.. As the space X (G) of left-invariant vector fields is closed under
the Lie bracket of vector fields (because, from Exercise 6.11.8, (Lg)«[X,Y] =
[(Lg)+X, (Lg)+Y]), it has a structure of Lie subalgebra of the Lie algebra
of vector fields (see Definition 6.4). The isomorphism X1 (G) = g then
determines a Lie algebra structure on g. We call g the Lie algebra of the
Lie group G.

EXAMPLE 7.2.

(1) If G = GL(n), then gl(n) = TtGL(n) = M,y is the space of n xn
matrices with real coefficients, and the Lie bracket on gl(n) is the
commutator of matrices

[A,B] = AB — BA.
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In fact, if A, B € gl(n) are two n X n matrices, the corresponding
left-invariant vector fields are given by

A k lc
Xg - ;5'32 jaxzﬂ
1 7.7
9
Xy = (dLe)i(B) =) 2"V —,
i7k“7j

where g € GL(n) is a matrix with components xY, The ij-component
of [X4, XB], is given by X;‘ (XBYI — Xf (XN e,

XA XPJI) = | YDt O (Zw”“b’”)—

l,m,p

- Z lpbpma — <lek kj)

L,m,p
= E xlpapméilékmb - E mlpbpméuékmak]
k7l7m7p k7l7m7p
= E xlp(apmbm] — bpmamj)
m7p

= ) 2P(AB - BAW

(where 6;; = 1if i = j and &;; = 0 if ¢ # j is the Kronecker
symbol). Making g = I, we obtain [A, B] = [X4, XP]|; = AB —
BA. This will always be the case when G is a matrix group, that
is, when G is a subgroup of GL(n) for some n.
(2) If G = O(n) then its Lie algebra is
o(n) ={A € My, | A"+ A=0}.
In fact, we have seen in Example 7.1.3 that O(n) = f~1(I) where
the identity I is a regular value of the map
fiMpuxn — nxn
A — A'A
Hence, o(n) = TiG = ker(df); = {A € Muxn | AL + A = 0} is the
space of skew-symmetric matrices.
(3) If G =50(n) ={A € O(n) | det A = 1}, then its Lie algebra is
so(n) =T11S0(n) = T1O(n) = o(n).
(4) Similarly to Example 7.2.2, the Lie algebra of U(n) is

u(n) = {A € Mpxn(C) | A"+ A =0},
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the space of skew-hermitian matrices. To determine the Lie algebra
of SU(n), we see that SU(n) is the level set f~1(1), where f(A4) =
det A, and so

su(n) = ker(df)r = {A €u(n) | tr(4) = 0}.
We now study the flow of a left-invariant vector field.

PROPOSITION 7.3. Let F' be the local flow of a left-invariant vector field
X at a point h € G. Then the map 1, defined by F (that is, 1¢(g9) = F(g,t))
satisfies Yy = Ry, (). Moreover, the flow of X is globally defined for allt € R.

PROOF. For g € G, Ry,(e)(9) = g ¥i(e) = Lg(¢i(e)). Hence,

Ryye)(g) =g-e=g
and

% (th(e)(g)) = %(Lg(wt(e))) = (dLg)1/1t(e) <%(¢t(€))>

(dLg)yy(e) (Xuu(e) = Xgu(e)
= XRy 0>

implying that Ry, ()(9) = c4(t) = ¥i(g) is the integral curve of X at g.
Consequently, if ¢y (e) is defined for ¢ € (—¢,¢), then ¢4(g) is defined for
t € (—¢,¢) and g € G. Moreover, condition (3) in Section 6 is true for each
—€/2 < s,t < €/2 and we can extend the map F' to G x R as before: for
any t € R, we write t = ke/2 + s where k € Z and 0 < s < £/2, and define
F(g,t) := F*(F(g,5),e/2) = gF(e,s)F*(e,¢/2). O

REMARK 7.4. A homomorphism F : G; — G2 between Lie groups is
called a Lie group homomorphism if, besides being a group homomor-
phism, it is also a differentiable map. Since

Vits(€) = Vs(Pr(e)) = Ry, ey¥ele) = vule) - s(e),

the integral curve t — v;(e) defines a group homomorphism between (R, +)
and (G, -).

DEFINITION 7.5. The exponential map exp : g — G is the map that, to
each V' € g, assigns the value 1 (e), where 1y is the flow of the left-invariant
vector field XV .

REMARK 7.6. If ¢4(t) is the integral curve of X at g and s € R, it is easy
to check that c4(st) is the integral curve of sX at g. On the other hand, for
V € g one has X3V = sX". Consequently,

Pr(e) = ce(t) = ce(t-1) = Fe, 1) = exp (tV),
where F is the flow of tXV = XV,



7. LIE GROUPS 39

EXAMPLE 7.7. If G is a group of matrices, then for A € g,

kK
k=0

expA = el =
At

In fact, this series converges for any matrix A and the map h(t) = e
satisfies

h(0) = =1
dh At
—() = A = h(t)A.
My = era=n
Hence, h is the flow of X4 at the identity (that is, h(t) = 14(e)), and so
exp A = (e) = e,

Let now G be any group and M be any set. We say that G acts on
M if there is a homomorphism ¢ from G to the group of bijective mappings
from M to M, or, equivalently, writing

¢(9)(p) = A(g,p),

if there is a mapping A : G x M — M satisfying the following conditions:
(i) if e is the identity in G, then A(e,p) = p, Vp € M;
(ii) if g,h € G, then A(g, A(h,p)) = A(gh,p), Vp € M.

Usually we denote A(g,p) by g - p.

EXAMPLE 7.8.

(1) Let G be a group and H C G a subgroup. Then H acts on G by
left multiplication: A(h,g) =h-gfor he€ H, g € G.

(2) GL(n) acts on R™ through A -x = Az for A € GL(n) and = € R™.
The same is true for any subgroup G C GL(n).

For each p € M we can define the orbit of p as the set G-p:={g-p|
g € G}. If G-p = {p} then p is called a fixed point of G. If there is a
point p € M whose orbit is all of M (i.e. G-p = M), then the action is
said to be transitive. Note that when this happens, there is only one orbit
and, for every p,q € M with p # g, there is always an element of the group
g € G such that ¢ = g - p. The manifold M is then called a homogeneous
space of G. The stabilizer (or isotropy subgroup) of a point p € M is
the group

Gp={9€Glg-p=np}
The action is called free if all the stabilizers are trivial.

If G is a Lie group and M is a smooth manifold, we say that the action
is smooth if the map A : G x M — M is differentiable. In this case, the
map p — g - p is a diffeomorphism. We will always assume the action of
a Lie group on a differentiable manifold to be smooth. A smooth action is
said to be proper if the map

GxM — MxM
(g,p) — (9-p,p)
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is proper (recall that a map is called proper if the preimage of any compact
set is compact).

REMARK 7.9. Note that a smooth action is proper if and only if, given
two convergent sequences {p,} and {g, -pn} in M, there exists a convergent
subsequence {gn, } in G. If G is compact this condition is always satisfied.

The orbits of the action of G on M are equivalence classes of the equiv-
alence relation ~ given by p ~ ¢ < ¢ € G - p (cf. Section 10.1). For that
reason, the quotient (topological) space M/ ~ is usually called the orbit
space of the action, and denoted by M/G.

ProposITION 7.10. If the action of a Lie group G on a differentiable
manifold M is proper, then the orbit space M /G is a Hausdorff space.

PROOF. The relation p ~ ¢ < g € G - p is an open equivalence relation
(cf. Section 10.1). Indeed, since p +— g - p is a homeomorphism, the set
Ul ={g9-p|lpeUandyge G} =U,qg-U is an open subset of M for
any open set U in M. Therefore we just have to show that the set

R={(p,q) e M x M | p~q}

is closed (cf. Proposition 10.2). This follows from the fact that R is the
image of the map

GxM — MxM
(9,p) — (9-p,D)

which is continuous and proper, hence closed. O

Under certain conditions the orbit space M /G is naturally a differen-
tiable manifold.

THEOREM 7.11. Let M be a differentiable manifold equipped with a free
proper action of a Lie group G. Then the orbit space M /G is naturally a
differentiable manifold of dimension dim M — dim G, and the quotient map
m: M — M/G is a submersion.

PROOF. By the previous proposition, the quotient M /G is Hausdorff.
Moreover, this quotient satisfies the second countability axiom because M
does so and the equivalence relation defined by G is open. It remains to
be shown that M/G has a natural differentiable structure for which the
quotient map is a submersion. We do this only in the case of a discrete
(i.e. zero-dimensional) Lie group (c.f. Remark 1.2).

In this case, we just have to prove that for each point p € M there exists
a neighborhood U 3 p such that g-UNh-U = @ for g # h. This guarantees
that each point [p] € M/G has a neighborhood [U] homeomorphic to U,
which we can assume to be a coordinate neighborhood. Since G acts by
diffeomorphisms, the differentiable structure defined in this way does not
depend on the choice of p € [p]. Since the charts of M/G are obtained from
charts of M, the overlap maps are smooth. Therefore M /G has a natural
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differentiable structure for which 7 : M — M/G is a local diffeomorphism
(as the coordinate expression of 7|y : U — [U] is the identity map).
Showing that g - U Nh-U = @& for g # h is equivalent to showing
that g - UNU = @ for g # e. Assume that this did not happen for any
neighborhood U > p. Then there would exist a sequence of open sets U, = p
with U1 C Up, NI U, = {p} and a sequence g, € G\ {e} such that
gn - U, NU, # @. Choose p, € g, - U,. Then p, = g, - g, for some
gn € U,. We have p, — p and ¢, — p. Since the action is proper, g,
admits a convergent subsequence g,,. Let g be its limit. Making k — +o00
in g¢n, = gn, - Pn, yields g-p = p, implying that g = e (the action is free).
Because G is discrete, we would then have g,, = e for sufficiently large k,
which is a contradiction. O

EXAMPLE 7.12.

(1) Let S" = {z e R"™ | 3" | (2%)? = 1} be equipped with the action
of G =7y ={—1,I} given by —I - x = —z (antipodal map). This
action is proper and free, and so the orbit space S™/G is an n-
dimensional manifold. This space is the real projective space RP"
(cf. Exercise 2.5.8).

(2) The group G = R\ {0} acts on M = R™*!\ {0} by multiplica-
tion: t-ax = tax. This action is proper and free, and so M/G is a

differentiable manifold of dimension n (which is again RP"™).
(3) Consider M = R" equipped with an action of G = Z" defined by:

(KL kM) - (22 = (R 2 R,

This action is proper and free, and so the quotient M/G is a
manifold of dimension n. This space with the quotient differen-
tiable structure defined in Theorem 7.11 is called the n-torus and
is denoted by T™. It is diffeomorphic to the product manifold
Sl x ... x ST and, when n = 2, is diffeomorphic to the torus of
revolution in R3.

Quotients by discrete group actions determine coverings of manifolds.

DEFINITION 7.13. A smooth covering of a differentiable manifold B is
a pair (M, ), where M is a connected differentiable manifold, = : M — B
is a surjective local diffeomorphism, and, for each p € B, there exists a
connected neighborhood U of p in B such that 7=1(U) is the union of disjoint
open sets U, C M (called slices), and the restrictions m, of ® to U, are
diffeomorphisms onto U. The map w is called a covering map and M is
called o covering manifold.

REMARK 7.14.

(1) It is clear that we must have dim M = dim B.
(2) Note that the collection of mutually disjoint open sets {U,} must
be countable (M has a countable basis).
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(3) The fibers m—!(p) C M have the discrete topology. Indeed, as
each slice U, is open and intersects 7~ !(p) in exactly one point,
this point is open in the subspace topology.

ExXAMPLE 7.15.

(1) The map 7 : R — S! given by
m(t) = (cos(2nt),sin(27t))

is a smooth covering of S'. However the restriction of this map to
(0, +00) is a surjective local diffeomorphism which is not a covering
map.

(2) The product of covering maps is clearly a covering map. Thus we
can generalize the above example and obtain a covering of T™ =
Sl x ... x 81 by R™.

(3) In Example 7.12.1 we have a covering of RP™ by S™.

A diffeomorphism h : M — M, where M is a covering manifold, is called
a deck transformation (or covering transformation) if 7 o h = , or,
equivalently, if each set 771(p) is carried to itself by k. It can be shown that
the group G of all covering transformations is a discrete Lie group whose
action on M is free and proper.

If the covering manifold M is simply connected (cf. Section 10.5), the
covering is said to be a universal covering. In this case, B is diffeomorphic
to M/G. Moreover, G is isomorphic to the fundamental group 7;(B) of
B (cf. Section 10.5).

The Lie Theorem states that for a given Lie algebra g there exists
a unique simply connected Lie group G whose Lie algebra is g. If a Lie
group G also has g as its Lie algebra, then there exists a unique Lie group
homomorphism 7 : G — G which is a covering map. The group of deck
transformations is, in this case, simply ker(7), and hence G is diffeomorphic
to G/ ker(r). In fact, G is also isomorphic to G/ ker(r), which has a natural
group structure (ker(r) is a normal subgroup).

EXAMPLE 7.16.

(1) In the universal covering of S of Example 7.15.1 the deck trans-
formations are translations hy : t — ¢t + k by an integer k, and so
the fundamental group of S! is Z.

(2) Similarly, the deck transformations of the universal covering of T"
are translations by integer vectors (cf. Example 7.15.2), and so the
fundamental group of T™ is Z".

(3) In the universal covering of RP™ from Example 7.15.3, the only
deck transformations are the identity and the antipodal map, and
so the fundamental group of RP™ is Z,.

EXERCISES 7.17.
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(1) (a) Given two Lie groups G1, G2, show that G; x Go (the direct
product of the two groups) is a Lie group with the standard
differentiable structure on the product.

(b) The circle S' can be identified with the subset of complex
numbers of absolute value 1. Show that S! is a Lie group and
conclude that the n-torus 7" = S' x ... x S! is also a Lie
group.

(2) (a) Show that (R™,4) is a Lie group, determine its Lie algebra
and write an expression for the exponential map.

(b) Prove that, if G is an abelian Lie group, then [V, W] = 0 for
all V.W € g.

(3) We can identify each point in

H = {(z,y) €R* |y > 0}

with an invertible affine map h : R — R given by h(t) = yt+x. The
set of all such maps is a group under composition; consequently,
our identification induces a group structure on H.

(a) Show that the induced group operation is given by

(x,y) - (z,w) = (yz + z,yw),

and that H, with this group operation, is a Lie group.

(b) Show that the derivative of the left translation map L, ) :
H — H at point (z,w) € H is represented in the above coor-
dinates by the matrix

y 0
(dL(xvy))(z,w) = (0 y) :

Conclude that the left-invariant vector field XV € X(H) de-
termined by the vector

0 0
V:§%+na—yehET(o,1>H (&neR)

is given by
0 0
XV =fy— —.
(z.y) £yax + nyay

(¢) Given V,W € b, compute [V, W].

(d) Determine the flow of the vector field X", and give an expres-
sion for the exponential map exp : h — H.

(e) Confirm your results by first showing that H is the subgroup
of GL(2) formed by matrices

(6 7)

with y > 0.
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(4) Consider the group

SL(2):{<Z 2>:ad—bc:1},

which we already know to be a 3-manifold. Making
a:p"_Qa d:p_q, b:’l“—|—8, C=T—235,
show that SL(2) is diffeomorphic to S* x R2.
(5) For A € gl(n), consider the differentiable map
h:R — R\{0}
t +— deted
and show that:
(a) this map is a group homomorphism between (R, +) and (R\{0}, -);
(b) W(0) = tr 4;
(c) det(e?) = T4,
(6) (a) If A € sl(2), show that there is a A € RU iR such that

sinh A

e = cosh \ I + A.

(b) Show that exp : sl(2) — SL(2) is not surjective.

(7) Consider the vector field X € X(R?) defined by

0
— 2 a2
X=vz*+y Ere
(a) Show that the flow of X defines a free action of R on M =
R2\ {0}.
(b) Describe the topological quotient space M/R. Is the action
above proper?

(8) Let M = S? x S? and consider the diagonal S! action on M given

by
ei9 . (u,v) _ (eie -, 62i9 . 1)),
where, for v € S? € R3 and ¥ € S', € - 4 denotes the rotation
of u by an angle 8 around the z-axis.
(a) Determine the fixed points for this action.
(b) What are the possible nontrivial stabilizers?

(9) Let G be a Lie group and H a closed Lie subgroup, i.e. a subgroup
of G which is also a closed submanifold of G. Show that the action
of H in G defined by A(h,g) = h- g is free and proper.

(10) (Grassmannian) Consider the set H C GL(n) of invertible matrices

of the form
A 0
C B)’

where A € GL(k), B € GL(n — k) and C' € M,,_p)xp-
(a) Show that H is a Lie subgroup of GL(n). Therefore H acts
freely and properly on GL(n) (cf. Exercise 7.17.9).
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(b) Show that the points of the quotient manifold
Gr(n,k) =GL(n)/H

can be identified with the set of k-dimensional subspaces of R™
(in particular Gr(n, 1) is just the projective space RP"~1).
(¢) The manifold Gr(n, k) is called the Grassmannian of k-planes
in R™. What is its dimension?
(11) Let G and H be Lie groups and F' : G — H a Lie group homomor-
phism. Show that:
(a) (dF)e : g — b is a Lie algebra homomorphism;
(b) if (dF)e is an isomorphism then F' is a local diffeomorphism;
(c) if F' is a surjective local diffeomorphism then F' is a covering
map.
(12) (a) Show that R-SU(2) is a four dimensional real linear subspace
of Mjx2(C), closed under matrix multiplication, with basis

(10 (i 0
“\o 1) "“\o =)
‘ 0 1 0 i
i=( %) #=(T0)

satisfying i? = j? = k? = ijk = —1. Therefore this space can
be identified with the quaternions. Show that SU(2) can be
identified with the quaternions of Euclidean length equal to 1,
and is therefore diffeomorphic to S3.

(b) Let us identify R? with the quaternions of zero real part. Show
that if n € R? is a unit vector then

Y oo () s (°
exXp 2 — 1 COS 2 n Ssin 2

is also a unit quaternion.
(c) Show that the map

R? — R3

v exp <n_(9> SV - exp <_n_6?>
2 2

is a rotation by an angle # about the axis defined by n.

(d) Show that there exists a surjective homomorphism F' : SU(2) —
SO(3), and use this to conclude that SU(2) is the universal
covering of SO(3).

(e) What is the fundamental group of SO(3)?

8. Orientability

Let V be a finite dimensional vector space and consider two ordered
bases 8 = {b1,...,b,} and B’ = {b},...,b,}. There is a unique linear
transformation S : V' — V such that b, = S'b; for every i = 1,...,n. We say
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that the two bases are equivalent if det .S > 0. This defines an equivalence
relation that divides the set of all ordered basis of V' into two equivalence
classes. An orientation for V is an assignment of a positive sign to the
elements of one equivalence class and a negative sign to the elements of the
other. The sign assigned to a basis is called its orientation and the basis
is said to be positively oriented or negatively oriented according to its
sign. It is clear that there are exactly two possible orientations for V.

REMARK 8.1.

(1) The ordering of the basis is very important. If we interchange the
positions of two basis vectors we obtain a different ordered basis
with the opposite orientation.

(2) An orientation for a zero-dimensional vector space is just an as-
signment of a sign +1 or —1.

(3) We call the standard orientation of R” to the orientation that
assigns a positive sign to the standard ordered basis.

An isomorphism A : V — W between two oriented vector spaces carries
two ordered bases of V' in the same equivalence class to equivalent ordered
bases of W. Hence, for any ordered basis §, the sign of the image A is
either always the same as the sign of 3 or always the opposite. In the first
case, the isomorphism A is said to be orientation preserving, and in the
latter it is called orientation reversing.

An orientation of a smooth manifold consists on a choice of orientations
for all tangent spaces T, M. If dim M = n > 1, these orientations have to
fit together smoothly, meaning that for each point p € M there exists a
parameterization (U, ) around p such that

preserves the standard orientation of R™ at each point x € U.
REMARK 8.2. If the dimension of M is zero, an orientation is just an

assignment of a sign (+1 or —1), called orientation number, to each point
pe M.

DEFINITION 8.3. A smooth manifold M is said to be orientable if it
admits an orientation.

PROPOSITION 8.4. If a smooth manifold M is connected and orientable
then it admits precisely two orientations.

ProOF. We will show that the set of points where two orientations agree
and the set of points where they disagree are both open. Hence, one of them
has to be M and the other the empty set. Let p be a point in M and let
(Ua, ¢a), (Ug, ) be two parameterizations centered at p such that dy, is
orientation preserving for the first orientation and dyg is orientation preserv-

ing for the second. The map <d(cp51 o (pa)> o R™ — R" is either orientation

preserving (if the two orientations agree at p) or reversing. In the first case,
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it has positive determinant at 0, and so, by continuity, (d((pgl o (pa)) has
x
positive determinant for x on a neighborhood of 0, implying that the two

orientations agree on a neighborhood of p. Similarly, if (d(gpgl o gpa))o is

orientation reversing, the determinant of <d(g051 ) gpa)) is negative on a
xT

neighborhood of 0, and so the two orientations disagree on a neighborhood
of p.

Let O be an orientation for M (i.e. a smooth choice of an orientation O,
of T,M for each p € M), and —O the opposite orientation (corresponding
to taking the opposite orientation —O,, at each tangent space T,M). If O’
is another orientation for M, then, for a given point p € M, we know that
O;) agrees either with O, or with —O,, (because a vector space has just two
possible orientations). Consequently, O’ agrees with either O or —O on

M. (]

An alternative characterization of orientability is given by the following
proposition, whose proof is left as an exercise.

PROPOSITION 8.5. orientable A smooth manifold M is orientable if
and only if there exists an atlas A = {(Uq, )} for which all the overlap
maps gpgl 0 o are orientation-preserving.

An oriented manifold is an orientable manifold together with a choice
of an orientation. A map f : M — N between two oriented manifolds
with the same dimension is said to be orientation preserving if (df), is
orientation preserving at all points p € M, and orientation reversing if
(df )p is orientation reversing at all points p € M.

EXERCISES 8.6.

(1) Prove that the relation of “being equivalent” between ordered basis
of a finite dimensional vector space described above is an equiva-
lence relation.

(2) Show that a differentiable manifold M is orientable iff there exists
an atlas A = {(Uy,, pq)} for which all the overlap maps gogl 0 P
are orientation-preserving.

(3) (a) Show that if a manifold M is covered by two coordinate neigh-
borhoods V7 and V5 such that V4 N V5 is connected, then M is
orientable.

(b) Show that S™ is orientable.

(4) Let M be an oriented n-dimensional manifold and ¢ : I — M a
differentiable curve. A smooth vector field along c is a differ-
entiable map V' : I — T'M such that V(t) € TeyM for all t € 1
(cf. Section 2 in Chapter 3). Show that if V4,...,V,, : I — M are
smooth vector fields along ¢ such that {Vi(t),...,V,(t)} is a basis
of T,y M for all t € I then all these basis have the same orientation.
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(5) We can see the Mobius band as the 2-dimensional submanifold of
R3 given by the image of the immersion g : (—1,1) x R — R3
defined by

g(t,p) = ((1 + tcos (%)) Cos ¥, <1 + tcos (%)) sin @, t sin <§)> .

Show that the M6bius band is not orientable.

(6) Let f : M — N be a diffeomorphism between two smooth man-
ifolds. Show that M is orientable if and only if N is orientable.
If, in addition, both manifolds are connected and oriented, and
(df)p : T,M — Tf(p)N preserves orientation at one point p € M,
show that f is orientation preserving.

(7) Let M and N be two oriented manifolds. We define an orientation
on the product manifold M x N (called product orientation)
in the following way: If a = {ai1,...,an} and 8 = {by,...,b,}
are ordered bases of T,M and T, N, we consider the ordered basis
{(a1,0),...,(am,0),(0,b1),...,(0,bn)} of T(p, (M x N) =T, M x
T,N. We then define an orientation on this space by setting the
sign of this basis equal to the product of the signs of a and 5. Show
that this orientation does not depend on the choice of o and (.

(8) Show that the tangent bundle T'M is always orientable, even if M
is not.

(9) (Orientable double covering) Let M be a non-orientable n-dimensional
manifold. For each point p € M we consider the set O, of the (two)
equivalence classes of bases of T, M. Let M be the set

M = {(p.Op) | p € M,0p € Op}.

Given a parameterization (U, ) of M consider the maps @ : U —

M defined by

et = (st | (52) (o) )

where z = (z!,...,2") € U and {(%)@(m) e (8%%(1)} repre-
sents the equivalence class of the basis {(%)v(r) e (%)g)(m)}
Of Tgo(x)M

(a) Show that these maps determine the structure of an orientable
differentiable manifold of dimension n on M .

(b) Consider the map 7 : M — M defined by 7(p, 0,) = p. Show
that 7 is differentiable and surjective. Moreover, show that,
for each p € M, there exists a neighborhood V of p with
W*I(V) = W1 U Wy, where W7 e Wy are two disjoint open
subsets of M, such that 7 restricted to W; (i = 1,2) is a
diffeomorphism onto V.
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(c) Show that M is connected (M is therefore called the ori-
entable double covering of M).

(d) Let o : M — M be the map defined by o(p,0,) = (p, —0,),
where —O), represents the orientation of 7, M opposite to Op,.
Show that ¢ is a diffeomorphism which reverses orientations
satisfying w oo = 7 and o o 0 = id.

(e) Show that any simply connected manifold is orientable.

9. Manifolds with Boundary

Let us consider again the closed half space
H" = {(2',...,2") € R" | 2" > 0}
with the topology induced by the usual topology of R™. Recall that a map
[ U — R™ defined on an open set U C H" is said to be differentiable
if it is the restriction to U of a differentiable map f defined on an open
subset of R™ containing U (cf. Section 10.2). In this case, the derivative
(df )p is defined to be <d f > . Note that this derivative is independent of the
P

extension used since any two extensions have to agree on U.

DEFINITION 9.1. A smooth n-manifold with boundary is a topological
manifold with boundary of dimension n and a family of parameterizations
Va1 Uy CH" — M (that is, homeomorphisms of open sets U, of H™ onto
open sets of M ), such that:

(i) the coordinate neighborhoods cover M, meaning that |, va(Us) =
M:;
(ii) for each pair of indices o, B such that

W= Spa(Ua) N Qpﬁ(Uﬁ) 7& ,

the overlap maps

05l ova i, (W) — w5 (W)

valows ey (W) — o' (W)
are smooth;

(i1i) the family A = {(Ua,@a)} is mazimal with respect to (i) and (ii),

meaning that, if po : Uy — M is a parameterization such that
woo @t and o™ oy are C* for all ¢ in A, then pg is in A.

Recall that a point in M is said to be a boundary point if it is
on the image of OH"™ under some parameterization (that is, if there is a
parameterization ¢ : U C H" — M such that p(z!,..., 2" 0) = p for
some (z!,...,2"1) € R*" 1) and that the set M of all such points is
called the boundary of M. Notice that differentiable manifolds are partic-
ular cases of differentiable manifolds with boundary, for which M = @.

PROPOSITION 9.2. The boundary of a smooth n-manifold with boundary
is a differentiable manifold of dimension n — 1.
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PROOF. Suppose that p is a boundary point of M (an n-manifold with
boundary) and choose a parameterization ¢, : U, C H®" — M around
p. Letting V, = ¢, (Uy,), we claim that ¢, (0U,) = 90V, where U, =
U, NOH"™ and 9V, = V,NOM. By definition of boundary, we already know
that ¢, (0Uy) C 0Vy, so we just have to show that 0V, C ¢,(9U,). Let
q € 9V, and consider a parameterization ¢g : Usg — V,, around ¢, mapping
an open subset of H" to an open subset of M and such that ¢ € pg(0Up).
If we show that ¢g(0Us) C ¢q(0U,) we are done. For that, we prove that
(o' ows) (0Ug) C OU,. Indeed, suppose that this map ¢! o ¢g takes
a point x € OUg to an interior point (in R™) of U,. As this map is a
diffeomorphism, « would be an interior point (in R"™) of Ug. This, of course,
contradicts the assumption that 2 € dUg. Hence, (¢! o pg) (0Ug) C 0U,
and so ¢3(0Ug) C pa(0U,).

The map ¢, then restricts to a diffeomorphism from 90U, onto 9V,
where we identify OU, with an open subset of R"~!. We obtain in this way
a parameterization around p in OM. U

REMARK 9.3. In the above proof we saw that the definition of a bound-
ary point does not depend on the parameterization chosen, meaning that, if
there exists a parameterization around p such that p is an image of a point
in OH", then any parameterization around p maps a boundary point of H"
to p.

It is easy to see that if M is orientable then so is OM.

PROPOSITION 9.4. Let M be an orientable manifold with boundary. Then
OM s also orientable.

PRrROOF. If M is orientable we can choose an atlas {(Uy, ¢q)} on M for
which the determinants of the derivatives of all overlap maps are positive.
With this atlas we can obtain an atlas {(OUa, @)} for OM in the way
described in the proof of Proposition 9.2. For any overlap map

((pgl oo )(xt, ... 2" = (yl(zt, ... 2™,y (2t 2™)
we have
((pglo(pa)(xl, oz 0) = (et 2" h0),. Ly L 2™ 0),0)
and
(@El o Po)(xt, . 2" =yt 2" 0), Ly e 2 0).

Consequently, denoting (z',...,2"~1,0) by (z,0),

1 (d(@5" ©Pa))z | *
(d(es™ °¢a))z0) = —= + -
0 | 55(%,0)
and so
_ oy" . 1l
det (d(@gl o <Pa))(5:,0) = @(%O) det (d(¢51 °© Pa))z-
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However, fixing 2!, --- , 2”1, we have that y™ is positive for positive values

of ™ and is zero for ™ = 0. Consequently, g%(i“, 0) > 0, and so

det (d(@5" © $a))z > 0.
O

Hence, choosing an orientation on a manifold with boundary M induces
an orientation on the boundary OM. The convenient choice, called the
induced orientation, can be obtained in the following way. For p € OM
the tangent space T,,(0M) is a subspace of T,M of codimension 1. As we
have seen above, considering a coordinate system x : W — R" around p,

we have 2"(p) = 0 and (z!,...,2""!) is a coordinate system around p in
OM. Setting n, = — (a%)p (called an outward pointing vector at p),

the induced orientation on 0M is defined by assigning a positive sign to an

ordered basis 3 of T,,(0M) whenever the ordered basis {n,, 8} of T,M is
positive, and negative otherwise. Note that, since %(go_l(p)) > 0 (in the
above notation), the sign of the last component of n,, does not depend on the
choice of coordinate system. In general, the induced orientation is not the
one obtained from the charts of M by simply dropping the last coordinate

(in fact, it is (—1)" times this orientation).

EXERCISES 9.5.

(1) Show that there is no diffeomorphism between a neighborhood of
0 in R™ and a neighborhood of 0 in H".

(2) Show with an example that the product of two manifolds with
boundary is not always a manifold with boundary.

(3) Let M be a manifold without boundary and N a manifold with
boundary. Show that the product M x N is a manifold with bound-
ary. What is (M x N)?

(4) Show that a diffeomorphism between two manifolds with boundary
M and N maps the boundary M diffeomorphically onto ON.

10. Notes on Chapter 1

10.1. Section 1. We begin by briefly reviewing the main concepts and
results from general topology that we will need (see [Mun00] for a detailed
exposition).

(1) A topology on a set M is a collection 7 of subsets of M having
the following properties:

(i) the sets @ and M are in T;
(ii) the union of the elements of any sub-collection of 7 is in 7T
(iii) the intersection of the elements of any finite sub-collection of
T isin 7.

A set M equipped with a topology 7 is called a topological space.
We say that a subset U C M is an open set of M if it belongs to
the topology 7. A neighborhood of a point p € M is simply an
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open set U € 7 containing p. A closed set F' C M is a set whose
complement M \ F'is open. The interior intA of a subset A C M
is the largest open set contained in A, and its closure A is the
smallest closed set containing A. Finally, the subspace topology
on AC Mis{UNA}yer.
A topological space (M, 7T) is said to be Hausdorf if, for each pair
of distinct points p1,p2 € M, there exist neighborhoods Uy, Us of
p1 and po such that Uy NU; = @.
A basis for a topology 7 on M is a collection B C 7 such that, for
each point p € M and each open set U containing p, there exists
a basis element B € B for which p € B C U. If B is a basis for a
topology 7 then any element of 7 is a union of elements of B. A
topological space (M, 7)) is said to satisfy the second countability
axiom if 7 has a countable base.
A map f: M — N between two topological spaces is said to be
continuous if, for each open set U C N, the preimage f~*(U) is
an open subset of M. A bijection f is called a homeomorphism
if both f and its inverse f~! are continuous.
An open cover for a topological space (M, T) is a collection {U, } C
7 such that |J, Uy = M. A subcover is a sub-collection {V3} C
{U,} which is still an open cover. A topological space is said to be
compact if every open cover admits a finite subcover. A subset
A C M is said to be a compact subset if it is a compact topo-
logical space for the subspace topology. Continuous maps carry
compact sets to compact sets.
A topological space is said to be connected if the only subsets
of M which are simultaneously open and closed are @ and M. A
subset A C M is said to be a connected subset if it is a connected
topological space for the subspace topology. Continuous maps carry
connected sets to connected sets.
Let (M, T) be a topological space. A sequence {p,} in M is said to
converge to p € M if, for each neighborhood V of p, there exists an
N € N for which p, € V for n > N. If (M, 7T) is Hausdorff, then
a convergent sequence has a unique limit. If in addition (M,7)
is second countable, then F© C M is closed if and only if every
convergent sequence in F has limit in F', and K C M is compact
if and only if every sequence in K has a sublimit in K.
If M and N are topological spaces, the set of all Cartesian products
of open subsets of M by open subsets of NV is a basis for a topology
on M x N, called the product topology. Note that with this
topology the canonical projections are continuous maps.
An equivalence relation ~ on a set M is a relation with the
following properties:

(i) reflexivity: p ~ p for every p € M,

(ii) symmetry: if p ~ g then q ~ p;
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(iii) transitivity: if p ~ q and g ~ r then p ~ r.
Given a point p € M, we define the equivalence class of p as the
set

[p] ={qg € M |q~p}.

Note that p € [p] by reflexivity. Whenever we have an equivalence
relation ~ on a set M, the corresponding set of equivalence classes
is called the quotient space, and is denoted by M /~. There is a
canonical projection 7 : M — M /~, which maps each element of M
to its equivalence class. If M is a topological space, we can define
a topology on the quotient space (called the quotient topology)
by letting a subset V' C M/~ be open if and only if the set 7=(V)
is open in M. The map 7 is then continuous for this topology.
We will be interested in knowing whether some quotient spaces are
Hausdorff. For that, the following definition will be helpful.

DEFINITION 10.1. An equivalence relation ~ on a topological
space M is called open if the map m : M — M/~ is open, i.e., if
for every open set U C M, the set [U] = w(U) is open.

PRoOPOSITION 10.2. Let ~ be an open equivalence relation on
M and let R={(p,q) € M x M | p~ q}. Then the quotient space
is Hausdorff if and only if R is closed in M x M.

PROOF. Assume that R is closed. Let [p|,[q] € M/~ with
[p] # [¢q]- Then p = ¢, and (p,q) ¢ R. As R is closed, there are open
sets U,V containing p, g, respectively, such that (U x V)N R = &.
This implies that [U] N [V] = @. In fact, if there were a point
[r] € [U] N [V], then r would be equivalent to points p’ € U and
¢ € V (that is p’ ~ r and r ~ ¢'). Therefore we would have
p' ~ ¢ (implying that (p’,¢') € R), and so (U x V) N R would not
be empty. Since [U] and [V] are open (as ~ is an open equivalence
relation), we conclude that M/~ is Hausdorff.

Conversely, let us assume that M/~ is Hausdorff. If (p,q) ¢ R,
then p » g and [p] # [¢], implying the existence of open sets U,V cC
M/~ containing [p] and [q], such that U NV = @. The sets U :=
7=1(U) and V := 71(V) are open in M and (U x V)N R = . In
fact, if that was not so, there would exist points p’ € U and ¢ € V
such that p’ ~ ¢’. Then we would have [p'] = [¢], contradicting the
fact that UNV = @ (as [p/] € #(U) = U and [¢] € 7(V) = V).
Since (p,q) € UxV C (M x M)\ R and U x V is open, we conclude
that (M x M)\ R is open, and hence R is closed. O

10.2. Section 2.

(1) Let us begin by reviewing some facts about differentiability of maps
on R™. A function f : U — R defined on an open subset U of
R™ is said to be continuously differentiable on U if all partial
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derivatives %, e 887{1 exist and are continuous on U. In this

book, the words differentiable and smooth will be used to mean
infinitely differentiable, that is, all partial derivatives Mff%
exist and are continuous on U. Similarly, a map F' : U — R™,
defined on an open subset of R", is said to be differentiable or
smooth if all coordinate functions f* have the same property, that
is, if they all possess continuous partial derivatives of all orders. If
the map F' is differentiable on U, its derivative at each point of
U is the linear map DF : R™ — R™ represented in the canonical

bases of R™ and R™ by the Jacobian matrix

oft ... ot
ox! ox™
DF=| s
orm ... orr
Ozl ox™

A map F : A — R™ defined on an arbitrary set A C R™ (not
necessarily open) is said to be differentiable on A is there exists
an open set U D A and a differentiable map F': U — R™ such that
F = F|4.

10.3. Section 4.

(1) Let E, B and F be smooth manifolds and 7 : F — B a differen-
tiable map. Then, 7 : E — B is called a fiber bundle of basis B,
total space FE and fiber F if

(i) the map 7 is surjective;
(ii) there is a covering of B by open sets {U, } and diffeomorphisms
Yo : T H(Uy) — U, x F such that for every b € U, we have
balr (8) = (b} % F.
10.4. Section 5.

(1) (The Inverse Function Theorem) Let f : U C R™ — R™ be a
smooth function and p € U such that (df), is a linear isomorphism.
Then there exists an open subset V' C U containing p such that
flv : V — f(V) is a diffeomorphism.

10.5. Section 7.
(1) A group is a set G equipped with a binary operation - : GXG — G
satisfying:
(i) Associativity: g1-(g2-93) = (g1-92) - g3 for all g1, g2, g3 € G;
(ii) Existence of identity: There exists an element e € G such
thate-g=g¢g-e=gforall g € G;
(iii) Existence of inverses: For all g € G there exists g7! € G
such that g-g ' =g '-g=e.
If the group operation is commutative, meaning that g, - g2 = g2- g1
for all g1, g2 € G, the group is said to be abelian. A subset H C G
is said to be a subgroup of G if the restriction of - to H x H is
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a binary operation on H, and H, with this operation, is a group.
A subgroup H C G is said to be normal if ghg~! € H for all
g€ G,he H A map f:G— H between two groups G and H is
said to be a group homomorphism if f(g1 - g2) = f(g1) - f(g2)
for all g1, g2 € G. An isomorphism is a bijective homomorphism.
The kernel of a group homomorphism f : G — H is the subset
ker(f) = {9 € G | f(g) = e}, and is easily seen to be a normal
subgroup of G.

(2) Let f,g : X — Y be two continuous maps between topological
spaces and let I = [0,1]. We say that f is homotopic to g if
there exists a continuous map H : [ x X — Y such that H(0,z) =
f(z) and H(1,z) = g(x) for every x € X. This map is called a
homotopy.

Homotopy of maps forms an equivalence relation in the set of
continuous maps between X and Y. As an application, let us fix a
base point p on a manifold M and consider the homotopy classes
of continuous maps f : I — M such that f(0) = f(1) = p (these
maps are called loops based at p), with the additional restriction
that H(¢t,0) = H(t,1) = p for all ¢ € I. This set of homotopy
classes is called the fundamental group of M relative to the base
point p, and is denoted by m(M,p). Among its elements there is
the class of the constant loop based at p, given by f(t) = p
for every t € I. Note that the set 71 (M, p) is indeed a group with
operation * (composition of loops) defined by [f]x[g] := [h], where
h:I — M is given by

ht) = { f(2t) ifi €0, 3]
g2t —1) ifte[3,1]
The identity element of this group is the equivalence class of the
constant loop based at p.

If M is connected and this is the only class in m (M,p), M is
said to be simply connected. This means that every loop through
p can be continuously deformed to the constant loop. This property
does not depend on the choice of point p, and is equivalent to the
condition that any closed path may be continuously deformed to a
constant loop in M.

10.6. Bibliographical notes. The material in this chapter is com-
pletely standard, and can be found in almost any book on differential ge-
ometry (e.g. [Boo03, dC93, GHLO04|). Immersions and embeddings are
the starting point of differential topology, which is studied on [GP73,
Mil97]. Lie groups and Lie algebras are a huge field of Mathematics, to
which we could not do justice. See for instance [BtD03, DK99, Warg83].
More details on the fundamental group and covering spaces can be found in
[Mun00].






CHAPTER 2

Differential Forms

This chapter deals with differential forms, a fundamental tool in dif-
ferential geometry.

Section 1 reviews the notions of tensors and tensor product, and
introduces alternating tensors and their exterior product.

Tensor fields, which are natural generalizations of vector fields, are
discussed in Section 2, where a new operation, the pull-back of a covari-
ant tensor field by a smooth map, is defined. Section 3 studies fields of
alternating tensors, or differential forms, and their exterior derivative.
Important ideas such as the Poincaré Lemma and de Rham cohomol-
ogy, which will not be needed in the remainder of this book, are discussed
in the exercises.

In Section 4 we define the integral of a differential form on a smooth
manifold. To do so we make use of another fundamental tool in differential
geometry, namely the existence of partitions of unity.

The far-reaching Stokes Theorem is proved in Section 5, and some of
its consequences are explored in the exercises.

Finally, in Section 6 we study the relation between orientability and the
existence of special differential forms, called volume forms.

1. Tensors

Let V be an n-dimensional vector space. A k-tensor on V is a real
multilinear function (meaning linear in each variable) defined on the product
V x---xV of k copies of V. The set of all k-tensors is itself a vector space
and is usually denoted by 7%(V*).

ExaMPLE 1.1.

(1) The space of 1-tensors 7(V*) is equal to V*, the dual space of
V', that is, the space of real-valued linear functions on V.

(2) The usual inner product on R™ is an example of a 2-tensor.

(3) The determinant is an n-tensor on R".

Given a k-tensor T and an m-tensor S, we define their tensor product
as the (k + m)-tensor T'® S given by

TR SW1yeey Vky Vpaty e oy V) = T (01, 0k) « S(Vkt1y .-y Uktm)-

This operation is bilinear and associative, but not commutative (cf. Exer-
cise 1.14.1).

57
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PROPOSITION 1.2. If {Ty,..., T} is a basis for T (V*) = V* (the dual
space of V'), then the set {T;, @ ---@T;, | 1 <iy,...,i < n} is a basis of
TE(V*), and therefore dim T*(V*) = nk.

Proor. We will first show that the elements of this set are linearly
independent. If

T:= > ay.i,Ti® - ®T, =0,
i1, i

then, taking the basis {v1,...,v,} of V dual to {T1,...,T,}, meaning that
Ti(vj) = 045 (cf. Section 7.1), we have T'(vj,,...,v;,) = aj,..;, = 0 for every
1 Sjl""ajk <n.

To show that {7}, ® ---® Tj, | 1 < i1,...,ix < n} spans TF(V*), we
take any element 7' € 7%(V*) and consider the k-tensor S defined by

S = Z T(viy,...,0)T, @---@T;,.

(PRI

Clearly, S(viy,...,vi,) =T (viy,...,v;) for every 1 <'iy,...,i; <n, and so,
by linearity, S =T. U

If we consider k-tensors on V*, instead of V, we obtain the space 7%(V)
(note that (V*)* =V, as is shown in Section 7.1). These tensors are called
contravariant tensors on V, while the elements of 7%(V*) are called co-
variant tensors on V. Note that the contravariant tensors on V are the
covariant tensors on V*. The words covariant and contravariant are related
to the transformation behavior of the tensor components under a change of
basis in V, as explained in Section 7.1.

We can also consider mixed (k, m)-tensors on V, that is, multilinear
functions defined on the product V x -+ x V x V* x .-+ x V* of k copies
of V and m copies of V*. A (k,m)-tensor is then k times covariant and m
times contravariant on V. The space of all (k, m)-tensors on V' is denoted
by TE™(V*, V).

REMARK 1.3.

(1) We can identify the space T11(V*, V) with the space of linear maps
from V to V. Indeed, for each element 7' € 711 (V* V), we define
the linear map from V to V, given by v — T(v,-). Note that
T(v,-) : V* — R is a linear function on V*, that is, an element of
(V¥)*=V.

(2) Generalizing the above definition of tensor product to tensors de-
fined on different vector spaces, we can define the spaces 7%(V*) ®
T™(W*) generated by the tensor products of elements of 7%(V*) by
elements of 7™(W*). Note that 7F™(V* V) = TFV*) @ T™(V).
We leave it as an exercise to find a basis for this space.
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A tensor is called alternating if, like the determinant, it changes sign
every time two of its variables are interchanged, that is, if

T(V1,. .y Uiy ey Uy, Un) = =T(V1, .00, V), 000, iy oo, Up).

The space of all alternating k-tensors is a vector subspace A*(V*) of T#(V*).
Note that, for any alternating k-tensor 7', we have T'(vy,...,vx) = 0 if
v; = v; for some 7 # j.

ExXAMPLE 1.4.

(1) All 1-tensors are trivially alternating, that is, A*(V*) = TH(V*) =
V.

(2) The determinant is an alternating n-tensor on R"™.

Consider now S, the group of all possible permutations of {1,...,k}.
If o € Sk, we set o(vi,...,0%) = (Vo(1),-- Vo)) Given a k-tensor T' €
Tk(V*) we can define a new alternating k-tensor, called Alt(T), in the fol-
lowing way:

AI(T) = % S (sgno) (T o o)
oc€S

where sgn o is +1 or —1 according to whether ¢ is an even or an odd permu-
tation. We leave it as an exercise to show that Alt(7") is in fact alternating.

EXAMPLE 1.5. If T € T3(V*),

Al(T)(vy,v2,v3) = % (T'(v1,v2,v3) + T(v3,v1,v2) + T(va,v3,v1)
=T (v1,v3,v2) — T(v2,v1,v3) — T'(v3,v2,01)) -
We will now define the wedge product between alternating tensors: if
T € A¥(V*) and S € A™(V*), then T A S € AF™(V*) is given by

. (k+m)!
TAS =AY ® S).

EXAMPLE 1.6. If T, S € AY(V*) = V*, then
TAS=2AT®S)=TxRS-S®T,
implying that TAS = —-SAT and T AT = 0.

It is easy to verify that this product is bilinear. To prove associativity
we need the following proposition

PROPOSITION 1.7.
(i) Let T € TF(V*) and S € T™(V*). If Alt(T) = 0 then
AT ® S) = Al(S®T) = 0;
(1) AL(AIt(T @ S) ® R) = Alt(T ® S ® R) = Alt(T' ® Alt(S ® R)).

PROOF.
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(i) Let us consider

(k) + m)' Alt(T & S)(Ul, o 7vk+m) =
Z (5gn0) T (Vo(1)s -+ s Vo) )S (Vo (kt1)s - - - » Vo (ktm))-

O'ES]g+m

Taking the subgroup G of Sj,, formed by the permutations that leave
k+1,...,k+m fixed, we have

Z(sgn U)T(Ua(l), e 7U0(k))5(vo(k+1)’ ce 7va(k+m)) =
ocG

= Z (sgn o) T (Vo(1ys - -+ > Vo(k))S (Vka1s - - - » V)
celG
= k! (Alt(T) ®S) (Ul,...,Uker) =0.

Then, since G decomposes Sk, into disjoint right cosets G- = {07 |
o € G}, and for each coset

> (sgn o) (T @ ) (o1, - s Vo(hrm)) =
ceG-o

= (sgnd) > _(5gn0) (T @ ) (VoG (1))s - -+ Vo (@ (ktm))
oeG

= (sgno)k! (ALK(T) @ S)(v5(1), - - - V5(ktm)) = 0,
we have that Alt(7' ® S) = 0. Similarly, we prove that Alt(S®T') = 0.

(ii) By linearity of the operator Alt and the fact that Alt o Alt = Alt

(cf. Exercise 1.14.3), we have
Alt(Alt(S® R) — S® R) = 0.
Hence, by (i),

0= Alt(T ® (Alt(S® R) — S ® R))
— AK(T ® Alt(S ® R)) — A(T ® S ® R),

and the result follows.

Using these properties we can show that
ProposITION 1.8. (TAS)AR=TA(SAR).
Proor. By Proposition 1.7, for T € A¥(V*), S € A™(V*) and R €

AY(V*), we have

(TAS)AR — %Ah(@/\& ®R)

_ (k+m A1)
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and

(k+m+1)!
?HE:BTMMT®@AR»

_ (k+m+ )
= S CAKT S R).

T A(SAR)

We can now prove the following theorem.
THEOREM 1.9. If{Th,...,T,} is a basis for V*, then the set
{Tiy N ATy | 1<d; <...<ip<n}
is a basis for A¥(V*), and

n!
mmeﬂ:<Z>:HGjﬁ.
ProoF. Let T € A¥(V*) c T*(V*). By Proposition 1.2,
T= )Y a.iT,® T,
and, since 7' is alternating,
T=AT)= Y ayi,Alt(T, @---®Ty,).

We can show by induction that Alt(T}, ® -~ ®T;,) = 513, ATy A+ AT,
Indeed, for k = 1, the result is trivially true, and, assuming it is true for k
basis tensors, we have, by Proposition 1.7, that

Alt(Til ®--® Tik+1) = Alt(Alt(Til ®--® Tl'k) ® Tik+1)

k!

= Gro T @ @ T ATy,
1

= G M M

Hence,

T = % Z ail...ile'l ANy A-ee A T’Zk
11,00k
However, the tensors Tj, A --- ATj, are not linearly independent. Indeed,
due to anticommutativity, if two sequences (i1, ...4x) and (ji,...jx) differ
only in their orderings, then T3 A--- AT, = £T; A--- ANTj, . In addition,
if any two of the indices are equal, then T;, A --- AT;, = 0. Hence, we can
avoid repeating terms by considering only increasing index sequences:

T = Z blleTll VANEERIAN le

11 <o <tp
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and so the set {Tj, A---AT;, | 1 < i3 < ... < ip < n} spans AF(V*).
Moreover, the elements of this set are linearly independent. Indeed, if

0=T= > byi,Ty A AT,
11 < <ip

k>

then, taking a basis {vy,...,v,} of V dual to {T1,...,T,} and an increasing
index sequence (j1,...,Jk), we have

0= T(Ujl, R ,Ujk): k! Z blleAlt(El - Q& ﬂk)(?}jl, cee 7vjk)

11 <o <ip
= Z biy iy Z (sgno)T;, (/Ujo'(l)) T, (vja(k))’
11 <<l ocESK
Since (i1, ...,i) and (j1,...,jx) are both increasing, the only term of the

second sum that may be different from zero is the one for which ¢ = id.
Consequently,
0= T(Ujl, oo ,vjk) = bjl"'jk'
O

The following result is clear from the anticommutativity shown in Ex-
ample 1.6.

PROPOSITION 1.10. If T € A¥(V*) and S € A™(V*), then
TAS=(-1)""SAT.

REMARK 1.11.

(1) Another consequence of Theorem 1.9 is that dim(A"(V*)) = 1.
Hence, if V= R", any alternating n-tensor in R” is a multiple of
the determinant.

(2) It is also clear that A¥(V*) = 0 if k > n. Moreover, the set A°(V*)
is defined to be equal to R (identified with the set of constant
functions on V).

A linear transformation F' : V' — W induces a linear transformation
F*: TF(W*) — T*(V*) defined by
(F*T)(vr,...,00) = T(F(v1), ..., F(op).
If T € A*(W*), the tensor F*T is an alternating tensor on V. It is easy to
check that
F(T®S)=(F'T)® (FS)
for T € TF(W*) and S € 7™(W*). One can then easily show that if 7 and
S are alternating, then
F*(TANS)=(F*T) N\ (F*S).
Another important fact about alternating tensors is the following.

THEOREM 1.12. Let F' : V. — V be a linear map and let T € A™(V*).
Then F*T = (det A)T, where A is any matriz representing F'.
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PRrROOF. As A™"(V*) is 1-dimensional and F' is a linear map, F™* is just
multiplication by some constant C'. Let us consider an isomorphism H

between V and R". Then, H* det is an alternating n-tensor in V', and so
F*H*det = CH* det. Hence, by Exercise 1.14.4,

(HYY*F*H* det = Cdet & (H o F o H™1)*det = O det & A* det = C det,

where A is the matrix representation of F' induced by H. Taking the stan-
dard basis in R", {e1,...,e,}, we have

A* det (eq,...,e,) = Cdet(ey,...,e,) = C,
and so
det (4ey, ..., Ae,) = C,
implying that C' = det A. .

REMARK 1.13. By the above theorem, if T'€ A"(V*) and T # 0, then
two ordered basis {v1,...,v,} and {wy,...,w,} are equivalently oriented if
and only if T'(vy,...,v,) and T(wy,...,w,) have the same sign.

EXERCISES 1.14.

(1) Show that the tensor product is bilinear and associative but not

commutative.
(2) Find a basis for the space 7%™(V* V) of mixed (k,m)-tensors.
(3) If T € T*(V*), show that

(a) Alt(T) is an alternating tensor;

(b) if T is alternating then Alt(T") =T

(c) ALL(ALL(T)) = Alt(T).
(4) Let F: Vi — Vo, and H : Vo — V3 be two linear maps between

vector spaces. Show that:

(a) (Ho F)* = F*o H*,

(b) for T € A¥(Vy) and S € A™(Vy), F*(T AS) = F*T A F*S.
(5) Prove Proposition 1.10.
(6) Let T1,...,T; € V*. Show that

(Tl VAN /\Tk)(vl,. .. ,vk) = det [TZ(UJ)]

(7) Let Ty,...,Ty € AY(V*) = V*. Show that they are linearly inde-
pendent if and only if Ty A --- ATy # 0.

(8) Let T € A*(V*) and let v € V. We define contraction of T by v,
t(v)T, as the (k — 1)-tensor given by

(L(U)T)(vl’ s >vk;—1) = T(/U’ U1y ’vk;—l)'
Show that:

(a) ¢(v1)(u(v2)T) = —1(v2)(e(v1)T);
(b) if T € A¥(V*) and S € A™(V*) then

L) (T AS)= (L(v)T)AS + (—1)*T A (1(v)S).
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2. Tensor Fields

The definition of vector field can be generalized to tensor fields of general
type. For that, we denote by )M the dual of the tangent space T),M at a
point p in M (usually called the cotangent space to M at p).

DEFINITION 2.1. A (k,m)-tensor field is a map that to each point
p € M assigns a tensor T € TF™(T*M,T,M).

EXAMPLE 2.2. A vector field is a (0, 1)-tensor field (or a 1-contravariant
tensor field), that is, a map that to each point p € M assigns the 1-
contravariant tensor X, € T, M.

ExamMpLE 2.3. Let f : M — R be a differentiable function. We can
define a (1,0)-tensor field df which carries each point p € M to (df),, where

(df)p : T,M — R
is the derivative of f at p. This tensor field is called the differential of f.
For any v € T,M we have (df),(v) = v - f (the directional derivative of f
at p along the vector v). Considering a coordinate system x : W — R", we

can write v = Y 1, v’ (ai'i)p’ and so

(W) = 3 2L (),

(2

where f = fo x~1. Taking the projections z* : W — R, we can obtain
1-forms dz" defined on W. These satisfy

(da')y ((%)p) = 0ij

and so they form a basis of each cotangent space T,y M, dual to the coordinate
basis { (%)p Joee (a%)p} of T,M. Hence, any (1,0)-tensor field on W

can be written as w = Y, w;da’, where w; : W — R is such that w;(p) =
wp((%)p). In particular, df can be written in the usual way

(@)=Y 5L @),

i=1

REMARK 2.4. Similarly to what was done for the tangent bundle, we can
consider the disjoint union of all cotangent spaces and obtain the manifold

"M = | J T;M
peEM

called the cotangent bundle of M. Note that a (1,0)-tensor field is just a
map from M to T*M defined by

prpeT;M.

This construction can be easily generalized for arbitrary tensor fields.
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The space of (k,m)-tensor fields is clearly a vector space since linear
combinations of (k,m)-tensors are still (k,m)-tensors. If W is a coordinate
neighborhood of M, we know that {(daz"),} is a basis for TyM and that

{(aai) } is a basis for T, M. Hence, the value of a (k, m)-tensor field T" at
zi/p

a point p € W can be written as the tensor

; 0 0

T, = Zaﬁ Z;:n (da')p @ -+ @ (dz'™), ® (%)p g (aﬂ:jm>p
where the aill Z]I:” W — R are functions which at each p € W give us the
components of T}, relative to these bases of T)M and T, M. Just as we did
with vector ﬁelds, we say that a tensor field is differentiable if all these
functions are differentiable for all coordinate systems of the maximal atlas.
Again, we only need to consider the coordinate systems of an atlas, since all
overlap maps are differentiable (cf. Exercise 2.8.1).

ExaMpPLE 2.5. The differential of a smooth function f : M — R is
clearly a differentiable (1,0)-tensor field, since its components 88 gfl oxon a
given coordinate system z : W — R" are smooth.

An important operation on covariant tensors is the pull-back by a
smooth map.

DEFINITION 2.6. Let f : M — N be a differentiable map between smooth
manifolds. Then, each differentiable k-covariant tensor field T on N defines
a k-covariant tensor field f*T on M in the following way:

(ffT)p(v1,...,05) = Tf(p)((df)pvl, o (df)por),
forvy, ..., v € T,M.

REMARK 2.7. Notice that (f*T),, is just the image of T, by the linear
map (df)y : Tk(T}‘(p)N) — Tk(T;M) induced by (df), : TyM — Ty, N
(cf. Section 1). Therefore the properties f*(aT + S) = a(f*T) + B(f*S)
and f*(T'® S) = (f*T) ® (f*S) hold for all o, € R and all appropriate
covariant tensor fields T',.S. We will see in Exercise 2.8.2 that the pull-back of
a differentiable covariant tensor field is still a differentiable covariant tensor

field.

EXERCISES 2.8.

(1) Find the relation between coordinate functions of a tensor field in
two overlapping coordinate systems.

(2) Show that the pull-back of a differentiable covariant tensor field is
still a differentiable covariant tensor field.

(3) (Lie derivative of a tensor field) Given a vector field X € X(M),
we define the Lie derivative of a k-covariant tensor field T
along X as i

[t=0
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where ¢y = F(-,t) with F the local flow of X at p.
(a) Show that

Lx (T(Y1,...,Y%)=LxT(Y1,...,Y%)
+T(LxYy,...,.Ye)+ ...+ T(Y1,...,LxYy),
i.e., show that
X - (TM1,...,Y%) =LxT(Y1,...,Yy)
+7T(X,Y1],....Y) +...+ T(Y1,..., [ X, Yi)),

for all vector fields Y7, ..., Yy (cf. Exercises 6.11.10 and 6.11.11
in Chapter 1).
(b) How would you define the Lie derivative of a (k,m)-tensor

field?

3. Differential Forms
Fields of alternating tensors are very important objects called forms.

DEFINITION 3.1. Let M be a smooth manifold. A form of degree k
(or k-form) on M is a field of alternating k-tensors defined on M, that is,
a map w that, to each point p € M, assigns an element w, € Ak(T;M).

The space of k-forms on M is clearly a vector space. By Theorem 1.9,
given a coordinate system x : W — R", any k-form on W can be written as

w = Z wrdz!
T

where I = (i1,...,i) denotes any increasing index sequence of integers
in {1,...,n}, dz’ is the form dz’ A --- A dz', and the w;’s are functions
defined on W. It is easy to check that the components of w in the basis
{dr"' @ --- @ dz'*} are £w;. Therefore w is a differentiable (k,0)-tensor (in
which case it is called a differential form) if the functions w; are smooth
for all coordinate systems of the maximal atlas. The set of differential k-
forms on M is represented by Q*(M). From now on we will use the word
“form” to mean a differential form.

Given a smooth map f : M — N between differentiable manifolds, we
can induce forms on M from forms on N using the pull-back operation
(cf. Definition 2.6), since the pull-back of a field of alternating tensors is
still a field of alternating tensors.

REMARK 3.2. If g : N — R is a O-form, that is, a function, the pull-back
is defined as f*g =go f.

It is easy to verify that the pull-back of forms satisfies the following
properties, the proof of which we leave as an exercise:

ProposITION 3.3. Let f : M — N be a differentiable map and «,
forms on N. Then,
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(1) [*(a+B) = fra+ f5;
(ii) f*(ga) = (go f)f*a = (f*g)(f*@) for any function g : N — R;
(iii) f*(anB) = franfB;
(iv) g*f*a = (f og)*« for any differentiable map g : L — M.
ExampLE 3.4. If f : M — N is differentiable and we consider coordinate
systems z : V — R™, 3y : W — R" respectively on M and N, we have y’ =
fi(acl, cox™) fori=1,...,n and f =yo fox~! the local representation
of f. Ifw=>; wrdy! is a k-form on W, then by Proposition 3.3,

frw=f" <Z wrdy’> =D (Frwn(frdy") =Y (wrof)f*dy A---Af*dy'™.
I

1 I
Moreover, for v € T, M,

(f*(dy"))p(v) = (dy") i ((df )p0) = (d(y" © 1)), (v),
that is, f*(dy') = d(y’ o f). Hence,
Fro=Y (wrof)dy™ o f)A---Ad(y* o f)

I
=S (wrofyd(from) A+ Ad(fik o).
I

If K =dim M = dim N = n, then the pull-back f*w can easily be computed
from Theorem 1.12, according to which

(4) (F*(dy' A+ Ady™)p = det (df)p(p) (dat Ao Adz™),.

Given any form w on M and a parameterization ¢ : U — M, we can
consider the pull-back of w by ¢ and obtain a form defined on the open set
U, called the representation of w on that parameterization.

ExaMPLE 3.5. Let z : W — R" be a coordinate system on a smooth
manifold M and consider the 1-form da’ defined on W. The pull-back
@*dx? by the corresponding parameterization ¢ := 27! is a 1-form on an
open subset U of R” satisfying

a0 = e (20 (557) | =t | otann (i55)

=1 =1
=, [0 (L) ) = v = )
p / 8:07 T ;
7j=1 p
forz € U, p=¢p(r) and v =37, vJ (%)x € T,U. Hence, just as we had

(a(zi)p = (dy)q (%)m, we now have (dz'), = ¢*(dz?),, and so (dz?), is the

1-form in W whose representation on U is (dz?),.
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fw=),w 7dz! is a k-form defined on an open subset of R”, we define
a (k + 1)-form called exterior derivative of w as

dw := Zdwl Adzl.
I
ExXAMPLE 3.6. Consider the form w = —ﬁ dx + z{z dy defined on
R?\{0}. Then,

dw = d( e >/\dm+d< )/\dy
T4ty

2 2
y — iE

— 7dy/\dm+
(22 +y?)? (22 +y?)?

The exterior derivative satisfies the following properties:

5 dz Ady = 0.

ProproSITION 3.7. If o, w,w1,ws are forms on R™, then
(i) d(wy + wa) = dwy + dws;
(ii) if w is k-form, d(w A a) = dw A a + (=1)Fw A da;
(#i) d(dw) = 0;
() if f:R™ — R"™ is smooth, d(f*w) = f*(dw).
PROOF. Property (i) is obvious. Using (), it is enough to prove (i7) for
w = ardz! and o = bydz”:
dwAa) = darbyde’ Adx?) = d(arby) Ada' A dx?!
= (bydas +aydby) Adzt A dz?
= bydar Ndx! ANdx? 4+ apdby Adx! A dx?
= dwAa+ (=DFardz’ Adby A da?
dw A a+ (=1)kw A da.

Again, to prove (i4i), it is enough to consider forms w = ardz!. Since

dw:dal/\dacl_ aald /\dl
(9:13
we have
d(dw) = if: Par g
j=1i=1 Ozl Oz’
_ 0 ar 0 ar ; . .
= ZZ(aﬂaxz_ x’@mj>dx ANdx' ANdz® = 0.

i=1 j<1i

To prove (iv), we first consider a 0-form g:

Fg) = £ (Z ? dw) > (o) o= ((5%e7) 55) o=

1=1 1,7=1

n

= =d(go f)=d(f"g).

J=1

Qv
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Then, if w = ardz!, we have

d(f*w) = d(ar o f) Ndf' + (ar o f)d(df’) = d(ar o f) Ndf! = d(f*ar) Adf!
= (f*day) ANdff = f*(day A dzl) = f*(dw)

(where df! denotes the form df* A --- A df?*), and the result follows. O

If we consider two parameterizations ¢, : Uy — M, @g : Ug — M such
that ¢, (Ua)Neg(Ug) = W # @, and take the corresponding representations
W = @hw and wg 1= cp’gw of a k-form w, it is easy to verify that

(pa' 0 wg)*wa = wp.

Suppose now that w is a differential k-form on a smooth manifold M. We
define the (k+ 1)-form dw as the smooth form that is locally represented by
dwe, that is, for each parameterization ¢, : U, — M, the form dw is defined
on 9o (U), as (p5')*(dwy). Given another parameterization pg : Ug — M
such that o (Us) N(Us) = W # @, then, setting f equal to ¢3! o ¢, we
have

[ (dwa) = d(ffwq) = dwg.
Consequently,
(05" ) dws = (05")" [ (dwa)
= (fops) (dwa)
= (pa')"(dwa),
and so the two definitions agree on the overlapping set W. Therefore dw
is well defined. We leave it as an exercise to show that the exterior deriv-

ative defined for forms on smooth manifolds also satisfies the properties of
Proposition 3.7.

EXERCISES 3.8.

(1) Prove Proposition 3.3.

(2) (Exterior derivative) Let M be a smooth manifold. Given a k-form
w in M we can define its exterior derivative dw without using local
coordinates: given k + 1 vector fields Xj,..., X1 € x(M),

k41
dw(X1,. .. Xpg1) = Z(—l)l_lXi cw(X1, . Xy X))+
i=1
Z(_1)1+Jw([XZaX]]’X1? s >XZ', s ana s an:-f—l)a

i<j
where the hat indicates an omitted variable.
(a) Show that dw defined above is in fact a (k + 1)-form in M,
that is,
(1) dw(Xl,... ,Xi +Y, .. 7Xk+1) =
dw(Xl, ey Xy 7Xk+1) + dw(Xl, LY 7Xk+1);
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(i) dw(Xi,..., fX;, ..., Xpy1)=Ffdw(X1,. .., Xp41) for any
differentiable function f;
(iii) dw is alternating.

(b) Let x : W — R”™ be a coordinate system of M and let w =
> ardz™ A -+ Adz' be the expression of w in these coordi-
nates (where the a;’s are smooth functions). Show that the
local expression of dw is the same as the one used in the local
definition of exterior derivative, that is,

du):ZdaJ/\dmi1 Ao Adzt
I

(3) Show that the exterior derivative defined for forms on smooth man-
ifolds satisfies the properties of Proposition 3.7.

(4) Show that:
(a) if w = fldx + f2dy + f3dz is a 1-form on R? then

dw = ¢*dy A dz + ¢?dz A dx + g3dzx A dy,

where (g, %, 9°) = cutl(f1, f2, f%);
(b) if w = fldy Adz + f2dz Adx + f3dx A dy is a 2-form on R3,
then

dw = div(ft, f2, £3) dx A dy A dz.

(5) (De Rham cohomology) A k-form w is called closed if dw = 0.
If it exists a (k — 1)-form (3 such that w = df then w is called
exact. Note that every exact form is closed. Let ZF be the set of
all closed k-forms on M and define a relation between forms on Z*
as follows: a ~ [ if and only if they differ by an exact form, that
is, if B — a = df for some (k — 1)-form 6.

(a) Show that this relation is an equivalence relation.

(b) Let H¥(M) be the corresponding set of equivalence classes
(called the k-dimensional de Rham cohomology space of
M). Show that addition and scalar multiplication of forms
define indeed a vector space structure on H*(M).

(c) Let f: M — N be a smooth map. Show that:

(i) the pull-back f* carries closed forms to closed forms and
exact forms to exact forms;
(ii) if « ~ B on N then f*a ~ f*4 on M;
(iii) f* induces a linear map on cohomology f*: H*(N) —
HF(M) naturally defined by f#w] = [f*w];
(iv) if g : L — M is another smooth map, then (f o g)f =
gt o fh.

(d) Show that the dimension of H°(M) is equal to the number of
connected components of M.

(e) Show that H*(M) = 0 for every k > dim M.
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(6) Let M be a manifold of dimension n, let U be an open subset of
R™ and let w be a k-form on R x U. Writing w as

w = dt/\ZaIde + ijdac‘],
I J

where I = (i1,...,i5-1) and J = (j1,...,jx) are increasing index
sequences, (z!,...,2") are coordinates in U and ¢ is the coordinate
in R, consider the operator Q defined by

t
Qw)itay = Y </t a1d8> da’,

1

which transforms k-forms w in R x U into (k — 1)-forms.

(a) Let f : V — U be a diffeomorphism between open subsets
of R”. Show that the induced diffeomorphism f := id x f :
R x V — R x U satisfies

f*OQ:QOf*-

(b) Using (a), construct an operator Q which carries k-forms on
R x M into (k—1)-forms and, for any diffeomorphism f : M —
N, the induced diffeomorphism f:=idx f: Rx M — R x N
satisfies f* o Q = Qo f*. Show that this operator is linear.

(c) Considering the operator Q defined in (b) and the inclusion i, :
M — R x M of M at the “level” tg, defined by i, (p) = (to,p),
show that w — w*iz‘ow = dQuw + Qdw, where m : R x M — M
is the projection on M.

(d) Show that the maps «f : H*¥(M) — HF(R x M) and igo :
HFE(Rx M) — H(M) are inverses of each other (and so H*(M)
is isomorphic to H*(R x M)).

(e) Use (d) to show that, for £ > 0 and n > 0, every closed k-form
in R is exact, that is, H*(R") = 0 if k£ > 0.

(f) Use (d) to show that, if f,g : M — N are two smoothly
homotopic maps between smooth manifolds (meaning that
there exists a smooth map H : Rx M — N such that H(tg,p) =
f(p) and H(t1,p) = g(p) for some fixed tg,t; € R), then
ff=4

(g) We say that M is contractible if the identity map id : M —
M is smoothly homotopic to a constant map. Show that R™
is contractible.

(h) (Poincaré Lemma) Let M be a contractible smooth manifold.
Show that every closed form on M is exact, that is, H*(M) = 0
for all k£ > 0.

(7) (Symplectic manifold) A symplectic manifold (M,w), is a man-
ifold M equipped with a closed nondegenerate 2-form w. Here
nondegenerate means that the map that to each tangent vector



72 2. DIFFERENTIAL FORMS

Xp € T,M associates the 1-tensor in Ty M defined by ¢(Xp)w, is a

bijection (cf. Exercise 1.14.8).

(a) Show that dim M is necessarily even.

(b) Consider coordinates (z!,..., 2™ 3!, ... ") in R?" and the
differential form wo = Y7, dz’ A dy’. Show that (R*",wy) is
a symplectic manifold and compute the wedge product w(, of
n copies of w- (Remark: The form wo is called the standard symplec-
tic form. This example gives us a local model for all symplectic manifolds —
Darboux Theorem).

(8) (Lie deriwvative of a differential form) Given a vector field X €
X(M), we define the Lie derivative of a form w along X as

d
L = — ("
Xw dt (’l/}t W)It:07

where ¢y = F(-,t) with F' the local flow of X at p (cf. Exer-
cise 2.8.3). Show that the Lie derivative satisfies the following
properties:

( ) Lx(u)l A wg) = (Lle) ANwy + w1 A (LXu)Q);

(b) d(Lxw) = Lx(dw);

(¢) Cartan formula: Lyw = «(X)dw + d(¢«(X)w);

(@) Ly((Y)w) = ULxY )+ oY) Ly

(cf. Exercise 6.11.11 on Chapter 1 and Exercise 1.14.8).

4. Integration on Manifolds

Before we see how to integrate differential forms on manifolds, we will
start by studying the R™ case. For that let us consider an n-form w defined
on an open subset U of R™. We already know that w can be written as

wy = a(x)dzt A - Ada™,
where a : U — R is a smooth function. The support of w is, by definition,
the closure of the set where w # 0 that is,
suppw = {z € R" : w, # 0}.

We will assume that this set is compact (in which case w is said to be
compactly supported) and is a subset of U. We define

/w—/ z)dzt A A da” ::/a(ac)dxl---dm",
U

where the integral on the right is a multiple integral on a subset of R™. This
definition is almost well-behaved with respect to changes of variables in R™.
Indeed, if f : V — U is a diffeomorphism of open sets of R”, we have from

(4) that

frw = (ao f)(detdf)dy' A---Ady",

and so

[ ro= [ @on@edpt--dy.
1% 1%
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If f is orientation preserving, then det (df) > 0, and the integral on the
right is, by the Change of Variables Theorem for multiple integrals in R"
(cf. Section 7.2), equal to [;;w. For this reason, we will only consider ori-
entable manifolds when integrating forms on manifolds. Moreover, we will
also assume that suppw is always compact to avoid convergence problems.

Let M be an oriented manifold, and let A = {(Us,¢a)} be an atlas
whose parameterizations are orientation-preserving. Suppose that suppw is
contained in some coordinate neighborhood W, = ¢, (U,). Then we define

/w::/ @Zw:/ Wa-
M o Ua

Note that this does not depend on the choice of coordinate neighborhood: if
suppw is contained in some other coordinate neighborhood Wz = ¢3(Up),
then wg = f*w,, where f = walo ©g, and hence

/ wﬁ:/ f*wa:/ We-
Us Us Ua

To define the integral in the general case we use a partition of unity
(cf. Section 7.2) subordinate to the cover {W,} of M, i.e., a family of dif-
ferentiable functions on M, {p;}ics, such that:

(i) for every point p € M, there exists a neighborhood V of p such
that V Nsupp p; = @ except for a finite number of p;’s;

(ii) for every point p € M, >, ; pi(p) = 1;
(iii) 0 < p; <1 and supp p; C W, for some element W,, of the cover.

Because of property (2), suppw (being compact) intersects the supports of
only finitely many p;’s. Hence we can assume that [ is finite, and then

o OO PR WIS o

i€l el i€l
with w; = p;w and suppw; C W,,. Consequently we define:
o= [ e=X [ e
M ier M iel 7 Ue;
REMARK 4.1.

(1) When suppw is contained in one coordinate neighborhood W, the
two definitions above agree. Indeed,

e = hm 5o (5)

iel el
= [ Teu=3 [eu=3 [ w
Uier ier 7V iel VM

where we used the linearity of the pull-back and of integration on
R™.
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(2) The definition of integral is independent of the choice of partition
of unity and the choice of cover. Indeed, if {p;};cs is another

partition of unity subordinate to another cover {MN/ﬁ} compatible
with the same orientation, we have by (1)

S [ =% [ o

iel iel jeJ

and
S [ me=35 ] pie
jes /M jeJ ier ' M

(3) It is also easy to verify the linearity of the integral, that is,

/aw1+bw2:a/ wl—l—b/ wo.
M M M

for a,b € R and wy,ws n-forms on M.

EXERCISES 4.2.

(1) Let M be an n-dimensional differentiable manifold. A subset N C
M is said to have zero measure if the sets ¢! (N) C U, have zero
measure for every parameterization ¢, : U, — M in the maximal
atlas.

(a) Prove that in order to show that N C M has zero measure it
suffices to check that the sets ¢! (N) C U, have zero measure
for the parameterizations in an arbitrary atlas.

(b) Suppose that M is oriented. Let w € Q"(M) be compactly
supported and let W = ¢(U) be a coordinate neighborhood
such that M \ W has zero measure. Show that

/w:/gp*w,
M U

where the integral on the right-hand side is defined as above
and always exists.
(2) Let z,y, z be the restrictions of the Cartesian coordinate functions
in R? to S?, oriented so that {(1,0,0);(0,1,0)} is a positively ori-
ented basis of T(O,OJ)SQ, and consider the 2-form

w = zdy A dz + ydz A dz + zdz A dy € Q*(S?).

w
S2

using the parameterizations corresponding to
(a) spherical coordinates;
(b) stereographic projection.

Compute the integral
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(3) Consider the manifolds
§° = {(x,y,z,w) €R4:x2+y2+22+w2:2};
T2: {(x7y7z7w) €R42x2—|—y2:22+w2:1}.

The submanifold 7% C S splits S? into two connected components.
Let M be one of these components and let w be the 3-form

w = zdx Ndy N\ dw — xdy N\ dz N dw.

Compute the two possible values of [ W
(4) Let M, N be n-dimensional manifolds, f : M — N an orientation
preserving diffeomorphism and w € Q"(N) a compactly supported

form. Prove that
/w:/ ffw.
N M

5. Stokes Theorem

In this section we will prove a very important theorem.

THEOREM b5.1. (Stokes) Let M be an n-dimensional oriented smooth
manifold with boundary, let w be a (n — 1)-differential form on M with
compact support, and let i : OM — M be the inclusion of the boundary OM

in M. Then
/ i*w:/ dw,
oM M

where we consider OM with the induced orientation (cf. Section 9 in Chap-
ter 1).

PROOF. Let us take a partition of unity {p;};c; subordinate to an open
cover of M by coordinate neighborhoods compatible with the orientation.
Then w = ) ,.; piw, where we can assume I to be finite (w is compactly

supported), and hence
dw = deiw = Zd(piw).
i€l i€l
By linearity of the integral we then have,
/ dw = Z/ d(p;w) and / iw = Z/ i*(piw).
M ier ' M oM ier 7 OM

Hence, to prove this theorem, it is enough to consider the case where supp w
is contained inside one coordinate neighborhood of the cover. Let us then
consider a (n — 1)-form w with compact support contained in a coordinate
neighborhood W. Let ¢ : U — W be the corresponding parameterization,



76 2. DIFFERENTIAL FORMS

where we can assume U to be bounded (suppy*w is compact). Then, the
representation of w on U can be written as

n
gp*w:Zajdxl/\---/\dacjflAdxj+1A---Adx",
=1

(where each a; : U — R is a C*°-function), and

- da
* _ *, 1044 n
gpdw—dgpw—g (—=1)7~ axﬂd A~ ANdz™.

j=1
The functions a; can be extended to C*°-functions on H" by letting
1 n : 1 n
ol oy oag(ar, e 2t) if (2, at) €U
ICHERRE )_{ 0 if (x!,...,2") € H™\U.

If WNoM = &, then i*w = 0. Moreover, if we consider a rectangle Iin H
containing U deﬁned by equations b; < I < ¢;j (j=1,...,n), we have

Oa; da
_ j 1 J 1 . n j 1 J 1. .. "
/dw / D dz dzx /0x1d
= E (1)~ 1/ (/ aa]d ]> da' - da? 7 1dad T da™
N Rn— 1 J

7=1
n
= Z(—l)ﬂl/ (aj(xl,...,xjfl,cj,mfrl,...,x”)—
j=1 Rn—1
—aj(xl,...,xjfl,bj,xjﬂ,...,x”)) det - ded Vit da =

where we used the Fubini Theorem (cf. Section 7.3), the Fundamental The-
orem of Calculus and the fact that the a;’s are zero outside U. We conclude
that, in this case, [,,,"w = [, dw = 0.

If, on the other hand, W N OM # & we take a rectangle I containing
U now defined by the equations b; < 27 < ¢; for j = 1,...,n — 1, and
0 < z" < ¢,. Then, as in the preceding case, we have

- 1 0a; Oa;
dw= 1)1 %) gt g = al/ 945 41 ggm
/M “ /U jzl( ) oxJ v v oxJ

“ Ja
= 0 _1n—1 N A dld n—1
e [ amn“T)x :

= (—1)"1/ 1 (an(z',....2"  en) —an(at, ... 2" 10)) dat - da" !
R7—

= (—1)"/ an(zt, ..., 2" 1 0)dat - da" 7t
R 1

To compute |, anr U 'w we need to consider a parameterization ¢ of M defined
on an open subset of R”~! which preserves the standard orientation on R"~*
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when we consider the induced orientation on M. For that, we can for
instance consider the set

U={@"...,a" Y eR" | (=), 2%, ..., 2" ,0) e U}
and the parameterization ¢ : U:— M given by
Glat,. ., a" )= ((—1)"3:1,562, e ,x"il,O) .

Recall that the orientation on 0M obtained from ¢ by just dropping the last
coordinate is (—1)" times the induced orientation on OM (cf. Section 9 in
Chapter 1). Therefore ¢ gives the correct orientation. The local expression
of i : &M — M on these coordinates (i : U — U such that i = o loiop)
is given by

i(zh,. ., 2" = ((—1)"x1,3:2, L 0).
Hence,
/ ifw = /~¢*i*w = /~(z o) w= /~(gp 01)*w = /~%*gp*w.
oM U U U U
Moreover,
n
ot = %*Zajdxl A ANdedTENdaTTEA A da”
j=1

n
= (ajoi)di* A--- AP NAEITE N A"
=1

J
= (=1D)™anod)dz' A--- Adz" 1,

since di' = (=1)"dz', di" = 0 and di/ = da?, for j # 1 and j # n.
Consequently,

/ ifw = (—1)"/~(ano%) dat-- - dz™ 7t
oM U

= (—1)"/~an (=12t 2%, ... 2", 0) dat - - da"
U

= (_1)”/ an(x17x27...7xn_1’0)dx1...dxn—l :/ d(,(}
Rn—1 u

(where we have used the Change of Variables Theorem). O

REMARK 5.2. If M is an oriented n-dimensional differentiable manifold
(that is, a manifold with boundary OM = @), it is clear from the proof of
the Stokes Theorem that

/ dw =20
M

for any (n —1)-differential form w on M with compact support. This can be
viewed as a particular case of the Stokes Theorem if we define the integral
over the empty set to be zero.

EXERCISES 5.3.
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(1) Use the Stokes Theorem to confirm the result of Exercise 4.2.3.

(2) (Homotopy invariance of the integral) Recall that two maps fo, fi :
M — N are said to be smoothly homotopic if there exists a dif-
ferentiable map H : R x M — N such that H(0,p) = fo(p) and
H(1,p) = fi(p) (cf. Exercise 3.8.6). If M is a compact oriented
manifold of dimension n and w is a closed n-form on N, show that

/fow—/ fiw.

(3) (a) Let X € X(S™) be a vector field with no zeros. Show that
Xp
H(t,p) = cos(mt)p + sin(nt) %,
is a smooth homotopy between the identity map and the an-

tipodal map, where we make use of the identification

X, € T,S" C T,R" =R+,
(b) Using the Stokes Theorem, show that
where

/ w > 0,
n+1

w= Z(—l)iﬂxidxl A ANdeTE A deTE A A da T
i=1
and S™ = 9{x € R*""! : ||z|| < 1} has the orientation induced
by the standard orientation of R™*!.
(c) Show that if n is even then X cannot exist. What happens
when n is odd?

6. Orientation and Volume Forms

In this section we will study the relation between orientation and differ-
ential forms.

DEFINITION 6.1. A volume form (or volume element) on a manifold
M of dimension n is an n-form w such that w, # 0 for all p € M.

The existence of a volume form is equivalent to M being orientable.

PROPOSITION 6.2. A manifold M of dimension n is orientable if and
only if there exists a volume form on M.

PROOF. Let w be a volume form on M, and consider an atlas {(Uy, ¥a)}-
We can assume without loss of generahty that the open sets U, are con-
nected. We will construct a new atlas from this one whose overlap maps
have derivatives with positive determinant. Indeed, considering the repre-
sentation of w on one of these open sets U, C R", we have

O w = agdz Ao Ada?,
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where the function a, cannot vanish, and hence must have a fixed sign.
If a, is positive, we keep the corresponding parameterization. If not, we
construct a new parameterization by composing ¢, with the map

(zt,...,2") — (=2t 2%, 2").

Clearly, in these new coordinates, the new function a,, is positive. Repeating
this for all coordinate neighborhoods we obtain a new atlas for which all the
functions a, are positive, which we will also denote by {(Uy, va)}. Moreover,
whenever W := ¢, (Us) Npp(Us) # @, we have w, = (gogl 0 ) wg. Hence,

agdr: Ao Adxt = (gpgl 0 wq)*(ag dw}; A dai)
= (ago (pgl 0 P )(det d((pgl 0 wa))dzl Ao Ada
and so det d((pgl 0 pq) > 0. We conclude that M is orientable.

Conversely, if M is orientable, we consider an atlas {(Ua, ¢q)} for which
the overlap maps gogl o ¢, are such that det d(gpgl 0 ¢q) > 0. Taking a
partition of unity {p; };er subordinate to the cover of M by the corresponding
coordinate neighborhoods, we may define the forms

wi == pida} A - A\ dz?

with suppw; = supp p; C @, (Ua,; ). Extending these forms to M by making
them zero outside supp p;, we may define the form w := >, ;w;. Clearly
w is a well defined n-form on M so we just need to show that w, # 0
for all p € M. Let p be a point in M. There is an ¢ € I such that
pi(p) > 0 and supp p; C @a,(Us,). Then, there exist linearly independent
vectors vi,...,v, € T,M such that (w;),(vi,...,v,) > 0. Moreover, for
all other j € I\{i}, (wj)p(v1,...,vn) > 0. Indeed, if p & @q;(Us,), then
(wj)p(v1,-..,v,) = 0. On the other hand, if p € @4, (Ua, ), then by (4)

dzj A--- Ndah = detd(pg,) © @a;)dx A -+ Adal!

and hence
(p B
(wj)p(v1, ...y 0p) = pil )(det A3t 0 0a))(Wi)p(ve, ... v,) > 0.
pi(p) ’
Consequently, wy(v1,...,v,) > 0, and so w is a volume form. O

REMARK 6.3. Sometimes we call a volume form an orientation. In this
case the orientation on M is the one for which a basis {vi,...,v,} of T,M
is positive if and only if w,(v1,...,v,) > 0.

If we fix a volume form w € Q"(M) on an orientable manifold M, we can
define the integral of any compactly supported function f € C*°(M,R) as

=L
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(where the orientation of M is determined by w). If M is compact, we define

its volume to be
vol(M) := / 1= / w.
M M
EXERCISES 6.4.

(1) Show that M x N is orientable if and only if both M and N are
orientable.

(2) Let M be a compact oriented manifold with volume element w €
Q"(M). Prove that if f > 0 then fM fw > 0. (Remark: In particular,
the volume of a compact manifold is always positive).

(3) Let M be a compact orientable manifold of dimension n, and let w
be an (n — 1)-form in M.

(a) Show that there exists a point p € M for which (dw),, = 0.
(b) Prove that there exists no immersion f : S — R, of the unit
circle into R.

(4) Let f : S™ — S™ be the antipodal map. Recall that the n-
dimensional projective space is the differential manifold RP" =
S™/Zy, where the group Zgo = {1, —1} acts on S” through 1-z ==z
and (—1) -z = f(z). Let 7 : ™ — RP"™ be the natural projection.

(a) Prove that w € QF(S") is of the form w = 7*6 for some 6 €
QF(RP™) iff ffw = w.
(b) Show that RP™ is orientable iff n is odd, and that, in this case,

/ 0 = 2/ 0.

(c) Show that for n even the sphere S™ is the orientable double
covering of RP™ (cf. Exercise 8.6.9 in Chapter 1).
(5) Let M be a compact oriented manifold with boundary and w €
Q"(M) a volume element. The divergence of a vector field X €
X(M) is the function div(X) such that

Lxw = (div(X))w
(cf. Exercise 3.8.8). Show that

/M div(X) = /a X,

(6) (Brouwer Fized Point Theorem)

(a) Let M be an n-dimensional compact orientable manifold with
boundary OM # &. Show that there exists no smooth map
f: M — OM satistying f|ons = id.

(b) Prove the Brouwer Fixed Point Theorem: Let B = {z €
R™: |z| < 1}. Any smooth map g : B — B has a fixed point,
that is, there exists a point p € B such that g(p) = p. (Hint:
For each point x € B, consider the ray r; starting at g(x) and passing through
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x. There is only one point f(z) different from g(x) on r; N 9B. Consider the
map f: B — 8B).

7. Notes on Chapter 2
7.1. Section 1.

(1) Given a finite dimensional vector space V' we define its dual space
as the space of linear functionals on V.

ProposITION 7.1. If {v1,...,v,} is a basis for V then there
is a unique basis {T1,..., T} of V* dual to {vy,...,v,},, that is,
such that Tj(vj) = 6;5.

PROOF. By linearity, the equations T;(v;) = 0;; define a unique
set of functionals T; € V*. Indeed, for any v € V, we have v =
> i—1 a;vj and so

Ti(v) =Y a;Ti(v;) =Y a;6i; = a;.
=1 j=1

Moreover, these uniquely defined functionals are linearly indepen-
dent. In fact, if

n
T:=> bT; =0,
1=1

then, for each j = 1,...,n, we have 0 = T'(v;) = > b;T;(v;) =
b;j. To show that {Ti,...,T,} generates V*, we take any S € V*
and set b; := S(v;). Then, defining T' := > | b;T;, we see that
S(vj) = T(vj) for all j =1,...,n. Since {vq,...,v,} is a basis for
V, we have S =T. O

Moreover, if {v1,...,v,} is a basis for V and {T1,...,T,} is its
dual basis, then, for any v =) ajv; € Vand T = ) bT; € V*, we

have
T(U) = Zn:bZTZ(U) = Zn: ajbl-Ti(vj) = Zn: ajbi5ij = Zn:albz
j=t i,j=1 i,7=1 i=1

If we now consider a linear functional ' on V*, that is, an element
of (V*)*, we have F(T) = T(vg) for some fixed vector vy € V.
Indeed, let {vy,...,v,} be a basis for V and let {T1,...,T,} be its
dual basis. Then if T = >"" | b;T;, we have F(T) = > | b; F(T).
Denoting the values F'/(T;) by a;, we get F(T) = >_7" | a;ib; = T'(vg)
for vo = Y1, a;v;. This establishes a one-to-one correspondence
between (V*)* and V, and allows us to view V as the space of linear
functionals on V*. For v € V and T € V*, we write v(T) = T'(v).
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(2) Changing from a basis {vy,...,v,} to a new basis {v],...,v,} in

V', we obtain a change of basis matrix S, whose jth column is
the vector of coordinates of the new basis vector v} in the old basis.
We can then write the symbolic matrix equation

(V] vh) = (v1,...,0,)S.

The coordinate (column) vectors a and b of a vector v € V (a
contravariant 1-tensor on V') with respect to the old basis and to
the new basis are related by

by ai
b=| : | =51 = S la,
bn, an,
since we must have (v}, ...,v))b= (vi,...,v,)a = (v],...,v,)S ta.
On the other hand, if {T4,...,T,} and {T7,...,T)} are the dual
bases of {v1,...,v,} and {v],..., v} }, we have
T T
: (V1,...,0,) = : (V] ... o) =1
T, T

(where, in the symbolic matrix multiplication above, each coordi-
nate is obtained by applying the covectors to the vectors). Hence,

Tl T1
D @) ST =T e STHE | (vl ) =
T, T,
implying that
! T
: =g! :
T T,
The coordinate (row) vectors a = (a1,...,a,) and b = (by,...,b,)

of a 1-tensor 7' € V* (a covariant 1-tensor on V') with respect to
the old basis {T1,...,T,} and to the new basis {T7,...,T} are
related by

T Ty Ty Ty
a : =b : & aS : =b :
T, T T} T}
and so b = aS. Note that the coordinate vectors of the covariant 1-
tensors on V' transform like the basis vectors of V' (that is, by means

of the matrix S) whereas the coordinate vectors of the contravariant
1-tensors on V transform by means of the inverse of this matrix.
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7.2. Section 4.

(1) (Change of Variables Theorem) Let U,V C R™ be open sets, ¢ :
U — V a diffeomorphism and f : V — R an integrable function.

Then
/fz/(fog)ldetdgl-
1% U

(2) To define smooth objects on manifolds it is often useful to define
them first on coordinate neighborhoods and then glue the pieces
together by means of a partition of unity.

THEOREM 7.2. Let M be a smooth manifold and V an open
cover of M. Then there is a family of differentiable functions on
M, {pi}ticr, such that:

(i) for every point p € M, there exists a neighborhood U of p such
that U Nsupp p; = D except for a finite number of p;’s;
(ii) for every point p € M, Y . ;pi(p) = 1;
(iii) 0 < p; <1 and suppp; C V for some element V € V.

REMARK 7.3. This collection p; of smooth functions is called
partition of unity subordinate to the cover V.

PROOF. Let us first assume that M is compact. For every
point p € M we consider a coordinate neighborhood W), = ¢,(Up)
around p contained in an element V), of V, such that ¢,(0) = p and
Bs3(0) C U, (where B3(0) denotes the ball of radius 3 around 0).
Then we consider the C*°-functions (cf. Figure 1)

AR —- R
71 .
N e(@—D(z-2) fl<ax<?2
0 otherwise
h:R — R
[2A(t) dt
T o e,
ZA(t) dt
6:R*" — R

Notice that h is a decreasing function with values 0 < h(z) < 1,
equal to zero for z > 2 and equal to 1 for z < 1. Hence, we can
consider bump functions ~, : M — [0, 1] defined by

ﬁ(@;l(Q)) if ¢ € pp(Up)
w(q) =
0 otherwise.
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Y

FIGURE 1

Then supp~y, = ¢,(B2(0)) C ¢,(Bs(0)) C W, is contained inside
an element V), of the cover. Moreover, {¢,(B1(0))}pen is an open
cover of M and so we can consider a finite subcover {¢,, (B1(0))}%_,

such that M = U¥_ ¢, (B1(0)). Finally we take the functions

i = Vpi
;g = ———.
Z;?:l Tp;
Note that 29?21 Yp;(q) # 0 since ¢ is necessarily contained inside
some ¢y, (B1(0)) and so ;(¢q) # 0. Moreover, 0 < p; <1, > p;i=1
and supp p; = suppyp, C Vj,.

If M is not compact we can use a compact exhaustion, that
is, a sequence {K;};en of compact subsets of M such that K; C
intK;11 and M = U2, K;. The partition of unity is then obtained
as follows. The family {¢,(B1(0))}pen is a cover of K1, so we can
consider a finite subcover of K7,

{n (B0, o0, (BI(O) }.

By induction, we obtain a finite number of points such that

{0 (BIO).- .0 (B1(O))}

covers K;\intK; 1 (a compact set). Then, for each i, we consider
the corresponding bump functions

Vpirer Vi P M — [0, 1].
Note that 7, i +--- + Vi > 0 for every ¢ € K;\intK;_1 (as there is

always one of these functions which is different from zero). As in the
compact case, we can choose these bump functions so that supp Vpi
J
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is contained in some element of V. We will also choose them so that
SUpp i C intK;+1\K;—2 (an open set). Hence, {’Yp;}iEN,lngki is
locally finite, meaning that, given a point p € M, there exists
an open neighborhood V' of p such that only a finite number of
these functions is different from zero in V. Consequently, the sum
Yoy Zf;l T is a positive, differentiable function on M. Finally,

making
PR
’ >ty Z?izl Tpi 7
we obtain the desired partition of unity (subordinate to V). O

REMARK 7.4. Compact exhaustions always exist on manifolds.
In fact, if U is a bounded open set of R™, one can easily construct
a compact exhaustion {K;};cn for U by setting

K; = {m e U : dist(z,0U) > l}
n

If M is a differentiable manifold, one can always take a countable
atlas A = {(Uj, ¢;j)}jen such that each U; is a bounded open set,
thus admitting a compact exhaustion { K ZJ }tien. Therefore

U <Kf )
=t leN
is a compact exhaustion of M.

7.3. Section 5. (Fubini Theorem) Let A C R™ and B C R™ be com-
pact intervals and let f: A x B — R be a continuous function. Then

- /B (/,4 fl@y)da' - dw") dyt - dy™.

7.4. Bibliographical notes. The material in this chapter can be found
in most books on differential geometry (e.g. [Boo03, GHLO04]). A text en-
tirely dedicated to differential forms and their applications is [dC94]. The
study of de Rham cohomology leads to a beautiful and powerful theory,
whose details can be found for instance in [BT82].






CHAPTER 3

Riemannian Manifolds

In this chapter we begin our study of Riemannian geometry.

Section 1 introduces the concept of a Riemannian metric on a smooth
manifold, which is simply a tensor field determining an inner product at each
tangent space.

In Section 2 we define affine connections, which provide a notion of
parallelism of vectors along curves, and consequently of geodesics (curves
whose tangent vector is parallel). Riemannian manifolds carry a special con-
nection, called the Levi-Civita connection (Section 3), whose geodesics
have special distance-minimizing properties (Section 4).

In Section 5 we prove the Hopf-Rinow Theorem, relating the prop-
erties of a Riemannian manifold as a metric space to the properties of its
geodesics.

1. Riemannian Manifolds

The metric properties of R" (distances, angles, volumes) are determined
by the canonical Cartesian coordinates. In a general differentiable manifold,
however, there are no such preferred coordinates; to define distances, angles
and volumes we must add more structure, namely a special tensor field called
a Riemannian metric.

DEFINITION 1.1. A tensor g € TQ(TI;‘M) is said to be

(1) symmetric if g(v,w) = g(w,v) for all v,w € T,M;
(m) nondegenerate ifg(v, w) =0 for all w € TyM implies v = 0;
(iit) positive definite if g(v,v) > 0 for all v € T,M \ {0}.

A covariant 2-tensor field ¢ is said to be symmetric, nondegenerate or
positive definite if g, is symmetric, nondegenerate or positive definite for all
pe M. If x:V — R"is a local chart, we have

n
g = Z g,jdm’ ® d.%'j
1,j=1

_ (9 9
95 =9\ 9zt 92 ) -

It is easy to see that g is symmetric, nondegenerate or positive definite if
and only if the matrix (g;;) has these properties (see Exercise 1.10.1).

in V', where

87
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DEFINITION 1.2. A Riemannian metric on a smooth manifold M is
a symmetric positive definite smooth covariant 2-tensor field g. A smooth
manifold M equipped with a Riemannian metric g is called a Riemannian
manifold, and is denoted by (M, g).

A Riemannian metric is therefore a smooth assignment of an inner prod-
uct to each tangent space. It is usual to write

gp(vv w) = <Ua w>p'
ExAMPLE 1.3. (Euclidean n-space) It should be clear that M = R"
and
n . .
g= Z dz' ® dx'
i=1
define a Riemannian manifold.
PROPOSITION 1.4. Let (N, g) be a Riemannian manifold and f : M — N

an immersion. Then f*g is a Riemannian metric in M (called the induced
metric).

PRrROOF. We just have to prove that f*g is symmetric and positive defi-
nite. Let p € M and v,w € T, M. Since g is symmetric,

(f*g)p(v, w) = gf(P)((df)pva (df)pw) = gf(p)((df)pwa (df)pv) = (f*g)p(u% v).
On the other hand, it is clear that (f*g),(v,v) > 0, and

(f*9)p(v,v) = 0 = gs4) ((df )pv, (df )pv) = 0= (df )pv =0=v=0
(as (df), is injective). O

In particular, any submanifold M of a Riemannian manifold (IV,g) is
itself a Riemannian manifold. Notice that, in this case, the induced metric
at each point p € M is just the restriction of g, to T,M C T,,N. Since R"
is a Riemannian manifold (cf. Example 1.3), we see that any submanifold
of R™ is a Riemannian manifold. The Whitney Theorem then implies that
any manifold admits a Riemannian metric.

It was proved in 1954 by John Nash [Nas56| that any compact n-
dimensional Riemannian manifold can be isometrically embedded in RY
for N = w (that is, embedded in such a way that its metric is induced
by the Euclidean metric of RY). Gromov [Gro70] later proved that one can
take N = w Notice that for n = 2 Nash’s result gives an isometric
embedding of any compact surface into R'7, and Gromov’s into R, In
fact, Gromov has further showed that any surface isometrically embeds in
R5. This result cannot be improved, as the real projective plane with the

standard metric (see Exercise 1.10.3) cannot be isometrically embedded into
R%.

ExaMPLE 1.5. The standard metric on
St =A{z¢€ R, llz|| =1}
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is the metric induced on S™ by the Euclidean metric on R"*!. A parame-
terization of the open set

U={zes":z"" >0}
is for instance
ozt ... 2" = <x1,...,x",\/1—(x1)2—...—(x")2),

and hence the coefficients of the metric tensor are
Jp Oy xiyd
9ij = <%’@> =0y + 1— ()2 — ... = (2")?

Two Riemannian manifolds will be regarded as the same if they are
isometric:

DEFINITION 1.6. Let (M,g) and (N,h) be Riemannian manifolds. A
diffeomorphism f : M — N is said to be an isometry if f*h = g. Similarly,
a local diffeomorphism f: M — N is said to be a local isometry if f*h = g.

A Riemannian metric allows us to compute the length |[v|| = (v,vﬁ

of any vector v € TM (as well as the angle between two vectors with the
same base point). Therefore we can measure the length of curves:

DEFINITION 1.7. If (M, (-,-)) is a Riemannian manifold and c : [a,b] —
M s a differentiable curve, the length of ¢ is

b
I(c) = / () dt.

The length of a curve segment does not depend on the parameterization
(see Exercise 1.10.5).

Recall that if M is an orientable n-dimensional manifold then it possesses
volume elements, that is, differential forms w € Q"(M) such that w, # 0
for all p € M. Clearly, there are as many volume elements as differentiable
functions f € C°°(M) without zeros.

DEFINITION 1.8. If (M, g) is an orientable Riemannian manifold, w €
Q™(M) is said to be a Riemannian volume element if
wp(v1,...,vp) = 1
for any orthonormal basis {v1,...,v,} of T,M and all p € M.
Notice that if M is connected there exist exactly two Riemannian volume
elements (one for each choice of orientation). Moreover, if w is a Riemannian
volume element and x : V' — R is a chart compatible with the orientation

induced by w, one has
w=fdz* A... Ndz"

for some positive function

0 0
f:w<ﬁ,,%>
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If S is the matrix whose columns are the components of %, R
some orthonormal basis with the same orientation, we have

1 1
f=det S = (det (S2))? = (det (S'S))? = (det(g;;))?
since clearly S!S is the matrix whose (i,j)-th entry is the inner product
9 0\ _
g (W’ W) = Yij-
A Riemannian metric (-,-) on M determines a linear isomorphism be-
tween T, M and T;; M for all p € M, by mapping any vector v € T, M to the

covector 6 € Ty M given by 6(w) = (v, w). This extends to an isomorphism
between X(M) and Q(M). In particular, we have

DEFINITION 1.9. Let (M, g) be a Riemannian manifold and f : M — R
a smooth function. The gradient of f is the vector field grad f associated
to the 1-form df through the isomorphism determined by g.

EXERCISES 1.10.
(1) Let g = > 9ij dz' ® da? € T*(T;M). Show that:
(a) g is symmetric iff gi; = gji (4,5 =1,...,n);
(b) g is nondegenerate iff det(g;;) # 0;
(c) g is positive definite iff (g;;) is a positive definite matrix;
(d) if g is nondegenerate, the map @, : T, M — Ty M given by

Oy (v)(w) = g(v, w)
for all v,w € T, M is a linear isomorphism;
(e) if g is positive definite then g is nondegenerate.

(2) Prove that any differentiable manifold admits a Riemannian struc-
ture without invoking the Whitney Theorem. (Hint: Use partitions of
unity).

(3) (a) Let (M,g) be a Riemannian manifold and let G be a dis-

crete Lie group acting freely and properly on M by isometries.
Show that M/G has a natural Riemannian structure (called
the quotient structure).

(b) How would you define the standard metric on the standard
n-torus 7" = R" /7?7

(¢) How would you define the standard metric on the real pro-
jective n-space RP™ = S™ /757

(4) Recall that given a Lie group G and x € G, the left translation by
x is the diffeomorphism L, : G — G given by L,(y) = xy for all
y € G. A Riemannian metric g on G is said to be left-invariant
if L, is an isometry for all x € G. Show that:

(a) g(-,-) = (-,-) is left-invariant if and only if

(v,w)g = ((dLy-1), v, (dLy-1), w)e

for all z € G and v,w € T,G, where e € G is the identity

element and (-, ). is an inner product on the Lie algebra g =
1.G;
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(b) the standard metric on S3 = SU(2) is left-invariant;
(c) the metric induced on O(n) by the Euclidean metric of M,y
R" is left-invariant.

(5) We say that a differentiable curve « : [, 5] — M is obtained from
the curve ¢ : [a,b] — M by reparameterization if there exists a
smooth bijection f : [a, 3] — [a,b] (the reparameterization) such
that v = ¢ o f. Show that if v is obtained from ¢ by reparameteri-
zation then I(y) = I(c).

(6) Let (M, g) be a Riemannian manifold and f € C°°(M). Show that
if a € R is a regular value of f then grad(f) is orthogonal to the
submanifold f~!(a).

(7) Let (M, g) be an oriented Riemannian manifold with boundary. For
each point p € M we define the linear isomorphism ®, : T,M —
Ty M given by (®4(v)) (w) = gp(v,w) for all v,w € T,M. There-
fore, we can identify T, M and T; M, and extend this identification
to the spaces X(M) and Q'(M) of vector fields and 1-forms on M.

(a) Given two 1-forms w,n € QY(M), we can define their inner
product (w,n) as the inner product of the associated vector
fields. If k > 1, we define the inner product of o := a3 A+ - Ay,
and §:= 01 A--- A By (with aq, ..., 0, 01,...,0k € Ql(M))
to be (o, B) = det ({04, 5;)). By linearity, we can define the
inner product of any two k-forms a, 3 € QF(M). Show that
this inner product is well defined, i.e., does not depend on
the representations of «, 3. Compute (w,n) for the following
2-forms in R3:

>~

= adr ANdy+bdyANdz+cdz Ndx
n = edxANdy+ fdyNdz—+ gdz Ndx

(Remark: For k = 0 we define the inner product of functions f,g to be the
usual product fg).

(b) (Hodge *-operator) Consider the linear isomorphism x : AFT*M —
A”’kT;M defined as follows: if {61,...,0k,0k+1,...,0,} is any
positively oriented orthonormal basis of T,y M then (61 A--- A
0r) = 011 N\ -+ A6, Show that * is well defined.

(c) We can define x : QF(M) — Qn=k(M) by setting (xw), = *(wp)
for all p € M and w € QF(M). Write out an expression for *w
in local coordinates, and show that it is a differential form.

(d) Prove that for all f,g € C*(M,R) and w,n € Q¥(M)

(i) *(fw+gn) = frw+g*n
(ii) * *w = (=1)F=F)
(i) w A *n=nA*w = (w,NIr;
(iv) *(w Axn) = *(n A sw) = (w,n);
(v) (rw,*n) = (w,m),
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where ¥p; = *1 is the Riemannian volume element determined
by the metric g and the orientation of M.

(e) (Divergence Theorem) Let X € X(M) be a vector field on M
and wx € QY(M) be the 1-form determined by X. Defining
the divergence of X to be div X := *d * wx, show that if M
is compact then

/ div X 9y = (X, n) dan
M oM

where n is the outward-pointing unit vector field on M.
(f) Assume that OM = @. Show that

mezA/%mﬁM

is an inner product on Q¥(M). Moreover, show that (w,n) =
JyywAsn=[1,;nAxwand (xw,*n) = (w,n).

(g) Define the linear operator § : QF(M) — QF (M) as § :=
(—=1)k(+~1)d*. Show that:

(1) 6 = (—1)MEHD+L & g
(ii) *0 = (—1)kdx;
(iii) 6% = (—1)**1xd
(iv) 60 d = 0;
(v)

v) (dw,n) = (w,dn).

(h) (Laplacian) Consider the Laplacian operator A := dd+dd :
F(M) — QF(M). Show that if w,n are differential forms and

is a differentiable function,

() *A = Ax;

ii) (Aw,n) = (w, An);

iii) Aw =0« (dw =0 and dw = 0);

v) Af = —div (grad(f))

v) A(fg) = fAg+ gAf — 2(grad(f),grad(g)).

(i) A harmonic form is a differential form w such that Aw = 0.
Show that if M is connected then any harmonic function on
M must be constant, and any harmonic n-form (n = dim M)
must be a constant multiple of the volume element ;.

(j) Assume the following result (Hodge decomposition): Any
k-form w on a compact oriented Riemannian manifold M can
be uniquely decomposed in a sum w = wy + da + 63, where
wy is a harmonic form, a € Q¥ (M) and 8 € QF1(M).
Show that any cohomology class on M (cf. Exercise 3.8.5 in
Chapter 2) can be uniquely represented by a harmonic form.

(k) (Green formula) Let M be a compact Riemannian manifold
with boundary. The normal derivative of a smooth map
f: M — R is the differentiable map defined on OM by g—f =
(grad(f),n), where n is the outward-pointing unit normal field



1. RIEMANNIAN MANIFOLDS 93

on OM. Show that

_ df2 of1
/M(f1Af2 — foAf1) I = —/BM <f1% - 2%> Fons-

(1) Let M be a compact Riemannian manifold with boundary, and
suppose that Af =0 in M \ OM and that one of the following
boundary conditions holds:

(i) floar =0 (Dirichlet condition);
(ii) g—fi = 0 (Neumann condition).
Show that f = 0 in the first case, and that f is constant in
the second case.
(8) (Degree of a map) Let M, N be compact, connected oriented man-
ifolds of dimension n, and let f : M — N be a smooth map.

(a) Show that there exists a real number k (called the degree of f,

and denoted by deg(f)) such that, for any n-form w € Q"(N),

/Mf*w:k/Nw

(Hint: Use the Hodge decomposition).

(b) If f is not surjective then there exists an open set W C N
such that f~1(W) = @. Deduce that if f is not surjective
then k = 0.

(c) Show that if f is an orientation-preserving diffeomorphism
then deg(f) = 1, and that if f is an orientation-reversing dif-
feomorphism then deg(f) = —1.

(d) Let f: M — N be surjective and let ¢ € N be a regular value
of f. Show that f~!(q) is a finite set and that there exists a
neighborhood W of g in N such that f~!(W) is a disjoint union
of opens sets V; of M with f|y, : V; — W a diffeomorphism.

(e) Admitting the existence of a regular value of f, show that
deg(f) is an integer (Remark: The Sard Theorem guarantees that the
set of critical values of a differentiable map f between manifolds with the same
dimension has zero measure, which in turn guarantees the existence of a regular
value of f)

(f) What is the degree of the natural projection 7 : " — RP™
for n odd?

(g) Given n € N, indicate a smooth map f : S* — St of degree n.

(h) Let S™ C R™*! be the unit sphere with the metric induced by
the Euclidean metric of R"*!. Let X be a vector field tangent
to S™ such that || X|| = 1. Consider the map F; : S — R*+!
given by Fi(z) = cos(nt)x + sin(nt)X,. Show that F; is a
smooth map of S™ on S™, and define k(t) = deg(F}). Show
that the map ¢ — k(¢) is continuous.
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(i) What are the values of k(0) and k(1)? Show that if n is even
then there exists no vector field X on S™ such that X, # 0 for
all p € ™.

2. Affine Connections

If X and Y are vector fields in Euclidean space, we can define the di-
rectional derivative VxY of Y along X. This definition, however, uses
the existence of Cartesian coordinates, which no longer holds in a general
manifold. To overcome this difficulty we must introduce more structure:

DEFINITION 2.1. Let M be a differentiable manifold. An affine con-
nection on M is a map V : X(M) x X(M) — X(M) such that
(i) va+gYZ = fVXZ+gVyZ;
(ii)) Vx(Y +Z2)=VxY +VxZ;
(’i’i’i) Vx(fY) = (X . f)Y + fVxY
for all X,Y,Z € X(M) and f,g € C°(M,R) (we write VxY :=V(X,Y)).
The vector field V xY is sometimes known as the covariant derivative
of Y along X.

PROPOSITION 2.2. Let V be an affine connection on M, let X, Y € X(M)
and p € M. Then (VXY)p € T,M depends only on X, and on the values
of Y along a curve tangent to X at p. Moreover, if x : W — R" are local
coordinates on some open set W C M and

on this set, we have
n n
(5) VY => [X-vi4+ ) Tixiv*
i=1 Jk=1
where the n? differentiable functions F;k : W — R, called the Christoffel
symbols, are defined by

0 I, D
(©) Vi ok = 2 Dk

PROOF. It is easy to show that an affine connection is local, that is, if
X,Y € X(M) coincide with X,Y € X(M) in some open set W C M then
VxY =V Xi/ on W (see Exercise 2.6.1). Consequently, we can compute
VxY for vector fields X, Y defined on W only. Let W be a coordinate neigh-
borhood for the local coordinates x : W — R", and define the Christoffel
symbols associated with these local coordinates through (6). Writing out

0
ozt

n 9
V)(YZV( ?ZlXii) ZY]@

dxt j=1
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and using the properties listed in definition (2.1) yields (5). This formula
shows that (VxY'), depends only on X*(p),Y"*(p) and (X -Y"*)(p). However,
X?(p) and Y(p) depend only on X, and Y,, and (X -Y?)(p) = %Yi(c(t))|t:0
depends only on the values of Y (or Y') along a curve ¢ whose tangent vector
at p=c(0) is X,. O

REMARK 2.3. Locally, an affine connection is uniquely determined by
specifying its Christoffel symbols on a coordinate neighborhood. However,
the choices of Christoffel symbols on different charts are not independent,
as the covariant derivative must agree on the overlap.

A vector field defined along a differentiable curve c: I — M is a
differentiable map V' : I — T'M such that V(t) € TeyM for all t € I. An
obvious example is the tangent vector ¢(t). If V' is a vector field defined along
the differentiable curve ¢ : I — M with ¢ # 0, its covariant derivative
along c is the vector field defined along c¢ given by

DV

ﬁ(t) = Vi)V = (VxY)eq
for any vector fields X,Y € X(M) such that X, = ¢(t) and Y5 = V(s)
with s € (t —e,t 4 ¢) for some ¢ > 0. Note that if ¢(¢) # 0 such extensions
always exist. Proposition 2.2 guarantees that (VxY).y) does not depend

on the choice of X, Y. In fact, if in local coordinates x : W — R™ we have
x'(t) := z'(c(t)) and

V(t)= ; vio (gm)

then

n

G0=2 (Vo X meorovo) (5)

i=1 J,k=1

DEFINITION 2.4. A wector field V' defined along a curve ¢ : I — M is
said to be parallel along c if
DV
dt
for allt € 1. The curve c is called a geodesic of the connection V if ¢ is
parallel along c, i.e., if

(t) =0

Deé
() =
(1) =0
forallt e 1.

In local coordinates x : W — R"™, the condition for V' to be parallel
along c is written as

(7) Vid ) T dlvi=0 (i=1,...,n).
G k=1
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This is a system of first order linear ODE’s for the components of V. By
the Picard-Lindeldf Theorem, given a curve ¢ : I — M, a point p € ¢(I) and
a vector v, € T),M, there exists a unique vector field V' : I — T'M parallel
along ¢ such that V(0) = v,, which is called the parallel transport of v,
along c.

Moreover, the geodesic equations are

n
(8) 4y Thilih=0 (i=1,...,n).
jik=1

This is a system of second order (nonlinear) ODE’s for the coordinates of
c(t). Therefore the Picard-Lindeléf Theorem implies that, given a point
p € M and a vector v, € T,M, there exists a unique geodesic ¢ : I — M,
defined on a maximal open interval I such that 0 € I, satisfying ¢(0) = p
and ¢(0) = vy,

We will now define the torsion of an affine connection V. For that, we
note that, in local coordinates = : W — R", we have

n n
. . A , A P
VaY —VyX =Y (XY -v-X'+ ) r}k<XﬂYk—YJXk) —
i=1 k=1 z
- d
=X Y]+ ) (D% —Thy) XY i
i7j7k:1

DEFINITION 2.5. The torsion operator of a connection V on M is the
operator T : X(M) x X(M) — X(M) given by

T(X,Y)=VxY — VyX — [X,Y],
for all X, Y € X(M). The connection is said to be symmetric if T = 0.

The local expression of T'(X,Y) makes it clear that T'(X,Y"), depends
linearly on X, and Y,. In other words, T is the (2,1)-tensor field on M
given in local coordinates by

= 0
o Y (-t i st
1,5,k=1
(recall that any (2,1)-tensor T' € 7> (V*, V) is naturally identified with a
bilinear map ®7 : V* x V* — V = V** through ®7(v,w)(a) = T'(v,w, @)
for all v,w € V, a € V*).

Notice that the connection is symmetric iff VxY — Vy X = [X,Y] for
all X,Y € X(M). In local coordinates, the condition for the connection to
be symmetric is

e=Ti; (,5,k=1,...n)
(hence the name).

EXERCISES 2.6.
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(1) (a) Show that if X, Y € X(M) coincide with X,Y € ¥(M) in some
open set W C M then VxY = VY on W. (Hint: Use bump
functions with support contained on W and the properties listed in definition
(2.1)).

(b) Obtain the local coordinate expression (5) for VxY.

(c) Obtain the local coordinate equations (7) for the parallel trans-
port law.

(d) Obtain the local coordinate equations (8) for the geodesics of
the connection V.

(2) Determine all affine connections on R™. Of these, determine the
connections whose geodesics are straight lines c¢(t) = at + b (with
a,b e R").

(3) Let V be an affine connection on M. If w € Q'(M) and X € X(M),
we define the covariant derivative of w along X, Vxw € Q'(M),
by

VxwlV)=X- - (w(¥)) —w(VxY)
for all Y € X(M).
(a) Show that this formula defines indeed a 1-form, i.e., show that
(Vxw(Y)) (p) is a linear function of Y.
(b) Show that

(i) Vixigvw = fVxw+gVyuw;

(i) Vx(w+n) = Vxw+ Vxmn;

(i) Vi (fw) = (X o+ [V xw

for all X,Y € X(M), f,g € C®°(M) and w,n € Q*(M).

(c) Let z : W — R™ be local coordinates on W C M, and take

n
w= E widx’.
=1

Show that

n n
Vxw= Z X w; — Z F?@'ijk dz'.
i=1 k=1

(d) Define the covariant derivative VxT for an arbitrary tensor
field T in M, and write its expression in local coordinates.

3. Levi-Civita Connection

In the case of a Riemannian manifold, there is a special choice of connec-

tion, called the Levi-Civita connection, with very important geometric
properties.

DEFINITION 3.1. A connection V in a Riemannian manifold (M, (-,-))

is said to be compatible with the metric if

X (Y, Z) = (VxY,Z) + (Y,VxZ)

for all X,Y,Z € X(M).
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If V is compatible with the metric, then the inner product of two vector
fields V7 and Vs, parallel along a curve, is constant along the curve:

LV, Va(1)) = (Ve Vi (1), Va(0)) + (Vi(t), Vo Va(t)) = 0.

dt
In particular, parallel transport preserves lengths of vectors and angles be-
tween vectors. Therefore, if ¢ : I — M is a geodesic, then ||¢(t)|| = k is

constant. If a € I, the length s of the geodesic between a and t is

5= /:Hé(u)Hdu _ /tkdu:k(t—a).

a
In other words, t is an affine function of the arclength s (and is therefore
called an affine parameter). In particular, this shows that the parameters
of two geodesics with the same image are affine functions of each other).

THEOREM 3.2. (Levi-Civita) If (M, (-,-)) is a Riemannian manifold then
there exists a unique connection V on M which is symmetric and compatible
with (-,-). In local coordinates (x',... "), the Christoffel symbols for this
connection are

i I~ i (Ogu . Ogi Ogjk
©) ik = 5;9 ((%Jj Tk T oal

where (gij) = (gij)_l.
PrOOF. Let XY, Z € X(M). If the Levi-Civita connection exists then
we must have
X (Y, Z)=(VxY,Z)+(Y,VxZ);
Y (X, Z)=(VyX,Z)+ (X, VyZ);
—Z-(X,Y)=—(VzX,Y) - (X,VzY),
as V is compatible with the metric. Moreover, since V is symmetric, we
must also have
—([X,Z],Y)=—(VxZ,Y)+(VzX)Y),
—([Y,Z],X) = —(VyZ,X) + (VzY, X),
((X,Y],Z2) =(VxY,Z) - (VyX, Z).
Adding these six equalities, we obtain the Koszul formula
2AVxY,Zy=X- Y, Z)+Y - (X, Z) - Z - (X,Y)
—([X,2],Y) = ([\, 2], X) + ({[X, Y], Z).
Since (-,-) is nondegenerate and Z is arbitrary, this formula determines
VxY. Thus, if the Levi-Civita connection exists, it must be unique.
To prove existence, we define VxY through the Koszul formula. It is

not difficult to show that this defines indeed a connection (cf. Exercise 3.3.1).
Also, using this formula, we obtain

2AVXY — Vy X, Z) =2VxY, Z) — 2(Vy X, Z) = 2{X,Y], Z)
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for all X|Y,Z € X(M), and hence V is symmetric. Finally, again using the
Koszul formula, we have

2AVLY, Z) +2(Y,VxZ) =2X - (Y, Z)

and therefore the connection defined by this formula is compatible with the
metric.
Choosing local coordinates (z',...,2"), we have

0 0 o [0 9N
ozt Oxd | an ori oz |~ I

Therefore the Koszul formula yields
o 0 0 0 0
WY g — — V= . g — — - q.
< 947 Oz 8acl> D27 IR T Gk 9T gt " Ik
., 0 0 1 (Og . Ogji  Ogjk
r,—,— )=-= : -
< <; * Pz axl> 2 ((%UJ Tk T ol

n

S gl L (Ogi | Ogji  Ogjk
= 2 9alin = 2 ((%Jj + dxk ozl )

i=1

EXERCISES 3.3.

(1) Show that the Koszul formula defines a connection.
(2) We introduce in R3, with the usual Euclidean metric (-, -), the con-
nection V defined in Cartesian coordinates (x!, 2, 2%) by

P;‘k = waijk,
where w : R? — R is a smooth function and
+1 if (4,7,k) is an even permutation of (1,2, 3)

gijk =14 —1 if (i,7,k) is an odd permutation of (1,2,3)
0 otherwise.

Show that:
(a) V is compatible with (-, -);
(b) the geodesics of V are straight lines;
(c) the torsion of V is not zero in all points where w # 0 (therefore
V is not the Levi-Civita connection unless w = 0);
(d) the parallel transport equation is

3
Vit ) wepddVF =06 V4w@xV)=0
Jk=1
(where x is the cross product in R3); therefore, a vector paral-

lel along a straight line rotates about it with angular velocity
—WZ.



100 3. RIEMANNIAN MANIFOLDS

(3) Let (M, g) and (N, g) be isometric Riemannian manifolds with Levi-
Civita connections V and V, and let f: M — N be an isometry.
Show that: B

(a) f*VXY = Vf*Xf*Y for all )(7 Y € %(M),
(b) if ¢: I — M is a geodesic then foc: I — N is also a geodesic.

(4) Consider the usual local coordinates (6, ) in S? C R3 defined by
the parameterization ¢ : (0,7) x (0,27) — R? given by

(0, ¢) = (sin @ cos ¢, sin O sin ¢, cos #).

(a) Using these coordinates, determine the expression of the Rie-
mannian metric induced on S? by the Euclidean metric of R3.

(b) Compute the Christoffel symbols for the Levi-Civita connec-
tion in these coordinates.

(c) Show that the equator is the image of a geodesic.

(d) Show that any rotation about an axis through the origin in R?
induces an isometry of S2.

(e) Show that the geodesics of S? traverse great circles.

(f) Find a geodesic triangle (i.e. a triangle whose sides are im-
ages of geodesics) whose internal angles add up to 37”

(g) Let c: R — S? be given by c(t) = (sin 6 cos t, sin g sin t, cos fg),
where 6y € (0,%) (therefore c is not a geodesic). Let V' be a
vector field parallel along ¢ such that V(0) = % (% is well
defined at (sinfp,0,cosfy) by continuity). Compute the an-
gle by which V is rotated when it returns to the initial point.
(Remark: The angle you have computed is exactly the angle by which the os-

cillation plane of the Foucault pendulum - which is just any sufficiently long

2
tries to remain fixed with respect to the stars in a rotating Earth).
(h) Use this result to prove that no open set U C S? is isometric
to an open set W C R? with the Euclidean metric.from Tue
31
(i) Given a geodesic ¢ : R — R? of R? with the Euclidean metric
and a point p ¢ c(R), there exists a unique geodesic & : R — R?
(up to reparameterization) such that p € ¢R) and ¢(R) N
é(R) = o (parallel postulate). Is this true in S2?
(5) Let H be the group of proper affine transformations of R, that is,
the group of functions h : R — R of the form

and heavy pendulum - rotates during a day in a place at latitude 0o, as it

h(t) =yt+ =

with y > 0 and = € R (the group operation being composition).
Taking (z,y) € R x R as global coordinates, we induce a differen-
tiable structure in H, and H, with this differentiable structure, is
a Lie group (cf. Exercise 7.17.3 in Chapter 1).
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(a) Determine the left-invariant metric induced by the Euclidean
inner product

g=dr®dr+dy @ dy

in b = T(O,I)H (Cf Exercise 1104) (Remark: H endowed with this
metric is called the hyperbolic plane).

(b) Compute the Christoffel symbols of the Levi-Civita connection
in the coordinates (z,y).

(c) Show that the curves a, f : R — H given in these coordinates
by

a(t) = (0,e")

B(t) = (tanht, L)

cosht

are geodesics. What are the sets a(R) and G(R)?

(d) Determine all images of geodesics.

(e) Show that, given two points p,q € H, there exists a unique
geodesic through them (up to reparameterization).

(f) Give examples of connected Riemannian manifolds contain-
ing two points through which there are (i) infinitely many
geodesics (up to reparameterization); (ii) no geodesics.

(g) Show that no open set U C H is isometric to an open set V' C
R? with the Euclidean metric. (Hint: Show that in any neighborhood
of any point p € H there is always a geodesic quadrilateral whose internal angles
add up to less than 27r).

(h) Does the parallel postulate hold in the hyperbolic plane?

(6) Let (M,(-,-)) be a Riemannian manifold with Levi-Civita connec-
tion V, and let (N, ((-,-))) be a submanifold with the induced met-
ric and Levi-Civita connection V.

(a) Show that
VXY = (V X?)T
for all X, Y € X(N), where X.,Y are any extensions of X,Y
to X(M) and " : TM|y — TN is the orthogonal projection.

(b) Use this result to indicate curves that are, and curves that are

not, geodesics of the following surfaces in R3:
(i) the sphere S?;
(ii) the torus of revolution;
(iii) the surface of a cone;
(iv) a general surface of revolution.

(c) Show that if two surfaces in R? are tangent along a curve,
then the parallel transport of vectors along this curve in both
surfaces coincides.

(d) Use this result to compute the angle Af by which a vector
V' is rotated when it is parallel transported along a circle on
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the sphere (Hint: Consider the cone which is tangent to the sphere along
the circle (cf. Figure 1); notice that the cone minus a ray through the vertex is

isometric to an open set of the Euclidean plane).

Ad

Vo

F1GURE 1. Parallel transport along a circle on the sphere.

Let (M, g) be a Riemannian manifold with Levi-Civita connection
V. Show that g is parallel along any curve, i.e., show that

ng:O

for all X € X(M) (cf. Exercise 2.6.3).

Let (M, g) be a Riemannian manifold with Levi-Civita connection
V, and let ¢y : M — M be a l-parameter group of isometries. The
vector field X € X(M) defined by

d
Xp = altzo%(p)

is called the Killing vector field associated to ;. Show that:

(a) Lxg =0 (cf. Exercise 2.8.3);

(b) X satisfies (VyX,Z) + (VzX,Y) = 0 for all vector fields
Y,Z € X(M);

(c) if ¢: I — M is a geodesic then (é(t), X, ) is constant.
Recall that if M is an oriented differential manifold with volume
element w € Q"(M), the divergence of X is the function div(X)
such that

Lxw = (div(X))w
(cf. Exercise 6.4.5 in Chapter 2). Suppose that M has a Riemannian
structure and w is a Riemannian volume element.
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(a) Show that this definition of divergence coincides with the def-
inition in Exercise 1.10.7.
(b) Show that at each point p € M,

n
div(X) =) (Vv X, Y)),
i=1
where {Y7,...,Y,} is an orthonormal basis of T,M and V is
the Levi-Civita connection.

(10) Let M be an oriented Riemannian manifold of dimension 3. The
curl of a vector field X € X(M) is the vector field curl(X) as-
sociated to the 1-form xdwy, where wxy € QY(M) is the 1-form
associated to X (cf. Exercise 1.10.7). Show that:

(a) curl(grad(f)) =0 for f € C*(M,R);

(b) div(curl(X)) =0 for X € X(M);

(c) cwrl(X) = 323 cije (Vy, X, Yi) Vi, where {¥1,Y3,Y3} is a
positive basis of orthonormal vector fields, X = """ | X iy;
and €;;, was defined on Exercise 3.3.2.

4. Minimizing Properties of Geodesics

Let M be a differentiable manifold with an affine connection V. As we
saw in Section 2, given a point p € M and a tangent vector v € T),M, there
exists a unique geodesic ¢, : I — M, defined on a maximal open interval
I C R, such that 0 € I, ¢,(0) = p and ¢,(0) = v. Consider now the curve
v :J — M defined by v(t) = ¢,(at), where a € R and J is the inverse image
of I by the map ¢ — at. We have

A(t) = acéy(at),
and consequently
Vi = Ve, (aéy) = a®Ve, é, = 0.

Thus ~ is also a geodesic. Since 7(0) = ¢,(0) = p and §(0) = acé,(0) = av,
we see that 7 is the unique geodesic with initial velocity av € T,M (that
is, 7 = ¢cqv). Therefore, we have cq,(t) = ¢, (at) for all ¢t € I. This property
is sometimes referred to as the homogeneity of geodesics. Notice that we
can make the interval J arbitrarily large by making a sufficiently small. If
1 € I, we define exp,(v) = ¢,(1). By homogeneity of geodesics, we can
define exp,(v) for v in some open neighborhood U of the origin in 7, M.
The map exp, : U C T)M — M thus obtained is called the exponential
map at p.

PROPOSITION 4.1. There exists an open set U C T,M containing the
origin such that exp, : U — M is a diffeomorphism onto some open set
V C M containing p (called a normal neighborhood).
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exp,(v)

FIGURE 2. The exponential map.

PRrOOF. The exponential map is clearly differentiable as a consequence
of the smooth dependence of the solution of an ODE on its initial data
(cf. [Arn92]). If v € T,M is such that exp,(v) is defined, we have, by

homogeneity, that exp,(tv) = ¢ (1) = ¢y (t). Consequently,

d d
(depr)O v= E epr(t'U)‘t:O = acv(t)\tzo =v.

We conclude that (d expp)0 :To(Tp,M) = T,M — T,M is the identity map.
By the Inverse Function Theorem, exp,, is then a diffeomorphism of some
open neighbourhood U of 0 € T,M onto some open set V C M containing

p = exp,(0). O

ExAMPLE 4.2. Consider the Levi-Civita connection in S? with the stan-
dard metric, and let p € S?. Then exp,(v) is well defined for all v € 1,52,
but it is not a diffeomorphism, as it is clearly not injective. However, its
restriction to the open ball B;(0) C 7,52 is a diffeomorphism onto S?\{—p}.

Now let (M, (-,-)) be a Riemannian manifold and V its Levi-Civita con-
nection. Since (-,-) defines an inner product in T, M, we can think of T,M
as the Euclidean n-space R™. Let E be the vector field defined on T,,M \ {0}
by

v

By=—
Sl
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and define X = (exp,)«E on V' \ {p}, where V' C M is a normal neighbor-
hood. We have

d v
Xepr(U) = (dexpp)v E,=— exp,, <v + t—>
t=0

dt o]
d ( t > 1 .
= —C 1 —|— ra— = —C (1)
dt ™ Il /ol
Since [|é,(1)]| = [|é,(0)]] = [lv[l, we see that Xey, () is the unit tangent
vector to the geodesic ¢,. In particular, X must satisfy
VxX =0.

For € > 0 such that B.(0) C U := exp,*(V), we define the normal ball
with center p and radius ¢ as the open set B.(p) := exp,(B:(0)), and
the normal sphere of radius € centered at p as the compact submani-
fold S.(p) := exp,(0B:(0)). We will now prove that X is (and hence the
geodesics through p are) orthogonal to normal spheres. For that, we choose
a local parameterization ¢ : W ¢ R*1 — §7~1 ¢ T,M, and use it to define
a parameterization ¢ : (0,4+o00) x W — T, M through

G(r, 0L, ..., 0" =rp(6, ..., 0"
(hence (r,0%,...,0" ) are spherical coordinates on T,M). Notice that
0

Z _E
or ’

and consequently

1 X = 0

( 0) - (expp)*a-

Since % is tangent to {r = €}, the vector fields

11 Y, = g

( ) i (expp)*w

are tangent to S:(p). Notice also that H 3?91' = ge; =r 8%% is propor-

tional to r, and consequently % — 0 as r — 0, implying that (Y;); — 0 as

q — p. Since exp,, is a local diffeomorphism, the vector fields X and Y; are
linearly independent at each point. Also,

0 0 o 0
X% = | (exp,)e o (exp,,n@] — (expy) [a— ﬁ} 0

(cf. Exercise 6.11.8 in Chapter 1), or, since the Levi-Civita connection is
symmetric,

VxY;, = Vy, X.
To prove that X is orthogonal to the normal spheres S.(p), we show that
X is orthogonal to each of the vector fields Y;. In fact, since VxX = 0 and
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| X|| = 1, we have

X (X,¥) = (Vx XY + (X,Vx¥) = (X.9%.X) =¥+ (506,20 =0,

and hence (X,Y;) is constant along each geodesic through p. Consequently,
<X7 }/;>(6pr ?}) = <Xexpp(v)7 (}/;)expp(v)> - %I_I)% <Xexpp(tv)7 (E)expp(tv)> =0
(as [|X|| =1and (Y;)g — 0 as ¢ — p).
PROPOSITION 4.3. Let v : [0,1] — M be a differentiable curve such that

v(0) = p and y(1) € Sz(p), where S:(p) is a normal sphere. Then l(7y) > ¢,
and () = € if and only if v is a reparameterized geodesic.

PROOF. We can assume that y(t) # p for all ¢ € (0,1), since otherwise
we could easily construct a curve 4 : [0,1] — M with 5(0) = p, 5(1) =
v(1) € Se(p) and I(¥) < I(y). For the same reason, we can assume that
7([0,1)) € Be(p). Let

(t) = exp,(r(t)n(t)),
where 7(t) € (0,¢] and n(t) € S~ ! are well defined for t € (0,1]. Note that
r(t) can be extended to [0, 1] as a smooth function. We have
Y(t) = (expp)« (F()n(t) + r(t)a(t)) -
Since (n(t),n(t)) = 1, we have (n(t),n(t)) = 0, and consequently n(t) is
tangent to 0B,.;)(0). Noticing that n(t) = (%)r(t)n(t)’ we conclude that
V() = 7(0) Xy + Y (D),

where Y (t) = r(t)(exp,).n(t) is tangent to S, (p), and hence orthogonal
to X, ;). Consequently,

N|—

1
I(y) = /0 (F) Xy + Y (1),7(6) Xy + Y (1)) dt
1

= [ Ger + iyl o
> /01 #(t)dt = (1) — 1(0) = .

It should be clear that I(y) = ¢ if and only if |Y'(¢)|| = 0 and 7(¢) > 0
for all ¢t € [0,1]. In this case, n(t) = 0 (implying that n is constant), and
Y(t) = exp,(r(t)n) = cypyn(1) = ca(r(t)) is, up to reparameterization, the
geodesic through p with initial condition n € T, M. O

DEFINITION 4.4. A piecewise differentiable curve is a continuous
map c : [a,b] — M such that the restriction of ¢ to [t;—1,t;] is differentiable
fori=1,...,n, where a =tg <t; < ... <t,_1 <t, =0 We say that c
connects p € M to g € M if c(a) = p and ¢(b) = q.
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The definition of length of a piecewise differentiable curve offers no
difficulties. It should also be clear that Proposition 4.3 easily extends to
piecewise differentiable curves, if we now allow for piecewise differentiable
reparameterizations. Using this extended version of Proposition 4.3 as well
as the properties of the exponential map and the invariance of length under
reparameterization, one easily shows the following result.

THEOREM 4.5. Let (M, (-,-)) be a Riemannian manifold, p € M and
B:(p) a normal ball centered at p. Then, for each point q € B:(p), there
erists a geodesic ¢ : I — M connecting p to q. Moreover, if v :J — M is
any other piecewise differentiable curve connecting p to q, then l(vy) > l(c),
and l(y) = l(c) if and only if v is a reparameterization of c.

Conversely, we have

THEOREM 4.6. Let (M, (-,-)) be a Riemannian manifold and p,q € M.
If ¢ : I — M is a piecewise differentiable curve connecting p to q and
l(c) < I(y) for any piecewise differentiable curve v : J — M connecting p to
q then c is a reparameterized geodesic.

To prove this theorem, we need the following definition:

DEFINITION 4.7. A normal neighborhood V- C M 1is called a totally
normal neighborhood if there exists € > 0 such that V' C B(p) for all
peV.

We will now prove that totally normal neighborhoods always exist. To do

so, we recall that local coordinates (x!,...,2™) on M yield local coordinates

(xz',..., 2" o', ... ,v") on TM labeling the vector

D2 el
ozt ox™

The geodesic equations,

x—l—zrkaﬂj (t=1,...,n),

7,k=1

correspond to the system of first order ODE’s

' = )
{ i)i - _ Z?,k:1 F;kvjvk (Z = 1, . ,n).

These equations define the local flow of the vector field X € X(T'M) given
in local coordinates by

Z Fkv]

i,5,k=1

called the geodesic flow. As was seen in Chapter 1, for each point v € TM
there exists an open neighborhood W C T'M and an open interval I C R
containing 0 such that the local flow F': W x I — TM of X is well defined.
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In particular, for each point p € M we can choose an open neighborhood U
containing p and € > 0 such that the geodesic flow is well defined in W x [
with

W={veTyM|qeU,|v| <ce}

Using homogeneity of geodesics, we can make the interval I as large as we
want by making ¢ sufficiently small. Therefore, for ¢ small enough we can
define a map G : W — M x M by G(v) := (q,exp,(v)). Since exp,(0) = g,
the matrix representation of (dG)o in the above local coordinates is (f 9),
and hence G is a local diffeomorphism. Reducing U and ¢ if necessary, we
can therefore assume that G is a diffeomorphism onto its image G(W), which
contains the point (p,p) = G(0,). Choosing an open neighborhood V' of p
such that V xV C G(W), it is clear that V is a totally normal neighborhood:
for each point ¢ € V' we have {q} x exp,(B:(0)) = G(W) N ({¢} x M) D
{q} x V, that is, exp,(B:(0)) D V.

Notice that given any two points p, g in a totally normal neighborhood
V', there exists a geodesic ¢ : I — M connecting p to ¢ such that any
other piecewise differentiable curve v : J — M connecting p to ¢ satisfies
I(v) > I(c) (and I(y) = l(c) if and only if ~ is a reparameterization of c).
The proof of Theorem 4.6 is now an immediate consequence of the following
observation: if ¢ : I — M is a piecewise differentiable curve connecting p to
q such that I(c) < I(y) for any curve v : J — M connecting p to g, then ¢
must be a reparameterized geodesic in each totally normal neighborhood it
intersects.

EXERCISES 4.8.

(1) Let (M, g) be a Riemannian manifold and f : M — R a smooth
function. Show that if || grad(f)|| = 1 then the integral curves of
grad(f) are geodesics using:

(a) the definition of geodesic;
(b) the minimizing properties of geodesics.

(2) Let M be a Riemannian manifold and V the Levi-Civita connection
on M. Given p € M and a basis {v1,...,v,} for T,,M, we consider
the parameterization ¢ : U C R” — M given by

o(zt,. .. 2" = expp(mlm + ...+ 2"y,
(the local coordinates (x!, ..., 2") are called normal coordinates).
Show that:

(a) in these coordinates, F;k(p) =0 (Hint: Consider the geodesic equa-
tion);
(b) if {v1,...,v,} is an orthonormal basis then g;;(p) = d;;.
(3) Let G be a Lie group endowed with a bi-invariant Riemannian
metric (i.e., such that L, and R, are isometries for all g € G), and
let i : G — G be the diffeomorphism defined by i(g) = g~
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(a) Compute (di). and show that
(di)g = (dRy), (di)e (dLy-1),

for all g € G. Conclude that ¢ is an isometry.

(b) Let v € g = T.G and ¢, be the geodesic satisfying ¢,(0) =
e and ¢,(0) = v. Show that if ¢ is sufficiently small then
co(—t) = (cp(t))~!. Conclude that ¢, is defined in R and
satisfies ¢, (t + s) = ¢y(t)cy(s) for all t,s € R (Hint: Recall that
any two points in a totally normal neighborhood are connected by a unique
geodesic in that neighbourhood).

(c) Show that the geodesics of G are the integral curves of left-
invariant vector fields, and that the maps exp (in the Lie
group) and exp, (in the Riemannian manifold) coincide.

(d) Let V be the Levi-Civita connection of the bi-invariant metric
and X,Y two left-invariant vector fields. Show that

VxY = Z[X,Y].

1

2

(4) Use Theorem 4.6 to prove that if f : M — N is an isometry and
c¢: I — M is a geodesic then foc: I — N is also a geodesic.

(5) Let f : M — M be an isometry whose set of fixed points is a
connected 1-dimensional submanifold N C M. Show that IV is the
image of a geodesic.

(6) Let (M, (-,-)) be a Riemannian manifold whose geodesics can be
extended for all values of their parameters, and let p € M.

(a) Let X and Y; be the vector fields defined on a normal ball
centered at p as in (10) and (11). Show that Y; satisfies the
Jacobi equation

VyVxY; = R(X,Y)X,
where R : X(M) x X(M) x X(M) — X(M), defined by
R(X,Y)Z =VxVyZ - VyVxZ - Vix 2,

is called the curvature operator(cf. Chapter 4). (Remark: It
can be shown that (R(X,Y)Z), depends only on Xp,Y), Zp).

(b) Consider a geodesic ¢ : R — M parameterized by the arclength
such that ¢(0) = p. A vector field Y along ¢ is called a Jacobi
field if it satisfies the Jacobi equation along c,

D%y ) )
W = R(C, Y) C.
Show that Y is a Jacobi field with Y (0) = 0 if and only if

Y(t)= % exp,,(tv(s))

with v : (—e,e) — T, M satisfying v(0) = ¢(0).

‘S:O
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(¢) A point ¢ € M is said to be conjugate to p if it is a critical
value of exp,. Show that ¢ is conjugate to p if and only if
there exists a nonvanishing Jacobi field Y along a geodesic ¢
connecting p = ¢(0) to ¢ = ¢(b) such that Y(0) = Y (b) = 0.
Conclude that if ¢ is conjugate to p then p is conjugate to q.

(d) The manifold M is said to have nonpositive curvature if
(R(X,Y)X,Y) >0 for all X,Y € X(M). Show that for such
a manifold no two points are conjugate.

(e) Given a geodesic ¢ : I — M parameterized by the arclength
such that ¢(0) = p, let ¢. be the supremum of the set of values
of t such that ¢ is the minimizing curve connecting p to c(t)
(hence t. > 0). The cut locus of p is defined to be the set of
all points of the form ¢(t.) for t, < +o00. Determine the cut
locus of a given point p € M when M is:

(i) the torus T™ with the standard metric.

(ii) the sphere S™ with the standard metric;

(iii) the projective space RP™ with the standard metric.
Check that any point in the cut locus is either conjugate to
p or joined to p by two geodesics with the same length but
different images.

5. Hopf-Rinow Theorem

Let (M, g) be a Riemannian manifold. The existence of totally normal
neighborhoods implies that it is always possible to connect two sufficiently
close points p,q € M by a minimizing geodesic. We now address the same
question globally.

EXAMPLE 5.1.

(1) Given two distinct points p,q € R™ there exists a unique (up to
reparameterization) geodesic for the Euclidean metric connecting
them.

(2) Given two distinct points p, ¢ € S™ there exist at least two geodesics
for the standard metric connecting them which are not reparame-
terizations of each other.

(3) If p # 0 then there exists no geodesic for the Euclidean metric in
R™\ {0} connecting p to —p.

In many cases (for example in R™ \ {0}) there exist geodesics which
cannot be extended for all values of its parameter. In other words, expp(v)
is not defined for all v € T}, M.

DEFINITION 5.2. A Riemannian manifold (M, (-,-)) is said to be geodesi-
cally complete if, for every point p € M, the map exp,, is defined in T, M.

There exists another notion of completeness of a connected Riemannian
manifold, coming from the fact that any such manifold is naturally a metric
space.
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DEFINITION 5.3. Let (M, (-,-)) be a connected Riemannian manifold and
p,q € M. The distance between p and q is defined as

d(p,q) = inf{l(7y) | v is a piecewise differentiable curve connecting p to q}.

Notice that if there exists a minimizing geodesic ¢ connecting p to g then
d(p,q) = l(c). The function d : M x M — [0,4+00) is indeed a distance, as
stated in the following proposition (whose proof is left as an exercise).

PROPOSITION 5.4. (M,d) is a metric space, that is, d satisfies:
(i) Positivity: d(p,q) > 0 and d(p,q) = 0 if and only if p = q;
(it) Symmetry: d(p,q) = d(q,p);
(i4i) Triangle inequality: d(p,r) < d(p,q) + d(q,r),
for all p,q,r € M. The metric space topology induced on M coincides with
the topology of M as a differentiable manifold.

Therefore, we can discuss the completeness of M as a metric space (that
is, whether Cauchy sequences converge). The fact that completeness and
geodesic completeness are equivalent is the content of the following theorem.

THEOREM 5.5. (Hopf-Rinow) Let (M, (-,-)) be a connected Riemannian
manifold and p € M. The following assertions are equivalent:

(i) M s geodesically complete;

(ii) (M,d) is a complete metric space;

(iii) exp,, is defined in T, M.
Moreover, if (M,(-,-)) is geodesically complete then for all ¢ € M there
exists a geodesic ¢ connecting p to q with l(c) = d(p,q).

PROOF. It is clear that (i) = (di1).

We begin by showing that if (i7i) holds then for all ¢ € M there exists
a geodesic ¢ connecting p to ¢ with I(c) = d(p,q). Let d(p,q) = p. If
p = 0 then ¢ = p and there is nothing to prove. If p > 0, let € € (0, p) be
such that S¢(p) is a normal sphere (which is a compact submanifold of M).
The continuous functio