THE GEOMETRY OF 2-CALIBRATED MANIFOLDS

DAVID MARTINEZ TORRES

ABSTRACT. We define 2-calibrated structures, which are analogs of symplectic
structures in odd dimensions. We show the existence of differential topologi-
cal constructions compatible with the structure by developing an appropriate
approximately holomorphic geometry for 2-calibrated structures.
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1. INTRODUCTION AND STATEMENT OF RESULTS

In recent years there has been an enormous success in the study of symplectic

manifolds using approximately holomorphic methods. These methods -introduced

by S. Donaldson in 1996 [11]- amount to treating symplectic manifolds as genera-

lizations of Kéhler manifolds. To this end it is convenient to think of a symplectic
manifold -once a compatible almost complex structure J has been fixed- as a Kahler
manifold (P, J, Q) for which the integrability condition for J has been dropped.

Let M be any hypersurface of the Kéhler manifold (P,J,). M inherits on

the one hand a codimension one distribution D := JIT'M NTM endowed with an
integrable almost complex structure J: D — D (i.e. a CR structure of hypersur-

face type), and on the other hand a closed 2-form w := €3, which is no-where

1

degenerate when restricted to D. A 2-calibrated structure on M -together with a
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compatible almost complex structure- is the structure obtained when the integra-
bility assumption on J: D — D is dropped.

Let us assume that the CR distribution of the 2n + 1-dimensional CR manifold
(of hypersurface type) (M, D, J) is co-oriented (i.e the real line bundle TM/D is
trivial and a positive side has been chosen). The Levi-form is the symmetric tensor

L:DxD — TM/D
(u,v) — [U,JV]/ ~ ,

where U,V are local sections of D extending u,v € T, M, and we consider the class
of the above Lie bracket at « in the quotient real line bundle T'M /D, where we can
make sense of positive and negative values. We can distinguish several interesting
geometries according to the behavior of the Levi-form:

(1) If £ is strictly positive (resp. negative) we get a strictly pseudo-convex
(resp. pseudo-concave) CR structure. If we drop J what remains is a co-
oriented contact structure (these always carry almost complex structures
along the contact distribution).

(2) If £ = 0 then D integrates into a codimension one foliation whose leaves
inherit a Kéhler structure. If J is dropped what we obtain is a class of
regular Poisson manifolds that include mapping tori associated to sym-
plectomorphisms and more generally cosymplectic structures (defined by a
closed 1-form a and a closed 2-form w such that a A w™ is a volume form).
When n =1 the latter are nothing but smooth taut foliations.

(3) If n =1 and £ > 0, by dropping J we obtain a class of structures that
include all taut confoliations (see section 3.5 in [15]).

Definition 1.1. A 2-calibrated structure on M?"*! is a pair (D, w), where D is a
codimension one distribution and w a closed 2-form no-where degenerate on D.

We call the triple (M, D,w) a 2-calibrated manifold. We also say that w is
positive on D. If D is integrable we speak of 2-calibrated foliations.

(M, D,w) is said to be integral if [w] € H2(M;R) is in the image of the integer
cohomology, in which case we choose a lift h € H?(M;Z) of [w] that we fix once
and for all. The pre-quantum line bundle (L, V) is the unique -up to isomorphism-
Hermitian line bundle with compatible connection with Chern class h and curvature
—2Tiw.

As we saw 2-calibrated structures do contain contact structures, cosymplectic
structures and 3-dimensional taut confoliations.

A 2-calibrated manifold (M, D,w) always admits compatible almost complex
structures J: D — D. The purpose of this paper is to explore how to adapt
approximately holomorphic geometry to the tuple (M, D,w,J), and see how we
can apply this theory to know more about (M, D,w).

In what follows all our manifolds will be closed and smooth, and all tensors and
maps smooth unless otherwise stated.

The first application we will obtain is an analog of the existence of transverse
cycles through any point of a 3-dimensional taut foliation.

The appropriate generalization of a transverse cycle is as follows:

Definition 1.2. W is a 2-calibrated submanifold of (M, D,w) if TW N D has
codimension one inside TW and w is positive when restricted to it. In other words,
W must intersect D transversely and in a symplectic sub-distribution of (D, w).

The existence of submanifolds -which extends the main result for contact mani-
folds in [24]- is the content of the following
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Proposition 1.1. Let (M?"*1 D, w) be an integral 2-calibrated manifold and L=*
the sequence of powers of its pre-quantum line bundle (definition . For any fized
pointy € M, anym =1,...,n, and any rank m complex vector bundle E — M, it
is possible to find for all k € N large enough 2-calibrated submanifolds Wy, of M of
codimension 2m through y with the following properties:
o The inclusion I: Wy, — M induces maps l.: m;(Wy) — m;(M) which are
isomorphisms for j =0,...,n—m—1, and an epimorphism for j = n—m.
The same result holds for the homology groups.
e The Poincaré dual of [Wy] is cpm(E @ LEF).

The submanifolds in proposition are obtained by pulling back the 0 section

of a vector bundle. Something similar can be done with the determinantal loci of
a homomorphism of complex vector bundles (see theorem 1.6 in [3I] and corollary
5.2 in []).
Proposition 1.2. Let (M, D,w) be an integral 2-calibrated manifold and L®* the
sequence of powers of its pre-quantum line bundle. Let E, F be Hermitian vector
bundles with connections and consider the sequence of bundles I;, = E*®@ F @ L®F =
Hom(E, F ® L®%). Then for all k € N large enough there exist sections T of Iy,
for which the determinantal loci ¥ (1) = {x € M| rank(rx(x)) = i} are integral
2-calibrated submanifolds stratifying M.

The Poincaré Dual of the closure of ¥%(7) is given by the Porteous formula [34]:

Cn—i Cn—i+1
Cp—i—1 Cn—i
AE,F®L®’“,1’ = . ;
Cn—m+1 Tt Cn—j

where rankE = m, rankF = n, and ¢; is the j-th Chern class ¢;(F @ L®* — E)
defined by the equality

1+ (FRL® —E)+c(FQL®* —E)+ ... =
(141 (FRLP*) 4 cy(F@ L) 4+ - ) /(1 + c1(E) + co(E) +---).

If the rank of E and F, and i are chosen so that ¥'~1(7;) is empty, then X(73) is
a closed 2-calibrated submanifold.

Corollary 1.1. Let (M, a), a € QY(M), be an exact contact manifold of dimension
2n+ 1. Let E, F be complex vector bundles and let i be a positive integer such that

e The codimension in Hom(E, F) of the strata of homomorphisms of rank i
s mot bigger than 2n + 1.
e The codimension in Hom(E, F) of the strata of homomorphisms of rank
1 — 1 is bigger than 2n + 1.
Then there exist contact submanifolds whose Poincaré dual is Ag g ;. In particular,

for any even cohomology class which is a Chern class of some complex vector bundle
over M, there exist a contact submanifold Poincaré dual to it.

Remark 1.1. One is expecting that the determinantal submanifolds coming propo-
sition[I.2) will be more general than the zeroes of vector bundles coming from propo-

sition A more detailed discussion of this issue appears in

The next application is an analog for 2-calibrated manifolds of the embedding
theorem for symplectic manifolds of [31I] (theorem 1.2), extending results of [32] for
contact manifolds.

Corollary 1.2. Let (M?"*1 D w) be an integral 2-calibrated manifold. Then it is
possible to find maps ¢r,: M — CP?" so that for all k € N large enough one has:
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o doy|p 1s injective (P is an immersion along D).
o [piwrs] = [kw], where wrg is the Fubini-Study 2-form of CP?".
In particular if (M3, D) is a 3-manifold with a (smooth) taut confoliation, it is
possible to find immersions along D in CP?.

The previous corollary can be improved in two directions:

Corollary 1.3. (see [31], corollary 2.6) Let (M?"*1 D, w) be a manifold with an
integral 2-calibrated foliation. Then the maps of corollary[I.4 can be composed from
the right with diffeomorphisms of M, so that for all k € N large enough the equality
[¢rwrs] = [kw] holds also at the level of foliated 2-forms, i.e. ¢fwrs p = kw|p.

The second improvement is that the immersion along D can be perturbed to be
transverse to any finite collection of complex submanifolds of projective space.

Another application is the existence of Lefschetz pencil structures, introduced in
[23].

Definition 1.3. (see section 1 in [I3]) Let (M, D,w) be a 2-calibrated manifold
and z € M. A chart ¢: (C" x R,0) — (M, z) is compatible with (D,w) (at z) if
at the origin it sends the foliation of C™ x R by complex hyperplanes into D, and
v*w(0) restricted to the subspace C™ x {0} is of type (1,1).

Definition 1.4. (see [35]) A Lefschetz pencil structure for (M, D,w) is a triple
(f, B, A) where B C M is a codimension four 2-calibrated submanifold, and f: M\B —
CP! is a smooth map such that:

(1) f is a submersion along D away from A, a 1-dimensional manifold trans-
verse to D where the restriction of the differential of f to D vanishes.

(2) For any = € A there exist a chart ¢ compatible with (D,w) at  and a
complex coordinate ¢ of CP! defined about f(x), such that

Cofop(zs)= (") + -+ (") +1(s), (1)
where t € C*(R,C).

(3) For any x € B exist a chart ¢ compatible with (D,w) at z and a complex
coordinate ¢ of CP! defined about f(x), such that B = 2! = 22 = 0 and
Cofop(z,s)=2z'/22

(4) f(A) is an immersed curve with generic self intersections.

Theorem 1.1. Let (M, D,w) be an integral 2-calibrated manifold and let h be an
integer lift of [w]. Then for all k € N large enough there exist Lefschetz pencils
(fx, Bk, Ag) such that:
(1) The regular fibers are Poincaré dual to kh.
(2) The inclusion I: Wy — M induces maps l,.: w;(Wy) — m;(M) (resp.
Lot Hi(Wy; Z) — Hj(M;Z)) which are isomorphisms for j <n —2 and an
epimorphism for j =n — 1.

All the stated results follow mostly from a general principle of (estimated) trans-
versality along D (theorems and [7.2)).

In a problem P of transversality along D we have three ingredients: (i) the
bundle £ — (M, D,w), (ii) the submanifold or more generally the stratification
S C E, and (iii) the section 7: M — E to be perturbed to become transverse along
D to S.

In section[2] we will define the class of sections and bundles we will work with, the
so called sequences of very ample bundles and approximately holomorphic sections.

As in the approximately holomorphic theory for symplectic manifolds (see [11]
1)), transversality problems will be solved by patching local solutions. The right
strategy to solve the corresponding local problems for sections is to turn them into
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local problems for approximately holomorphic functions. This will be done through
the use of reference sections, which can be thought of as the bump functions of the
theory. The necessary local analysis needed to construct such sections is developed
in section [3

There is a second strategy to solve P. It is not only true that the natural example
of a 2-calibrated structure is a hypersurface inside a symplectic manifold, but every
2-calibrated manifold (D co-oriented) admits a symplectization (M x [—¢, €], Q)
(lemma . We will introduce a new transversality problem P for a stratification
S of a bundle E — (M x [—¢,¢€],9), so that a solution 7: M x [—¢,¢] — E to P
restricts to 7y a solution to P. The advantage of this point of view is that since
we are in a symplectic manifold, as long as the extension P falls in the right class of
problems we can use the existing approximately holomorphic theory for symplectic
manifolds to solve it. Still, the existing approximately holomorphic theory turns
out not to be enough for our purposes, so we need to develop further the relative
approximately holomorphic theory introduced by J.P. Mohsen [30]. We will make
an exposition of both the intrinsic and the relative approximately holomorphic
theories, and we will prove the main transversality theorem using the latter.

In section [d we give an account of the notion of estimated transversality of a
section along a distribution. For the intrinsic theory (problem P) the distribution
will be D, whereas for the relative theory the problem P will amount to achieving
transversality over M C (M x [—e, €],§2). We will also introduce the right class
of stratifications S (already defined in the symplectic setting in [4]), the so called
approximately holomorphic finite Whitney stratifications, whose strata roughly be-
have as the zero section of a vector bundle in the sense that locally they will be
given by approximately holomorphic functions and they will be transverse enough
to the fibers. The fundamental technical result (lemma will be that locally
estimated transversality along D (resp. over M) of an approximately holomorphic
section to S (resp. S), will be equivalent to estimated transversality along D (resp.
over M) to 0 of a related C'-valued approximately holomorphic function.

Section[5]is devoted to the study of bundles of pseudo-holomorphic jets, needed to
obtain what we call generic approximately holomorphic maps to projective spaces,
constructed by projectivizing (m+ 1)-tuples of approximately holomorphic sections
of powers of the pre-quantum line bundle L#¥ (i.e. analogs of generic linear systems
in complex geometry); genericity will be defined as the solution of a uniform strong
transversality problem to a stratification S in these bundles of pseudo-holomorphic
jets. Several difficulties have to be overcome. Firstly, since we want to obtain a
strong transversality result the jet of the section to be perturbed has to be itself an
approximately holomorphic section, so that the transversality problem falls in the
right class, something which fails to hold due to the uniform positivity along D of
the sequence L®*. This is solved by introducing a new connection in the bundles of
pseudo-holomorphic jets. Secondly, we need to define a stratification S of the right
kind. This is done in section [6] by introducing the bundles of pseudo-holomorphic
jets for maps to projective spaces, and defining there PS -a “linear” analog of
the Thom-Boardman stratification-; S is then constructed by pulling back PS by
the corresponding jet extension of the projectivization map 7: C™*1\{0} — CP™.
The properties of both the map and of PS are used to conclude that S is indeed
of the right kind, and thus the transversality problem falls in the right class. The
necessary modifications for the relative theory are also described.

In section [7] we give the main strong transversality result.

The proofs of the theorems stated in this introduction are given in section

Our results are based on the existence of plenty of approximately holomorphic
sections of very ample line bundles. In the integrable setting the existence of enough
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meromorphic functions/holomorphic sections has been used to prove results of sim-
ilar nature to ours:

(i) In [I6] E. Ghys gave conditions on a compact space laminated by Riemann
surfaces for the existence of plenty of meromorphic functions. More ge-
nerally, B. Deroin has extended those results to laminations by complex
leaves without vanishing cycle, and endowed with positive Hermitian line
bundles [10]. The work of Ghys and Deroin proves the existence of leafwise
holomorphic embeddings into projective spaces of the aforementioned la-
minated spaces (compare with corollary , though the maps -even in the
case of smooth foliations- are in general only continuous in the transverse
directions. The strategy they follow is working in the universal cover of the
leaves of the lamination. Interestingly enough, Deroin’s results are obtained
by extending some techniques of approximately holomorphic geometry to
the leaves, which are open Kéahler manifolds with bounded geometry.

(ii) In [33] Ohsawa and Sibony gave a solution to the tangential Cauchy-Riemann
equation with L2?-estimates for sections of a positive CR line bundle over
a Levi-flat compact manifold. As a consequence they were able to produce
CR embeddings into projective space of any prescribed order of regularity
(though in general non-smooth).

Part of the results of the present paper were announced in [22] 23] (proposition
corollary corollary theorem and theorem , where an account
of the results available through an intrinsic approximately holomorphic theory was
presented.

While a more detailed study of 2-calibrated structures is feasible, we do not
think the results that could be obtained would be relevant enough to justify its
undertaking.

There are two main reasons to develop an approximately holomorphic theory
for 2-calibrated structures. The first one is because they contain contact structures
and 2-calibrated foliations. Approximately holomorphic geometry has already been
introduced in the contact setting [24, 35l B0, 32]. Its most important application
has been the construction of compatible open book decompositions for contact
manifolds of arbitrary dimension [I7]. Our contribution in this paper to contact
geometry is the construction of a large class of contact submanifolds and the deter-
mination of their homology class (corollary . We want to propose 2-calibrated
foliations as an interesting higher dimensional generalization of 3-dimensional taut
foliations. In [26] -and building on the results of this paper- it is shown that any such
foliation (M, D,w) contains a 3-dimensional taut foliation (W3, Dy,) < (M, D) so
that the inclusion descends to a homeomorphism between leaf spaces. This is done
by showing that W3 can be chosen to intersect each leaf of (M, D) in a unique con-
nected component; this is somehow surprising since often the leaves are immersed
submanifolds dense in M.

The second reason to develop an approximately holomorphic theory for 2-calibrated
structures is that sometimes they appear as auxiliary structures. If M is an odd
dimensional manifold and w a maximally non-degenerate closed 2-form, any distri-
bution D complementary to the kernel of w endows M with a 2-calibrated structure.
In [27] this idea was applied to almost contact manifolds to construct (via approxi-
mately holomorphic theory) open book decomposition with control on the topology
of the leaves (see also [30]).

If (M,D,J) < (CPY,wpg) is a CR manifold of hypersurface type which has a
CR embedding in projective space, then in [25] we show that the constructions of
this paper can be performed in the CR category. In particular CR Lefschetz pencils
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are constructed, yielding CR Morse functions defined away from a CR submanifold
of base points.

All the applications outlined so far for contact manifolds, 2-calibrated foliations,
and projective CR manifolds use at most pseudo-holomorphic 1-jets. If the CR
manifold is Levi-flat then it makes sense to speak about r-generic CR functions.
These are defined to be leafwise r-generic holomorphic functions, i.e. functions
whose leafwise holomorphic 7-jet is transverse to the Thom-Boardman stratification
of the bundle of holomorphic r-jets over each leaf. In [25] we show that Levi-
flat CR manifolds embedded in projective space admit for all £ > 1 r-generic
linear systems. These are (holomorphic) linear systems of O(k) — CP¥ of rank
m(r) whose restriction to M define r-generic CR functions away from base points
(definition . Briefly, such functions are easily seen to be CR functions whose
CR r-jet prolongation solve P;,; a transversality problem over the leaves of the
foliation D in the bundle of CR r-jets of CR maps from M to CP™(). One has
to show that it can be “linearized” to a transversality problem Pj;,, (the bundle,
the stratification, and the notion of CR r-jet all have to be replaced by “linear”
analogs) that fits into the ones solved in theorem solutions are shown to exist
among restrictions of holomorphic sections O(k). Finally, it has to be checked that
the CR solution to Py, is also a solution of Py,

We think that the existence of r-generic linear systems for projective Levi-flat CR
manifolds is a relevant result by itself and justifies the extension of the approxima-
tely holomorphic theory to higher order jet bundles, which is technically awkward.
We expect it to be useful to analyze such manifolds. For example one can use it to
define r-generic functions f: (M?"*+1 D, J) — CP" (with no base points) for which
the regular level sets are unions of circles (with variable number of components),
and using the analysis of the singularities define a dynamical system transverse to
D (at least for low values of n > 2); by iterating the Lefschetz pencil construction
(the dimensional induction of [6], section 5) one can also define maps to CP"~!
whose fibers (by [20]) are 3-manifolds intersecting each leaf of D in a connected
Riemann surface.

We point out that the results in [25] do not include those of Ghys and Deroin
[16] 10] and those of Ohsawa and Sibony [33]. Our results require starting with a
CR embedding into projective space (|33] gives sufficient conditions to produce it).

1.1. Acknowledgements. I wish to express my gratitude to Alberto Ibort for the
numerous fruitful conversations that helped to improve many aspects of this work.
It is also my pleasure to thank Denis Auroux, Vicente Munoz, Fran Presas and
Ignacio Sols for their helpful comments, and Etienne Ghys for kindly pointing me
to very relevant literature on the subject. I am also grateful to the referees for their
valuable comments and suggestions.

2. AMPLE BUNDLES AND APPROXIMATELY HOLOMORPHIC SECTIONS

Let (M,D,w) be an integral 2-calibrated manifold. Let us fix once and for
all a compatible almost complex structure J: D — D, and a metric g so that
gip = w(:,J). The kernel of w is required to be g-orthogonal to D, so as to make
some of the computations in the local theory simpler. Notice that for any such
metric the closed 2n-form w™ is a calibration for D [21].

If we forget about the 2-form what remains is the following structure.

Definition 2.1. An almost CR structure is a tuple (M, D, J,g) where D is a
codimension one distribution, J: D — D an almost complex structure, and g
a metric whose restriction to D is compatible with J (J is g-orthogonal and g-
antisymmetric).
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Let (L, V) — M be any Hermitian line bundle -or more generally vector bundle-
with compatible connection. Let D denote the pullback to L of D; let J and g
be the almost complex structure and metric on L, which extend the Hermitian
structure on the fibers and are defined on the horizontal distribution associated to
V by pulling back J and g respectively. Then (L, ﬁ, J, §) is an almost CR manifold.

Our goal is to be able to construct sections 7: M — L which (i) are close enough
to satisfying 7,.J = Jr (for which we use the adjective almost holomorphic instead
of almost CR to be consistent with the terminology of [24] and [35]), and (ii)
transverse to suitable submanifolds of the total space of L. In the almost complex
setting we know that what ensures their existence is roughly speaking asking the
curvature of the connection to be of type (1,1) and positive.

Definition 2.2. (see [4], definition 2.1) Given ¢ > 0, § > 0, a Hermitian line bundle
with compatible connection (L, V) — (M, D, J, g) is (¢, d)-ample (or just ample) if
its curvature I’ verifies iF'(v, Jv) > cg(v,v),Vv € D, and |F|p — F‘lbl|g < ¢, where
we use the supremum norm.

A sequence (Lg, Vy) of Hermitian line bundles with compatible connections is
asymptotically very ample (or just very ample) if fixed constants ¢ > 0, J, (C;) ;>0 >
0 exist, so that for all k£ > 1 the following inequalities for the curvatures F} hold:

(1) iFy(v, Jv) > ckg(v,v),Yv € D.
(2) [Fyip — Fylplg < 0KY2.
(3) |V Fy|y < Cjik.

Another motivation for the previous definition is the case of Levi-flat CR mani-
folds, where according to the results of Ohsawa and Sibony [33] leafwise positivity
grants the existence of plenty of CR sections (with an appropriate twisting by a
line bundle).

The fundamental example of an ample bundle is the pre-quantum line bundle
L of an integral 2-calibrated manifold (M, D,w) (with ¢ = 27, § = 0). Its tensor
powers L®* define a very ample sequence of line bundles.

From now on we will only consider almost CR. structures on 2-calibrated mani-
folds defined by compatible almost complex structures and metrics. Similarly, we
will only consider the very ample sequence L&,

For any 75, € T'(L®*) we use J to split the restriction of V73 to D

Vpre = 01 + éTk, oT, € F(D*l’o ® L®k), oty € F(D*O’l ® L®k).

We can see 07y, as a section of T* M @ L®* by declaring it to vanish on D™, and
then use the Levi-Civita connection on T* M to define V" =197, € T(T* M®" ® L&*).
Let us denote the rescaled metric kg by g.

Definition 2.3. A sequence of sections 73, of L®* is approximately J-holomorphic
(or approximately holomorphic or simply A.H.) if positive constants (Cj)jzo exist
such that

|vak|gk < Cj’ |vj_157—k|gk < Cjk_l/Q'
If we want to make the bounds explicit speak of an A.H.(C}) sequence.

Remark 2.1. The original notion of A.H. sequence introduced in [24] B5] is a bit
more general than definition[2.3] The difference -as well as the fact that only a finite
number of derivatives were taken into account- is that the direction orthogonal to
D had a different treatment. The main theorem of [24] produced appropriate A.H.
sequences of sections with good control on any finite number of derivatives along
D, but little along D+. Using the relative theory one can obtain solutions with
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control in all directions, so we can avoid using the technically more complicated
definition of [24], [35].

3. THE LOCAL APPROXIMATELY HOLOMORPHIC THEORY

Maybe the most important idea on Donaldson’s work [I1] was the construction
of localized A.H. sections (inspired in the work of Tian [38]) by adopting a unitary
point of view instead of a holomorphic one. The use of a unitary connection in
a Darboux chart allowed him to find a model for the coupled Cauchy-Riemann
equation invariant under rescaling -provided one worked in the appropriate tensor
power of the pre-quantum line bundle- and explicitly write concentrated solutions
giving rise to the so called reference sections.

The local approximately holomorphic theory, both using an intrinsic construction
or the symplectization to be introduced in subsection is based on the choice of
appropriate families of charts. In the intrinsic local theory we need as well a local
model for the coupled Cauchy-Riemann equations and a good choice of explicit
solution.

For 2-calibrated manifolds the local model for the intrinsic approximately holo-
morphic theory -that can only be achieved asymptotically when k& — oco- is the
following:

e The domain is C" x R, with coordinates z!,...,2", s (sometimes we write
them as zt,..., 22" L or 2!, ... 22" s).

e The distribution Dj is the tangent space to the level hyperplanes of the
vertical or real coordinate s.

e The identification of each leaf with C™ means that we have fixed the leafwise
standard almost complex structure Jy.

e The metric is the Euclidean one gy with Levi-Civita connection d (usual
partial derivatives), and the distance is the Euclidean norm | - |.

e The 2-form in the fixed coordinates is required to be

. n
_ i g5
Wstd = 2;dz Adz". (2)
e We ask for a choice of unitary trivialization of the line bundle whose con-
nection form is

1~ o
A= Z; Zdz — 7dz (3)
In RY with coordinates x',...,2" let R? denote the distribution by p-planes

span < 9/9x™,...,0/0z% >, 1 < i3 < --- < i, < Nj; its Euclidean orthogonal
is denoted by RV~P. If we have a distribution D’ of dimension p in RY which is
transverse to RV P, we can measure its distance to RP to order j with respect to the
flat connection d as follows: D’ can be identified with an element of Hom(R?, RN 7).
We let v, [ = 1,...,p, be the vector field in RV ~P such that 9/9x% + vt € D'.
Then we define

&7 (R? — D) g, = max{|d’v" |4, .., [d 07|y, },
which by definition is coordinate dependent.
In the previous local model let us denote the line field spanned by 9/ds by D,,.
According to the previous paragraph we can measure the distance in C" x R to Dy,

(resp. D,) of any codimension one (resp. dimension one) distribution transverse
to D, (resp. Dp).

Definition 3.1. Let ¢y ,: (C" x R,0) — (U, ), for all z € M and all k >
1, be a family of charts with coordinates zj,...,2%, sx. We call them a family
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of approximately holomorphic coordinates if there exist constants independent of
k,x (uniform) so that the following estimates hold for all k£ > 1 at the points of
B(0, pk*/?), p > 0:

(1) The Euclidean and the induced metric are comparable to any order, i.e.
1 ,
~90 < gr <790, v > O,and [V g, < O(K™13),¥j > 2,
v .

where V denotes the Levi-Civita connection with respect to g.
(2) The kernel of w, which is D, is sent to a line field <,0,’§}IDl transverse to
Dy, and such that

|@5a Dt = Dulge < |(zk,5)|O(k™/3),
& (¢k o D = D)y, < O(k™1/2), Vj > 1.
The pullback of D is transverse to D, and
|72 D = Dhlgo < |(25, 58)|O(K™1/?),
& (@50 D = Di)lgo < O(k™1/2), Vj > 1.
(3) Regarding the antiholomorphic components,

10 o (255 51)lg0 < |(zk, s%)|O(k~1/?),
‘vjéwlzvll(zk’sk”go < O(kil/z),vj > 1a

where 5<p];i is the antiholomorphic component of Vp(np, o w;i), with
7D, : C" x R — C" the projection onto the first factor.

We speak of Darboux coordinates when the additional condition ¢y kw = wo
holds.

Remark 3.1. According to condition (2) (resp. (3)) we have ¢ D = Dy,
cp,";)mDJ- = D, (resp. ¢}, ,J = Jo) at the origin. For most of our constructions it is
enough to require the equality up to a summand of size O(k~1/2) at most, but since
these equalities are needed to prove results concerning pseudo-holomorphic jets (in
particular the identities concerning local representations and subsets of transverse
holonomy of lemma, we choose to ask for them from the very beginning.

Remark 3.2. If we are in an almost complex manifold then conditions (1) and (3)
((2) makes no sense) recover the notion of approximately holomorphic charts (resp.
Darboux charts if we add the Darboux condition on the 2-form).

A chart centred at a point for which the Darboux condition holds can always be
obtained: (M, D,w) is a coisotropic submanifold of its symplectization, as defined
in lemma The local normal form theorem for coisotropic submanifolds ([39],
theorem 3.4.10) provides such a chart. Families of Darboux charts can be construc-
ted using the same local normal form. Since this would fall into the relative theory
we prefer to give a different proof.

Lemma 3.1. Let (M, D,w) be a (compact) 2-calibrated manifold (with J, g already
fized). Then a family of Darbouz charts can always be constructed.

Proof. Let us fix a family of charts v, : R2"*! — U, depending smoothly on z,
where € M; a small enough subset of M, so that %D = Dy, ¥*D+ = D, at the
origin. Denote by x!, ..., 2", s the coordinates on R?"*!. We compose v, with the
diffeomorphism O, : R?"*+1 — R?"+1 which is the identity on R?*" x {0}, preserves
setwise the horizontal foliation Dj, and sends Keryiw to D,. The diffeomorphisms
O, depend smoothly on z.
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Now we fix Jy to identify R?"+! with C® x R and compose with an element
of G1(2n,R) C G1(2n + 1,R) (again depending smoothly on 2 € M), so that we
obtain charts ¢, for which the pullback of J at the origin equals Jy.

By compactness M can be covered with a finite number of subsets My, ..., M}
in which the above charts can be constructed. In this way we obtain charts centred
at every x € M (we might have more than one chart for each z € M, but that is
not relevant) so that the bounds on tensors pulled back from M to a ball of fixed
radius in the domain of the charts will not depend on x.

We define ¢y, » to be the composition ¢, 07 -1/2, where y,-1/2: C* xR — C" xR
is the homothety by factor k~/2. The equalities at the origin together with the
smooth dependence on x of the constructions previous to the rescaling, imply that
we have obtained approximately holomorphic coordinates.

To obtain Darboux charts we need to modify ¢y, as follows: we apply Dar-
boux’ lemma with estimates (lemma 2.2 in [4]) to the almost complex manifolds
(C" x {0}, ¢% o Jjcn {0} P w9|Cn x {0}) and the 2-forms @}  wicnx (o). We get dif-
feomorphisms Wy, . on this leaf that are extended to C" x R independently of the
vertical coordinate s;. The bounds on Wy, and their derivatives coming from
lemma 2.2 in [4] imply that the compositions ¢y 4 0 Ui »: (C* x R,0) = (Ug o, )
still define approximately holomorphic coordinates. Moreover, we can assume
(pr,z 0 Vg z)*J = Jo at the origin.

Since 0/0s;, generates the kernel of

(PrwoWpy)w= Z w“dxz A dxfc + Z f.uidzfﬁ A dsy,
1<i<i<2n 1<i<2n
all w; vanish. Closedness implies that each function w;; is independent of s;. There-
fore (¢r,z © Uk ) w is determined by its restriction to C" x {0}, which by cons-
truction is wstd|cn x {0} - Thus, w is sent to wgiq- O

Darboux charts are useful because there local computations become simpler.

Let dj, denote the distance defined by the metric gy.

Recall that in the domain of a Darboux chart we can always fix &, a unitary
trivialization of L®* whose connection form is A (equation )

Lemma 3.2. Let @j ,: (C*" X R,0) = (Ug 4, ) be a family of Darboux charts with
coordinates Ty, . .. ,zi",xi""'l. Let F be a bundle associated to either TM or D
and let Fy, o — B(0, pk'/?) € C™ x R denote the pullback of F by O,z Associated
to the Darbouz coordinates there is a canonical trivialization Cj 5 ; of Fi . Let Ty
be a sequence of sections of F @ L®* and use the frames Ch,z,j @&k, to write @, Ty
locally as a function T,;m. Let P; be a polynomial such that for any multi-inder o
of length j =0,...,r, at the points of B(0, pk'/?) and for all k > 1 we have:

0 _
e Tha| = Pl s0)0G2),
k go
Then [N Tr(y)| g, < Qr(di(x,v))O(k~/2), where the polynomial Q, depends only
on Py,...,P.. Conversely, from bounds using the global metric elements gi,dk,V

we obtain similar bounds for the local Fuclidean elements.

Proof. This is a simple calculation based on items (1) and (2), and in the Darboux
condition in definition [3.I] Also notice that the presence of the connection form
and its derivatives is absorbed by the polynomial, since |A| < O(|(zk, sk)|) and its
derivatives are of order O(1). O

Remark 3.3. Lemma [3.2] admits different modifications. It holds in a similar
fashion for bounds of order O(1) instead of order O(k~'/2); also for sections T}, of
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F instead of F ® L®F (with Fy , locally trivialized by Ck,z,j)§ it is also possible to
consider the inequalities in the ball of (uniform) radius p > 0, rather than pk'/2.
There is also a version for symplectic manifolds.

Let Jy denote the (0,1)-component with respect to Jy: C™ x R — C™ x R of the
leafwise derivation operator dp, .

Lemma 3.3. Let @i 5: (C" X R,0) = (Ug,4, ) be a family of Darboux charts with
coordinates i, . .., 3", s,. Let Ly, — B(0, pkl/z) C C™ xR denote the pullback of
L®F by Yr,z- Let T, be a sequence of sections of L®* such that Ok 2Tk = Jr,x8k,x. Let
Pj, Pjr be polynomials such that for any multiindices o, B of lenéthj =0,...,7—1,
and j' = 0,...,r, respectively, at the points of B(0, pk*/?) and for all k > 1 the
following inequalities hold:

0
—5fra| < Pil|(zk: s1)[)O(1). (4)
oz},
9o
0 = _
e @+ A | < PGt )OU ). )
k g0
Then we have
V"7 (Y)]g, < Qr(di(z,9))O(1), (6)
V™07 ()] gy, < Qroa(di(,9)O(k ™), (7)
where the polynomial Q.—1 (resp. Q..) depends only on Py,...,P._1,P|,..., P!
(resp. Pi,...,Pl). Conversely, from bounds using gi,dr,V,J we obtain similar

bounds for go, |- |,d+ A, Jo.

Proof. The equivalence between equations (4)) and @ is the content of lemma
but for bounds of order O(1) (see remark [3.3). The equivalence of equations (), (5]

and equations @7 @ follows again easily from the properties of Darboux charts.
We sketch the case r = 1.

From now on ¢y . J, ¢} . D, ¢} .9k, and all the tensors and sections pulled back
to the domain of the charts will be denoted by J, D, g, ... whenever there is no
risk of confusion.

Let e; be any of the local vector fields associated to the first 2n coordinates. By
condition (2) in definition there exists u; a local vector field such that e; + u; is
tangent to D and

Juilge < I(zk, 500K ™Y2), |duilg, < O(K™2), j > 1. (®)

The endomorphism J is defined on D. We can use the orthogonal projection w.r.t
go onto Dy, to induce out of J another almost complex structure Jp, : Dy, — Dy,
Condition (3) in definition implies that

[ Jo = Tulge < (28, sK)| Ok ™2), & (Jo = T, gy < O(K™V2), =1, (9)

By definition O, yo, 7 = 1/2V¢, 10, T + 1/2V J(es4us) Th-
Equation combined with lemma implies

|vui7'k|gk < P{(dk(‘r’y))O(k—l/Q)
Again equations (§) and (6]), condition (3) in definition [3.1] and lemma [3.2] imply
Vst = Vaeilan < P (di(a,5)O02),
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Therefore the bounds in equation || we want for 5€i+ui T, are equivalent to the
same kind of bounds for
I/QVCiTk + i/2vJ;LeiTk,
and by equation @[) for
1/2Vei7'k + Z‘/QvJoeiTk,
and by definition

1/2V61T/€ + i/QVJoeiTk = ((60 + AOJ)eifk,ﬂC)ka'
Bounds for higher order derivatives are proven similarly. O

Definition 3.2. (see [4], definition 2.2) A sequence of sections of L®* has Gaussian
decay with respect to z if there exist polynomials (P;);>¢ and a constant A > 0, so
that Yy € M and Vj >0

VI 73(y) g0 < Pj(di(z, y))e 2 =v)

2

The main purpose of the use of Darboux charts is the construction of reference

: ref
sections Tz

Corollary 3.1. Let (M,D,w) be a compact 2-calibrated manifold. Then for all
x € M A.H. sections T,gei with Gaussian decay with respect to x can be constructed.
The bounds are uniform on k,x and these sections have norm greater than some
constant K in Bg, (x,p), where k,p > 0 are uniform on k,x.

Proof. We follow Donaldson’s ideas in [I1], section 2. Let us fix Darboux charts
and & , trivializations of L®% for which the connection form is A. Let 3 be a
standard cut-off function of a single variable, with 5(t) = 1 when |t| < 1/2 and
B(t) = 0 when [t| > 1.

Define Bi(zk, sx) = B(k~Y5|(21, 51)|)-

In the points where the derivatives of 3 do not vanish we have |(zx, sx)| > Ck'/9,
C' uniform (on k, z). Using this inequality we deduce

[dBrlge < |2k, 50) PO (K1),

|4 Brlga < (2, 81)|O(KH2),

|7 Brlg, < O(K™/2), j > 3. (10)
Consider the function f(zx, sg) = e~ |Ges0)*/4 We have

Oof + A% f=0. (11)
The reference sections are

T = Beflra (12)
Equation implies that for any multi-index a of length 7 <7,

0
’Wﬂkf

< Pj(|(zk, sk))IflO(1).

90

Therefore, lemma for bounds of type e_>‘/|(’”’y)|20(1), M > 0, gives the Gaussian
decay with respect to x:

2
IV T Wlg < Qr(di(a,y)e A0 0(1), A >0,

where A appears when relating the distance induced by g and gg. The Gaussian
decay also implies
IV Tk lg < O(1).
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The bound for \V’“_léfgfgﬂ g. is obtained using the same ideas: from equations
and it follows that for any multi-index o of length j < r — 1

%(50 + A"HBLfl < Pi(|(z, 1)) FIO(R™Y/2).
90

Lemma for bounds of type e~ N 1@ O(1), e N @V O(k=1/2), X > 0 (in
equations (4) and resp.), gives for some A > 0

V770 g < Qeldra,y))e M O < OH),

The existence of constants k,p > 0 such that |T,§e£| > k in By, (z,p), can be

easily checked. O

We observe that many of the inequalities we are using (for global tensors) have
the same pattern. We will introduce a definition that will avoid the excessive
appearance in the notation of such inequalities.

Let E be a Hermitian bundle with connection, F' a bundle associated either to
TM or to D, and let E), denote the sequence F @ E ® L®*.

Definition 3.3. Let T} ., x € M, be a family of sequences of sections of Ej,. We
say that T} , is C"-approximately vanishing (or that the sequence vanishes in the
CT-approximate sense) and denote it by T} , =, 0, if positive constants Cy, ..., Cy
exist so that
IVITk zlge < Cjk~ Y2 5=0,...,r (13)
There is an analogous definition for sequences T}, of sections of E}, (i.e. without
extra dependence on the point € M).

Using the above language one of the conditions for a sequence 7 of L% to
be A.H. (definition is that 9, € T'(D*%! ® L®*) has to be approximately
vanishing.

Remark 3.4. Given 7 an approximately holomorphic sequence of sections of L&¥,
we have defined V' ~101, € T*M®" @ L®* by taking covariant derivatives of 07y
thought of as a section of T*M ® L®*. We might have equally defined V" ~197;, as
the image of V"7, by the projection p,: T*M®" @ L®* — T*M® 1 @ D*01 @ L&F
for using Darboux charts and lemmas |3.2| and [3.3| (with the inequalities |V7 x|, <
O(1), j > 0), one checks that 97 = 0 if and only if |p; (V7 74|y, < O(k™/2), j > 1.

3.1. Relative approximately holomorphic theory and symplectizations.

Definition 3.4. Let (P, ) be a symplectic manifold and (M, D,w) a 2-calibrated
manifold. We say that [: M — P embeds M as a 2-calibrated submanifold of P if
*Q = w.

Lemma 3.4. Let (M, D,w) be a compact co-oriented 2-calibrated manifold. Then
it is possible to define a symplectization so that (M, D,w) embeds as a 2-calibrated
submanifold. Any fized compatible almost complex structure and metric can be ex-
tended to a compatible almost complex structure and metric in the symplectization.

Proof. Let J and g be fixed compatible almost complex structure and metric. The
symplectization (M x [—¢, €], J, g, ) is constructed as follows: let t be the coordinate
of the interval. Let « be the unique 1-form of pointwise norm 1 (and positively
oriented) whose kernel is D. The closed 2-form (2 is defined to be w + d(ta), where
a and w represent the pullback of the corresponding forms to M x [—e, ¢]. If € is
chosen small enough then €2 is symplectic.

In the points of M the almost complex structure is extended by sending the
positively oriented g-unitary vector in D+ to 9/0t; in those points 9/0t is also
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defined to have norm 1 and to be orthogonal to T'M. It is routine to further extend
J to a compatible almost complex structure on the symplectization. The metric
defined by € and the almost complex structure also extends g. We will not use
different notation for the extension of the almost complex structure and metric if
there is no risk of confusion.

We also fix G a J-complex distribution on the symplectization restricting to D
at the points of M. To do that we choose any line field that at the points of M
contains d/9¢t; this line field spans a complex line field. Its orthogonal with respect
to g is by construction J-complex and extends D. (|

Remark 3.5. We want to work out a relative theory for embeddings in arbitrary
symplectic manifolds -not just in symplectizations- because of our applications to
CR manifolds, where we need an ambient complex manifold with plenty of holo-
morphic sections.

Let (M, D,w) be a 2-calibrated submanifold of (P,2). Let us fix J a compatible
almost complex structure on (P, ) so that D is J-invariant, and let us define
g = Q(-, J-). The restriction of (J,g) to (M, D) induces an almost CR structure.
We also choose G a J complex distribution that coincides with D at the points of
M. The main example to have in mind is the symplectization of (M, D,w) with an
almost complex structure as defined in lemma

We have at our disposal the approximately holomorphic theory for symplectic
manifolds [4]. At this point we pause to warn the reader that throughout this sub-
section and the rest of the paper we will be using A.H. sequences of sections defined
in both 2-calibrated (definition and symplectic manifolds (see definitions in [4]
or definition for an almost complex base space). Whenever there is no risk of
confusion about the base space we will just speak about A.H. sequences of sections.

Let (La,V) — (P,Q) be the pre-quantum line bundle. Its powers (LE", Vj)
define a very ample sequence of line bundles (in the sense of [4]), which restricts to
a very ample sequence of line bundles (L®*, V},) — (M, D, J, gx) (definition .

One expects that if 7, € T(L¥) is a (symplectic) A.H. sequence of sections,
then 750 M — L®F is also an A.H. sequence of sections (definition . Even
more, we will see that it is possible to construct reference sections by restricting
(symplectic) reference sections centred at points of M. The key point to prove
these results is the choice of appropriate charts.

Recall that in C? = R?P we denote the foliation whose leaves are associated to
g distinguished complex coordinates (resp. d distinguished real coordinates) by C9
(resp. R%); its Euclidean orthogonal is denoted by CP~9 (resp. R?’~¢). From now
on if we compare the distance of C9 to any distribution of the same dimension, we
will assume the latter to be transverse to CP~9.

Definition 3.5. Let (P, Q) be a compact symplectic manifold and G a J-complex
distribution of complex dimension g. A family of (symplectic) approximately holo-
morphic coordinates (resp. Darboux charts) ¢y, 5: (CP,0) = (Ug 4z, ) is said to be
adapted to G if

|(Cg - G|90 < |(Zkvsk)|0(k71/2)v ‘dj((cg - G)‘go < O(k71/2>7 V] > 1
CP~9 — G gy < [(zh, )0k ™2),  |d(CP9 = G|y <O(K™Y?), Vj > 1.

The existence of approximately holomorphic (resp. Darboux) charts adapted to
G is straightforward: once we have approximately holomorphic (resp. Darboux)
charts, we compose with a unitary transformation sending G to C9 at the origin.

Given a 2-calibrated submanifold (M, D) < (P, ), in order to select coordinate
charts adapted to M we fix a distribution T!/M defined in a tubular neighborhood
of M as follows: the neighborhood is defined by flowing a little bit the geodesics
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normal to M. For each point y in the neighborhood, let x € M be the starting
point of the unique geodesic normal to M through y. Then TyHM is the result of
parallel transport of T, M along that geodesic.

Definition 3.6. Let (M,D) — (P,Q) be a 2-calibrated submanifold, G a J-
complex distribution which extends D (perhaps defined in a tubular neighborhood
of M), and T!IM a distribution constructed as above. A family of (symplectic) A.H.
coordinates ¢ ,: (CP,0) — (Ugy,x) (centred at every point of P) is adapted to
(M, @Q), if it is adapted to G and for the charts centred at points of M the following
conditions hold:

(1) M sits in each chart as a fixed linear subspace R?"*! x {0} C CP and at
the origin D = R?" x {0} C R?"*1 x {0}, D+ = {0} x R ¢ R?"*! x {0}.

(2) [R2%1 — TIM],, < |24 50) Ok 172), [ @2 = TN, < O(/2),
Vi > 1.

We speak of A.H. charts adapted to (M, G) and Darboux over M if
Pk WM = Wo- (14)

Lemma 3.5. Let (M,D) < (P,Q) be a 2-calibrated submanifold. Then approxi-
mately holomorphic charts adapted to (M,G) and Darbouz over M can always be
constructed.

Proof. We start by fixing approximately holomorphic coordinates adapted to G.
Then we forget about the ones centred at points of M, that are going to be
substituted by new ones. For every z € M we fix initial charts ¢, depending
smoothly on the center -at least in a small neighborhood about each point- with
(pzd™, pLg) = (Jo,g0) at the origin. Then we compose with maps ©,: (C?,0) —
(CP,0) that are tangent to the identity map at the origin and send M to a vector
space in CP. The image of the distribution D is Jy-complex at the origin. By
composing with a unitary transformation (D, T, M) can be assumed to be sent to
(C™ x {0}, R?"*1 x {0}) C R?.

Next we essentially apply lemma on the leaf R2"*! x {0} C R?" to get Dar-
boux charts for M: let Z,: R2"T1 — R2"*! be the map which is the identity on
C™ x {0}, preserves the foliation by complex hyperplanes, and sends the kernel of w
to the “vertical” or real line field in R?"T1 x {0}. We extend it to a diffeomorphism
of R?? independently of the coordinates z2"*2,...,2%P. Since the map is by cons-
truction tangent to the identity at the origin, we keep the properties at the origin
described in the previous paragraph.

We now apply Darboux’ lemma on R?" x {0} for each z. The result is a diffeo-
morphism on R?” that can be assumed to preserve Jy at the origin. We extend it
independently of 22"+, ... 22P to a diffeomorphism of CP. Notice that (D, T, M)
goes to (R?™x {0}, R?" 1 x{0}), J, to Jo, Ga®G3 to C*&CP~", and Kerw)p, to the
Euclidean orthogonal of R?" x {0} € R?"*1 x {0}. Hence if we apply the homothety
Ye—1/2: R?P — R2P we obtain a family of charts with the desired properties. (]

Lemma 3.6. A family of A.H. charts g 5: (CP,0) = (Uy »,x) adapted to (M,G)
and Darbouz over M constructed as in lemmal3.3 restricts to M to Darbouz charts.

Proof. Tt follows because the charts in lemma [3.5 are obtained by applying a cons-
truction depending smoothly on the center of the chart to obtain a number of
equalities for tensors and distributions at the origin, and then rescaling. Therefore
when we restrict the charts to M condition (1) in definition holds. Conditions
(2) and (3) follow because before rescaling D, @ D7 is sent to R?" ® R and J, to
Jo. The Darboux condition (equation (I4))) holds by construction. O
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Lemma 3.7. Let ¢y, ,.: (CP,0) — (P, ) be charts coming from lemma. Then in
B(0, pk'/?) C CP it is possible to fix a family of unitary trivializations of goz)xL%k
with connection forms Ay, 5, such that for all k> 1

(1) |Ak,1|90 < O(|2k‘)7 |dAk751?‘90 < 0(1)7 |dek,l’|go < O(k_1/2)7 Jj=2.

(2) Ao = %Z?:l(xiiil Adafl — ol Adai 7.
Proof. By construction |¢f jkwlg, < O(1), |d/¢f kwlg, < O(k™/%), j > 1, on
B(0, pk'/?). Hence, we deduce the existence unitary trivializations with connection
forms Aj , satisfying the bounds of condition (1).

When we restrict the connection forms to M they coincide with A up to a
exact 1-form dFy , defined on R?"*1 x {0}; its bounds are as in item (1) above,
but on R2"*! x {0} instead of on CP. We extend it to CP independently of the
remaining coordinates and still denote it by Fj .. It is always possible to find a
unitary trivialization & , of @Zﬁngk whose connection form is A;ﬁz +dFy, ;. These
trivializations give the desired result. For simplicity we will denote the family by
A when there is no risk of confusion. O

Let G be the J-complex distribution on P that extends D. Given 7 € I‘(Lgk),
the restriction of the covariant derivative of 74, to G will be denoted by Vg7 €
[(G* ® LE*). Since G is J-complex we can write

Vari = 5(;7% + 3(;Tk, g@Tk S F(G*O’l ® Lgk), OqTy € F(G*l’o [029] Lgk)

Lemma 3.8.

(1) If 7, P — Lgk is an A.H. sequence then Tgpr: M — L®F s also an A.H.
sequence.
2) Moreover, the restriction of a family of reference sections of (LE*, V) —
Q
(P,QY) centred at the points of M (as defined in []) is a family of reference
sections of (L®* V) — (M, D,w). )
(8) If .: P — Lgk is an A.H. sequence then OgT = 0.

Proof. We fix a family of A.H. charts adapted to (M, G) and Darboux over M, and
trivialize the bundles L%k as in lemma Let ), ..., zi” be the coordinates and
write Tk,x = fk,zgk,z-

We first observe that lemmas [3.2] and for symplectic manifolds also hold for
the connection forms Ay, , provided by lemma By lemma the restriction
of the coordinates to M are Darboux charts. We can apply lemma for almost
complex manifolds, bounds of order O(1), and the connection forms provided by
lemma to conclude that the partial derivatives of f , are bounded by O(1)
in the ball B(0,p) C R?’. In particular we get the same bounds if we only take
into account the partial derivatives with respect to the variables x,lv, 22" and
restrict our attention to B(0,p) C R?"*1. Now if we apply back lemmalm (this
time for almost CR manifolds) we conclude that |V7(7)lg, < O(1), ¥j > 0, in
B(0,p) C R?"*1 and for all z € M, the constants being independent of . Therefore
IV (Thya)lge < O(1), V5 >0, in all the points of M.

Lemma [3:3] for symplectic manifolds and the connections of lemma [3.7] gives

i ) 0,1 -1/2
0ot AL fia| <O (15)
Tk g0
in B(0,p) C R?. Let us consider the splitting C" x CP~". The operator Jy +
Ag”i and its derivatives can be split into two pieces using it. We consider the

part involving alé,i.7 ...,dzp, for which the above inequalities also hold, but now in
B(0, p) C R*"T1. Since the restriction of Ay, to C" x R is A, the restriction to M
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of the piece of 9y + Ag”i involving dz},...,dz} is the operator 0o + A% of lemma
E Thus we can apply this lemma (we already have the required bounds for the
partial derivatives of fi ) to conclude 9(7x|5s) = 0, and this proves item (1).

It is also easy to check that reference sections for Lgk centred at the points of

M restrict to reference sections for L®* and hence item (2) also holds.
To prove OgTi = 0 we use the previous ideas: equation and lemma give

|Vj(§(cn7'k|g0 < O(k_1/2>, Vi >0
in B(0,p) C R?, where Jcn is the part of dy + Ay, involving dz},...,dz¢. The
choice of A.H. charts adapted to G and the bounds [V7 7|, < O(1), Vj > 0, easily
imply
\Vj(écnrk - 5G7—k)|go S O(kil/z), Vj Z O,
and therefore Og7i = 0. O

Remark 3.6. Notice that item (3) in lemma is an assertion about a section
defined on P, and not on M unlike in item (1).

3.2. Higher rank ample bundles. So far we have only considered approximately
holomorphic theory for the sequence of line bundles (L®* V}) — (M, D,w), but
there are obvious extensions for sequences of the form £® L®*, where E is any Her-
mitian bundle of rank m with compatible connection. Regarding the local theory
the role of the reference sections is played by the reference frames Té?;l, e ,’T];?i,m,
where each Tlgei ; is an A .H. sequence with Gaussian decay with respect to x and
they are a frame of E comparable to a unitary one in By, (z, p), p > 0. Reference
frames are constructed by tensoring reference sections for L®* with local unitary
frames of F.

4. ESTIMATED TRANSVERSALITY AND FINITE, WHITNEY (A), APPROXIMATE
HOLOMORPHIC STRATIFICATIONS

Let 7, be an A.H. sequence of sections of L®* — (M, D,w). Proposition
for codimension two submanifolds is proved by pulling back the 0 section of L®¥.
To obtain Wy, a 2-calibrated submanifold 74 has to be transverse along D, so that
TWy N D defines a codimension one distribution on Wj. Next, to make sure that
Wi N D is a symplectic distribution the ratio |07 (x)|/|07(2)| has to be smaller
than 1; since Vp = 0+ 0, Vp7i(x) has to be asked to be not only to be surjective
but also to have norm greater than O(k~'/?) (estimated transversality).

For each point x we can use the reference sections to turn the local estimated
transversality problem along D on By, (z, p), into an estimated transversality pro-
blem along Dy, for an A.H. sequence of functions

Fyo: B(0,p) CC" xR — C,

where 7,00k 5 = Fl o - (T,ﬁei oy.,) (more generally C™-valued functions for bundles
of rank m). Equivalently, we have to solve an estimated transversality problem for
a 1 real parameter family of A.H. functions

Fix(,s5): B(0,p") c C* — C.

This problem is known to have a solution [5, 24]. The solution of the local trans-
versality problem along D), will produce a new function F} , — uj ., and therefore

a perturbation
ref

Xk = (~Uke © 91 L) Th
so that we obtain estimated transversality along D for 7, + Xk, over the ball
By, (z,p). But the reference section is supported in By, (z, p”k'/®), being the con-
sequence that there will be interference among different local solutions. However,
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unlike transversality, estimated transversality does behave well under addition, and
in the presence of “enough” local estimated transversality, Donaldson’s globaliza-
tion procedure gives global estimated transversality (see the proof of theorem [7.2]).

Definition 4.1. Let (P, g) be a Riemannian manifold, (E, V) a Hermitian bundle
over it, and @, a subspace of T, P. We say that 7: P — E is n-transverse to 0 at
x along @y, if either |7(x)| > n or Vg_7(z) has a right inverse with norm bounded
by n~L.

If @ is a distribution we say that 7 is n-transverse along @ to 0 if the above
condition holds at all the points where @ is defined. When @ is the tangent bundle
of a submanifold we also say that 7 is n-transverse over the submanifold to 0.

Let (M, D,w) be a 2-calibrated manifold, Ej := E ® L® and 74: (M, gx) —
(E), Vi) a sequence of sections. We say that the sequence 7y, is uniformly transverse
along D to 0 if n > 0 exist such that 74 is n-transverse along D to 0 for all k > 1.

For a symplectic manifold the definition of uniform transversality along a distri-
bution @ (possibly the tangent bundle to a 2-calibrated submanifold) is analogous.

It is possible to attain estimated transversality along D using both the intrinsic
and the relative point of view. Using the former what we do is (locally) solving
transversality problems for 1-parameter families of A.H. functions from C” to C™.
Regarding the latter we follow the ideas of J.-P Mohsen developed for contact
manifolds, working in the symplectization (M x [—e¢, €], Q) and solving the estimated
transversality problem for A.H. sections, but this time over M. Then we can use
the following

Lemma 4.1. [|30], second lemma in subsection 6.1] Let (M, D,w) be a 2-calibrated
manifold. If in the symplectization (M X [—e, €],Q) we are able to find an A.H.
sequence T, n-transverse over M to 0, then for any constant C, 0 < C' < /2/2,

there exists ko(C) such that for any k > ko the section Tk 18 Cn-transverse along
D to 0.

The proof is just an estimated version of the following elementary fact: if a
Jo-complex linear function [: C* x R — C™ is surjective, then it has a surjective
restriction to each complex hyperplane. Otherwise the kernel of the restriction -
being complex- would have real dimension bigger than 2(n —m) + 2, and [ could
not be surjective.

4.1. Geometric reformulation of estimated transversality. We recall that in
this section we deal with estimated transversality along D in a 2-calibrated manifold
(intrinsic theory), or with estimated transversality over a 2-calibrated submanifold
M inside a symplectic manifold P (relative theory). Sometimes we might refer to
both situations as transversality along a distribution ) in the Riemannian manifold
P.

As remarked in the previous subsection, for sequences of 1-parameter families of
A H. functions Fy, 5(-, sx): B(0,p) C C* — C™ one can achieve estimated transver-
sality, and thus the use of reference frames allows us to get local estimated trans-
versality along D to the 0 section of very ample vector bundles Fj. More generally,
one expects to be able to attain estimated transversality along D to sequences of
submanifolds Sy C Ej of very ample vector bundles, where the Sj locally look like
the zero section of a trivial vector bundle: more precisely, the sequence of submani-
folds should be locally defined by functions fi: Uy C Ej — C!, S, N Uy, = f; '(0),
which are approximately holomorphic with respect to to the almost CR structure
in the total space of the bundles (Ey, Vi) — (M, D, J, gi) induced by the one on
M, the connection, and the Hermitian metric on Fj, so that

fkoTkopr.: B(0,p) CC"xR—C™
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is an A.H. sequence of functions (or a weaker property that ensures this last con-
dition). That should allow us to find an A.H. perturbation

Xk,z: B, (aj,p’/kl/ﬁ) — B,
so that the A.H. sequence
fwo (Te + Xi,z): By (z,p) > C™

is uniformly transverse along D to 0. Finally, we should make sure that this implies
enough estimated transversality along D to Si for the sequence of sections

Tk + Xk, By, (z,p) = Eg

to make Donaldson’s globalization procedure work.

In the relative context 7: P — Ej the estimated transversality problem over
M C P to the 0 section has the same difficulty as the usual estimated transversality
problem to the 0 section (this is the work of J.-P. Mohsen [30], section 5). Thus,
one expects this principle to be valid in the case of relative estimated transversality
to more complicated strata S.

To give a global definition of what transversality to a submanifold S C FE is,
we need to recall a more geometric definition of estimated transversality along a
distribution @, together with the following concepts.

Definition 4.2. Let W be a vector space with non-degenerate inner product so
that for any u,v € W we can compute the (unoriented) angle Z(u,v). Given
U e Gr(p,W) and V € Gr(q,W), p,q > 0, the maximal angle of U and V,
Zm(U, V), is defined as follows:

U, V) = maXueU\{O}minvev\{o}l(u,v).

In general the maximal angle is not symmetric, but when p = ¢ it has symmetry
and defines a distance in the corresponding Grassmannian (see [31]).

The minimum angle between transverse complementary subspaces is defined as
the minimum angle between two non-zero vectors, one on each subspace. An ex-
tension of this notion for transverse subspaces with non-trivial intersection is:

Definition 4.3. (Definition 3.3. in [3I]) Using the notation of definition
Zn(U, V) -the minimum angle between U and V non-void subspaces of W- is de-
fined as follows:
o If dimU + dimV < dim W, then £,,(U, V) := 0.
e If the intersection is non-transverse, then £, (U, V) := 0.
o If the intersection is transverse, we consider the orthogonal to the intersec-
tion and its intersections U, and V. with U and V respectively. We define

L (U, V) == min,ep,\ {oyminyev,\ {0} £(u, v).

The minimum angle is symmetric.
The most important property relating maximal and minimal angle is:

Proposition 4.1. (Proposition 3.5 in [31]) For non-void subspaces U,V,W of R™
the following inequality holds:

We will also be using the following

Lemma 4.2 (lemma 3.8 in [31]). Let U,V be non-zero subspaces of R™ and let
h: U — V=+ be the projection from U with respect to the decomposition R" =
V @ VL. If h has a right inverse 0 satisfying |0] < n~! then £, (U, V) > n.
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Let 7: P — E be a section of a Hermitian bundle with connection and @ a
distribution on P. Let us denote the pullback of ) to E by Q Let H be the
horizontal distribution associated to the linear connection and let Hg denote its
intersection with Q. Finally let ToT denote the intersection of the tangent bundle
of the graph of 7 with Q.

Lemma 4.3. There exists a constant C > 0 determined by upper bounds on
|Vor(z)|,|T(x)| such that:
(1) IfVor(x) has a right inverse with norm bounded by n=' then Zm(Hao,ToT) >
C~'n (the angle measured in QT(Q)).
(2) If Zm(Hq,TqT) > n then Vor(x) has a right inverse with norm bounded
by (Csinn)~1.

Proof. Let us assume () = T'P. The vector space T, )E = Hyp) & T E, is
endowed with the direct sum metric. We compose with an isometry preserving the
direct sum structure so that H,) ® T E, becomes R* & RY with the Euclidean
metric. Let h: T'7(x) — R® be the orthogonal projection. By lemma applied to
U =T7(z) and V = R* x {0} = M4, if h has a right inverse § with [0] < n~*
then Zu(Hy(z), TT(x)) > 1.

By definition V7 (z): T, P — T"E, = E, is the composition h o d7(z), with the
differential dr(z): T, P — Tt(x), which is an isomorphism. Now if #’ is a right
inverse for V7(x), |#'| < n~!, then dr(z) o 0 is a right inverse for h with norm
bounded by |dr(x)|p~!. Thus, by lemma Lin(Hr(z), T7(x)) > |dr ()|~ .

Conversely, the projection h has always a right inverse # of minimum norm. Let
us define W := T'r(z) N H,(y) and U, := T7(z) N W+. If we compose 6 with the

orthogonal projection T7(z) — U,, we obtain a right inverse 6 for hyy. such that
0] = |0]. If now Zim(Hr(z), TT(x)) > 1 then the equation involving inequalities of
lemma 3.8 in [31] implies

6] < (siny) ", (16)

and therefore dr(z)~! o 6 is a right inverse for V7(x) with norm bounded by
|d7 ()|~ (sinn) .

In the case Q # TP we fix an isometry sending (Hg, H) at 7(z) to (R* x {0}, R%)
with the Euclidean metric, and apply the above arguments to R @ RP.

Note that we have C = |dg7(x)|, with do7(x) the restriction of dr(z) to Q.
Observe that a bound for |dg7(z)| can be obtained from upper bounds for |7(z)|
and |Vor(z)). O

Remark 4.1. In the definition of minimum angle Z,,(U,V), when U,V are not
complementary we work with the intersections in (U NV)+ where we can apply the
usual notion of minimum angle for complementary subspaces. Instead of (U NV)*+
one might choose any other subspace W complementary to U NV to give a different
notion of minimum angle. In certain situations this is a good strategy because there
are natural complementary subspaces available. It is easy to see that the new notion
of minimum angle is comparable to the one of definition 4.3 and the comparison is
given by multiplying by a constant depending only on Z,,(U NV, W) (there is no
ambiguity since these are complementary subspaces). Actually, those new notions
depending on the complementary coincide with the one given in but for a new
metric, which is comparable to the Euclidean one in terms of Z,,,(U NV, W) (very
much as it happened with the isomorphism dg7(x) in the previous lemma).

We need a second result relating angles and intersections.
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Lemma 4.4. Let U, V,W be linear subspaces of R™ such that £y, (V,W) >~ > 0.
Let Z\(U, V) < 6. Then there exists C(y,dimV,n) > 0 such that

Im(UNW,VAW) < C4.

Proof. For each u € U\{0}, we have Z(u,V) = Z(u,h(u)), where h: R* — V
is the orthogonal projection. We consider a complementary space to V' possibly
different from V+: because £, (V,W) > v > 0 the dimension of W is greater or
equal than the codimension of V', and the intersection of V' and W is transverse.
As a consequence any subspace (of W) complementary to VN W in W is also
complementary to V in R™. We let Viir be the orthogonal to VW in W, and we
define hy: R™ — V to be the projection along Vi (whose restriction to W is the
orthogonal projection onto V-NW). It follows that Z(u, hw (u)) < CZL(u, h(u)) =
CZ(u,V), and by construction if w € UNW then Z(u, hy (u)) = Z(u, VNW). O

Let S C E be a submanifold in the total space of the vector bundle E over either
a 2-calibrated or a symplectic manifold, transverse to the fibers. Let g be the metric
in E induced by the connection, the bundle metric, and the metric g in the base.
The submanifold might not have a tubular neighborhood of positive radius. If we
assume S to be in a compact region -as it will be the case in our applications-
then the problem comes from the behavior near its boundary 95 = S\S. Thus a
reasonable extension of definition to our non-linear setting must deal separately
with points close to 05 and with the other points of S.

Definition 4.4. Given 77 > 0 the points of S #-far from (resp. 7j-close to) the
boundary are those points in .S at g-distance of S greater or equal (resp. smaller)
than 77 > 0. For any n > 0 -typically much smaller than 7j- we define Ng(n,7) to be
those points that can be joined to a point 7-far from the boundary by a geodesic
arc normal to S and of length smaller or equal than 7.

We now define the distribution 7'!lS at the points of Ns(n,n) by parallel trans-
port of T'S along the geodesics normal to S, starting at the points 7-far from the
boundary of S.

TS plays the role of H. We use the notation TCgS =TISNQ.

Definition 4.5. 7 is (1, 7])-transverse along @ to S at x if either (i) 7(x) misses the
union of S with Ng(n,7), or (ii) 7(x) enters in Ng(n,7) so that £, (ToT, TCQS) >
n at 7(x), or (iii) 7(z) intersects S at the points 7}-close to the boundary with
Lin(ToT,TgS) > 7 at 7(z).

Uniform transversality of 7 along @ to Sy is defined as (7, 77)-transversality for
some 7,7 > 0 and for all k> 1.

Conditions on a sequence of submanifolds S, of complex codimension ! (or more
generally on stratifications) can be imposed, so that local estimated transversality
along @ of 7, at the points of By, (z,p) to the points of S, far from 05y, is
equivalent to estimated transversality along Q of a related C'-valued function to 0
(lemma [4.5).

We will consider stratifications S = (Sj), a € A, which are (i) finite in the sense
that #(Ax) must be bounded independently of k, and (ii) the boundary of each
strata 9S? = SP\S? will be the union of the strata of smaller dimension

asy = s.
a<b

Definition 4.6. Let E, = E® L® — (M, D, J, g) and let (S¢),ea, be finite
stratifications of Ej, whose strata are transverse to the fibers. Let r € N, r > 2.
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The sequence of strata is Whitney C"-approximately holomorphic (C™-A.H.) if for
any bounded open set Uy, of the total space of Ej and any € > 0, constants C¢, p. > 0
only depending on e and on the size of Uy -but not on k- can be found, so that
for any point y € Uy, in a strata S{ for which dg, (y, 0S§) > €, there exist complex
valued functions f1,..., f; such that By, (v, pc) N SY is given f; =--- = f; =0, and
the following properties hold:
(1) (Uniform transversality to the fibers + transverse comparison) The restric-
tion of dfy A --+ A df; to TV E} is bounded from below by pe.
(2) (Approximate holomorphicity along the fibers) The restriction of the func-
tion f = (f1,..., fi) to each fiber is C"-A.H.(C\).
(3) (Horizontal approximate holomorphicity + holomorphic variation of the
restriction to the fiber + estimated variation of the restriction to the fiber)
For any Ak, and 7 C"™-A.H.(\) local section of Ej with image cutting
B, (y,pe), fj o7 is C™-A.H.(AC,). Moreover, if 6 is a local C™-A.H.(\)
section of T*TV Ey, df,(0) is C"-A.H.(AC\,).
(4) (Estimated Whitney’s condition (A)) For each n > 0 small enough, there
exists 0(n) > 0 such that Vy € Sb at distance smaller than § of S¢ C 9S?,
AM(THS,?,TS};) at y is bounded by 7.

Remark 4.2. If we give the corresponding definition using as base space an al-
most complex manifold instead of an almost CR manifold, we almost recover the
definition 3.2 in [4] (our condition (4) is a bit weaker).

Condition (1) is equivalent to the strata have minimum angle with the fibers
bounded from below. We just try to mimic the picture of the 0 section with
respect to the fibers of a vector bundle, in which case we even have orthogonality.

Conditions (2) and (3) guarantee that if 7,: M — Ej is A.H., then the corres-
ponding C!-valued function to be made transverse to 0 is A.H.

Recall that for a stratification S of some RY | a stratum S° satisfies Whitney’s
condition (A) if for every converging sequence x,, — x, z,, € S°, x € S% C 9S°, so
that T, S® is converging, the limit contains 7,5 Condition (4) is an estimated
Whitney’s condition (A).

Definition 4.7. Let S be as in definition (over either a 2-calibrated or a
symplectic manifold). Then 74 is uniformly transverse along @ to S if there exists
strictly positive numbers (14,7,) for all a € Ay such that:
(1) For all a € Ay, and for all k> 1 73 is (1,4, 7ls)-transverse along @ to S¢.
(2) For each b, U, ., Nsg (7a,7a) contains the points of S}, m,-close to 95).

Now that we have the notion of uniform transversality of a sequence of sec-
tions to an appropriate stratification, we need tools to relate it with local uniform
transversality for sequences of (related) functions.

Lemma 4.5. Let Si} be a sequence of strata as those in the stratifications of de-
finition for the base space P either an almost CR manifold (intrinsic theory)
or an almost complex manifold (relative theory). Let € > 0 and 0 < n < e. Let
y € Ex be a point in the stratum e-far from the boundary, and let f = (f1,..., fi)
be the corresponding local C!-valued function defining the stratum in By, (y, pe). Let
T be a section of Ey, whose graph enters in By, (y, pc). Then there exist constants
o' (e, il), Cle, |Vaomil, |mk]), C' (€, |V okl |Tk]) > 0 such that:

(1) If L (T, TCS‘S“) > 1 in By, (y, pe), then dg(foT) has a right inverse with

norm bounded by (Csin(n/2))~" in By, (y, p').
(2) If do(f o T) has a right inverse with norm bounded by n~

then Zn(ToT, TCB‘S“) > 'yin By, (y,p).

Lin By, (y, 05)7
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Proof. By simplicity we omit the subindices for the sections 73, the bundles, and
the strata.

Let us assume Z, (T, TCIQ‘S‘I) > .

Step1: Show the existence of p'(e,n,|7|) > 0 such that Z,,(TgT, Kerdfﬂ@) >n/2
in By, (y, ).

According to proposition (proposition 3.5 in [31])

Li(TH8%, Tor) < Ln(THS® Kerdf N Q) + Lu(Kerdf N Q, To7),
and therefore we need to prove the existence of p’ > 0 so that in By, (y, p’)
£u(ThS® Kerdf N Q) < n/2. (17)

Condition (1) in definition [4.6| implies /,, (Kerdf, Q) > ~(¢). If we find p’ > 0 such
that in By, (y, p’)

£a(TV18%, Kerdf) < Cl(e)) " n/2, (18)
we can apply lemma where U = T8, V = Kerdf, W = Q, to conclude that
equation holds.

Equation is proven using appropriate charts. The situation we are trying
to mimic is that of a locally trivialized vector bundle and we measure the maximal
angle between the parallel copies of the 0 section (here the leaves of ker df) and H
(here T11S%).

Due to the bounds in deﬁnitionwe can find a chart ®,: R* — By, (v, pe) such
that in B(0,p"”) C R? (i) the metrics go and ®; gy, (that we write gy if it is clear
that we work in the chart) are comparable, and the Christoffel symbols of gj are
bounded by O(1) (the bounds being uniform on k,y), and (ii) the foliation Kerdf
is sent to the foliation R*~2. Tn B(0, p”) C R® the stratum S becomes R~ x {0}
and tubular neighborhoods for g; and gg are comparable. At any point ¢ in the
neighborhood, a vector in u € T!1S is the result of parallel translating (with gg) a
vector v in R%2! x {0} over v/ € R%~2! x {0} along the corresponding jx-geodesic.
Since the Christoffel symbols are bounded, Z(u,v) is bounded by e'* —1, T' > 0. So
by decreasing ¢, the distance of q to S, we bound the maximal angle by C(v)~1n/2.
Therefore the final radius p’ depends on 7, on ¢ (because C(vy) depends on €), and
on how gg and gy, are related (to order one). This final relation depends on f (and
hence on €) and on the metric g (and hence on |7]).

Step 2: Show that £, (ToT, Kerdf N Q) > n/2 implies that dg(f o7) has a right
inverse with norm bounded by (C(e, |V 7], |7|)sin(n/2))~ .

The proof of item (2) in lemma implies that the orthogonal projection
h: Tor — (Kerdf N Q)J_ has a right inverse with norm bounded by (sin(r/2))”"
(equation ) Let Vi denote the orthogonal in the fiber T E of (KerdfNQ)NTVE.
Due to condition (1) in deﬁnition this is a subspace complementary to KerdfNQ
and such that Z,,,(Vg, Kerdf N Q) is bounded from below in terms of p., and hence
in terms of e.

Let hg: Tom — Vg be the projection along Kerdf N Q. It follows that there
is a constant Cy(e)™! > 0 and a right inverse for hr with norm bounded by
C1(e)~(sinn/2)~". We now define

B’ =df ohgpodgr: Q — C.
By construction h” = dg(f o 7). Condition (1) about the restriction of df to
the fiber implies the existence of a right inverse for h” with norm bounded by
|dQT|’1C2(e)’1C1(e)’l(sinn/Q)fl. Therefore, dg(f o 7) has a right inverse with
norm bounded by C(e, |dgT|)sin(n/2)~" in By, (y, p'(€,n,|7|)), this proving item

(1).
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Conversely, if dg(f o 7) has a right inverse By, (y, p) with norm bounded by
n~!, step 2 above implies that hg o dgT has a right inverse with norm bounded by
(Cl(e)2m) .

Item (1) in lemma [£.3] gives

Zm(Tor kerdf N Q) > C'(e, [Vorl, |I7])2n,

and combined with step 1 we conclude
Lu(Tr, TyS*) = C'(e, ldo)n in By, (y. ple,m. 7).
Observe that the constants C,C’ grow very large as € and 7 tend to zero. O

Remark 4.3. The previous lemma does not involve almost complex structures at
all. Hence it also holds for arbitrary Hermitian bundles, sections, and strata which
fulfill condition (1) in definition

Using appropriate choices of complementary subspaces to get a bound from below
for certain minimal angles -as noticed in remark [{.I} we can prove the following

Lemma 4.6. Let S = (5)aca be a sequence of approxzimately holomorphic stratifi-
cations as in definition[].6, Assume that the sequence Ty is uniformly transverse to
S along a distribution Q whose dimension is greater of equal than the codimension
of the strata, and that the uniform bounds ||, |V Tk, < O(1) hold. Then for each

a€A, Tgl(Sg) is a subvariety of M uniformly transverse to Q.

Proof. We must prove that for a sequence of points (k) in 7, *(S{) we have
Ln(Ter 1 (87),Q) 2 7> 0 (19)

for all £ > 1 independently of the points.
Denote 7 () = g. We claim that equation would follow from

Am(Tk*TITk_l(Slg)ka*Q) Z ’Y/ > 07 (20)

where the angle is measured in T'7;(z) with the induced metric. The reason is
that the bound on |7%| implies that the metric in E} is comparable to the product
metric given by any trivialization by reference frames (and using on each factor the
Hermitian metric in the fiber and g, coming from the base). Then we use the bound
on |V7i| to conclude that in this product metric 2, (Tmx(z), T"Ex(q)) > 61 > 0,
where TV E}, is the tangent space to the fiber. Hence, our claim follows.

We can rewrite equation as

L(Tomi(z), T N TSi(q)) >~ > 0. (21)

Our second claim is that
Zim(TSi(q), T"Ex(q)) = d2 > 0. (22)
Indeed, this follows from condition (1) in definition [4.6if we are in a point 7j-far from
the boundary of S}!. For points 7-close, we use the estimated Whitney’s condition

(A) together with proposition to prove equation 1) Since TV E}, C Q, we also
conclude

Zin(TSE(q), Q) > 03 > 0. (23)

We will reinterpret equation by choosing a suitable complementary space
to T'SEN Q(q) which is not its orthogonal W (see remark . Let Wy C Q
(resp. Wa C Q) be the intersection of T (z) (resp. T'S¢(q)) with the orthogonal
of TS¢NT7 N Q(q) inside Q, and let Ws be the intersection of T'7j,(x) with the
orthogonal of Q. From Z,,(Tm(z), T"Er(q)) > 01 we obtain Zp, (T (), Q) > 61,
and by hypothesis Z,,, (ToT (), ToSE(q)) > 04 > 0. Both inequalities imply that
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W' := W71 @ W3 can be used instead of W. By construction W’/ N Q = W71, so from
equation we conclude

L (W' N TS%(q), Wh) > 65 > 0. (24)

Notice as well that to compute equation we have to intersect the corres-
ponding vector subspaces with the orthogonal of T'S} N T, N Q(q) inside T'r, ().
From what we have seen, we can rather choose as complementary space W’. Since
W' NTgme(x) = Wy and W N (T, NTSE(q)) = W NTSE(x), we have to compute
the left hand side of equation , so the result follows. O

In particular the following corollary is deduced:

Corollary 4.1. Let S = (S%)aca be a sequence of A.H. stratifications over the 2-
calibrated manifold (M, D,w) as in definition . Assume that the A.H. sequence
Tk 18 uniformly transverse to S along D. Then for each a € Ay, Tk_l(S,‘j) is either
empty -if the codimension of S is bigger than the dimension of D (or M)- or a
subvariety uniformly transverse to D.

For a symplectic manifold, transversality along the directions of a (compact)
subvariety N implies that either (i) Tgl(S,‘;) is at gp-distance of N bounded from
below or (i) it is a subvariety (at least defined in a gi-neighborhood of N ) uniformly
transverse to N.

If we analyze the proof of lemma [£.6] corollary [.1] for 2-calibrated manifolds is
equivalent to saying that uniform transversality along D implies uniform transver-
sality over M (along T'M). The converse is also true, extending therefore Mohsen’s
relative transversality result to appropriate sequences of stratifications.

Corollary 4.2. Let S = (S¢)aca, be a sequence of A.H. stratifications over the
2-calibrated manifold (M, D,w) as in definition . Assume that the A.H. sequence
T is uniformly transverse to S (over M), for suitable constants (Mg, 7.), a € Ag.
Then 1 is also uniformly transverse along D to S.

Proof. By induction we can assume that 7, is uniformly transverse along D to S¢,
for every a < b. Let g € S2, with 73,(x) = ¢, 77'-close to dS2. We want to show

Zuw(Tp(x), TpSi(a),) = 17,
and we will do it by applying for some index a € Ay the inequality

Ln(Tom(2), THSE4)) < Zm(ThSH(a), TpSh() + Zu (Tomi(x), ToS(q))- (25)

If 7/ is small enough condition (2) in definition implies the existence of an
index a € Ay such that ¢ € ng (a,7a). If we apply induction we conclude

Zin(TpTi(2), TgSg(q)) > N, so we only need to make
£n(Th S (@), ToSE(@) < o

This is done using 1emma with U = T15%(¢), V = TS*(¢q), W = D. We need
to check

2:(T"'S7 (), TSR(a)) < 1a, (26)
Zun(TS}(q), D) = . (27)

Equation follows by the estimated Whitney’s condition by taking 7’ small
enough; equation uses again the inequality of proposition

Zin(D, TS (q)) < Zm(TVS3(a), TS (a)) + Zu(D, TS} (9)),
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together with (D, T11S%(¢)) > 27 (by condition (1) in definition and equa-
tion .

So far we deduced some 7’-transversality only at the points 77’-close to the boun-
dary of S?. Now let us assume that for some n > 0, Z(T7(x), T1S%(q)) > 7
in the tubular neighborhood N, s (n,7') (here comes the requirement on the cons-
tants controlling the transversality, i.e. in those points 77’-far from the boundary we
need to make sure that £, (T (2), T!1S?(q)) is uniformly bounded from below). If
T(x) € N, st (n,7') then by lemma n-transversality implies n’-transversality to

0 of the function fo7y: By, (x, p') — C'. From the approximate holomorphicity of

the composition f o7y, for all £ > 1 a result analogous to lemma grants %n' -

transversality along D, which again by lemma [4.5| gives n”-transversality along D
to SY (we suppose " < 7).
Therefore, it follows that 74 is (1, #7’)-transverse along D to S2. O

5. PSEUDO-HOLOMORPHIC JETS

The main applications of the theory of approximately holomorphic geometry
for 2-calibrated manifolds are deduced from the existence of generic rank m linear
systems.

Let us assume that (M, D, J) is a Levi-flat CR manifold and L — M a positive
CR line bundle. Let C™ — M denote the trivial (and trivialized) bundle of rank
m endowed with the trivial connection.

Definition 5.1. A CR section 7: M — C™" @ L (or a rank m linear system of
L) is r-generic if its zero set B is a CR submanifold of the expected dimension, and
the projectivization ¢: M\ B — CP™ is a leafwise r-generic holomorphic map, i.e.
when restricted to each leaf it is transverse to the Thom-Boardman stratification
of the bundle of holomorphic r-jets of holomorphic maps from the leaf to CP™.

The proof of the existence of r-generic linear systems (possibly of large enough
powers of L) is the main subject of [25].

The strong transversality property for a CR function ¢: M — CP™ to be r-
generic is as follows: we consider J&p (M, CP™) the bundle of CR r-jets (of folia-
ted holomorphic r-jets) of CR maps from M to CP™. This bundle admits a CR
Thom-Boardman stratification PY, which restricts to each leaf to the corresponding
holomorphic Thom-Boardman stratification. A CR function ¢ is r-generic if and
only if its CR r-jet jipo: M — JLp(M,CP™) (which by definition is the foliated
holomorphic r-jet) is transverse along D to PX.

Assume that our CR submanifold embeds holomorphically in some complex ma-
nifold P and that D extends to a holomorphic foliation integrating the complex
distribution G. There is a canonical submersion pg: J"(P,CP™) — J5(P,CP™)
from holomorphic r-jets to foliated ones. The foliated Thom-Boardman stratifica-
tion P¥ C J& (P, CP™) restricts over M to the CR Thom-Boardman stratification
PY of J&g(M,CP™). Let us denote the pullback pe~1(PX) by PXC.

For any holomorphic function ¢: P — CP™ it is an elementary fact that ji ¢ €
I'(J&(P,CP™)) -the holomorphic r-jet along G- is transverse along G to PX at the
points of M, if and only if j7¢ € T'(J"(P,CP™)) is transverse along G to PXY at
the points of M. By the results of the previous section, this is equivalent to being
transverse over M to PX¢.

To obtain an r-generic linear system there is an additional complication coming
from the base locus. We first need to make sure that 7: P — QmH ® L is trans-
verse over M to the zero section, and then solve the r-genericity problem for the
projectivization (in a compact region of P\7~1(0)). Instead of working first with
the section 7 and then with the projectivization, following ideas of D. Auroux [4] we
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restate the whole issue as a unique transversality problem over M for the pseudo-
holomorphic 7-jet extension of 7, a section of a vector bundle J"(C™*! @ L). The
advantage is that we work with vector bundles and we can use the module structure
of sections.

5.1. The integrable case. Let £ — P be a Hermitian bundle over a complex
manifold with compatible connection V, whose curvature verifies F%Q = 0. The
total space of the bundle is a complex manifold (theorem 2.1.53 in [14]) and there
is a notion of holomorphic section and hence of holomorphic r-jet. The space of
r-jets has natural charts obtained out of holomorphic coordinates in the base and
a holomorphic trivialization of the bundle. They provide a local identification of
the holomorphic r-jets with 7, ,,, the usual r-jets for holomorphic maps from C"
to C™.

Let 9y be the Cauchy-Riemann operator defined (locally) using the canonical
structure Jy in the base (the chart) and the trivial connection d in C™. The
connection on the fiber bundle can be used to give a different notion of local holo-
morphic r-jet (in principle chart dependent) by just considering the operator dv:
if the connection matrix in the trivialization is A, = AL?, then the coupled 1-jet
of a holomorphic section 7 is defined to be (7,097 + A,7)). Higher order coupled
jets are constructed by induction using the connection induced by the flat metric
and V.

Observe that locally for the above choice of coordinates and trivialization of the
bundle, both the usual r-jets and coupled r-jets fill the bundle

s

QT e C” = I,

=0

where © stands for the symmetric part of the tensor product and (7*1°C")®° @ C™
for C™. This is due to the existence through any point of E of holomorphic frames
tangent to the horizontal distribution of the connection, together with the vanishing
Fé’o (the latter implying that dA and its derivatives are symmetric tensors when
evaluated on (1,0)-vectors).

For Levi-flat CR manifolds the local model for the pseudo-holomorphic jets to
be introduced is the following: the base space is (C™ x R, Jy, go) (or rather a ball
of Euclidean radius p > 0), the bundle is assumed to be trivialized by a CR frame
and the curvature is of type (1,1). The bundle of CR r-jets is denoted by Iby mm
(foliated holomorphic r-jets along Dy,); its fiber over each point is that of J .
There is an obvious notion of CR coupled r-jet. The hypothesis on the trivialization
and on the curvature imply that they are also symmetric, so they fill the bundle
th,n,m = jrz,m x R.

Using Darboux charts and suitable trivializations this model will be achieved in
an approximate way in the theory for 2-calibrated manifolds.

There is a final local model we wish to introduce that would appear in Kéhler
manifolds P with a holomorphic foliation integrating a complex distribution G.
Locally, we have holomorphic coordinates C9 x CP~9 with G sent to C9 (which
integrates into the foliation with leaves C? x {-}), and we work with foliated coupled
jets along the leaves of CY9. The corresponding bundle of coupled foliated r-jets is
denoted by J¢, ,,,,- It coincides with Jg,,, x CP79. Transversality problems for
this bundle will be transferred to transversality problems in 7, ,,, so we need no
further analysis of its properties, though we will be interested at some point in
studying the natural submersion pr m ‘7697177””' This local model is achieved
in an approximate way in a symplectic manifold (with compatible almost complex
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structure and metric) with a J-complex distribution G -not necessarily integrable-,
by using approximate holomorphic charts adapted to G.

5.2. Pseudo-holomorphic jets. Denote sequence £ ® L&* — (M, D,w) by Ej.
We define the bundles
ThEe = (Y (DY) @ Ey,
3=0

where ® stands for the symmetric part of the tensor product of complex vector
bundles. They carry Hermitian vector bundle metrics induced by gx|p, the one on
E}, and the symmetrization map

sym,: (D)% 5 (D10)7, (28)

The Levi-Civita connection induces a connection on D* (using the metric to see
D* — T*M and then projecting T*M — D*) and therefore in D**0 (using the
splitting D*%9 + D*91); combined with the connection on Ej, and the symmetriza-
tion map they define connections Vy, .. The total spaces Jj,E}, also carry metrics
constructed in the usual fashion out of the metric in the base, the connection, and
the vector bundle Hermitian metric.

The definition of pseudo-holomorphic r-jets along D (or just pseudo-holomorphic
r-jets) for a sequence E} of Hermitian vector bundles is given by induction (see
[4]). Let 7% be a sequence of A.H. sections of Ey. By definition j%7, = 7.
Let j5 ' € J5 'Ex be the (r — 1)-jet of 7. It has homogeneous components
of degrees 0,1,...,7 — 1. We will denote the homogeneous component of degree
j€{0,...,r =1} by 9,7 € D((D*0)®7 @ E}). The connection V1 is actu-
ally a direct sum of connections defined on the direct summands (D*}%)%7 @ Ej,
7 =0,...,r— 1. For simplicity and if there is no risk of confusion we will use the
same notation for the restriction of Vj, ,_1 to each of the summands. The restriction
of Vk,r,ltf?;y_n}m to D defines a section vk,r,l’Dagy—n}Tk e N(D*@ (D10 "1 Ey).
For each z € M it is a form on D with values in the complex vector space
(D*10)or=1 @ Ej. Therefore we can consider its (1,0)-component 99l 7, €
(D" (D*1%)°"~1g E,.). By applying the symmetrization map sym,. of equation
we obtain 9%, 7 € T((D*10)°" @ Ey).

Definition 5.2. Let 7 be a section of (Ek,’ V). The pseudo-holomorphic r-jet
§1 7k is a section of the bundle J5Ey = (327="(D*19)97) @ Ej, defined out of the

(r — 1)-jet by the formula j5, 74 := (j75 ‘7%, Oy Tk)-

Remark 5.1. The previous definition incorporates the fact that the degree r and
(r — 1) homogeneous components of the r-jet are symmetrization of the pseudo-
holomorphic 1-jet of 3;,}}%; then we have to add the homogeneous components
of lower degree. Actually, we could have equally defined j}, 7 by taking the sym-
metrization of the pseudo-holomorphic 1-jet of jlrjlﬂc (because this gives the ho-
mogeneous components of degree 1,...,r) and then adding 74, the degree zero
homogeneous component.

Remark 5.2. The pseudo-holomorphic r-jets are useless for our purposes for low
values of k. We are interested in having a notion of r-jet of an A.H. sequence which
in approximately holomorphic coordinates and for suitable local trivializations of
El, is as close as possible to the local coupled holomorphic r-jet defined in C* x R
using Jy and the flat metric (introduced in subsection . As k grows large and
due to the proximity between g, J and Jy, go, in B(0, p) C C"® x R we will see that
the norm of the difference at any order between the two notions of r-jet is bounded
by O(k~1/2).
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For a symplectic manifold (P, 2) with a J-complex distribution G the bundle of

pseudo-holomorphic r-jets along G will be defined to be
T
jéEk- = (Z(G*l’O)QJ) ® Ek.
j=0

We have a canonical projection pg: J"Er — J5LEL. We also use the splitting
TP =G @ Gt to see J&E), as a subbundle of J" E); hence every section of J5Ey
can be seen as a section of J"E). To define the pseudo-holomorphic r-jet along
G we use the same induction procedure as in the definition of pseudo-holomorphic
r-jets along D, but either before or after symmetrizing we project T*19P — G*1.0
(or even before taking the (1,0)-component we project T*Pc — G¢); the result of
either choice is the same.

Once approximately holomorphic coordinates have been fixed we have a canoni-
cal pointwise (Jo — J)-complex linear identification

TC" - D
0 , 9% ;4,2
ozl Ozl *Osy;

9] 9] 0
. : i— |- 2
8kaHJ<8m}€+azask> (29)

The inverse of its dual is a (Jy — J)-complex bundle map

whp: THOC" — D*10, (30)

It should be stressed that this identification is only important in the ball of some
gr radius p > 0, the region where our computations have to be more accurate (in
order to obtain local estimated transversality). There, for some constant v > 0

[ @halge 7 |Tnlge <7 and [d@aly, <ORTV?), Vi>1.  (31)

The Gaussian decay of the reference sections will take care of what happens out of
these balls. We also notice that by writing dz; we will mean wy, ,(dz}).

Let us assume that we have also fixed a family of reference sections of r,gei, €
['(L®*). Using any local unitary basis of E (with bounds uniform on z) together
with the reference sections, we have a family of trivializations T,gei jd=1,...,m,of
E}, in the balls By, (z, p) for all « and for all k large enough. The A.H. coordinates

and the associated bundle maps wy, , provide a local basis dz},...,dzl of D*10.
We obtain a family of trivializations of JjE) about any point as follows: for
I= (io,ih...,in), with 1 SZO Sm, 0§11++2n S’I", we set
oy ;
o =dop @ ©dpO @ (32)

Definition 5.3. A family of sequences 74, 5 1: M — Ej, is called a family of holo-
nomic frames if:

(1) They are A.H. sections with Gaussian decay w.r.t to .

(2) There exist p,y > 0 such that in the balls By, (x, p) and for all point and all
k large enough the sequences jp, 7 . 1: M — J[,E) define a frame which
is y-comparable to jix . 1 in the following sense: if we write j7,7% .1 in the
basis fig,a 1, for the corresponding matrix My, , we have

|M/€,I|go <7 |Ml;i|go <7

One checks that the notion of holonomic reference frame does not depend either
on the fixed approximately holomorphic coordinates, or in the chosen reference
sections of Ej;, to define yi, 1. Only the constants involved in the definition change.
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In this situation there is still a weak point. The main goal is to construct sections
whose pseudo-holomorphic r-jets are transverse to certain stratifications. For that
we need the pseudo-holomorphic r-jets to be A.H. sections of the bundles J}, Ex
(resp. J"Ey for symplectic manifolds with J-complex distribution G), so that we
can apply the transversality results from approximately holomorphic theory (to
be proved in section . We intend to use holonomic reference frames defined as
follows: if I is one of the (n + 1)-tuples introduced before we set

Vit = Jpmih 1o where 7L = ()" - ()t € T(E). (33)

In the Kéhler case and due to the presence of curvature (see [5]), the coupled
jets are not anymore holomorphic sections of 7 ,, with respect to the complex
structure induced by the connection. Similarly, the frames vy, , ; fail to be families
of holonomic frames because the sections are not approximately holomorphic if
r > 1. This difficulty is overcome by introducing a new almost complex structure
(a new connection) in JjE) (resp. J"Ej). This is the content of the following

proposition whose proof is given in

Proposition 5.1. The sequence JHE, — (M, D, J, g) -which is very ample for
the connections Vy, . previously described- admits new connections Vi, g, such that:

(1) Vi, — Vin, € D @ End(J5Ey). Hence, if in order to compute the
pseudo-holomorphic jets (definition we use the connections Vi, g, in-
stead of Vi, then the result is the same.

(2) Let us denote the curvatures of Vi p,. and Vi, by Fy . and Fy,, respec-
tively. Then Fy g, = Fj, and hence (J5Ek, Vi.m,) is a very ample se-
quence.

(3) If 7e: M — Ej is a C"T"-A.H. sequence of sections, then jhri: M —
JILEy is a C"-A.H. sequence of sections for the connections Vi,H,-

In the integrable model (E,V) — (C™* x R, Dy, Jo, go), with E=L1 & -+ ® L,
we can introduce new connections V. (here there is no dependence in k, since
distribution, (almost) complex structure, and metric are the standard ones). If the
curvature F; of each line bundle L;, i = 1,...,m, restricted to the leaves is of type
(1,1) and has constant components with respect to the coordinates z1,. .., zn, then
the restrictions to each leaf of the curvatures Fyy,. and F,. (item (2) above) coincide.
As a consequence the new almost CR structure in the total space of Iby n,m nduced
by Vi, is also integrable (the foliation does not vary, just the leafwise complex
structure). Also if T is a CR section (C™-valued function), then the coupled CR jet
is a CR section of (Tp, p.m» VH,)-

In the case of (P,Q) symplectic with a J-complex distribution G, analogous re-
sults hold for J" Ey and for the integrable model.

As we said we postpone the proof until[Appendix A] but we introduce the formula
for the connection.
Let o = (0k,0,0%,1) be a section (maybe local) of J}Ey. We define

Vi, (0k0,0861) = (Voro, Vor1) + (0, —F}jlak,o)y
where Fj o0 € D*1 @ D*'0 @ By, (sce []).

Remark 5.3. The approximate equality Fp, = Fj has useful consequences.
Assume for simplicity E, = L®*. Fix approximately holomorphic coordinates
and trivialize the line bundle so that the connection form is A (equation )
Then in the local frame (1,0) ® ¢, (0,dz}) @ Tk, ..., (0,dz}) @ 7% T} Ly and over
B(0,p) C C™ x R, the connection matrix of Vy, g, is, up to summands bounded (at
any order) by O(k=1/?)
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A —ldz} —1dz)
0 A 0
0 0 A

In particular we have a uniform control on the new metric of the total space of
the bundles JALy (resp. J'Ly). In a similar manner this uniform control also
holds for the bundles J}E) (resp. J"Ey). A useful outcome is that if we have
a sequence of stratifications S such that for a choice of approximate holomorphic
coordinates and reference frames, in the associated local basis py ,,; of equation
the strata S§ are given by equations (functions) that do not depend neither
on k nor on z, then the different bounds associated to the strata (basically those
of the local functions defining them) will not depend on k and z (because we can
compute them for the corresponding model with the Euclidean metric elements).

6. THE LINEARIZED THOM-BOARDMAN STRATIFICATION

For the very ample sequences Ej there is an easy sufficient condition for a se-
quence of stratifications to be finite, Whitney (A), and approximately holomorphic.

Let us denote by T the group of translations of C™ x R (resp. CP in the relative
case).

Lemma 6.1. Let (S%)aca be a sequence of stratifications of E, — (M, D,w) such
that, for a choice of approximately holomorphic coordinates and approximately holo-
morphic trivialization, it is sent to (S*)aca, a fized CR finite, Whitney (A) strati-
fication of C™ — C™ x R transverse to the fibers. Then the sequence (S¢)aca is as
in definition [{.0

Conversely, from a Whitney (A) CR stratification of C™ — C™ x R transverse
to the fibers and invariant under the action of T x Gl(m,C) (or T x C*), using
the local identifications of Ey with C™ furnished by A.H. coordinates and A.H.
trivializations, it is possible to induce an approximately holomorphic sequence of
finite, Whitney (A) stratifications of Ej.

Proof. Recall that we are interested in constructing A.H. sequences of sections
transverse to (S§)qc4; in particular this sections will be uniformly bounded. There-
fore, for each k, x we can work in the subset B(0, p)xB(0, R) C (C"xR)xC™ = C™,
for some R > 0. Let f be a function defining locally a stratum S¢, which by hy-
pothesis can be chosen to be CR. Condition (1) in definition holds trivially for
the model S and therefore for (S{)qca, because when we compare the Euclidean
metric and g we get the same inequalities as in condition (1) in definition

Since the model stratification is Whitney (A) and we work in a compact region,
Whitney’s condition (A) implies the estimated Whitney’s condition (A) for the
Euclidean metric and hence for gg.

Let Joy be the leafwise holomorphic structure associated to the canonical CR
structure of C™ = (C" x R) x C™ and let Dj denote the foliation by complex
hyperplanes. Since the local function f defining S* is CR, in particular it is fiberwise
holomorphic, and this proves condition (2) in definition

Let (D, J, i) be the almost CR structure on B(0, p) x B(0, R) induced by the
one on Ej. In order to prove condition (3) it suffices to check that f is A.H.
with respect to the this almost CR structure. We are going to slightly modify the
induced almost CR structure: instead of D, we select Dj,. By using the Euclidean
orthogonal projection, we can push J: D — D into an almost complex structure
J: Dh — Dh
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Since |d7(D — Dp)|g < O(k~1/2), for all j > 0, then f is A.H. with respect to
(ﬁ, j,gk) if and only if it is A.H. with respect to (ﬁh, J',go) (this appears in the

proof of lemma .
In C™ = (C" x R) x C™ we have canonical coordinates zi, ..., 2%, Sk, U, . .., uir.
These are CR coordinates w.r.t (D}, Jo). By hypothesis
of _...of _of _ Oof _,
oz oz oul  oupr
If we show that z},..., 20, sk, us, ..., ul are A.H. coordinates for (ﬁh, J', go) then

we are done (this is again lemma in the absence of connection form). But this
follows from the fact that the trivialization of C™ is given by an A.H. frame and
therefore the induced distribution (by the connection form) H on Dj, is such that
|7 (H — JoH)|gy < O(k1/2), for all j > 0.

To prove the result in the other direction we fix A.H. coordinates and A.H.
frames for Ex. The T x Gl(m,C)-invariance of (S*)gea C C™ means that the
local identifications define a sequence of global stratifications, and that these do
not depend either on the A.H. coordinates or on the A.H. trivializations. It is an
approximately holomorphic sequence of finite, Whitney (A) stratifications by the
first part of the proof. O

In contrast to what happens for 0-jets, it is not easy to find non-trivial approxi-
mately holomorphic stratifications for higher order jets. The difficulty comes from
the fact that the modification of the connection of proposition that makes the
r-jets of A.H. sequences of sections of E}, into A.H. sequences of sections of J}, Ey,
makes it very complicated to guarantee that the strata are given by functions whose
composition with an A.H. section is an A.H. function.

Example 6.1. Let Lgk be the sequence of powers of the pre-quantum line bundle
of a symplectic manifold of dimension 2p. Let us consider the following sequence
of strata in J'LEF:

Ek,p = {(0'0,0'1)|0'1 = 0}

The second subindex in our notation indicates the complex dimension of the kernel
of the degree one homogeneous component of the 1-jet (see equation ) Using
the local sections iy, 1 of equation , where I = 1,...,p, and taking reference
sections in Darboux charts, we get coordinates z,i, ey 2k, vg, vE, ... , vy for the total
space. Yy, is then defined by the zeros of the function f = (v},...,v}): C*+1 —
CP, which is not holomorphic (or A.H.) with respect to the modified almost complex
structure of the total space. Otherwise, the composition f o j 1(2,17’,265) would be
AH., but that composition is (1 + 2z}, 2122, . . ., 2L 20).

Actually, we cannot find A.H. functions f defining ¥y, ,: let us work in Darboux
coordinates with the canonical complex structure Jy in the base. Assume that uy 5
is built out of the reference section e~l#+I*/ 4¢. where € is a unitary trivialization
of L whose connection form is A in equation . Then J 1L§k becomes locally
CPT™! with diagonal connection matrix Alpyixp+1. Proposition for complex
manifolds implies that the modified almost complex structure on CP*+ is integrable.
The submanifold 27 = --- = 28 = v = ... = v} = 0 is complex with respect to
the modified almost complex structure. Therefore, we can restrict our attention to
the case p = 1. The sections jﬁole_|zk|2/4£, jﬁolzke_‘zk‘2/4§ are by proposition
holomorphic. If we use them to trivialize J 1L§k in a neighborhood of the origin,
then we obtain a new identification with C* with its canonical complex structure.
Let zp,tr,s; be the new complex coordinates. A short computation shows that
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0
v = g+ zksk,

U]i = —Zk/th + (1 - Zkik/2)8k.

Hence away from the origin X, , admits the parametrization

(2ks 8k) = (21, Sky 5%(2/ 2k — 21))-

Therefore, Xy, ,, is not holomorphic with respect to the modified almost complex
structure, and it follows that we cannot find f A.H. defining 3y, , locally.

6.1. Quasi-stratifications. For the applications we have in mind the notion of
stratification has to be weakened. We start doing it for the local model (endowed
with the trivial connection).

Let 0 € S, S a submanifold of 775! We say that o € F(jf,h7n7m) is a local

Dp,nm*
representation for o if (i) a(0) = m; o, and (i) o = jb, (0) € j,g;ln)m, where
ar L jg;lmm — Jb,.mm 15 the natural projection, and jz, a denotes the CR
1-jet of a. The equality in (ii) should be understood in the following sense: the
degree 1 component of the 1-jet should give an element of 7, gj:lnm (with vanishing
degree 0 homogeneous component) and whose homogeneous components of degree

1,...,7+ 1 coincide with those of o.

Definition 6.1. (see [5]) Let S be a submanifold of Jp, ,, ,, (resp. J& ). We
define Og to be the set of points o € S for which there exists an (r + 1)-jet &
(resp. (r + 1)-jet along G) such that 7/ *16 = ¢ and with a local representation o
intersecting S at o transversely along Dy, (resp. along CY9). We refer to ©g as the
holonomic transverse subset of S.

It can be checked that if S is invariant under the action of T x (Gi(n,C) x
Gl(m,C)) -the second factor Gl(n,C) x Gl(m,C) acting fiberwise- (resp. T X
(Gl(g,C) x Gl(m,(C))), then ©g has the same invariance property.

When an (r 4+ 1)-jet o is represented by a local section of IDy, n,ms 0 order
to check whether 7710 € S belongs to ©g the local representation is essentially
unique: regarding transversality, it is enough to consider the degree 1 part of the
Taylor expansion in the coordinates z,i, Zé, ..., 21, Z; (we turn the section into a
function using the basis py). The degree 0 part is determined by the r-jet, the
hypothesis implies that the antiholomorphic part is vanishing and the holomorphic
part is determined by the (r+ 1)-jet. That means in particular that we can restrict
our attention to CR representations if necessary.

The importance of Og is two-fold: on the one hand it will be used to define the
stratifications we are interested in. On the other hand it is a very relevant subset
when we study transversality to the strata: indeed, if 7 is a CR section of C™
and « := jp, 7 is such that «(0) = o and 0 ¢ ©Og, then a cannot be transverse

along Dy, to S at o (notice that & := (7(0),dp, a(0)) = jj’ffhlr(O) € jgt}mm, and
therefore « is a local representation of &). The consequence is that if S \@Sl C 05,
transversality of T to S implies that 7 misses a neighborhood of S\Og in 5.

Definition extends to strata Sy C JLE) (resp. JLEk): we have a notion
of pseudo-holomorphic 1-jet of a section of JJ,Ey (resp. pseudo-holomorphic 1-
jet along G of a section of JLE}) -because we have a connection Vg p (resp. a
connection on J5Ey, defined out of Vg and the projection pg: J"Eyr — J5Ek)-
and hence the notion of local representation. Then ©g, are those points o with
lifts & having a local representation transverse along D (resp. G) to S at o.
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Recall that once a family of A.H. charts has been fixed we have identifications
W - T*1.0C" — D*Y9. If we also fix a family of A.H. trivializations of Ej, over
the charts there is an induced identification

Hk,z : jBEk — j{)h’nmy (34)

Lemma 6.2. Let Sy be a sequence of strata of Ji,Ey, where either r = 0 and
E,=E®L® or E, =C™ and r € N.
(1) If E,, = C™ assume that for a choice of A.H. charts Iy ,(Sk) = S, where
S C Ip, n.m 8 invariant under the action Tx Gl(n,C). Then Iy .(Os,) =
Os.
(2) The same result holds for E ® L®* and r = 0; we need to fix A.H. triviali-
zations of Ey (so Il , is defined) and require invariance of S C C™ under
the action of T x Gl(m,C).

For jets along G we have analogous results, but we need A.H. charts adapted to
G and we ask for T x Gl(g, C)-invariance of S instead of T x Gl(n,C)-invariance.

Proof. Since S is Gl(n,C)-invariant, so is ©g. We have the local identifications
Uyz: IpEx — JIb, pm- Let y € M belong to B(0, p) in the domain of the charts
centred at x; and zg, for some k. Then there is a fiber bundle isomorphism

. T r
(I)k,wl,wz' th,n,m - th,n,m (35>

defined as follows: for each point y in the intersection of the domains of the charts,
the restriction of the differential to D is a complex J-linear map L,. Consider
the linear map wy, 4, o Ly o w,;;Z : T*HOC™ — T*1OC™, which belongs to Gl(n,C).
D, 4, .2, i the fiber over y (or over the origin in both charts due to the T-invariance)
is the vector space isomorphism induced by wg s, o Ly o w,;ig (and the identity
acting on the C™ factor of the tensor product). Since S is invariant under the
T x Gl(n, C)-action, @, 4, +,(0s,5) = (Og,5). In particular the pair (Og,.S) does
not depend on the chosen family of A.H. charts. We construct an appropriate
family of A.H. charts (there is no Darboux condition involved here) by the usual
rescaling procedure, but starting from normal coordinates composed with a linear
transformation so that (D, J) = (Dp, Jy) at the origin. Recall that since Ej, = C™,
the connection Vi, on J[,E) is just induced by the Levi-Civita connection (in
the C™ factor we use the trivial connection d). Hence the pushforward of Vy ,

by Uy . to Jp, ,,.m has vanishing connection form at the origin. Since we also
have (D @ D+, J) = (Dy, @ D,, Jo) at the origin, for any section « of Ibynm We
have jLa(0) = jp, (0). Therefore, the local representations at the origin for the
canonical CR structure and the induced one coincide. From that and D = Dy, at
the origin, we conclude II; ,(0g,) = Og.

Item (2) is proven in the same fashion. The Gi(m, C)-invariance implies that
we can choose any arbitrary family of A.H. trivializations. What we do is selecting
trivializations such that the connection form over the origin is vanishing (here we
deal with the connection Vj on Ey).

Notice that we cannot state item (2) for higher order jets because the action
of Gl(n,C) x Gl(m,C) does not allow us to kill at the origin of each chart the
connection form of the modified connection Vy, g, .

For the relative results we start by modifying a bit the vector bundle isomorphism
@yt T*HOCP — T*LOP; the original (Jy,J)-complex map TCP — TP can be
easily arranged to be compatible with the splittings 7C9 @ TCP~9 and G & G*.
Due to the T x (Gi(g,C))-invariance we are free to pick any family of A.H. charts
adapted to G. The ones we need come from rescaling normal coordinates composed
with a linear transformation sending (G&G=, J) to (CI®CP~9, Jy) at the origin. In
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these coordinates the connection form on T*1:°C9 is vanishing, because we project
the Levi-Civita connection which is already vanishing at the origin. Hence the 1-jets
along G and CY at the origin coincide (also because (G @ G+, J) = (CI @ CP~9,.Jy)
at the origin), and this proves the result. O

The only relevant strata S, C Jp,Ej for which we have to consider the subsets
Og, are the zero sections Zj. In that case (see [3]) the subsets Oz, are those r-jets
whose degree 1 component is onto.

Definition 6.2. An approximately holomorphic quasi-stratification of J}, E}, is an
approximately holomorphic stratification in which the partial order condition is
relaxed in the following way: Zj are strata of the quasi-stratification, and for any
other strata Sy # Z; when we approach Zj, it accumulates into points of Z;\©z,
(so in particular Zj is not in the closure of Sy).

6.2. The Thom-Boardman-Auroux stratification for maps to projective
spaces. Let Ej, = C™" @ L®*. Let Z°,...,Z™ be the complex coordinates asso-
ciated to the trivialization of C™*! (at any fiber) and let 7: C™*1\{0} — CP™ be
the canonical projection. Consider the canonical affine coordinates

<p;1:Ui — Cc™

ZO Zifl Zi+1 zm
[Z()Zm] — (Z17’Z1721”Z1)
For each chart ¢; we consider the bundle
jB(M’ (Cm)i — (Z (D*l,O)Qj) ®C™. (36)
j=0

We now bring back the discussion at the beginning of section |5} Assume for the
moment that M is a Levi-flat CR manifold and fix a family of CR charts. Over
each of the balls By, (z,p) we have the bundles Jp,, , ., of CR r-jets. Notice that
if we use the frames p, 5 1 of equation they are vector bundles.

The local bundles Jp, ., ,, glue into the non-linear bundle J¢z(M,C™);: let
y € M be a point belonging to two different charts centred at xy and x; respectively.
If we send y in both charts to the origin via a translation, then the change of
coordinates restricts to the leaf through the origin to a holomorphic map fixing
the origin. The fibers over y are related by the action of the holomorphic r-jet of
the bi-holomorphism. If we only take the linear part of the action -which is the
vector bundle map ®y, 5, ., of equation — we are equally defining a bundle, for
the cocycle condition still holds. Moreover, it is a vector bundle. Besides, since we
only use the linear part we do not need either D or J to be integrable. This bundle
is J5H(M,C™); as defined in equation (what we defined there, it is rather a
sequence in which the metric in the D*MY factors is induced from gi). Thus for
Levi-flat manifolds the vector bundles J}, (M, C™); are “linear approximations” of
the non-linear bundles J& (M, C™),.

Proposition 6.1.

(1) The vector bundles Jj5H(M,C™); can be glued to define the almost complex
fiber bundles JJ, (M, CP™) of pseudo-holomorphic r-jets of maps from M
to CP™, so that their fibers inherit a canonical holomorphic structure.

(2) Given ¢: M — CP™ there is a notion of pseudo-holomorphic r-jet ex-
tension jLor: M — JL(M,CP™), which is compatible with the notion of
pseudo-holomorphic r-jet for the sections gp{l o¢r: M — C™ of definition
, If ¢r: M — CP™ is an A.H. sequence then j5¢r: M — JH(M,CP™)
is also A.H.
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Analogous results hold in the relative setting for the bundles J"(P,CP™) and
JE(P,CP™).  Also there is an approzimately holomorphic sequence of canonical
submersions pg: J"(P,CP™) — J5(P,CP™). These submersions are left inverses
of the natural inclusions lq: J&(P,CP™) — J"(P,CP™) so that for ¢ : P — CP™
an A.H. sequence, jo¢r: P — J&(P,CP™) — J"(P,CP™) is A.H.

Proof. Let us denote the change of coordinates go]l op; by Wy, Forany y € M
the points in {y} x (U; NU;) C JL(M,C™); are identified with points in {y} x
(UinU;) C Jp(M,C™); using the same transformation j"V¥;; in 7, ,, induced by
the fiberwise holomorphic change of coordinates W;;. In other words, if we take
an approximately holomorphic chart centred at z say and containing y, we get
as in equation a vector bundle isomorphism Tl ;. ;: TH(M,C™); — TP, -
Thus for ¢ € J5H(M,C™); there exists F': C* — C™ a CR function such that
Hk,z,i(g) = ]BhF(l‘)
The bundle map we define is:

3" Ip(M,C™)i — Jp(M,C™);
o I (7D, (Ui 0 F)(2)). (37)

k,x,j

This map does not depend either on the charts: if we have a point y in two different
charts centred at 21 and 22, then we saw in the proof of lemma [6.2] that the vector
space isomorphism @4 4, 2,: Ip, pm — ID, nm Was induced by T € Gli(n,C).
The bundle map of equation is equivariant with respect to this action, because
in the CR setting it is equivariant with respect to the action in the base of CR
transformations. Hence, the result follows by considering the affine CR transfor-
mation sending y in the first chart to its image in the second and whose linear part
isT*xI:C" xR —-C™ xR.

Equivalently, the r-jet of ¥;; o F' admits a coordinate free expression only in
terms of the r-jet of F.

Therefore the identifications ;¥ ;; give rise to a well defined locally trivial fiber
bundle J}, (M, CP™).

Remark 6.1. If our manifold is CR and we have x belonging to two different CR
charts, then there is a natural induced identification Jp, , ,,, = Jp, n.m Over the
points belonging to both charts. This identification is just the action of the CR
r-jet of the change of coordinates. We observe that this is not the action of ®4 4, ,,
which is just the action induced by the 1-jet of the change of coordinates (the only
one available for all almost CR structures!).

The fibers of Jj(M,CP™) admit a canonical holomorphic structure because
using the local identifications IIj ; ; the fiber is some C¥ and the change of coordi-
nates is a fiberwise holomorphic map (because it is the holomorphic r-jet of ¥;),
and this proves item (1).

Let ¢: (M, J, D) — CP™. Its pseudo-holomorphic r-jet jT,¢ is defined as follows:
the affine charts of projective space induce maps ¢; := (pi_l o¢p: M — C™. Using
the trivial connection d in this trivial vector bundle and the induced connection on
D*1.0 we can define the corresponding pseudo-holomorphic r-jet j7,¢; (definition
5.2). We must check that

in®; =J"V;i(ipdi). (38)

More generally let H: C™* — C™2 be any holomorphic map. Then use the
local identifications Ily ;. s+ Jp(M,C™) — Jp, . 8 = 1,2, to induce the map
JTH: JL(M,C™) — JL(M,C™2). We claim that for any function ¢: M — C™
we have

Jo(H 0 6) = " H(jpo). (39)
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Equation follows from the claim by taking H = ¥ ;.

The proof of the claim take the next two and a half pages, and it is by induction
on r. Firstly we notice that from the proof of the claim for my = 1, the proof for any
my follows immediately. Therefore we assume my = 1. Secondly we observe that
it is enough to check the equality in for the degree r homogeneous component
of the r-jet.

We shall denote the degree r homogeneous component of j”H by d"H; recall
that d"H(j},¢(z)) depends on the components of every order of j,¢(z). Let F =
(F1,...,F™): C" x R — C™ be a CR function such that

ip¢(x) = jp, F ().
Also the degree r homogeneous component of j7, F'is denoted by dg F'. By definition
& md(z) = 04F (x), j=0,...,r. (40)
We start the proof of the claim for 1-jets. Once we use the identification 9¢(z) =
0o F (x), we have

H(00(x) = Z aoza ) (41)

and using the identification of equation (4 back we get the following formula for
the right hand side of equation for 1—jets:

H(D6(x)) = dH (@ F Z

where the partial derivatives of H are evaluated on ¢(x) = F(x), but we omit it in
the notation.

Regarding the left hand side of equation 7 the computation of O(H o ¢)(z)
is done by firstly taking in V(H o ¢)(x) its projection over D* (or restricting the
differential to D). Since

(?oza (42)

o~ OoH

V(Hoo)w) = Y 2 Vet (2) (13)
a=1 0%

is the sum of partial derivatives of H multiplied by the components V¢, (z) of
Vé(z), taking Vp(H o ¢)(x) amounts to substituting in equation the factors
Ve (z) by Vo (z).

Next the holomorphic component is singled out; since H is holomorphic 9(H o
¢)(z) is computed by taking the component 8¢ (x) of Vp¢®(z) in equation ([43).
Thus we obtain the same result as in equation , and this proves the claim for
1-jets.

We need to prove the claim for 2-jets before going to the induction step. The
reason is that for 1-jets the symmetrization step is not present, unlike the case of
higher order jets.

By definition

d2 th Z (902“30217 60F“ (ZE) ® 60Fb Z

so using equation (40)) we get for the right hand side of equation

2Fe(z),  (44)

JD¢ Z aozaaozb ( ®8¢ Z 2C 5ym ) (45)

b,a=1
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To compute 92,,,(H o ¢)(x) we first differentiate d(H o ¢) at x:

<\  O2H

00202t
b,a=1 0 0

VO(H o 6)(x) = V' (2) ® 06" (z) Z‘%H (). (46)

Taking the component along D and then the holomorphic part amounts to substi-

tuting in equation V¢ (z) by 0¢*(x), and V¢S (z) by 02¢°(z):

O*(H o ) (x Zazaazb 0" (x) ® 0¢" (x) Z SN

b,a=1

We need to show that symmetrizing equation amounts to writing bym¢c( x)
instead of 9%¢°(x).

In equation we have terms of “type” 2 -those containing a second derivative
of ¢- and terms of “type” (1,1) which contain the tensor product of two derivatives
of ¢. Terms of “type” (1,1) are already symmetric (just exchange the indices a, b);
the symmetrization -being a linear projection- does not alter them. Now one checks
that the symmetrization of each summand ggf 0?¢°(z) is exactly ggg 02 md°(x),
this proving the claim for 2-jets.

We now move onto the induction step. We assume d"H (j5,¢(x)) = Oy, (Ho¢)(z)
and we want to prove the claim for (r + 1)-jets. By a partition of r of degree s we
understand any (ordered) s-tuple (r1,...,75), 1 <s <7, 1 <r; <r,r+--+rg =7,
In the computation of d"H (j,¢(x)) := 9§ (H o F)(x) we get an algebraic expression
whose summands are of the form

66’1+~'+7“5H

' F" @Oy F" 4
S O P @) © - @ O F (@), (13)

each belonging to a partition (rq,...,7s). Notice that to some partitions correspond
summands that are originated from different partitions of » — 1. For example, in
degree 3 we have (1,2)-terms coming from the derivation of the terms of “type” 2 and
others obtained from the derivation of the (1,1)-terms. We do not add summands
of the same “type”, but keep them distinguished. By induction we assume that
Olym(H o ¢)(z) is computed by the same algebralc expression as d"H (jp, F'()),
but writing in the summands in equation (4 squf)” in place of 0 JF%( ), and
then evaluating at x.

To compute I (H o ¢)(z) we have to firstly differentiate the algebraic ex-
pression that computes O, (H o ¢)(z). From the previous assumption a one
to one correspondence compatible with the partitions between the summands of
d" T H(j T‘HF( )) and of VO . (H o ¢)(z) can be established. It is clear that re-
stricting to D and taking the (1,0)-component does not affect the identification.

In each summand of 99,,(H o ¢)(z) all the factors but possibly one in the
tensor product are of the form dsim¢% and hence already symmetric; the different

one is of the form 88:§m¢i;. Observe that the symmetrization of each summand

in 90L,,,(H o ¢)(z) amounts to putting instead of 68§§m¢>T;, its symmetrization

sym
8s§m qbrﬂ and then symmetrizing the resulting expression (this is an elementary
result concerning symmetric products which is proved by suitably regrouping the
permutations). Thus we have proven that
Ot (H 0 ¢) () = sym, 1 (A" H (G5 o(x))),

sym
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but d"*1H (jgrth (2)) is already symmetric. Therefore we conclude

ar+1(Ho ¢)(I) _ dr+1H(jTD+1¢(I))a

sym

where the equality also holds for each summand in the algebraic expression com-
puting both quantities.

Therefore we conclude that the pseudo-holomorphic r-jet of a map to CP™ is
well defined.

To be able to say when a sequence of functions of J}, (M, CP™) is A.H. we need to
introduce an almost CR structure in the total space of the r-jets. This can be done
using a connection (for example out of the Levi-Civita connection associated to the
Fubini-Study metric in the projective space and of the connection on D*). In our
case we choose to do something different but equivalent: we use the identifications
with J5(M,C™);. Each of these trivial vector bundles with trivial connection has
a natural almost CR structure. Let K; C U; be compact sets whose interiors cover
CP™. We have the corresponding subsets J5 (M, ¢; *(K;)) C JpH(M,C™);.

We say that oy, : M — JL(M,CP™) is A.H. if there exist constants (C}),>0 such
that forallz € M, 5> 1, and k € N

maXie{O,...,m}Wj(jTSD;l o Uk)(x)bk < Cj,
max;e(o,....m} |V O @i ! o o) (@), < CikTY2,

where for each x we only take into account those indices for which oy (z) belongs
to the interior of J}, (M, K;).

Notice that in the local models the identifications j"W;; are holomorphic, there-
fore when restricted to subsets associated to compact regions of C;" and CJ" the
sequence of maps j"VU,;: JLH(M,C™); — J5(M,C™); is AH. In particular the
notion of a sequence oi: M — Jj(M,CP™) being A.H. does not depend on the
covering K;. It is also clear that if a sequence of functions ¢y is A.H. then j}, ¢y is
also A.H. This proves item (2) of the proposition.

If (P,Q)) is symplectic the definition of J"(P,CP™) is the same (we just do
not need to project the full derivative into the subspace D*). When we have a
J-complex distribution G there is an analogous definition of the bundle of pseudo-
holomorphic r-jets along G. Using the previous affine coordinates of projective
space we consider the sub-bundles

TeP.Cmy = (3 (@) e,

Jj=0

where J5(P,C™); C J"(P,C™); via the splitting G ® G+ = TP.

It is easily checked using the local identification between J ,, and J(P,C™)
coming from approximately holomorphic coordinates adapted to G, that the diffeo-
morphisms j"U,;: J"(P,C™); — J"(P,C™); preserve these sub-bundles.

The proof that shows that the j”¢ is well defined is exactly the same we gave for
2-calibrated manifolds; a small modification shows that j7.¢ is well defined (instead
of keeping the component Vp of the odd dimensional case, we project over G*).

Going to the models furnished by approximately holomorphic coordinates adap-
ted to G, the submersion pg: Jp,, — Jcs pm 18 just a projection on some of
the holomorphic coordinates, and therefore it is an approximately holomorphic se-
quence of maps.

Using approximately holomorphic coordinates adapted to G it is straightforward
to check that if ¢y, : P — CP™ is A.H., then both ji,¢;, and j" ¢, are A.H. sequences
of J"(P,CP™). O
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We recall that Zj, denotes the sequence of strata of J5Ey (resp. J"Ex, J&Ek)
of r-jets whose degree 0-component vanishes. We define JjEf := JLEr\Zy (resp.
T E} =T " Ex\Zy, TEEf = TEE\Zy).

Proposition 6.2.

(1) There exists a bundle map j"m: JLE; — JH(M,CP™) which is a fiberwise
holomorphic submersion.

(2) Let 11, be a section of Ey, and let ¢y, = wo 1,: M\Z (1) — CP™ be its
projectivization defined away from the zero subset of 7. Then the following
equation holds:

J'm(GpTk) = Jpdk- (49)

In the almost complex case we have an analogous map j"m, and for 7.: P — E},
and its projectivization ¢y the equality

37" Te) = 5" ox (50)

holds where defined.
Given G a J-complex distribution we have the following commutative square of
submersions:

TE T TR

lj% lj% (51)

J"(P,CP™) X< J5(P,CP™)

If j&mi is a section of JLE) the equality
37 (6Th) = Jo Pk (52)
holds where defined.

Proof. We define j"m to have the same expression as in the integrable case. That
means that we fix approximately holomorphic coordinates and a section trivializing
L®% and a local frame of E = C™"!, so that the r-jet o in question is identified
with the usual CR r-jet at a point x of a CR function F. Then j"7(c) is defined
to be the CR r-jet of m o F'. Notice that for an appropriate chart <pi_1 of projective
space,

jrm(o) =1, (5p, (07 oo F)(z)) € TH(M,C™);. (53)

The arguments in propositionthat showed that the bundles J}, (M, CP™) are
well defined, also prove that j 7 (o) is well defined independently of the approxi-
mately holomorphic coordinates and of the chart of CP™ we used; it is as well
independent of the local frame of Fj, because the map is equivariant with respect
to the action of Gi(m + 1,C) on the fibers of Ej and on CP™.

It is clear that j"7 is a submersion, and it is fiberwise holomorphic because in
each fiber we have a map from some C™ to some C™2 (after composing with a
chart ¢;), whose formula is that of the integrable case which is holomorphic, so
item (1) holds.

We now prove the equality j7,(m o 74) = 77 (j5,7): let ;' be any chart whose
domain contains 7 o 75 (x). Then by the definition given in proposition

Jp(mom)(x) = jp(pi " omom)(w).

We just defined in equation
§rr(ipme()) =10, ,(7p, (07 om0 F)(x)).
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By proposition the right hand side of the two previous equalities coincides, i.e.
I, (4, (¢7 omo F)(2)) = jp (e omom)(x).

Here the holomorphic function ¢; ! o w: C™*+1\{0} — C™ plays the role of H in
proposition [6.1] Also observe that the proposition is in principle only valid when
QmH has the trivial connection. In the current situation Qm"’l is endowed with
a diagonal connection coming from the one in L®*. The key point is that the
composition 30;1 oo ¢y is a section of C"™ ® L®* @ L=®% and hence a C™-valued
function independently of the trivialization of L®*. Therefore the flat connection
d on C™ is induced from d®@I1+1® V;, in C™™! @ L&* where V}, is any Hermitian
connection on L®¥. In other words, the equations of proposition involving the
connection V, @ I+1® d on (T*LO(C”QT) ® C™ " are also valid in this setting for
the connection V, @ I+1® (d®I+1® Vy), and this finishes the proof of item (2).

The previous ideas work word by word to show that for symplectic manifolds
jime JTEY — JT(P,CP™) is a well defined submersion and that equation
holds.

If we have a distribution G, once we use the local identification coming from
approximately holomorphic coordinates adapted to G, the commutativity of the
diagram follows from the commutativity in the holomorphic case. It is also clear
that j"m: JLE; — J&(P,CP™) is a submersion and that equation holds. O

In order to describe the linearized Thom-Boardman stratification we need to
define -at least for certain kinds of strata PSy of J7, (M, CP™)- the corresponding
subsets of transverse holonomy Opge.

Definition 6.3. Let PSSy, be a sequence of strata of J7 (M, CP™) so that in canoni-
cal affine charts of CP" and approximately holomorphic coordinates it is identified
with a stratum PS of Jp, ,, ., invariant under the action of T x Gl(n,C). We let
PSk,; :=PS, N JL(M,C™); and then we define

@psk = U @[pshi .

i€{0,...,m}
For S, := j"n~Y(PSy), with j"7: JLE; — J5(M,CP™) the submersion of propo-
sition we define Og, := 577 (Opg, ).

In the relative theory we assume that for a choice of approximately holomorphic
coordinates adapted to G and canonical affine charts of projective space, the se-
quence PSy, ; C JL(P, C™) is identified with a stratum PS of JZ%, pm = Tg.m XCP7I
invariant under the action of T x Gl(g,C). Then we define

@psk = U @PSk,i‘
i€{0,...,m}

For Sy = j"n Y (PSy) C JLE}, S¢ = pc™1(Sk) C J"E}, we define the subset
(;)Skc C S¢ by pulling back Ops, to J"E; using either of the sides of the commu-
tative diagram .

Notice that by item (1) of lemma the subsets Ops, , are well defined, so
definition makes sense. It is also satisfactory because of the following result:

Lemma 6.3. We have
@psk n jB(M, (Czn) = elP’Sk,z"

G)]P’Sk N JCTT'(Pv (C;ﬂ) = epsk,i'
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Proof. Fix approximately holomorphic coordinates and canonical affine charts of
CP™, so that I ; ;(PSk;) = PS, for all k,z,i. We need to show is that

J V,;i(Ops) = Ops
in the domain of definition of j"W;;, where ¥;; is a change of canonical affine
coordinates.

Let 1 be an r-jet in ©pg. Then we have a lift ¥ to jgj,ln,m and a local repre-
sentation « of the lift cutting PS transversally along Dy at ¥. As we mentioned
regarding transversality the local representation is essentially unique. That means
in particular that any other representation o/ will also share the transversality pro-
perty. By definition 1) is the (r+1)-jet of a local CR function F. Then Jp, F(0) =1
and (F(0),dp,jp, F'(0)) = (F(0),00jp, F'(0)) = jTDJ}:lF(O) = 1. Thus, jp, F'is a
local representation of zﬂ which is transverse to PSS along D), at .

Since j" MW F) = j5 (W5 0 F), we deduce that G0 (4) s a lift of
J"W;i(¢) with local representation jp, (V;;0F), which is obviously transverse along
Dy, to j7¥,;;(PS) = PS because j"U,; is a diffeomorphism that preserves the pull-
back of Dy, to Jp, ;.- We just checked one inclusion, but that suffices because
W;; is a diffeomorphism, thus the result for jets along D follows.

An analogous proof shows the desired result for jets along G. (]

The linearized Thom-Boardman stratification is the pullback to J5E} by j"m of
the analog of the Thom-Boardman stratification of J},(M,CP™) (see for example
[7), together with the strata Zj. The definition is the natural extension of the one
given for symplectic manifolds by D. Auroux in [4].

A first rough definition of the stratification of J},(M, CP™) is the following: we
fix approximately holomorphic coordinates and canonical affine charts of projective
space, so we have charts H,;i,i: Ibymm — Ip(M,C™);. In each Jp, , ,, there is
a CR Thom-Boardman stratification which is T x (H}, x H},, )-invariant, where #] is
the group of r-jets of germs of bi-holomorphic transformations from C' to C'; in par-
ticular it is T x Gl(n, C)-invariant, so it defines a stratification on each J5(M,C™),.
The H], -invariance implies that the identifications that define J5(M,CP™) are
compatible with the aforementioned stratifications on J7,(M,C™);.

Once we pullback the stratification to Jj,E} the behavior of the strata when
they approach Zj needs to be clarified. To do that we redefine the stratification as
follows (see [4]):

Given o € JLE} let us denote its image in JJ,(M,CP™) by ¢ = (¢o,...,¢r).
Let us define

Yk ={0 € JpE; | dimcker ¢y = i}. (54)
If max(0,n —m) < i < n, the strata ¥, ; are smooth submanifolds whose boundary
is the union {J;; X,; together with a subset of Z;\Oz,.

Each X ; is the pullback of a stratum PX;; C Jj5(M,CP™), and the given
description of their closure is easy to check.

For r > 2, define C;)g,w. as the subset of r-jets o = (09,...,0,) € Xg,; so that

Ek’i;g = {u eD | (Zu(b, 0) S T¢]P)Ek’z} (55)
has the expected (complex) codimension in D, which is the (complex) codimension
of ¥y ; in Jj Ey, which equals the codimension of PXy ; in J}, (M, CP™).

The subset Oy, , is also the one coming from definition observe that Opy, |
are exactly those points of PY,; which have a lift with a transverse local represen-
tation. Since the term that we add to the r-jet to define the lift is of order r+1 > 2,
the transversality of the local representation does not depend on the lift, that can
be chosen to have vanishing component of order r + 1.
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Fix as in the proof of lemma A H. coordinates so that at the origin (D &
D+, J) = (Dn®D,,Jy) and the induced connection form (on Ib,, m.m) 18 vanishing;
fix also the canonical affine charts of CP™". Then the strata PXj ; are sent to the
Thom-Boardmman stratum P¥; of Jp, , ... The local representation of (¢,0) can
be taken to be a CR section a of J}), ,, ,,- The stratum PY; is CR, therefore

Tp, jb,(0) N (TPE; N Dy)

is a complex subspace of TC"™. Undoing the identifications the previous sub-
space goes to the subspace in equation . By definition of transversality along
D, Opy, , are exactly those ¢ for which Zj ;,, has the codimension of PYj ; in
J5(M,CP™). By construction (equation )

G)Ek,i = jrﬂ._l (GPEk,i )

Hence ég,w. is the same subset introduced in definition
If p+ 1 < r, we define inductively

Shiin,eomripripgn = iy | dime(ker ¢1 N Ekyy o) = dpt1ts

with
Ek,10 = {u € D|(in9,0) € TyPZy 1}

As in the previous case we define ézk’ , either as the points such that the complex
codimension of =, 1., in D is the same as the codimension of ¥, ; in J}, E), or as
the pullback of Opy, ;.

Ifig > >ip1 > 1, By,
nifold whose closure in Xy, .

.ip4: 18 -in the local model- a smooth CR subma-
i, is the union of the Xy i i, j,7 > ipt1, and a
subset of Ek,il,--~7ip\éEk,7:1,.,.,ip [7]. The problem is that for large values of r,n,m,
the closure of the strata in 7y, , ,, is hard to understand, and what we have defined
-once Z, has been added- might very well not be a Whitney (A) quasi-stratification.
More precisely, let X411, 1= 2 C Ib,, .n,m be aso called Morin stratum.
Then in [40] it is shown that

m+1,1,(9)1

ErnJrl;q N Em+2,0 7& @7

but for ¢ large enough dim¥,, 1., < dim¥,,;20, thus Whitney’s condition (A)
can never hold. It is known that Jp, ,,, admits a Whitney (A) stratification
containing the Morin strata. If the dimensions satisfy n < 4 or 2n > 3m —4, then a
generic function will avoid ¥,,12,0 and X,,41,2 and therefore will only intersect the
Morin strata, so the aforementioned previous stratification suffices (also because
the strata X ; do not accumulate in points of Oz, ). In general one must refine the
Thom-Boardman stratification.

Recall that using the local identifications the stratification we have defined (mi-
nus Zi) is the union running over the affine charts of the pullback by j"(¢; Lo
) Iby mmi1\Z = Ib, nm of the CR Thom-Boardman stratification PY of
Iby nm- The latter is CR and T x (Gl(n, C) x Hj,)-invariant.

On the domain of each chart Jp, ,, ., we can use the results of Mather [2§] to
refine PY. into a CR finite, Whitney (A) stratification transverse to the fibers and
invariant under the action of T x (Gl(n,C) x HI,), and such that the submanifolds
PY.; are unions of strata of the refinement. Due to the required invariance proper-
ties for the refinements, they can be glued to give a refinement of the stratification
PYy, € J5H(M,CP™), which is independent of the choice of approximately holomor-
phic coordinates. Thus, its pullback is a finite, Whitney (A) stratification of J} Ej;
and such that the X5 ; are union of strata. It is by construction invariant by the
action of GI(m + 1,C) on the fiber.
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It is important to notice that since all the strata are contained in the closure
of ¥ max(0,n—m)+1, they accumulate near Zj in points of Z;\©z,. Therefore, by
adding Zj we obtain a quasi-stratification of J7, E.

If we have a distribution G we use exactly the same definitions but in the sub-
bundles J&Ey, and J5 (P, CP™). That is, we have the strata

Py = {¢ € J&(P,CP™) | dimc ker ¢ = i}

and for r > 2, @]pzk’i C PXy,; is the subset of r-jets along G, ¢ = (¢o,. .., Pr) SO
that

Ek,i;o = {’LL xe | (ZUQZS,O) € T¢P2k7i} (56)

has the expected (complex) codimension in G, which is the (complex) codimension
of Py ; in Jg(P,CP™).

The subsets PX, ; are defined similarly. The result is a stratification PX; of
JE(P,CP™). In charts adapted to G as in the proof of lemma and affine charts
-in which J¢, —— j;m x CP~9-, the induced stratification PX is seen to be the
leafwise Thom-Boardman stratification, i.e. the Thom-Boardman stratification of
Jy 1 multiplied by CP~9.

Using the lower part of the commutative diagram , we pull back P to
]P’EkG Cc JT(P,CP™). Let Eg be the pullback of ]P’Eg to JTEf. To refine it we
first locally refine PX; as follows: we go the leafwise Thom-Boardman stratifica-
tion furnished by the previous A.H. coordinates and affine charts and construct a
holomorphic T x (Gl(g, C) x H;, )-invariant refinement in one of the leaves of J¢, , .,
(which is identified with 77 ,,). Next we extend it independently of the remain-
ing p — g complex coordinates z;‘i“, ..., zp. The local refinements of the leafwise
Thom-Boardman stratification glue well and thus define a sequence of Whitney (A)
stratifications J5 (P, CP™), which does not depend either on the A.H. coordinates
adapted to G or in the chosen affine charts of CP™. Its pullback to J"Ej} refines
¥ to a sequence of Whitney (A) stratifications.

Definition 6.4. (see []).

(1) Given (M, D, J,g;) and Ej, = C™™ @ L®*, the Thom-Boardman-Auroux
stratification of Jpj(M,CP™), denoted by PXy, is the stratification (or
rather its refinement) built out of the pieces of the Thom-Boardman strat-
ifications of Jp, .- The Thom-Boardman-Auroux quasi-stratification
of J5Ey is the pullback of the Thom-Boardman-Auroux stratification of
JE(M,CP™) together with the zero section. We denote it by Xy.

(2) Given (P,J,G,gx) and E, = C™*' @ L®*, the Thom-Boardman-Auroux
stratification of J"(M,CP™) along G, denoted by PX{, is the stratifi-
cation (or rather its refinement) built out of the pieces of the Thom-
Boardman stratifications of J¢ , ,,. The Thom-Boardman-Auroux quasi-
stratification of J" E} along GG, that we denote by Ekc, is the pullback of the
Thom-Boardman-Auroux stratification of J"(M,CP™) along G together
with Zk;.

Lemma 6.4. The Thom-Boardman-Aurouz quasi-stratification of J,E) and the
Thom-Boardman-Auroux quasi-stratification of J"Ey along G are finite, Whitney
(A), and approzimately holomorphic.

Proof. We start with jets along D. The description of the closure of the strata
inside Z; implies that the quasi-stratification condition holds.

The delicate point is checking that the strata are approximately holomorphic
(for the modified connection).
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First we study the sequence Zj. Though for this sequence the approximate
holomorphicity is obvious, we will give a proof that works for other sequences of
strata. Indeed, by lemma [6.1] the sequence of zero sections Zj, C Ej, is as required.
If we prove that the natural projections

e jﬁEk — Ek

are an A.H. sequence of maps which is also e-transverse for some ¢ > 0, then the
composition of the local maps defining 7, C Ej with the projection 7" are local
functions for (77) " (Zy) = Zi, C Jp E); meeting the conditions of definition

More generally we prove that the natural projection =)_,: JLEx — J5 "Ek
is approximately holomorphic: we fix A.H. coordinates and A.H. reference frames
Jnmiet | of ThEy (vesp. jp "miet | of J5"Ey) as in equation . Recall that
proposition [5.1] implies that the sequences are indeed A.H. Using these frames we
obtain A.H. coordinates zj, .. .,z,?,u,lq,sk (resp. z,i,...,zg,v,{,sk) for the total
space of J],Ey, (resp. J[{hEk). From the equality

Wlfh(jz)ﬁgii,[) = jghﬂg,ei,] (57)

we deduce W:_h(jBT,gf’iJ) = Wi(z, v} ), where WI(zk,v,{) is A.H. with respect to
the canonical CR structures associated to the coordinates. This, together with the
fiberwise linearity of 7r}_, imply that in these coordinates 7)_, is A.H., and hence
it is A.H. with respect to the almost CR structures of the total spaces. It is also
straightforward from equation that the projections are e-transverse (another
way is to use rather than holonomic frames, the frames uyj . ; of equation .
They are also frames for the modified metric because of for example remark
therefore one can check estimated transvesality using them, something which is
straightforward).

We would like to do something similar with the strata ¥; ; and the projection
jme JHEE — JL(M,CP™) (away from a uniform tubular neighborhood of the
zero section, where the differential goes to infinity). The image of a trivialization
jBT,ﬁ‘?i’ 7 is jh(mo T,ﬁei ;), also approximately holomorphic. The map is equally
fiberwise holomorphic, but the difference is the non-linearity of the restriction to
the fibers.

We adopt a different strategy that amounts to perturbing the almost CR struc-
tures into integrable ones and then checking that j77 is CR with respect to them:
we take Darboux charts and trivialize L®* with a unitary section &, whose asso-
ciated connection form in the domain of Darboux charts is A. Next we trivialize
JpEy with the frames py . ; of equation , but using & tensored with a basis
of C™+! to trivialize C"' @ L®*. In this way JJ,Ex becomes the trivial bundle
ID, mams1 (With is canonical trivialization constructed out of dzj,...,dz}). Let
us use in the base the canonical CR structure (Dp, Jy). Proposition in the
integrable case (and for curvature of type (1,1) and with trivial derivative, as it
is the case in Darboux coordinates) implies that the modified connection defines a
new CR structure in the total space of Jp, ,, .5 let (f)h, Jo) be the corresponding

distribution and almost complex structure, and let (ﬁ7 J ) be the distribution and
almost complex structure induced by the almost CR structure of J}, Ej. If in the
fiber of Jp, . my1 we fix a ball B(o, R), then in B(0,p) x B(o, R) the Euclidean
metric is comparable with the metric carried by JE). More important

|d&7(D = Di)lgy <O, j > 0. (58)
If we use the orthogonal projection to push J into jh: ﬁh — ﬁh we also have

|7 (Jh — Jo)lg, < O(k™Y2), j > 0. (59)
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We use the same Darboux charts for J7, (C" x R,CP™), so locally and using
canonical affine charts we have identifications with 7, , .. This is a trivial vector
bundle (again using the basis induced by dz},...,dz and the basis of C™). We
fix the product CR structure and denote by (D, Jy) the distribution and almost
complex structure. Let (D,J) be the distribution and almost complex structure
induced by the almost CR structure of JJ,(M, CP™). By construction

‘dj(b - Dh)|907 ‘dj(jh - j(])|go < O(k_l/z)v Jj =0, (60)

where Jj, is the almost complex structure on Dy, defined out of J and the orthogonal
projection.

Equations (58), (9), (60) imply that i 7 (7" © ™)1 Tp, i1 = T, 19
CR with respect to (ﬁh, Jo) and (Dy,, Jo), then it is almost CR with respect to the
global almost CR structures.

The map j"(¢; ' o) : Tf, pmit = Tb, mm 18 exactly the same as in the holo-
morphic (or rather CR) models. It is CR with respect to the aforementioned CR
structures because it preserves the foliations, it is fiberwise holomorphic and sends
“enough” CR sections of Jp, ,, ,,+1 to CR sections of Jp, , ,,,. To be more pre-
cise, for any point o € Jp, ,, 41 and any vector v in its tangent space along
the leaf and not tangent to the fiber, we can find a CR section F' whose CR
r-jet in z is o and such that the tangent space to its graph contains v. Since
jT(<pi_1 om)(jp, F) = jj"jh(goi_l omo F) is also a CR section, we deduce that
3" (p tom)(Jv) = Jo(i" (g7 0 m)a(v)).

The strata P, (or rather of its refinement) -once we choose A.H. coordinates and
affine charts of projective space- are identified with the strata of (the refinement of)
the CR Thom-Boardman stratification of 7y, ,, .., which are CR. The comparison

between the (ﬁh, Jo, go) and the original almost CR structure implies that the
strata of Py are A.H., and hence 3j, = j"71(PX}) is A.H. That the projections
are e-transverse is also clear, therefore the desired result follows.

In the almost complex setting j"m: J"E} — J"(P,CP™) is equally shown to be
approximately holomorphic away from a uniform neighborhood of the zero section.
In the relative case, and for a sequence of A.H. strata PS} fulfilling the conditions
of deﬁnition the approximate holomorphicity of pg~'j"7 1S} follows from the
commutativity of the diagram and from the approximate holomorphicity of
jim: JTE; — JT(P,CP™) and of pg: J"(P,CP™) — J&(P,CP™). Recall that
the strata P¥; come from holomorphic models (the refinement of the strata of the
leafwise Thom-Boardman stratification), so they are A.H. But EkG is not truly a
quasi-stratification of J"FEy. To be more precise it is not true that the strata only
accumulate in points of Z;\Oyz, C Zj, but it is still true that the points of Zj in
which the other strata accumulate are never hit by a section transverse to Zj, along
G. Thus, the Whitney type reasoning can be applied as long as we work with r-jets
along G (see the proof of theorem [7.2)). O

Remark 6.2. Notice that we only conclude that the strata different form the zero
section are approximately holomorphic uniformly far from Zj. This is enough for
our purposes, for once we obtain transversality to Z our r-jet will be uniformly far
from Z;\©z,. All the remaining strata approach Zj accumulating only on points
of Zy\Oz,. Therefore, the r-jet will only hit them outside of a uniform tubular
neighborhood of Zj, where the approximate holomorphicity holds.

Definition 6.5.
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(1) An A.H. sequence of sections of Ey, — (M, D, J, gi) is said to be r-generic if
its pseudo-holomorphic r-jet is uniformly transverse along D to the Thom-
Boardman-Auroux quasi-stratification of J}, E.

(2) An A.H. sequence of sections of Ey, — (P, J, G, gi) is said to be r-G-generic
over M if its pseudo-holomorphic r-jet is uniformly transverse over M to
¥ C JTE.

(3) Let ¢p: M\ By — CP™ be sequence of functions which is A.H. outside of
a uniform tubular neighborhood of gx-radius 7 > 0 of By. It is said to
be r-generic if for k large enough By, is a codimension 2(m + 1) calibrated
submanifold and j}, ¢ : M\B, — J5(M\ By, CP™) is uniformly transverse
along D to the Thom-Boardman-Auroux stratification. Moreover, it is
required to intersect the strata of strictly positive codimension out of a
tubular neighborhood of By, of gj-radius 7.

Lemma 6.5. Let 7, be an A.H. sequence of sections of Ey, — (M, D, J, gi). Then
if Tk, is T-generic its projectivization ¢y : M\7, *(Zx) — CP™ is also r-generic.

Proof. Tt is elementary from the construction of the Thom-Boardman-Auroux (quasi)-
stratifications of J},Ey and JJ,(M,CP™), proposition relating j7, 7%, and jp, ¢k
and lemma [6.4]

Uniform transversality of 7, to Zj implies by remark that ¢ intersects the
remaining strata uniformly away from the zero set. Estimated transversality along
D is also preserved when composed with j"7 uniformly away from Z; the key
point is selecting appropriate local A.H. defining functions for the strata: in A.H.
coordinates and affine charts PXj ; corresponds to a CR stratum PX;. Let f be a
local CR function defining it. Then fol'[k,moj’”(go;l om) are local defining functions
for ¥,;. Now lemma implies that local uniform estimated transversality along
D of jhm; to X 1 is equivalent to uniform transversality along D to 0 of f o
J (e om) ot = foit(¢; todr). Again by the same lemma this is equivalent to
uniform transversality along D of j},¢5 to PXj ;. The case of the points close to the
boundary of the strata is just a problem in a vector space; it follows from j’“(goi_1 )
7): Ibymmi1\Z — Tb, nm Deing a submersion which amounts to suppressing
coordinates of the fiber of Jp, , ..., (and because the metrics in these coordinates
are comparable with the ambient metric, so the projection is e-transverse). U

Let (P, ) be a symplectic manifold with (M, D,w := Q) 2-calibrated and G a
local J-complex distribution extending D. Let 7, be an A.H. sequence of sections
of Ej, and denote by ¢y its projectivization away from its zero set.

Proposition 6.3. Using the above notation, if j"m: P — J"Ey is uniformly
transverse over M to ¢ C JLE), then @k p is T-generic.

Proof. We will make extensive use of diagram

TE e 5B

b
J"(P,CP™) 29y JL(P,CP™)
Step 1: Study the compatibility of the Thom-Boardman-Auroux stratifications
with the identification of J},(M,CP™) with J&(P, CPm)\M'
At the points of M there is a canonical J-complex identification between D and
G, inducing isometries

Apit TH(M,CP™) = J5(P,CP™) .
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Let z,i, ...,z be AH coordinates adapted to (M,G). We can rewrite them
as z},... ,zﬂmi"“,xi””,zf”, ooy 20, where zi,..., zﬁ,xi”“ are by lemma
A.H. coordinates for M. Using also the canonical affine charts of projective space

we have

P, TH(M,C™) = T, m = T X R,
gyt JE(P.C™)i = T pn = T X T,

and a canonical identification in C* x R c CP

. r T
A Tpynam = JEn pmicnxr:

The construction of I, ;, TI_ ; (see equation and the last paragraph in the

proof of lemma implies the commutativity of
Th(M,CP™) —— JE(P,CP™),,,

J1.. Jr.. o)

A
T T
th,n,m jc"vpvmkcn xR

The restriction of J¢ ,, ,, to C" x R ~ M coincides with J;; ,, x R =Jp, ..

The identification A obviously preserves the Thom-Boardman-Auroux stratifica-
tions (and even the refinements), and hence so Ay does.

Step 2: Check that A ' o (j&(bk)‘M ~ jp(Pk)nr)-

Since Ay, are J-complex isometries preserving the Thom-Boardman-Auroux strat-
ifications we omit them from now on.

By using the charts HkD’w,i,HkG’m it is easy to see that for any j € {1,...,7},
the degree j homogeneous component of j}"j(¢k| u) approximately coincides with
V]b(¢k| )~ Similarly, the degree j homogeneous component of ji ¢y, approximately

coincides with Véd)k. The result follows because we also have

(Vb)) im 2 Vp (k) n)-

Step 3: Analyze the behavior of j5(¢k|M) near the set of base points By.

Since Zy, C J"E} is an A.H. sequence of submanifolds and 5”7, an A.H. sequence
of sections, by corollary [£.2] uniform transversality over M is equivalent to uniform
transversality along G at the points of M. In A.H. coordinates adapted to G, we
are saying that the matrix of partial derivatives of 7, with respect to zé, ..., 2} has
maximum rank and norm greater than some n > 0. But this is equivalent to saying
that is uniformly transverse to Z,? , the pullback of the zero section of J5FEj.

By construction ¥¢\Z, = pg'i"n 1(PSk) = pg'(Sk\Zk), and the strata of
Y%\ Zi, when approaching the zero section accumulate into pg'(©z, ), where here
Oz, C J5LE). Therefore 577, intersects the strata of Ef\Zk away from a tubular
neighborhood in P (and hence in M) of radius n' of By, the zero set of j"7y.
Thus (j"¢x)|ar = (4" 7(5"7k))|as intersects the strata of PX¢ away from a tubular
neighborhood in M of radius 1’ of By.

In general pg(j"¢r) # je¢r but using A.H. coordinates it is easy to check that
pa(j"or) = je¢r. Hence, ji.¢y intersects the strata of PX, C J4(P,CP™) away
from a tubular neighborhood in M of radius 7’ of By, for all k > 1.

By steps 1 and 2 we deduce that j},(¢rss) intersects the strata of Py C
J5(P,CP™) away from a tubular neighborhood in M of radius ' of By, for all
k> 1.
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Step 4: Relate uniform transversality over M of j77; to Eg\Zk with uniform
transversality along D of jp,(¢x|ar) to PXy C Jp (M, CP™).

The same ideas used in the proof of lemma combined with pe(j"¢r) = ji ok,
show that uniform transversality over M of j" 7 to ZkG\Z;C is equivalent to uniform
transversality over M of j&¢x to PXy C J&(P,CP™).

Uniform transversality over M of ji.¢x to PX, C J&(P,CP™) is comparable to
uniform transversality of (j&csz)lM to PXy i C JE(P, CIP’m)‘M (it can be easily
proven in the charts HkD%i, Hﬁm).

By steps 1 and 2 jp,(¢kp) is uniformly transverse to Py, C Jp, (M, CP™).

If the hypothesis on the amount of transversality over M of corollary [£.2] are met,
then ji,(¢x|ar) is uniformly transverse along D to PXy C Jp(M,CP™). Observe
that this requirement is not a problem, since the induction construction to obtain
uniform transversality over M for j" 7 to Ekc\Zk can guarantee that. O

The vector bundles J7 E}, are endowed with hermitian metrics g and connections
Vi, u (or just V), which are induced by the metrics and connections on J"Ej, via
the projection pg. We do not know whether J5F) is an almost CR submanifold
of J"E), but in any case we are not interested in doing almost complex geometry
on JLEy.

Let oy, be a sequence of sections of J5Ey with [Viay|, < O(1), V4 > 0. Using
the metric g we have a well defined notion of uniform transversality of o) to the
Thom-Boardman-Auroux stratification ¥ C J5Ex (deﬁnition; notice that we
have no notion of approximate holomorphicity neither for the sequence of sections
nor for the strata.

Remark 6.3. If 7,: P — Ej is A.H. then |V7j57k], < O(1), Vj > 0. Having
into account remark [£.3] it can also be shown that if j"7,: P — J"E}, is uniformly
transverse over M to EkG, then ji1i: P — J&LEy is uniformly transverse over M
to Zk

We finish this section by proving the following

Lemma 6.6.

(1) Let S = (5)aca, be an approzimately holomorphic finite invariant stratifi-
cation of By such that in approximately holomorphic coordinates and A.H.
frames each sequence of strata has a CR model transverse to the fibers. Let
Te: M — Ej be an A.H. sequence uniformly transverse along D to S. Then
'rk_l(S) is a stratification of (M, D,w) by 2-calibrated submanifolds for all
k> 1.

(2) Let 7i.: M — E} be an A.H. uniformly transverse to Zj, and whose pro-
jectivization ¢y, is r-generic. Then By U qﬁ,;l(]P’Zk) is a stratification by
2-calibrated submanifolds of (M, D,w) for all k > 1.

Proof. Let Sj; C Ej. Corollary implies that 7 1(5,‘3) is uniformly transverse to
D. Hence, if we check that for each x € 7, 1(S,‘;) the sequence of linear subspaces
Tpr, '(Sg) € Dis A.H,, ie.

Zu(Topm; H(S7), JTom H(S7)) < O(k™1/2)
(uniformly on the point), we are done.

Let J denote the induced the almost complex structure on Ej. In approximately
holomorphic coordinates and A.H. frames, the strata S, C Ej have a CR model
S C C™ with respect to the canonical product CR structure. Recall that any almost
CR structure defined out of Jj in the base and the fiber, and a connection form with

vanishing (0,1)-component, coincides with the product CR structure (this appears
also in the proof of lemma [6.1). Hence the linear subspaces TpS = TpSy verify
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(TS, jTDS) < O(k~'/2), the bounds being uniform on the points of C™, and
hence uniform on the points of Ej.

The approximate holomorphicity of 7 implies £y (Tp7k, jTD’Tk) < O(k’l/ ).
Since £, (TpTi, TpSk) > 1, by proposition 3.7 in [3T] for all £ > 1 the intersection
TpmiNTpSk is an A.H. sequence and thus also its projection to M, and this proves
item (1).

Regarding item (2), By, := 7, }(Z). Therefore item (1) applies.

The strata Xy ; are intersected uniformly away from Bj. Therefore it is equiva-
lent to work with the projectivizations ¢; and the Thom-Boardman-Auroux stra-
tification of J5 (M, CP™), because j5,7, *(Zr.1) = jheéy (PSk,r). Since for each
canonical chart of projective space the strata have CR models in J7,(M,C™);,
everything reduces to item (1). O

We would like the pullback of any regular value of ¢y, to be a 2-calibrated subma-
nifold, which forces us to study the behavior of an r-generic function near its base
locus and near the pullback of the Thom-Boardman-Auroux strata. In our applica-
tions we would only need this analysis for the Lefschetz pencils ¢y, : M\ By — CP:
the same ideas used in [35] show that indeed near the base locus |9¢y| > |0éx| and
thus the regular “fibers” are 2-calibrated submanifolds. On the other hand, near
the strata of the Thom-Boardman-Auroux stratification there is no such inequality
between the holomorphic and antiholomorphic component of the derivative, and ad
hoc modifications are needed to obtain 2-calibrated regular fibers.

In [25] the approximately holomorphic theory is appropriately modified to cons-
truct generic CR sections for a Levi-flat CR manifold. The complication near the
base locus and degeneration loci of the leafwise differential does not occur (over
each complex leaf the CR-Thom-Boardmann stratification is holomorphic and the
restriction of the CR-r-jet holomorphic as well, therefore the former is pulled back
to the leaf to a stratification by holomorphic strata).

7. THE MAIN THEOREM

It is possible to perturb A.H. sections of Ey = F ® L®* — (M, D,w) so that
their r-jets are transverse to an A.H. quasi-stratification of Jp, E}.

Theorem 7.1. Let By, — (M,D,w), Ex, = E® L®*, and S = (58)4ca, an
A.H. sequence of finite, Whitney (A) quasi-stratifications of J}Ey transverse to
the fibers. Let us fit h € N. Let § be a strictly positive constant. Then a constant
n > 0 exists such that for any A.H. sequence Ty, of Ey, it is possible to find an A.H.
sequence oy, of Ex so that for every k bigger than some ko,

(1) |V (ke — ok)|gp < 0,5 =0,...,7+ h.

(2) jhok is n-transverse along D to S.

Theorem [7.2]-to be introduced- suffices for our applications; the proof of theorem
-which is left to the interested reader- is a suitable modification of the proof of
theorem 1.1. in [4], being the main difference the use of a result on local estimated
transversality along Dy, to 0 for A.H. functions f: C* x R — C™. 4

Observe in theorem that while for any h € N we can bound |V, (7, —
k)lgrs 5 =0,...,7+ h, by any arbitrarily small ¢, we cannot do the same for the
full derivative. For the latter it can be proven that |VI (7, — oy)|g, < Cj, Vj € N,
where C; are constants independent of £ whose value we cannot control. Moreover
the non-integrability of D also forces us to work with sequences of A.H. functions all
whose derivatives are controlled (even if we want to control the size of the pertur-
bation along D up to a finite order h); basically the derivatives along the directions
of D (up to some finite order h) will be arbitrarily small only if we have control for
the full derivative of all the orders, and k is chosen to be very large.
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We can prove a strong transversality result for symplectic manifolds with distri-
bution G along compact 2-calibrated subvarieties.

Theorem 7.2. Let Ey, — (P,Q) and let (M, D) be a compact 2-calibrated submani-
fold of the symplectic manifold (P,Q)) and G a J-complex distribution extending D.
Let us consider S¢ a C"-A.H. sequence of finite, Whitney (A) quasi-stratifications
of J"Ey (h > 2). Let § be a positive constant. Then a constantn > 0 and a natural
number ko exist such that for any C"™t"-A.H.(C) sequence 11, of Ey, it is possible
to find a C™t"-A.H. sequence oy, of Ej, so that for any k bigger than ko,

(1) |V (i — o1)|gp < 8,5 =0,...,7+h (1, — 0% is C"Th-A.H.(5)).
(2) j"oy is n-transverse over M to SC.

Proof. We will closely follow the pattern of the proof of theorem 1.1 in [4], but
introducing the appropriate modifications.

The very basic strategy of the proof is to add a perturbation for each sequence
of strata SGZ, so that a sequence of strata is dealt with only if all the preceding
ones have been already dealt with. The solution o} will be the result of adding all
the perturbations. To achieve our goal in this way we must make sure that at a

stage corresponding to the strata SGZ, the perturbation added is such that:

(i) Uniform transversality to preceding strata is not destroyed.
(ii) Uniform transversality to S’GZ is attained.

To make sure that item (i) above holds, we start by adapting the definition of
local open condition of [3] to out setting:

Definition 7.1. Let 7,7 > 0. A family of properties P(n, 7, x)zecn of sections of
bundles over P is local and C?-open, if given a section 7 that verifies P(n, 7, x) and
a section o so that |7 —o|ca(pg) < €, then there exist L > 0 only depending on the
C%-norm of 7 so that 7 — o verifies P(n — Le,7j — Le, x).

The advantage of a local open property is that we have an estimate on how much
it varies according to the size of the perturbation.

In our specific problem we say that a C"+t2-A.H. sequence of sections 75, of Ej,
verifies P (n, 7, z), x € M, if j"71;, is (n, j)-transverse over M to SGZ at z. We want
to show that this is a local C"T2-open condition, because if that is the case we know
that if at a given stage we add a perturbation with small enough C™*2-norm, we
will still have a sequence of sections uniformly transverse over M to S GZ.

This is proven in theorem 1.1 [4] for full transversality. For estimated trans-
versality over M the theorem is equally true because a perturbation yj; with
C"*2-size bounded by C gives rise to an 7-jet such that (i) [j"xx|s < L'C, (ii)
Vi xelg, < L'C, and (iii)[VVrarj " Xklg, < L'C, for some L' > 0. Therefore
small perturbations of a given section give rise to an r-jet that remains within con-
trolled distance of the one for the initial section and whose derivative along T'M
varies in a controlled way. Similarly for a given r-jet we can control in a ball of
uniform radius its variation up to order 2, and hence the variation of its derivative
along T'M in the ball.

Next we have to make sure that the perturbation added at each stage fulfills
condition (ii). We will split the problem of achieving transversality over M to S GZ
into doing it for points close to the boundary and far from the boundary. Actually,
the former problem turns out to be already solved. To show it we must check that
(Na, Ta)-transversality over M of j"7i to SGZ, for all a < b, implies the existence of

7 > 0 such that j"7 is 7,-transverse over M to SGZ at the points 7;-close to its
boundary.
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In theorem 1.1 [4] it is shown that the quasi-stratification condition together with
full uniform transversality can be used to show that ;"7 stays uniformly away from
SG\O sae, say at distance greater than some 7’ > 0; since uniform transversality
over M is stronger than uniform transversality we deduce the same result.

We now make use of the estimated Whitney’s condition (A) as in corollary
We have the inequality

o a a b o b
Lo (Tar i, T S90) < (TN SC5 TorSC)) + L (Tog ™1, TaeS9). - (62)

For " > 0 small enough the induction hypothesis implies that for points n’-close
to 5SGZ there is some index a € Ay such that

Lan(Taa "7, TN ) 2 T
Let M denote the pullback of TM to J"Ej. In order to make
a b
ZM(TJI\LSGk,TMSGk) < na/Q

we use the estimated Whitney’s condition (A) that gives 4m(M,TSGZ) >4 >0

and /\(T1SCY, TSGZ) < C(7)7'n4/2 (see the proof of corollary, for n” small
enough. Then the desired result holds for

My := min(n’, n", ming <p(n4/2))-

Therefore our task is reduced to constructing arbitrarily small perturbations
which solve the uniform transversality problem in points 7,-far from the boundary.
We will construct such a perturbation following Donaldson’s globalization method.
The key point is the following

Proposition 7.1. Let Pi(n,7,2)zemn7>0 be a family of Cl-open properties of
sections of E — (P,gx). Assume that there exist (uniform) constants p,c’,c”’,p
such that given any § > 0 small enough, any x € M, and any sequence Ty with
uniform C?-bound C', there exist -for all k > 1- C9-bounded sections X, with the
following properties:
(1) |V Xkwlg <"6,5=0,...,q.
(2) The sections %Xk,a: have Gaussian decay away from x in C'1-norm.
(3) Ti+Xk,» satisfy the property Py (n,7—c'd,y) for ally € By, (x, p) M, with
n = c§(log(671))~P.
Then given any o > 0 and C%-bounded sections T of Ey, there exist -for k> 1-
C-bounded sections oy, of Ei such that
(Z) |Vj(7k —O’k)‘gk <a,j=0,...,q.
(ii) The sections oy, satisfy Pr(e, 7 — Lo, ), for some uniform e, L > 0, at any
re M.

We do not give the proof of this proposition, since it is a repetition step by step
of Donaldson’s globalization procedure [11].

Hence we must check that the hypothesis of proposition hold. We will use
the following local transversality result, which is a reformulation of lemma 5.2 and
theorem 5.4 in [30].

Proposition 7.2. Let F be a function with values in C' defined over the ball
of radius 11/10 in C'. Let V be a vector subspace of C'. Let & be a constant
0<6<1/2. Letn = 6(P(log(671))~1, where P is a real monomial depending on
n,l, V. If in the ball of radius 11/10 we have

|F|go S 17 |5F|90 S 1, |déF|go S m,

then there exists u € CP such that F — u is n-transverse over V to 0 in the interior
of B(0,1)NV.
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We assume that 74 is already mp-transverse over M at the points 7,-close to
the boundary. Let 0 < e < /4 small enough. If x € M such that j"7(x) ¢
./\/'SGZ(E/2,771,) then X, is chosen to be the zero perturbation. If j 7 (z) = p €
Ngav (€/2,1) then there exists p1 such that 577, (By, (2, p1)) C By, (p, pe) C Ngev (€, 30/4).
We consider the composition f o j"7; pulled back to the domain of an A.H. chart
adapted to (M, G) and centred at z. In this way we obtain a function Hy: B(0, p2) C
CP — C!. If we apply proposition directly to Hy, with V. = TM, and for
§ < /6, we will obtain §(P(log(671)))~-transversality over M to O for Hy — uy
in By, (x, p3). The problem is how to associate u to a perturbation of 73 (the dif-
ficulty coming from the non-linearity of the strata). Instead, we consider for each
index I the Cl-valued function such that for each y € By, (, p1)

O1(y) = (A1 (W) The, s Fil" T W)I ),
with r;;e; ; as defined in equation . There is a choice of [ indices I1,...,1I;

such that the corresponding A.H. sections j’“T}gf’i’ [, are a frame for a distribution
complementary to Kerdf (and with minimal angle bounded from below). Then
Oy,,...,0y, is a frame (depending on y) of C' comparable to the canonical one.
We can write
Hy, = hiOr, + -+ hl,0y,.

We apply proposition (after suitable rescalings) to the Cl-valued function hy =
(hi,..., hk), with V' = T M, for some ¢ small enough, so we get uj, € C' such that
hi — uy is 10(P(log(671))) " -transverse over M to 0 in By, (z, p5). If we multiply
by the functions Oy, , ..., 0 we obtain cad(P(log(6~1)))-transversality over M

to 0 for H, —ul®;, —--- —ul O . Our perturbation is the section
k 1 k 1
L 1 __ref | _ref
Xko = ~UpTh o1, — "~ UpTi 2.1,

The key point is that having into account the norm of u; and the bounds on the
second derivatives of f, the C''-norm of

Hy —up®r, — - = upOp, — foj (T + ska)

is bounded by O(62). Since the C'-norm majorates the C'-norm along TM we
conclude that for § small enough f o j" (7 + sk.2) is c30(P(log(671))) "I -transverse
over M to 0. By lemma we get Pr(csd(P(log(67 1)L, 7 — Lé,y), for all
y € By, (z,ps). Since Py(n,n, ) is C""2-open, if § is small enough compared to
7y and 1), 7lq, we still get uniform transversality to the previous strata and 57, /6-
transversality over M at the points 37 /4-close to the boundary of Sgb.

So we can apply proposition to obtain Py (ny, 37»/4, x) (with respect to S,fb)
in all the points of M.
Hence we deduce the existence of a C"T2-A.H. sequence o}, such that:
(1) V(i — ok)|gp < 8,5 =0,...,7+h (of is C"T2-A.H.(0)).
(2) j oy is n-transverse over M to S¢.

8. APPLICATIONS

We begin by proving proposition [L.1} which can be also obtained as a simple
corollary of the work of J.-P. Mohsen [30] together with some extra local work
borrowed from [27].

Proof of proposition[I.1, We consider a more general situation than that of the
statement of proposition Let E be any rank m Hermitian vector bundle over
(M?"*1 D w), and let Ey, = E® LE* (Lg the pre-quantum line bundle of the
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symplectization and E is meant to be the pullback of the initial E to the sym-
plectization). We want to apply theorem to the sequence of zero sections Zy,
but with some changes. Basically, we want to start with an A.H. sequence which
vanishes at y and is uniformly transverse on By, (p, y), and then add perturbations
not destroying these properties. We fix A.H. coordinates adapted to (M, G) and re-

ference sections T,zefc ; centred at the points of M C M x [—€,¢€]. In A.H. coordinates

adapted to (M, G) we take the sections Zile’e;j, j=1,...,m <n+1, and consider
their direct sum, a section of Ej. This sequence of sections 75, vanishes at y and
is n-transverse over M to Zj in By, (y, p). The key point is to keep on adding local
perturbations -as described in the proof of theorem [7.2} which vanish at y and with
C'-norm small enough compared to 7. For that we need new reference sections
vanishing at y. Notice that if dy(z,y) > O(k/%) then T}geij is already vanishing at
y, so we do not need to change the reference section. Assuming d(z,y) < O(k'/°)
once we go to A.H. coordinates adapted to (M, ) and centred at x, the point y
belongs to B(0, p'k'/%) € C"*1. Consider the polynomial P(z},...,zp"!) =12z},
Let Ly 4 » € Gl(n+1,C) be the composition of homothety and then a rotation send-
ing y to (1,0,...,0). We define Py, , = Po Ly, . and §,r€eij = Pk;y@TI::?afc,j‘ For
becomes an A.H. sequence (with

bounds independent of x) that vanishes at y and so that 5,‘?; g J=1,...,m, fits

into a local frame of Ej over By, (z, p(v)) (we chose the linear map to arrange that
the vanishing (affine) hyperplane of Py, . is at distance of the origin bounded from
below). Since 73, is n-transverse over M to Zj in By, (v, p), we only need to add
perturbations centred at points away from By, (y, p/2), and thus the globalization
procedure can be applied with reference sections vanishing at y.

Thus it is possible to find sequences of A.H. sections 75 of Ej uniformly transverse
over M to Zj and vanishing at y. Hence 7y, are uniformly transverse to Zj and

ref

any v > 0, if we suppose di(z,y) > v then §°,

vanishing at y. Let W = Tk‘_lvl[(Zk). For all £ > 1 by corollary they are
uniformly transverse to D, and by lemma approximately almost complex and
therefore 2-calibrated.

The study of its topology is done very much as in the symplectic and contact
cases (see the proofs in [11] 2 24]). O

The next result we want to prove is the existence of determinantal submanifolds
(proposition, which is still a transversality result for 0-jets (vector bundles Ey),
but not anymore to the 0 section but to a sequence of non-linear approximately
holomorphic stratifications.

Proof of proposition[I.3 Let E,F — M be Hermitian bundles with connection and
let us define the sequence of very ample vector bundles I, := E* @ F @ L®*. In
the total space of I, we consider the sequence of stratifications Sy whose strata are
Sk.i = {A € I}| rank(A) = i}, where A € Hom(E, F ® L%*F).

Let E, F still denote the pullback of E, F' to the symplectization (M x [—¢, €], Q).
Let Iyq — M x [—€,¢] be B* @ F ® LE* = Hom(E, F @ LE"). Let G be as usual
a J-complex distribution defined on M x [—e, €] that extends D, and let

Sy; ={A € I o| rank(A) = i}, A€ Hom(E,F ® LE").

By lemma (applied to almost complex manifolds) SkG)i is an approximately
holomorphic sequence of finite, Whitney (A) stratifications. Therefore we can apply
theoremto construct an A.H. sequence of sections 7, of I},  uniformly transverse
over M to S¢, and thus along D.
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Hence for all k large enough M is stratified by the submanifolds S;(7;) = {z €
M| rank(r(x)) = i}, which are uniformly transverse to D and 2-calibrated by
lemma [6.6] O

Corollary follows from the fact that in the contact case the 2-form is exact
and hence the cohomological computations are those of the bundle £* ® F'.

Theorem 8.1. Let (M, D,w) be a closed integral 2-calibrated manifold, set Ey =
C™ @ L% and let r be any natural number. Any A.H. sequence of sections of
ctl g L%k — (M x [—¢,€,9Q,G) admits an arbitrarily small C™+"-perturbation
such that ¢ M\By), — CP™ -the restriction to M of its projectivization- is an
r-generic A.H. sequence.

Proof. The proof is just theorem [7.2]applied to the Thom-Boardman-Auroux quasi-
stratification along G of J"E, — (M x [—¢, €], J, G, gx), combined with proposition
6.5 O

It must be pointed out that the behavior of A.H. functions at the points close
to the degeneration loci is more complicated than that of the leafwise holomorphic
model: firstly, and similarly to what happens for even dimensional almost complex
manifolds, to obtain normal forms it is necessary to add perturbations so that
the function becomes holomorphic (at least in certain directions); otherwise the
approximate holomorphicity is not significative due to the vanishing (degeneracy)
of the holomorphic part. Secondly, we have an extra non-holomorphic direction
that we do not control. At most, we can apply the usual genericity results to that
direction (the perturbations at most of size O(k~'/2) so as not to destroy the other
properties).

One instance of the preceding theorem is when the target space has large dimen-
sion, so that the generic map is an immersion along the directions of D.

Proof of corollary[I.3. Set Ejy = C™ @ L®* where m > 2n. Theorem is
applied to the Thom-Boardman-Auroux quasi-stratification along G of J'E) —
(M x [—e€,€],J,G,gk)), to obtain 1-generic A.-H. maps ¢,: M — CP™. From the
choice of m it follows that the set of base points and of points where O¢y is not
injective is empty. It is clear that by construction that ¢f|[wrs| = [wk]. O

This is a non-trivial result because the property of being an immersion along D
is not generic (for smooth maps to CP?"). Notice that if for example D is integrable
the property is generic for each leaf (locally), but not for the 1-parameter family.

As mentioned in the introduction, the previous corollary can be improved in two
different ways.

Proof of corollary[I.3 Let us assume that any 2-form in the path pj ¢ = (1—t)wg +
tpiwrs is non-degenerate over D, where wrg is be the Fubini-Study 2-form. Then
Moser’s trick can be applied leafwise: if v is a 1-form such that do = —(¢jrwps—ws),
the vector fields tangent to D defined by the condition —ix,pr+ = —a generate a
1-parameter family of diffeomorphisms preserving each leaf and sending py. ; to wy.
The non-degeneracy over D of p; follows from the estimated transversality of ¢y,
together with the approximate holomorphicity. For any v € D, of gi-norm 1,

Prt(v, Jv) = (1 — twg (v, Jv) + twps(Prsv, PraJv) > (1 —t) +tn > 0.
O
In general a closed Poisson manifold with codimension one leaves does not admit

a lift to a 2-calibrated structure (for example any non-taut smooth foliation in M?3).
The previous corollary can be used to state the following result:
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Corollary 8.1. Let (M*"*1 D wp) be a closed Poisson manifold with co-oriented
codimension one leaves. Then the Poisson structure admits a lift to a (rational)
2-calibrated structure, if and only if a multiple of wp is induced by a leafwise im-
mersion in CP?" (by pulling back wrs ).

It is worth mentioning that it is possible to obtain uniform transversality to a
finite number of quasi-stratifications of the same sequences of bundles. For example,
and this leads to the second improvement of corollary we can obtain the 1-
genericity result that gives rise to embeddings in CP™ transverse to a finite number
of complex submanifolds of CP™.

We just need to consider for each submanifold the sequence of stratifications
PS of J&(M,CP™), whose unique stratum (for each k) is defined to be the 1-
jets along G whose degree 0 component is a point of the submanifold; next we
pull it back to a stratification & of JAE; and finally to a stratification S¢ of
J 1E,: (the structure near Zj is not relevant because transversality to the Thom-
Boardman-Auroux quasi-stratification along G implies that the sections stay away
from Z;). Therefore, we have defined a stratification of J'Ej which is trivially
approximately holomorphic because it is the pullback by A.H. maps of an initial
approximately holomorphic stratification of J2(M,CP™). Any 1-generic sequence
of A.H. sections of Ej, uniformly transverse to S¢, when restricted to M gives rise
to maps ¢y : M — CP" uniformly transverse along D to the submanifold.

Proof of Theorem[I.1, We first apply theorem to obtain ¢y : M\Bj, — CP*
1-generic.

Near the base points and the points where Vpdy,, vanishes, we apply the
perturbations defined in [35] to obtain the required local models. (]

Another possible application is, as proposed by D. Auroux for symplectic ma-
nifolds [3, 4], to obtain r-generic applications to CP™ whose composition with
certain projections CP™ — CP™~" are still r-generic (the corresponding stratifica-
tions are approximately holomorphic because they are pullback of approximately
holomorphic stratifications by A.H. maps; the structure near Zj is also seen to be
appropriate).

It is also possible to develop an analogous construction but for A.H. maps to
Grassmannians Gr(r,m), starting from sections of C" ® Ej, Ej, of rank m (see
BT, []).

Our techniques can be applied to any closed 2-calibrated manifold to give a finer
topological description of the 2-calibrated structure. It is possible to apply the
same idea to manifolds for which the 2-calibrated structure enters as an auxiliary
tool. This point of view has already been adopted in [27].

We recall the following result.

Theorem 8.2. (Gromov) Let M?"*! be a closed manifold whose structural group
reduces to U(n), and let a € H?>(M;Z). Then there exists w a closed maximally
non-degenerate 2-form such that [w] = a.

Proof. The structural group of the open manifold M x R reduces to U(n + 1).
Then by [I8] it carries a symplectic form representing any given cohomology class,
in particular the pullback of a to M x R. Tts restriction to M x {0} is w. (]

So by selecting any codimension one distribution transverse to the kernel of w,
we have:

Corollary 8.2. Let M?"*! be a closed manifold whose structural group reduces to
U(n), and let a € H?>(M;Z). Then M admits 2-calibrated structures (D,w) for
which [w] = a.
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Notice that if we apply any of the previous constructions to (M, D, w), we obtain
submanifolds and more generally stratifications of M by 2-calibrated submanifolds.
Regarding the initial structure, which was just a reduction of the structural group
to U(n), we can conclude that the corresponding strata also admit such a reduction.

Appendix A. PROOF OF PROPOSITION [5.1]

We write down the proof for the bundle J” Fj because it is a necessary ingredient
in the proof of theorem The case of J,E) bears no further complications and
it is left to the interested reader.

We omit the subindices k and r for the connections whenever there is no risk of
confusion.

Recall that in coordinates the curvature can be computed as follows: in a chart
where TP is trivialized using the derivatives of the coordinates, we have the co-
rresponding flat connection d on T*P. We have the operator

VI:T*P®E, — T'PRT*PQ®E
Vi o= del-IgV

and the antisymmetrization map

asymy: T*P@T*P — A*T*P
a®pB +— aAp,
a A Blu,v) = alu)f(v) — a(v)B(u).
The curvature is the composition asym, (V! o V).

Let 0, = (0k0,0%1) be a section (maybe local) of J'Ey. The modified con-
nection is Vi, (0k,0,061) = (Voro,Vori) + (0,—FYloy o), where —Flloy o €
TP @ T*0P @ Ej, (see [5]). For jets along D we add —Fj5".

The previous formula defines a connection.

Lemma A.1. Let C™ — CP be the trivial bundle endowed with a connection V
whose curvature is of type (1,1) with respect to the canonical complex structure Jo;
the conmection splits into Oy + Oy. Let T be a holomorphic section of C™ (with
respect to to the holomorphic structure induced by V). Then

VH(T, avT) = V(T, 3v7’) - (O,gvavT) (63)
and Ov,, (1,0v7) = 0.
Proof. By definition
Fr = asym,(V'V7).

Let us denote the trivialization of the bundle that identifies it with C™ by &1, ..., &mn.-
Since 7 is holomorphic

Fr=asymy((d®@I—-1® V)dy7).

If we write Oy T = dzihgfj then

Fr = asymy(—(I® V)dz'hlE;).

But being the curvature of type (1,1) we can write

Fr = asym,(—(I1® dyv)dz'hlE;). (64)
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Recall that F'r has to be understood as an element of 7*%1C? @ T*9CP @ C™.
That amounts to switch the dz!’s with the dz'’s, which cancels the negative sign on
the right hand side of equation . Thus what we obtain is:

Fr:=(1®dy)dz'hl¢; € T(T*01CP @ T*H0CP o C™). (65)
But equation equals
(0o @ T+1® dy)d2"hlg;
which by definition is
avavT. (66)
By equation

v, (1,097) = (0T, 0vOyT — OvOyT) = 0.

It is also clear that Oy = Oy, and therefore they define the same coupled
holomorphic jets.

Lemma has an obvious approximately holomorphic version: if we have a
very ample sequence of rank m vector bundles by definition the sequences of curva-
tures is approximately of type (1,1). Then we can fix approximately holomorphic
coordinates and the first part of lemma implies that for 75, a sequence of A.H.
sections of Ej, one has

Fr, = 587’]“
and by the second part

gHlek = 0.
We now move into computing the curvature of the modified connection in the
integrable case. We will denote the coupled holomorphic r-jet in the integrable
model by jj 7.

Lemma A.2. Let C™ — CP be the trivial bundle as in lemma . Assume also
that for the fized trivialization &1, ...,&n the curvature is a matriz with constant
coefficients and that we have a frame given by holomorphic sections Ty, ...,Tm-
Then Fv = FVH .

Proof. If the holomorphic sections 74, ..., 7T generate the bundle, then the holo-
morphic 1-jets of lej, 75, 1 <1< p, 1< 5 < m are a basis of J;m (at least on
B(0,p)). By lemma they are a holomorphic basis.

VHjlllollej = (av(ZlTj),vav(ZlTj)) - (O,FZlTj) = vjlllollej — (O,FZlTj). (67)
Let us write again dy7; = dz'hj ;&, and F = a;,dz'dz® € T(T*'CP @ T*HCP).
If we apply to Vil z'7; the operator asym,Vi, Vi :=d®1-1® Vg, we get:

ij}llollej + (0, asymz(dzlatsdétdstj + zldziatsdétdzshf’jfs)). (68)

When we apply the same operator to (0, F' lej), if recall that the a;s are constant
and that lej is a holomorphic section we get

asym, Vi (0, F2l;) = (0, asymy (—azsdz'd2'dz*1; — atsdétzldzihf’jgs)), (69)
and the right hand side of equation equals
(0, asymy (dz' Frj + zldziFh‘zjfs)). (70)
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If we put together equations 7 , and we obtain
FVH T; = FvTj.
[l

We want to use a recursive construction based on lemmas [A 1] and [A2] to intro-
duce the desired connection on *71; m

Before doing that we recall that the coupled holomorphic jets are sections of
Tpm:

We now prove how to modify the connection on 7, 2
Step 1: We identify ijm with the subbundle of J 1J1}m spanned by holonomic
sections, i.e. sections of the form j] jl,7, where 7 is any holomorphic section of
C™. Pointwise, an element v of the fiber of 77}, is of the form

(70,0, 70,1, 71,0, 11,1) € (C® T*HO0CP @ T*1°CP @ (T*°CP ® T*°CP)) ® C™,

and belongs to jpz’m if and only if v, € T*10CP © T*19CP @ C™, and 71,0 = V0,1

Using the metric induced by the Euclidean one on the base and fiber and the
connection, we have a orthogonal projection r: jljplm — Jim
Step 2: We introduce a new connection on J'7, ..

On J,,, we use the modified connection Vp,. This, together with the flat
connection d on T*CP defines a connection Vy, , on J'J,,,. Notice that on
J ljplm we also have a connection Vo, coming from d and V.

We consider the trivialization of jplm furnished by the sections &;, dz'¢;, 1 <
j<m,1<1i<p,sowe can identify the bundle with C"™?*™. This is a trivial
bundle with connection Vg,. By lemma Fy,, = Fy,. Recall also that in the
basis &;, dzifj the curvature Fy, is a matrix that decomposes into p + 1 blocks
corresponding to &1, ...,&,, and to dz*&q,...,dz",,, 1 < i < p. For each such block
the corresponding matrix is the one for Fiy in the basis {;. Therefore Fy, is still
of type (1,1) and has constant entries in the aforementioned basis.

Let Vg, be the result of modifying Vg, ,. Since Vg, is of type (1,1) by lemma
applied to (C™*™ V), if 1 € I'(J,,,) is holomorphic with respect to
V., then ji 7! is holomorphic with respect to Vg,. In particular jl ,(jl, 27,
Jhol(21ihe12'75) are a local holomorphic frame of (7', ., Vi,) (recall that 7; was
a local holomorphic frame of C™).

Having into account that the curvature of (C™**™ V) is of type (1,1) and with
constant entries, and that (C™”*™, V, ) has a local holomorphic basis, lemma
gives Fy,, = Fy,, . From Fy, = Fy, it follows that Fy, = Fy,. Therefore

Fy,, = Fy,onJ'J, ..

Step 3: Check that Vg, restricts to Jﬁm — jljz}’m with the desired properties.

Let I = (ig,%1,...,%p) With 1 < dg < m, 0 <4; < 2,43 +---+1ip, < 2, and
let 77 := 20! ...z,i,”no. We consider the sections ji jt, 77, which are a local holo-
morphic frame J7,, (using the identification described in step 1). We will see
that Vi, jrojpemr € D(T*OCP ®@ J2,,), and therefore that the connection Vg,
preserves jp% -

We just proved in step 2 that j}1101 Jioy 71 is holomorphic with respect to Vg, and
that aVH2 = ale)l = 8v2. Let us write jflxolj}llolTI = (Tj,avT[, avT[,a%T[). Then

11 _ 1.1 _
V Hy JholJhol TT = aVszhol]holTI =

Ov, (11, 0vTr, OvTr, 0%71) = (OvTr, OvOyTr, Ov Oy, Ov 0% Tr),
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which belongs to T(T*-CP @ 72,,).

Therefore, the curvature of the restriction of Vg, to J7,, is of course of type
(1,1). The last observation is its expression in a suitable basis. The curvature of Vo
on Jljpl,m splits on blocks corresponding to the basis &1, ..., &y, d2'€1,. .., dz%,,,
dz'ér, ..., dZbE,,, d2" @ d2tEy, ... d2" @ d2tE,, 1 <i,l,r,t < p. BEach submatrix is
Fy. If we use the basis &1,...,&n, d2'€y, ..., d2%,, dz2" © dzt&, ..., d2" © dzt&,,,
1 <i,7,t < p, the curvature equally splits into blocks each matching Fy .

The general case uses the following induction step: on J,, there exists a con-
nection Vg, with the following properties:

(1) dm, = 0.

(2) Fy,, = Fy, and therefore Fy,, is of type (1,1).

(3) If Oy = 0 then 9y, 4,7 = 0.

(4) In the basis &5 := (dzi)@l - (dz1)®" &, the curvature splits into blocks
each matching Fy.

To define Vg, ,, on 7, 11 we reproduce the previous 3 steps.

Firstly we consider the identification of J; ‘fnl with the subbundle of J 1]; m
spanned by sections of the form j}llo1 JhoTs T & holomorphic section of C™.

Secondly we consider the connection Vi, on J+! constructed out of d and
Vp, and modify it to Vg, .. By the induction hypothesis using the basis {; we
are in the situation of lemma for 7, ,, identifies with CN" with a connection
whose curvature is of type (1,1) and with constant coefficients, and with a frame
of holomorphic sections. Therefore Fy,, == Fy, = Fy,,. Since we can also
apply lemma for any 7" € F(jpr, ) the 1-jet jl ;7" is holomorphic with respect
to VHT-H .

The third step is to check that the modified connection restricts to J;;;';ll —
T T} - Using that Wy, ,, = 0v,,,, any frame of sections of the form JEodr T
71 holomorphic, is sent by the connection to sections of J, 1

It is also routine to check that in the basis &; the curvature matrix is made of
blocks of the form Fy.

The almost complex counterpart of the result we just proved is done exactly
in the same way. The only modification is that the connection on J'J"E} does
not descend automatically to a connection on J"H1E, — J 177 E.. We have to
project via r: JYTTE, — JT“Ek, but this is seen to introduce an error which is
approximately vanishing. It might happen that the resulting connection amounts
to adding also a pseudo-holomorphic part. If that is the case we forget about this
contribution (which again would be approximately vanishing). Therefore, we obtain
a connection with all the desired properties.

Using similar considerations to the ones for 1-jets, it can be deduced that the
(r4+1)-jet of a O™+ A H. sequence of sections of Ej is a C"-A.H. sequence of
sections of (7" Ey, Vg, ).

Appendix B. CHERN CLASSES AND TOP CHERN CLASSES

Corollary proves the existence of contact determinantal submanifolds, which
we expect to be more general than those coming from zeroes of vector bundles
constructed in [24]. To support this we recall that it is known that in the algebro
geometric setting that determinantal varieties are more general that zeroes of vector
bundles (see for example [20, []), and a similar result should be expected to hold
in the smooth category. A way to prove it would be exhibiting a manifold in which
there exist a cohomology class a which is the Chern class of a complex vector bundle
F but it is not the top Chern class of any complex vector bundle (i.e. showing Chern
classes are more general than top Chern classes), the reason being that if we choose
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as FE the trivial complex vector bundle of the appropriate rank and the appropriate
determinantal locus, we have
A E,Fi = Q.

As far as the author knows such a question has not been addressed. A lot is
known about cohomology classes which can be Chern classes, mainly because for a
given finite CW complex of dimension n there is a rather clear picture of complex
vector bundles of rank > [n/2] (the so called stable rank) [8]; much less is known
about lower ranks and that is what makes it difficult to discard a Chern class as
a top Chern class (besides, according to Thom [37], Theorem I1.25, in a (compact,
oriented) manifold any a € H**(M;Z) has a multiple which is a top Chern class).
In any case, finding manifolds with certain cohomological properties would prove
that Chern classes are more general than top Chern classes. For example, according
to [§] for a (compact, oriented) manifold X of dimension < 7, any a € H*(X;Z) is
the second Chern class of a rank 3 complex vector bundle. If it were the top Chern
class of some F', then corollary 2.2 in [§] applied to the direct sum of F with the
trivial line bundle would imply

c1(F)a+Sq?a =0 in HY(X;Zs). (71)

Therefore, if H*(X;Z2) = 0 and there exist a class a with non-vanishing second
Steenrod square, equation ([71) could not hold and hence a would not be a top
Chern class.
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