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Projeccoes poly Bergman e operadores de
Calderon-Zygmund

Resumo

Ir-se-a discorrer acerca igualdades explicitas entre projec¢cdes do tipo Bergman e operadores na algebra-x
gerada por o operador de Calderon-Zygmund S. As mencionadas igualdades permitirdo decompor o espago
das fungdes de quadrado Lebesgue integravel em espacos ortogonais de fun¢des de tipo analitico (ou
anti-analitico). Os operadores de Calderon-Zygmund S e S* desempenham o papel de operadores unitérios
entre os espagos de fun¢des de tipo analitico envolvidos.

Igualdades entre projec¢des de tipo Bergman e operadores na algebra de operadores integrais singulares,
encontram-se dependentes da regularidade da fronteira do dominio considerado. A referida dependéncia
encontrasse afastada do entendimento actual. Apresentaremos exemplos de dominios que ndo admitem
férmulas de Dzhuraev, exemplificamos como a variagdo interior do dominio permite deduzir novos
resultados, estabelecemos explicitas igualdades entre operadores integrais singulares e projec¢des
deBergman em sectores mensurdveis com o semi-plano e mostramos que o semi-plano é o tnico sector que
admite formulas de Dzhuraev. Simples observacdes permitirdo estabelecer resultados cldssicos tanto
quanto demonstracdes elementares das férmulas de Dzhuraev em semi-espacos.
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Espacos poly Bergman .AJ?(U) ,j € DLy

@ U C C open connected set ; dA(z) = dxdy area measure

1/0 .0 1/0 .0

Definition (Poly and anti-poly Bergman spaces)
f e A2(V)if f € L?(U,dA), fis smooth and

&f =0 and 0Y'f =0, respectively if j € Z, and j € Z._

@ f is j-analytic and |j|-anti-analytic function if is smooth and satisfies
(1.1) respectively if j € Z, and j € Z_
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Poly Bergman spaces A%(U),j € Z+

® A?(U) are reproducing kernel Hilbert spaces. Indeed

D(z.4,)) fd 2y zeU.

j
@< A4

o A;j(U):=A_j(U), jeZ, is also used (N. Vasilevski notation)

Definition (Poly Bergman kernels and projections)

Ki(z,w), j € Z is the j-Poly Bergman reproducing kernel for U, i.e.
the unique function such that ky ,(w) := Kj(z, w) and

f(z) = (f kuz) , f€EAFU),jE€EZs,z€ U.

By, is the orthogonal projections from L* (U, d A) onto A? (U)

Y uTL
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Poly Bergman kernels and projections

@ By j is an integral operator with kernel given by Ky j, j € Z4, i.e.

Busf(2) = [ Koz w)f(w)dA(z) £ € L2(U,dA) . € 2.
U

@ Koshelev formula for poly Bergman kernel of unit disk [B, 91]

)

>y 1) cith= 20—k 2(k—1
S (G T W PO 2 - WP
i

Kp, = .
> (1-wz)?

With ci:ﬁ,jem
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Dzhuraev formulas

@ The Calderon-Zygmund operators

Suf(z) = 1W'/ w—z)_f(w) S dA(w)

W=z |w— 2]
Dy j = SUﬂSUJ

a.jezi

@ In [D, 92] we find that if U is finite multi connected, U with C2
boundary then we have the Dzhuraev formulas

Byj = Duj+Tu,; Suj = (SpY .
) and . ,JEZL, .
(Tu; € K,j€eZy) Su—j = S

@ Boundary with Holder condition on derivative it is sufficient [KP, 08]
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Easy violation of Dzhuraev formulas

@ Suppose U is bounded domain admitting Dzhuraev formulas

@ Consider z € U, I, a half-Straight line outgoing from z and the
slitted domains Uy, := U\/,

Proposition ([KP, 08])

U, does not admit Dzhuraev formulas

(Idea for a possible proof:)
Dy,j=Duj=Buj+ Tuj, Tu; €K, j€Zy

@ It is sufficient to prove that Lj := By j — By, j ¢ K

@ gy = L;f are linearly independent functions in Im L;, being

fw)=(w—8"* ke, cclz
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Explicit Dzhuraev formulas

clspan {zMz*: k=10,--,j —1; mEN}:AJZ(D),jEZ+

Proposition ([KP, 08])

) (S5 W) (z) = kg Z<Izmtl 4 MOk} ko2

ii) B]D)J =/- SD,—jSD,—j v J €Ly

iii) 5]1)7_1' = Sﬁ) ,J €Z, and S]D)J = (5]5)/

Nj « := span {ZIESZ/:0,..,,_/—1;5:0,‘..71(—1} , dimN; x = jk

Proposition ([KP, 08])

Bp,iBpk = Pn;
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Unitary operators between analytical type spaces

k= {)\E"_l A E (C} and Zk = {)\zkfl A E C}
The density of polynomials p(z,Zz) of degree j — 1 in Z, are important for

Proposition ([KP, 08])

The following applications are isometric isomorphisms

Sp : A%k+1)( ) — Afk el , Sp: A%k)(D) O Lk — Aka)(D)
SiE A2 y(D) & L — ,zl(k+1 (D) , So:Afiy(D) = Afy(D) © Lk

In addition,

Sp o A%(D) = {0} , Sp: A% (D) — {0}

The following <nice> equalities are important for the proof

éDB]D),(k)g = k(g , 2Nz By Bp We="%(g, Zk71>2k71

k—1
(g, 2" = %gfk—%(o) ; (B]D)B]D) )(z2) =2 [, f(

uTL
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Decomposition of L%(ID) in analytical type spaces

Proposition ([KP, 08])
If U is non empty bounded domain, then
oo oo
L(U)= @D Afy(U)= @ A ()
k=1 k=1
s-limpoo Dun =1, slimpoo Dyp=1.

From the unitary actions of Sp and S}, on poly Bergman spaces

12(D) = §0 Sk (A2(D)) = §0 (S5) (A2(D)).

Later we will remark some differences with half spaces
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Inside approximation of analytical type projections

Definition (Inner exhaustive sequence)

Let U C C be a domain.{U,}nen is a Inner exhaustive sequence for U if

U, C Un+1 cu ; Unen U, =U,;

Theorem (Inside aproximation [P, 08])

Bnj, Knj(z,w), Bj, Ki(z,w) the j-Poly Bergman projection and
reproducing kernels respectively for U, and U. Then

@ Bj=s-lim,xuBnjxu;

o limp, |Ixu, kmj,z — kJ,ZHLZ(U) = 0, uniformly for z within U.

o limy, ||Kmj(z, w) — Kj(z, W)||Loo(leF2) =0, F, > C U compact;
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Inside approximation of analytical type projections

@ The proof is valid in more general reproducing kernel Hilbert spaces with
analytical type structure, for instance in reproducing Hilbert spaces of Modules

of the poly analytic type

@ Some History:

e Bergman, Schiffer In case of domains bounded by smooth
boundaries, they had investigated variation of Kernel functions with
variation of domains

e Burbea made use of such kind result - 1980. A result in the
Bergman case, and with the domains evolved having analytical
boundaries - Riemann Surface methods - Vitranen; Sario
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Inside approximation of analytical type projections

Some easy consequences:
@ Because lim, .o Kp(in,n).j(2, W) = Kn j(z,w), then

Theorem (Kernel Function of upper half plane [P, 08]

. —\j—k
J k4j—1 ~j ~jtk— 1(w —2) (k—1)
Knj(z,w) = =) (-1)""7 GG — — |z —w|
@ kz:; (w—zy"
Kn_j(z,w) = izj:(_l)kJrjfleCjJrk 1(Z—W)j7k 1z — W|2(k71)
n,—j(Z, 7 2 kS (z— W)j+k
@ Because Bn; = s-lim Bpin, n),j = s-lim Dp(in,n),; = Dn; then

Theorem (Dzhuraev formulas for upper half plane [P, 08, RS, 03])

Bnj = I—Sh(SyY =1-5n_;Sn;

Y ,JEL
Bn,- I = (SpYSh=1-5n;Sn,- -
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Inside approximation of analytical type projections

@ Properties of Calderon-Zygmund operators S;, j € Z

S; = slimSypj =slim () = (S*Y
| — SS*

s-lim (I, — S S;p) = s-lim Byp = Bej =0
n n

If So = I, then the application

Z>j—S; s additive group homomorphism

@ Such properties of Calderon-Zygmund operators are classical
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Inside approximation of analytical type projections

@ Orthogonality of poly and anti-poly Bergman spaces on T1

Theorem ([V, 99, P, 08])

BI'I,jBI'I,fk =0 for _j, keZy.

Idea for simple proof based on inside approximation
Consider W,,, with ¢, : D — D(in,n) , @u(z) = nz+in

Invariance for dilations and translations gives that
. — H * . — H *
BH,JBH,—k = s-lim WganBD»JBD—k an = s-lim WgonPNj,k an

Because w-lim,_,oc W,,, =0 and Py;, € K we get Bn jBn,—x =0

|‘B|'|7J'Br|7_kf|| = s-lim || W*"PNJk anf | = s-lim ||P/ij Wsp"f | =0.

@ Dzhuraev formulas and orthogonality is the essential to achieve the
unitary action of Calderon-Zygmund on Bergman kind spaces. =
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Decomposition of L%() in analytical type spaces and

unitary character of Calderon-Zygmund operators

Theorem ([KP, 07, V, 99, V, 06])
The following applications
St : Ay () = ALg(M) S = ARy (M) = AT 1y (M)
S Afk)(l'l) — A(Hl)(l'l) , Sn: A k+1)( ) — Afk)(l'l)
are isometric isomorphisms. In addition,
St Afy(M) = {0}, Sn: Afyy(N) — {0}
We also have the following decomposition

12(N) = kéo Sk (A2(M) @ (St (A2(M)).

k=0

Compare with the unit disk case.Vasilevski had published a second proof
[V, 06] for the first part of theorem and a first proof for the second
part[V, 99].
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Dzhuraev type formulas on sectors

For sectors M, := {z : Imz™ > 0}, m = 2,--- mensurable with = we
have

Theorem ([KP, 08])
Bn, = 1—(Sn,+Rn,)(Sn, + Rn,)"

Bn, = I—(Sn,+Rn,)" (Sn, + Rn,)
being ¢ := e'™/™ W, f(z) = emf(emz) and

m—1
R = xn,W2*Sxn, I, k=1,---,m—1 and Rn, = Z R -
k=1
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Dzhuraev type formulas on sectors

Consider argz € [ 0,27 [ and
I'If):{z:gp<argz<gz5},I'I¢::I'I§,0§ga<¢<27r
° Bﬂi,j = Dﬂf;,j—i_Kl'lﬁ,j = Kﬂﬁ,j =0,j€Z,.

(Simple proof) Let V, be the dilatation operators.

Then w-lim;_,o V. =0 and Bys ;, D¢ . commute with V. Thus
n4p7J rlgav./

‘—>0

@

] i

@ In the general setting of Hilbert spaces we have

Proposition

Let ‘H be a Hilbert space, A C H a non trivial closed subspace and B the
orthogonal projection of H onto A. If S € B(H) and D := | — S5* is

such that ImnD C A then B=D iff S*f =0, f € A. m
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Dzhuraev type formulas on sectors

Having in attention
@ Vékua Derivation Formulas
0zSuf(z) = 0,f(z) , 0,54f(z)=0:f(z),z€ U.

@ and that ' '
SDJ' = SEJ and SD’fj = SJD ,j € Z+

@ we achieve for general domain U that
Im Dy C AX(V), j € Zs.

@ Thus g admit j-Dzhuraev formulas iff
S, (A7 (Ny)) = {0}
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Dzhuraev type formulas on sectors

It will be important to consider special dense set of Bergman spaces

Suppose that 0 < ¢ < 2. There exists 0 > 0 and a set Ay with dense
span in the space A?(Iy) such that

Ay C C=(My); f(z) = O (z*<1+5>) 2zl = 400, z€Ty ,f ey,

@ Suppose j € Z. Having in attention Green formulas
1

2 f(W)dW:/Uan(W)dA(W), fe CcHU),

@ if lp ={re® : r > 0}, § € R we obtain for function in A, that

f d fehy, JEZ
2‘/71_1//(15 / —Z)J (W) w, € ¢a./€ +

go

quf
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Dzhuraev type formulas on sectors

Having in attention that if z is a non isolated zero of the non zero
J-analytical or |j|-anti-analytical function f, then in a sufficiently
small neighborhood of z € U, the zero set of f is the union of not
more than 2|j| — 2 OSCAR's outgoing from point z [B, 91] and

Gathering all results with some analysis one achieve that

Theorem ([P, 08])

My, 0 < ¢ < 2w admit j-Dzhuraev formulas, j € Z4 iff ¢ = 7.
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