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Definitions Disks and half spaces The complement of a disk

Poly Bergman spaces on domains Möbius equivalent to a disk
Abstract

Let U be a complex domain, which is the image of a disk by a Möbius
transformation and let j be a non zero integer. The talk will focusses on
explicit representation of the poly-Bergman projection of order j in terms
of the canonical two-dimensional singular integral operators SU,j . One
also discuss how the Lebesgue space L2(U, dA) decompose on the true
poly-Bergman spaces, where dA is the element of Lebesgue area
measure. The poly-Bergman kernels of U are explicitly calculated.
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Definitions Disks and half spaces The complement of a disk

Poly Bergman spaces A2
j (U), j ∈ Z±

U ⊂ C open connected set ; dA(z) = dxdy area measure

∂z :=
1

2

(
∂

∂x
+ i

∂

∂y

)
, ∂z :=

1

2

(
∂

∂x
− i

∂

∂y

)
(1.1)

Definition (Poly and anti-poly Bergman spaces)

f ∈ A2
j (U) if f ∈ L2 (U, dA) , f is smooth and

∂jz f = 0 and ∂−jz f = 0 , respectively if j ∈ Z+ and j ∈ Z−

f is j-analytic function if is smooth and satisfies (1.1) respectively if
j ∈ Z+ and j ∈ Z−
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Poly Bergman spaces

A2
j (U) are reproducing kernel Hilbert spaces. Indeed [Kos-77]∣∣f (z)

∣∣ ≤ j√
π(1− |z |2)

∥∥f ∥∥, f ∈ A2
j (D)

j ∈ Z+
, (z ∈ D)

If dz := dist(z ; ∂U) then for every j ∈ Z±, it follows straightforward that∣∣f (z)
∣∣ ≤ |j |√

π dz

∥∥f ∥∥
L2(D(z,dz ))

≤ |j |√
π dz

∥∥f ∥∥
L2(U)

, z ∈ U, f ∈ A2
j (U)

Definition (Poly Bergman kernels and projections)

KU,j(z ,w) , j ∈ Z± is the j-Poly Bergman reproducing kernel for U, i.e.
the unique function such that KU,j(z ,w) := kU,j,z(w) and

f (z) = 〈f , kU,z〉 ; f ∈ A2
j (U) , j ∈ Z± , z ∈ U .

BU,j is the orthogonal projections from L2 (U, dA) onto A2
j (U).
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Poly Bergman kernels and projections

BU,j is an integral operator with kernel given by KU,j , j ∈ Z±, i.e.

BU,j f (z) =

∫
U

KU,j(z ,w)f (w)dA(w) ; f ∈ L2(U, dA) , j ∈ Z±

Koshelev formula for poly the Bergman kernel of unit disk [Kos-77]

KD,j =
j

π

∑j
k=1(−1)k−1C j

kC
j+k−1
j |1− wz |2(j−k) |z − w |2(k−1)

(1− wz)2j
,

With C j
k = j!

k!(j−k)! , j ∈ Z+.
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Dzhuraev’s Formulas

Two-dimensional Singular Integrals and Dzhuraev’s operators

SU,j f (z) =
(−1)j |j |

π

∫
U

(w − z)j−1

(w − z)j+1
f (w)dA(w)

PU,j = I − SU,−jSU,j

, j ∈ Z±

Likewise for all j ∈ Z+ we define

SU f (z) = SU,−1f (z) = − 1

π

∫
U

1

(w − z)2
f (w)dA(w)

DU,j = I − (SU)j(S∗U)j and DU,−j = I − (S∗U)j(SU)j

If U is bounded finitely multi connected, ∂U is smooth then [D-92]

BU,j − DU,j ∈ K and
SU,j − (S∗U)j ∈ K
SU,−j − (SU)j ∈ K

, j ∈ Z±.
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Variation of the domain

Definition (Inner exhaustive sequence [P-Submitted])

Let U ⊂ C be a domain. {Un}n∈N is a Inner exhaustive sequence for U if

Un ⊂ Un+1 ⊂ U ; ∪n∈N Un = U.

Theorem (Inner variation of the domain [P-Submitted])

If {Un}n∈N is a Inner exhaustive sequence for U then

BU,j = s-limn χUBUn,jχU ;

limm ‖χUmkUm,j,z − kU,j,z‖L2(U) = 0, uniformly for z within U;

limm ‖KUm,j(z ,w)− KU,j(z ,w)‖L∞(F1×F2) = 0, F1,F2 ⊂ U compact;
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Poly Bergman kernel function for Π

The variation of the domain permits to overcome the
non-conformal invariance of poly Bergman spaces

In particular, the kernel function KΠ,j is easily calculated:

Indeed, because limn→∞ KD(in,n),j(z ,w) = KΠ,j(z ,w), then

Theorem (Kernel Function of upper half plane [P-Submitted], see
also [V-99])

KΠ,j(z ,w) =
j

π

j∑
k=1

(−1)k+j−1C j
kC

j+k−1
j

(w − z)j−k

(w − z)j+k
|z − w |2(k−1)

KΠ,−j(z ,w) =
j

π

j∑
k=1

(−1)k+j−1C j
kC

j+k−1
j

(z − w)j−k

(z − w)j+k
|z − w |2(k−1)
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Explicit Dzhuraev´s formulas on the unit disk

cl span
{
zmzk : k = 0, · · · , j − 1 ; m ∈ N

}
= A2

j (D) , j ∈ Z+

Proposition ([KP-08])

i) (S∗D wmwk)(z) = k
m+1 zk−1zm+1 + min{0,m+1−k}

m+1 zk−m−2

ii) BD,j = I − SD,−jSD,−j , j ∈ Z±

iii) SD,−j = S j
D and SD,j = (S∗D)j , j ∈ Z+

Nj,k := span
{
z lz s : l = 0, . . . , j − 1; s = 0, . . . , k − 1

}
, dimNj,k = jk

Proposition ([KP-08])

B̃D,jBD,k = PNj,k
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Explicit Dzhuraev’s formulas on Π. Variation of the domain

BΠ,j = s-limBD(in,n),j = s-limDD(in,n),j = DΠ,j

Theorem (Dzhuraev formulas for Π [P-Submitted, RS-03, V-08])

BΠ,j = I − (SΠ)j(S∗Π)j = I − SΠ,−jSΠ,j

BΠ,−j = I − (S∗Π)j(SΠ)j = I − SΠ,jSΠ,−j
, j ∈ Z+

Theorem ([V-99, V-08, P-Submitted])

BΠ,jBΠ,−k = 0 for j , k ∈ Z+ .

Simple proof based on the variation of the domain

Consider Wϕn with ϕn : D→ D(in, n) , ϕn(z) = nz + in

Invariance for dilations and translations gives that
BΠ,jBΠ,−k = s-limW ∗

ϕn
BD,jBD,−kWϕn = s-limW ∗

ϕn
PNj,k

Wϕn

w-limn→∞Wϕn = 0 and PNj,k
∈ K imply that BΠ,jBΠ,−k = 0
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The complement of a disk

Let ϕ(z) := (az + b)/(cz + d) be a non constant Möbius map

ϕ(D) is either a disk, a half-space or the complement of a disk

We have considered the disk D := {z : |z | < 1} and the half-space
Π := {z : Im z > 0

Define Ω = {z : |z | > 1}

The guidelines for what follows will be

Exact Dzhuraev’s formulas for Ω;

The poly Bergman kernel for Ω.

Recall some examples of domains not admitting Dzhuraev’s formulas
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Violation of Dzhuraev’s formulas

Let U be bounded domain admitting Dzhuraev’s formulas

lz a half-Straight line outgoing from z ∈ U

Proposition ([KP-08])

U\lz does not admit Dzhuraev’s formulas.

Πφ is the sector {z : 0 < argz < φ} for 0 < φ ≤ 2π

Proposition ([P-Submitted])

Πφ admits Dzhuraev’s formulas iff φ = π.

Let U ⊂ C be in the following conditions

λU ⊂ νU if 1 ≤ λ ≤ ν and ∪λ≥1 λU = Πφ.

If U admits Dzhuraev’s formulas then φ = π.
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SIO and poly Bergman projections on some sectors

If Πm := {z : Imzm > 0}, m = 2, · · · then [KP-08]

BΠm = I − (SΠm + RΠm) (SΠm + RΠm)∗

B̃Πm = I − (SΠm + RΠm)∗ (SΠm + RΠm)

where Wεm f (z) := εmf (εmz) for εm := e iπ/m and

RΠm =
m−1∑
k=1

Rm,k and Rm,k = χΠmW
2k
εm SχΠm

Lúıs V. Pessoa Poly-Bergman spaces on domains Möbius equivalent to a disk
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Isomorphism with the punctured disk

Define νj(z) := (z/z)j and ϕ(z) = 1/z

W : L2(D)→ L2(Ω) , Wf (z) = f (ϕ(z))ϕ′(z)

The punctured domain Uξ = U\{ξ}

Proposition ([P-Submitted-2])

The following operator is an onto unitary operator

Vj : A2
j (D0)→ A2

j (Ω) , Vj = νj−1W .

Guidelines

To study the poly Bergman space of a punctured domain

To estimate the norm of every point evaluation of a derivative
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Point evaluations of derivatives

One has that [P-Submitted-2]

∂nz f (0) = 〈f , pn,j〉 , f ∈ A2
j (D) (n ∈ N)

where the polynomial pn,j(z , z) is given by the following recursive formula

pn,1 :=
(n + 1)!

π
zn

pn,j(z , z) := pn,1 − (n + 1)!

j−1∑
k=1

(SD)kpn+2k,j−k

(n + k + 1)!k!
; j = 2, · · ·

Observe that [KP-08](
SD wnwm

)
(z) =

m

n + 1
zn+1zm−1 +

min{0, n + 1−m}
m + 1

zm−n−2.

For derivatives in order to z we consider Vekua’s derivation formulas

∂zSU f = ∂z f , ∂zS
∗
U f = ∂z f f ∈ C∞(U) ∩ L2(U)
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Poly Bergman spaces on punctured domains

Proposition ([P-Submitted-2])

Let U ⊂ C be a domain and z ∈ U. For every k , n = 0, 1, · · ·

|∂nz ∂kz f (z)| ≤ M

dk+n+1
z

‖f ‖ , f ∈ A2
j (U) (j ∈ Z±),

where M is a positive constant only depending on n, k and j .

Proposition ([P-Submitted-2])

Let U ⊂ C be a bounded domain and ξ ∈ U. If j = 2, · · · then

A2
j (Uξ) = span

{
ψ,

(z − ξ)k

(z − ξ)l
: ψ ∈ A2

j (U); k = 1, · · · , j − 1; l = 1, · · · k
}
.

The Hilbert space A2
j (Uξ)	A2

j (U) has finite dimension |j |(|j | − 1)/2.

Lúıs V. Pessoa Poly-Bergman spaces on domains Möbius equivalent to a disk
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The Dzhuraev’s operator PΩ,j

Let ϕ : U → V be an analytic bijection, ϕ(z) = (az + b)/(cz + d)

Wϕ : L2(V )→ L2(U) , Wϕf (z) := f (ϕ(z))ϕ′(z)

Proposition (Möbius Change of Variable in SIO [P-Submitted-2])

WϕSV ,jW
∗
ϕ = cj+1SU,jcj−1, j ∈ Z±

where for every j ∈ Z the unitary functions cj are defined by the following

cj(z) :=
∆j

|∆|j

(
cz + d

cz + d

)j

, ∆ := ad − bc 6= 0.

Proposition (Dzhuraev’s formulas [P-Submitted-2])

VjBD,jV
∗
j = PΩ,j and BΩ,j = PΩ,j + Qj

Qj is the orthogonal projection of L2(Ω) onto the |j |(|j | − 1)/2
dimensional subspace A2

j (Ω)	 Vj(A2
j (D))
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Orthogonality between poly and anti-poly Bergman spaces

[KP-08]
cl span

{
zkz l : l = 0, · · · , j − 1; k = 0, 1, · · ·

}
= A2

j (D)

cl span
{
zkz l : l = 0, · · · , j − 1; k = 0, 1, · · ·

}
= A2

−j(D)
, j ∈ Z+

Because Vj(A2
j (D0)) = Aj(Ω) and A2

j (D0) = Aj(D)⊕ F̃j then

Proposition ([P-Submitted-2])

cl span

{
1

z2

z l

zk
: l = 0, · · · , j − 1; k = l , · · ·

}
= A2

j (Ω)

cl span

{
1

z2

z l

zk
: l = 0, · · · , j − 1; k = l , · · ·

}
= A2

−j(Ω)

, j ∈ Z+

Proposition ([P-Submitted-2])

Let j , k ∈ Z±. If jk < 0 then BΩ,jBΩ,k = 0.
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Singular integral operators and partial isometries

Sj = F−1(ξ/ξ)jF , j ∈ Z± (Mikhlin Symbol)

Proposition

The application Z 3 j → Sj is a group homomorphism (S0 := I )

PΩ,j = I − χΩS−j(1− χD)SjχΩ = (χDSjχΩ)∗(χDSjχΩ) , j ∈ Z±.

Recall: P : H1 → H2 is a partial isometry with initial space A ⊂ H if
KerP = A⊥ and P acts unitarily on A; ImP is its final space.

Proposition (Well known)

Let P : H1 → H2 be a bounded operator. The assertions are equivalent:

P is a partial isometry with initial space N and final space M;

P∗ is a partial isometry with initial space M and final space N;

P∗P and PP∗ are projections of H1 onto N and of H2 onto M.

Lúıs V. Pessoa Poly-Bergman spaces on domains Möbius equivalent to a disk
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Different Dzhuraev’s formulas
Definition

Pj(Ω) := ImPΩ,j = Vj

[
A2

j (D)
]
⊂ A2

j (Ω) , j ∈ Z±.

Proposition ([P-Submitted-2])

Pj(Ω) and A2
−j(D) are respectively the initial and final spaces of the

partial isometry χDSjχΩ;

A2
j (D) and P−j(Ω) are respectively the initial and final spaces of

the partial isometry χΩSjχD.

Proposition ([P-Submitted-2])

DΩ,j := I − (SΩ)j(S∗Ω)j is an orthogonal projection and ImDΩ,j ⊂ A2
j (Ω).

DΩ,jDΩ,k = DΩ,m , jk > 0 and DΩ,jDΩ,k = 0 , jk < 0

where m := sgn(j) min{|j |, |k |}.
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The Singular integral operators SΩ,j and (S∗Ω)j

The proof of the previous Proposition is technical and only depends on:

∂zSU f = ∂z f , ∂zS
∗
U f = ∂z f f ∈ C∞(U) ∩ L2(U)

orthogonality between poly and anti-poly Bergman spaces of Ω

the evident equality DΩ,j = DΩ,j−1 + (SΩ)j−1BΩ(S∗Ω)j−1

In what follows we relate the operators SΩ,j and (S∗Ω)j , for j ∈ Z+

SΩ,j = χΩS
∗Sj−1χΩ = χΩS

∗(χΩ+χD)Sj−1χΩ = S∗ΩSΩ,j−1+χΩS
∗χDSj−1χΩ.

For every j ∈ Z+ define the operator

Tj : L2(Ω)→ L2(Ω) , Tj = χΩS
∗χDSjχΩ.

Thus

SΩ,j = S∗ΩSΩ,j−1 + Tj−1 = · · · = (S∗Ω)j +

j−2∑
k=0

(S∗Ω)kTj−1−k .
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The Singular integral operators SΩ,j and (S∗Ω)j

Definition

Nj := A2(D)∩A2
−j(D), Xj := χΩS−jχD (Nj) , Yj := χΩS

∗χD (Nj) ; j ∈ Z+

Proposition ([P-Submitted-2])

Nj = span {z l : l = 0, 1, . . . , j − 1};

Xj and Yj are j-dimensional and Xj ⊂ A2
j (Ω) and Yj ⊂ Ã2(Ω);

Xj⊥Xk for every j , k ∈ Z+ such that j 6= k;

Tj is a partial isometry with initial space Xj and final space Yj .
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The Singular integral operators SΩ,j and (S∗Ω)j

Proposition ([P-Submitted-2])

(S∗Ω)k and (SΩ)k are partial isometries with initial spaces [Dk(Ω)]⊥ and
[D−k(Ω)]⊥ and final spaces [D−k(Ω)]⊥ and [Dk(Ω)]⊥, for k ∈ Z+.

Proposition ([P-Submitted-2])

(S∗Ω)kTn is a partial isometry with initial and final spaces respectively
given by Xn and (S∗Ω)k(Yn), for n, k = 0, · · · .

What about Lj :=
∑j−2

k=0(S∗Ω)kTj−1−k :=
∑j−2

k=0 Lj,k?

Definition

Define the true projections DΩ,(±1) := DΩ,±1 jointly with

DΩ,(j) := DΩ,j − DΩ,j−1 ; j = 2, · · ·
DΩ,(j) := DΩ,j − DΩ,j+1 ; −j = 2, · · ·

The true images D(j)(Ω) := ImDΩ,(j) , j ∈ Z±
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The Singular integral operators SΩ,j and (S∗Ω)j

Proposition ([P-Submitted-2])

Let j ∈ Z+. The operators

(SΩ)j : D(k)(Ω) → D(k+j)(Ω) ; k ∈ Z+

(SΩ)j : D(k)(Ω) → D(k+j)(Ω) ; k ∈ Z− , j < −k
jointly with the following ones

(S∗Ω)j : D(k)(Ω) → D(k−j)(Ω) ; k ∈ Z−
(S∗Ω)j : D(k)(Ω) → D(k−j)(Ω) ; k ∈ Z+ , j < k

are isometric isomorphisms. Furthermore

Ker (S∗Ω)j = Dj(Ω) ⊃ A2(Ω) and Ker (SΩ)j = D−j(Ω) ⊃ Ã2(Ω) .

Lj,k := (S∗Ω)kTj−1−k has initial and final spaces given by

Xj−1−k and (S∗Ω)k(Yj−1−k) ⊂ (S∗Ω)k(D−1)

initial and final spaces of Lj,k and of Lj,l are orthogonal (k 6= l)
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Different Dzhuraev’s operators

Proposition ([P-Submitted-2])

SΩ,j = (S∗Ω)j + Lj , where Lj :=
∑j−2

k=0 Lj,k is a partial isometry with initial
and final spaces having dimension j(j − 1)/2 and given by

j−2⊕
k=0

Xj−1−k and

j−2⊕
k=0

(S∗Ω)k(Yj−1−k).

SΩ,−jSΩ,j = (SΩ)j(S∗Ω)j + (SΩ)jLj + L∗j (S∗Ω)j + L∗j Lj .

From the action of (S∗Ω)k on D−1(Ω) we deduce

Im Lj =

j−2⊕
k=0

(S∗Ω)k(Yj−1−k) ⊂
j−2⊕
k=0

D(−k−1)(Ω)

= D−j+1(Ω) ⊂ D−j(Ω) ; j = 2, · · · .
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Different Dzhuraev’s formulas

Proposition ([P-Submitted-2])

DΩ,j = PΩ,j + Fj , j ∈ Z±
Fj is an orthogonal projection onto a |j |(|j | − 1)/2 dimensional space and

ImFj =

j−1⊕
k=1

Xk , j > 1 and ImFj =

|j|−1⊕
k=1

Xk , j < −1

Proposition ([P-Submitted-2])

If j ∈ Z± then the Dzhuraev’s formula BΩ,j = DΩ,j is valid.
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The Singular integral operators SΩ,j and (S∗Ω)j

Proposition ([P-Submitted-2])

Let j ∈ Z+. The operators

(SΩ)j : A2
(k)(Ω) → A2

(k+j)(Ω) ; k ∈ Z+

(SΩ)j : A2
(k)(Ω) → A2

(k+j)(Ω) ; k ∈ Z− , j < −k

jointly with the following ones

(S∗Ω)j : A2
(k)(Ω) → A2

(k−j)(Ω) ; k ∈ Z−
(S∗Ω)j : A2

(k)(Ω) → A2
(k−j)(Ω) ; k ∈ Z+ , j < k

are isometric isomorphisms. Furthermore

Ker (S∗Ω)j = A2
j (Ω) ⊃ A2(Ω) and Ker (SΩ)j = A2

−j(Ω) ⊃ Ã2(Ω) .
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Poly Bergman kernel function

VjBD0,jV
∗
j f (z) =

∫
Ω

z j−1

z j+1
KD0,j

(
1

w
,

1

z

)
w j−1

w j+1
f (w)dA(w) = BΩ,j f (z),

Thus

KΩ,j(z ,w) =
(zw)j−1

(zw)j+1
KD0,j

(
1

z
,

1

w

)
; z ,w ∈ Ω.

If {ϕj,k} is an orthonormal base for the space A2
j (D0)	A2

j (D) then

KΩ,j(z ,w) =
(zw)j−1

(zw)j+1
KD,j

(
1

z
,

1

w

)
+

(zw)j−1

(zw)j+1

∑
k

ϕj,k

(
1

z

)
ϕj,k

(
1

w

)

=
(zw)j−1

(zw)j+1
KD,j

(
1

z
,

1

w

)
+
∑
k

Vjϕj,k(z)Vjϕj,k(w)
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Thus {Vjϕj,k}k is an orthonormal base for the space

A2
j (Ω)	 Vj(A2

j (D)) =

j−1⊕
k=1

Xk ; j = 2, · · ·

Due to Xk := χΩS−kχD (Nk) we obtain an orthonormal base for Xk

ψk,l(z) = −zk

z l
F (−k , l ; 1; 1− |z |−2), l = 1, · · · , k

where F (−k , b; c ; z) is the (2, 1)-hypergeometric function given for
b, z ∈ C, c ∈ C \ {0,−1,−2, . . . ,−k + 1} and k = 0, 1, 2, . . . by

F (−k , b; c ; z) =
k∑

n=0

(−k)n(b)n
(c)nn!

zn.
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Proposition ([P-Submitted-2])

Let j ∈ Z+.The j-poly-Bergman kernel of Ω is given by

KΩ,j(z ,w) =
j

π

∑j
n=1(−1)n−1

(
j
n

)(
j+n−1

j

)
|1− wz |2(j−n)|z − w |2(n−1)

(1− wz)2j

+

j−1∑
k=1

k∑
l=1

k − l + 1

π

(zw)k

(zw)l
F (−k , l ; 1; 1− |z |−2)F (−k, l ; 1; 1− |w |−2)

Additionally, for every j ∈ Z± one has that

KΩ,j(z ,w) = KΩ,−j(w , z) ; z ,w ∈ Ω.
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Definitions Disks and half spaces The complement of a disk

For Further Reading

M. B. Balk,

Polyanalytic Functions.

Akademie Verlag, Berlin, 1991.

A. Dzhuraev,

Methods of Singular Integral Equations.

Longman Scientific Technical, 1992.

Yu. I. Karlovich and L. Pessoa, Algebras generated by Bergman and
anti-Bergman projections and by multiplications by piecewise
continuous coefficients. Integral Equations and Operator Theory 52
(2005), 219–270.

Yu. I. Karlovich and L. V. Pessoa, C∗-algebras of Bergman type
operators with piecewise continuous coefficients. Integral Equations
and Operator Theory 57 (2007), 521–565.
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