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The model established by Del Piero and Owen [18] for first order structured deformations set a basis
to address problems in continuum mechanics where an analysis at macroscopic and microscopic levels
is required, dividing the study of the deformations of continua in two parts: the part arising from
smooth changes and the part due to slips and separations at smaller length scales (disarrangements).
The first part is known to be associated with limits of gradients of approximating deformations, and
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Abstract

Structured deformations are non-classical deformations of continua suitable for the description
of materials whose kinematics requires analysis at both the macroscopic and microscopic levels.
In this work we obtain an integral representation of an energy for structured deformations of
continua as a first step to the study of thin defective cristalline structures.
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Introduction

the second one corresponds to their jump effects.



Choksi and Fonseca [11] extended the notion of structured deformation to the setting of special
functions of bounded variation. Namely, the authors defined a structured deformation as a pair (g, G)
where the macroscopic deformation g is an element of SBV (Q;R?) and G is an integrable tensor field
in 2, and proved that given such a pair there exist deformations wu,, in SBV (£2;R?) with

M)

Uy, L—>g and Vu, G,
and that in addition an integral representation of
1
I(g,G) = inf {liminfE(un), Up L—>g, Vuy, MLQ)G},
{u, }CTSBV ({;R?) n—00

E(u)z/ﬂW(Vu)dx—i—/S Y([u], v(uw) dHN Y, we SBV(Q;R?),

can be obtained in terms of some appropriate bulk and interfacial energy densities.

Here we consider a model for structured deformations in the full BV setting departing from a
different initial energy which includes second order derivatives (see Carriero, Leaci and Tomarelli [12]
and [13] for other second order variational problems). The reason for this approach relies on the
subject of a forthcoming paper, where a model for thin defective cristalline structures is obtained
by dimensional reduction techniques, and where to avoid the formation of holes in the target lower
dimensional domain all the jumps in the approximating sequences must be properly aligned.

Precisely, we define the space of generalized structured deformations as

GSD(Q;RY) := BVZ(Q;RY) x BV (Q; RPN,

and for any (g, G) € GSD(£;R?) consider the relaxed energy

. .. L' L'
I(g9,G) _{un}cslél\f/z(ﬂ;u@d){lggng(u")’ Uy — g, Vn —>G} (1.1)

where, for u € SBV?({; R%),

Uy ([u], v(u)) dHN 1 +/ Uy ([Vau), v(Vu)) dHN 1L

Svu

E(U):/QW(Vu,v?u) d;z;+/s

u

We assume the bulk and interfacial energy density functions to satisfy the following hypotheses

(Hy) : there exists C' > 0 such that

1
LB~ € <W(4,B) < O(1+|B))
for all A € RN and B € RIXN*N,
(Hs) : there exists C' > 0 such that
W (A1, B1) — W(As, B)| < C(|A1 — As] + | By — Bs))

for all A; € RN and B; € R&XNXN =1 2;



(Hg) : there exists 0 < @ < 1 and L > 0 such that

W(AtB)| _ C

WOO(AaB)_ t —tioc

forallt > L, A € RN B e RIXNXN with |B| = 1, where W™ denotes, as usual, the recession
function of W in the variable B i.e.,

W(A,tB)

i

W (A, B) = limsup

t—o0 t

(Hy) : there exist ¢; > 0 and C; > 0 such that

A S Ui\ v) < C1l)|
for all A € R and v € SN-1:

(Hs): there exist ¢ > 0 and Cy > 0 such that
CQ|A‘ § \IJQ(A,Z/) § CQ|A|

for all v € SV and A € RV,

(Hg): (homogeneity of degree one)

\Ifl (t)\, V) = t\I/]_()\, U), \I/Q(tA7 V) = t\I/Q (A7 V)
forall v € SN=1 X e R4, A e RN and ¢ > 0;

(H7): (sub-additivity)

Ui (AL + Ao, v) SV (A, v) + Wi (A2, v),
Uy (A1 + Ao, v) < Wa(Ay,v) + Ua(Ag,v)
for all v € SVN=1, N\, e RE, A; € RN 4 =1,2.

Remark 1.1 We extend ¥;, ¢ = 1,2, as homogeneous functions of degree one in the second variable
to all of RY.

Given A, B,A,T € RN C e RXNXN N € R? and v € SV~ we define

o Wi(A) = uESBngf(Q;Rd) {/ Uy ([u], v(u)) dHN Y, ulsg = 0, Vu = A a.e. in Q} (1.2)

u

* Wa(B,0) = vGSB\/i(rg;RdXN) {/Q W(B, Vo(a)) dz+ /

Uy ([v], v(v)) dHN L, v]ag(x) = C’x}
Su

o (\,v) = {/S Uy ([u], v(u)) d’HNfl,u\aQV =Y0w), Vu=0a.e.in Q,,} (1.3)

inf
uESBV2(Q,;R%)



where
Aif z-vr>0

Vo) (@) :=
0 ifz-v<oO
* V2<A’F) V) - ’UGSBV}%E?Rde) { Q WOO(,U, vv) dw +/S \IJ2<[U]7 V(U)) dHN_l’U‘aQV = ’Y(AJ"V)}
where
A if z-v>0

Yarw) () =
' if z-v<O.

Our main result reads as follows.

Theorem 1.2 Under hypotheses (Hy) — (Hr)

10.6) = [ (Wi(G=Vo)+ Wa(G.Y6)) do+ [ s (lal vlg)an™™!

Sg

dD¢
+/ Y (GT,G™,v(G)) dHN ! +/ Wi ( J > d|D¢g|
Sa Q

~ d|Deg|
(. dDG .
+/QW2 (G, d|DcG|> d|D¢G|

for all (9,G) € GSD(Q;RY).

Remark 1.3 It is easy to check that the recession function of W5 in the second variable is given by

We(B,C) = inf {/Q W(B, V() de + /

1 dHN ! =C
s i) [ allo] ) Y ol (o) = O

for all (B, C) € RN x RIXNXN,

To prove Theorem 1.2 we start by deriving a similar relaxation result in the SBV setting (see
Theorem 3.1). Theorem 1.2 follows mainly from this representation and from Reshetnyak’s Theorem
(see Theorem 2.2). The analysis is based on an appropriate decomposition of I(g, &) into two first
order functionals. One of them captures the effect of the structured deformation through the energy
density W7. Its dependence on G — Vg (deformation due to disarrangements at the microscopic level)
is realized by the diffusion of jumps in the approximating sequence (see Del Piero and Owen [18],
Choksi and Fonseca [11]). Our contribution is precisely the derivation of this relaxed energy since the
other one comes from the results of Bouchitté, Fonseca and Mascarenhas [10].

The overall plan of this work in the ensuing sections will be as follows: Section 2 collects the main
notations and results used throughout. Section 3 is devoted to the SBV case. The proof of Theorem
1.2 is obtained in Section 4.

2 Preliminaries

The purpose of this section is to give a brief overview of the concepts and results that are used in the
sequel. All these results are stated without proofs as they can be readily found in the references given
below.



2.1 Notation

Throughout the text Q& ¢ RN, N > 1, will denote an open bounded set and we will use the following
notations:

- A(£) is the family of all open subsets of €,

- M(9) is the set of finite Radon measures on (),

[|1e]| stands for the total variation of a measure pu € M(Q),

- SN=1 stands for the unit sphere in RV,

- e; denotes the i*? element of the canonical basis of RY for i = 1,... N,

- @ denotes the unit cube centered at the origin with one side orthogonal to ey,

- Q(z,0) denotes a cube centered at x € 2 with side length ¢ and with one side orthogonal to ey,

- Q. (z,0) is the cube centered at x € ) with side length 6 and with one side orthogonal to
veSN-1,

- QV = QV(Oa 1)a
- REXNXN i5 the set of real tensors of order d x N x N, d > 1,
- C represents a generic constant,

- lim := lim lim while lim :=lim lim.

n,m n m m,n m n

2.2 Measure Theory
We start by recalling a generalization of the Besicovitch Differentiation Theorem due to Ambrosio

and Dal Maso [4].

Theorem 2.1 If A and p are Radon measures in ), u > 0, then there exists a Borel set EE C Q) such
that w(E) = 0, and for every x € supp p\E

D () = i MEEC)
dp"’ " =0 p(z + €eC)

exists and is finite whenever C is a bounded, convex, open set containing the origin.

We also recall Reshetnyak’s Theorem on weak convergence of vector measures (see Reshetnyak
[28]; see also Ambrosio, Fusco and Pallara [5]).

Theorem 2.2 Let i, j1,, be RE—wvalued finite Radon measures in Q0 such that p, —p in Q and such
that [|pn[|(€2) = ||p][(2). Then

dn [ (o 2 )l = [ 7 (5 @) i)

for every continuous and bounded function f:Q x ST = R.



2.3 BV-functions

In this part we briefly summarize some facts on functions of bounded variation that will be used
afterwards. We refer to Ambrosio, Fusco and Pallara [5], Evans and Gariepy [19], Federer [20], Giusti
[23] and Ziemer [29] for a detailed description of this subject.

A function u € L*(Q;RY) is said to be of bounded variation, and we write u € BV (€;R%), if all
its first distributional derivatives Dju; € M(Q) for i = 1,...,d and j = 1,..., N. The matrix-valued
measure whose entries are Dj;u; is denoted by Du. The space BV (Q;R?) is a Banach space when
endowed with the norm

lullsv = s + |Dul|(©),

By the Lebesgue Decomposition Theorem Dwu can be split into the sum of two mutually singular
measures D% and D*®u (the absolutely continous part and singular part, respectively, of Du with
respect to the Lebesgue measure £V). By Vu we denote the Radon-Nikodym derivative of D% with
respect to £V, so that we can write

Du = Vul™ |Q + D*u.

Let ©, be the set of points where the approximate limit of u exists, i.e., z € ) such that there
exist z € RV with

lim lu(y) — z|dy = 0.
e—0 Q(I,&)

If x € Q, and z = u(z) we say that u is approzimately continuous at x (or that x is a Lebesgue point
of u). The function u is approximately continuous £LV-a.e. z € Q, and

LY\ Q) =0. (2.4)

Let S, be the jump set of this function, i.e., the set of points x € Q \ , for which there exists

a, b€ RY and a unit vector v € S¥N~! normal to S, at x, such that a # b and
lu(y) —aldy =0 (2.5)
=0+ el /{yeQm,s): (y—=)-v>0}

and

lu(y) — bl dy = 0. (2.6)
e—o0+ eV /{yer(z,s): (y—z)-v<0}

The triple (a,b,v) uniquely determined by (2.5) and (2.6) up to permutation of (a,b), and a change
of sign of v and is denoted by (u™(x),u™(z), vy (z)).

If u € BV(Q) it is well known that .S, is countably N — 1 rectifiable, i.e.
Su=|JE.UE,
n=1

where HY~1(E) = 0 and K,, are compact subsets of C'-hypersurfaces. Furthermore, H¥~1((Q\ 2,)\
S») = 0 and the following decomposition holds

Du = Vul™ |Q + [u] ® v, HN 1Sy + Du,

where [u] := u™ — 4~ and D°u is the Cantor part of the measure Du, i.e., D = D%u|(£,).



If Q is an open and bounded set with Lipschitz boundary then the outer unit normal to 99 (de-
noted by v) exists HV ! a.e. and the trace for functions in BV (€2;R?) is defined.

We next recall some useful results on BV functions used in the sequel.

Theorem 2.3 (Approzimate Differentiability) If u € BV (;RY), then for LN -a.e. x € Q

N—1
N

lim — u —u(x) — Vulz).(y —x %d =0.
{Am@>m (2)-(y — ) % 0

Lemma 2.4 Let u € BV (Q;RY). There exist piecewise constant functions u, such that w, — u in
LY(Q;RY) and

1Dul() = i 1D () = i [ [l (o)] dE ).
n o0 n o0 Sun

The space of special functions of bounded variation, SBV (€;R%), introduced by De Giorgi and
Ambrosio in [14] to study free discontinuity problems, is the space of functions u € BV (Q; R%) such

that D°u = 0, i.e. for which
Du = VulN + [u] @ v, HN | S,.

The next result is a Lusin type theorem for gradients due to Alberti [2] and is essential for our
arguments.

Theorem 2.5 Let f € L'(Q;R¥N). There exists u € SBV (;R?) and a Borel function g : Q —
RN such that
Du = fLN + gHN T[S,

/ lg] dHN Y < C||fl] 1 (urax -

Su
Remark 2.6 From the proof of Theorem 2.5 it follows also that
l[ull @) < ClfllLr @irax ).

The following technical result is a simplified version of Lemma 4.3 in Matias [26].

Lemma 2.7 Let Q C RY be open and bounded and let A € R¥*N . Then there exists u € SBV (Q;RY)
such that upq = 0 and Vu = A a.e in . In addition

|D*u|() < C(N)|A]]9].
Following Carriero, Leaci and Tomarelli (see [12] and [13]) we define

SBV?(Q;RY) = {v € SBV(Q;RY), Vv € SBV(Q;R*N)}.

If u € SBV2(Q;R?) we use the notation V2u = V(Vu), that is, V2u is the absolutely continuous part
of D(Vu) with respect to Lebesgue measure. We will also denote by

BV?(Q;RY) = {v € BV(Q;RY), Vv € BV(Q; R>*M)}.



3 Integral representation in SBV

In this section we derive an integral representation of I (see (1.1)) in the SBV setting. Precisely, we
define the space of structured deformations as

SD((;R?) := SBV?(Q;RY) x SBV(Q; R*N)
and our objective is to prove the following result.

Theorem 3.1 Under hypotheses (Hy) — (Hz7) we have that for all (g,G) € SD((Q;R?)

I(9,G) = / WI(G_VQ)+W2(G7VG)> dx+/s 7 (lg), v(g))dHN ! (3.7)

(
+/ 1o (GF, G, v(G)) dHN L.

Sa

Given (g,G) € SD((Q;R?) to prove (3.7) we start by defining the energy

_ . . . N—1 Ll L1
Ii(g,G) = {un}csllg\fﬂ(Q;Rd) {lznigéf/s Uy ([un], v(uy)) dHY ™, up —>g, Vuy, —>G} (3.8)

Un,

We note that under hypothesis (Hy4) I1(g9,G) < oo. In fact, by Theorem 2.5 there exists h €
SBV(Q;R?) such that Vh(z) = G(x) a.e. x € Q and

ID*R[|(2) < C[|G]|11(0;r4) (3.9)

for some C' = C(N) > 0. By Lemma 2.4, there exist a sequence {v,} of piecewise constant functions
such that
LY (3RY) s
oo DY and (DuI(©) = [D*0ll(©) — [[Dg — DhI|(9).
Define u,, € SBV(Q;R?) by u, := v, + h. Clearly Vu,(r) = G(z) for a.e z € Q and u,, — g in
L'(2;R?). Thus by hypothesis (H;) and by (3.9)

Ii(g,G) < liminf/ Uy ([tg], v(uy)) dHN 1
n—oo Su,,
< Climinf || D%u,||(9)
n— 00
< cf [(val+ichas+10°gl@) (3.10)
We now observe that (g, G) can be decomposed as
I(g9,G) = Ii(9,G) + I2(G) (3.11)
where
L(G) = inf {liminf/ W (v, Vo) dz +/ Uy ([vn], v(vn)) dHN L) v, Lg} ]
{vn }CSBV (Q;RIXN) n—oo  Jo Su,

(3.12)



In fact, it is immediate to see that

On the other hand, let u,, € SBV?(Q;R?) with u,, — g in L' and Vu, — G in L' such that

Li(g,G) = lim Uy ([un], v(uy)) dHN L
n—00 Su,

and let v, € SBV(Q; R™>¥) with v,, — G in L! such that

L(G) = nlgréo A W (vp, Vo) dz —1—/5 Uy ([v], v(vn)) dHN L.

By Theorem 2.5 let h,, € SBV(Q;R%) be such that Vh, = v, — Vu, and by Lemma 2.4 let h,, be
a piecewise constant function with ||, — hnl|z1 < 1 and | [[Dhn|[(2) = || DR ||(Q)] < 1. Then the
sequence B

Wy, = Uy, + Ay — By,

is admissible for I(g, G) and

I(9,G) < liminf

n— oo

/ W (Vw,, Vw,) dr + Uy ([wp)], v(wy)) dHN 1
Q S

n

+ /S o Uy ([Vw,], v(Vw,)) dHN*]

IN

lim U ([un], v(ug)) dHN L
n—00 Su,

+ limsup/s Uy ([hn], v(hy)) dHN L —Himsup/s Uy ([hn], v(hy)) dHN Y

n— oo hn n—oo ’.7-11,

/ W (vy, Vo) dz+/
Q s

< 11(97G)+12(G)+C/|vn—Vun|dx
Q

+ lim

n—oo

Uy ([vn], v(vn)) dHN1]

Un

where we have used (Hy), (H7), Theorem 2.5 and Lemma 2.4 in the last step. Inequality I;(g,G) +
I,(GQ) > I(g, Q) follows by letting n — oo since v,, — G and Vu,, — G in L!.

From Theorem 4.1.4 in Bouchitté, Fonseca and Mascarenhas [10] the hypotheses on W and ¥o
lead to the following integral representation for I

L(G) = / W2(G,VG) dz +/ Yo (GF, G, v(G)) dHN L.
Q Sa
Therefore to prove (3.7) it is enough to show that

L(g.G) = /Q Wi (G — Vg)da + /S (9], v(g))dHN . (3.13)

g



We divide the argument as follows. First we start by introducing a local version of I (g, G) defined
on A(Q) and show that I;(g, G, -) is the restriction to A(Q2) of a Radon measure absolutely continuous
with respect to LY + HYN 1S, (Subsection 3.1). In Subsections 3.2 and 3.3 we prove that for all
Aec AQ)

NL(g,G,A) = /AW1 (G —Vyg) dw+/ms( )71([9]7”(9)) dHN

from where (3.13) follows taking A = Q.

3.1 Localization

We start by localizing 11 (g, G), i.e., we define for A € A(Q)

1(AR? 1/ A RdXN
Il(g7G7A) = lnf {hmlnf/ qjl([un]7y(un)) dHN_17 Unp, B (AHJR )g7 V'U/n, g LA;R) )G} .
{un}CSBV2(ARd) | n—oo Jg

Un

Remark 3.2 We note that the localized version of (3.10) still holds. Namely there exists C' > 0 such
that for all A € A(Q)

L(g,G,A) <C [/A(IV9| +1G)) dz +[|D%g[(A) | - (3.14)

We next prove that I1(g, G, )[A(Q) is a Radon measure. For this purpose we first show that
I, (g, G, ") is nested-subadditive.

Lemma 3.3 Let A, B,C € A(Q?) with ACC B C C. Then
Il(va7C) Sll(vawB)—’_Il(gaGaC\A) (315)
Proof. Let u, € SBV?(B;R?) and v, € SBV?(C\A;R?) be two sequences such that u, — g in

LY(B;R?), Vu, — G in L*(B;R>N), v, — g in L'(C\A;R?), Vo, — G in LY(C\A;RPYN), and
that in addition

I(9,G,B) = lim . Uy ([tn], v(ty)) dHN 1
and
I(g9,G,C\A) = lim . Uy ([vn], v(vn)) dHN L.
Note that
Uy — v, — 0in LY(B N (C\A);RY) (3.16)
and

Vu, — Vo, — 0in L'(B N (C\A); RN,

10



For § > 0 define

As :={x € B, dist(z, A) < ¢}.

Let d(x) := dist(z, A), = € C. Since the distance function to a fixed set is Lipschitz continuous (see
Exercise 1.1 in Ziemer [29]), we can apply the change of variables formula (see Theorem 2, Section
3.4.3, in Evans and Gariepy [19]), to get that

0
/ [, — vp|Jd(z) dx = / / [tn, — v |dHN "1 (2) | dy
As\A 0 d=1(y)

and, as Jd(-) is bounded and (3.16) holds, then for almost every p € [0, 4] it follows that

lim [tn, — V| dHN ™! = lim [, — vy dHN L = 0. (3.17)

n—o00 d-1(p) n—oo 94,

Fix po such that (3.17) holds. We observe that A, is a set with locally Lipschitz boundary since
it is a level set of a Lipschitz function (see e.g. Evans and Gariepy [24]). Hence we can consider
Un, Un, Vi, VU, on 0A, in the sense of traces and define

un, in A,
w, =

v, in C\A,,.
Then

Ii(g,G,C) < liminf/ Wl([wn],y(wn))dHNfl
n—o00 Sun,

and using (H4) and (3.16) we get (3.15).
|

Theorem 3.4 Assume that hypothesis (Hy) holds. Then I1(g,G, )| A(RQ) is a Radon measure abso-
lutely continuous with respect to LN +HN=LS,.

Proof. Let u, € SBV%(Q;R?) be such that u,, — g in L}(Q;R?), Vu,, — G in L} (Q;R¥>*Y) and

Ii(g,G,Q) = lim Uy ([un], v(un)) dHN T,
n—oo S

un

and define for all Borel set B ¢ RY

Un(B) = /S r“B\Ill([un],u(un))al”HN_l.

By (H4) the sequence of non-negative Radon measures {s,} is uniformly bounded in M(RY) and
thus, upon passing if necessary to a subsequence, we conclude that

fin — pin M(RY),

Let us show that for all V € A(Q)

11



Given V € A(f2), let € > 0 and take W CC V such that u(V\W) < e. It follows that

u(V) < wW)+e

= () — p(O\) 4 e
I(g9,G,Q) — I (g, G, 0\W) + ¢
Li(g,G,V)+e¢

IAINA

where we have used the equality 1(Q) = 4(Q) and Lemma 3.3. Thus, letting € — 0, we get
u(V) < Ii(g,G, V). (3.19)

Let us see now the reverse inequality. Define for A € A(Q)
A(4) = /A(\Vg| +1G]) dz + [[D*gl[(A). (3.20)

Let K CC V be a compact set such that A(V\K) < €, and choose an open set W such that K CC
W cc V. Using again Lemma 3.3, (3.20), and (3.14)

Il(vavv) §11(97G7W)+11(Q7G7V\K)
< (W) + CAV\K)
< (V) +Ce,

which, together with (3.19), yields to (3.18) by letting € — 0. ]

3.2 Lower Bound
The objective of this part is to show that for all A € A(Q)

Ii(g,G,A) = /AW1 (G(x) — Vg(x)) do + /Ams( m ([g], v(g)) dH 1. (3.21)

To prove inequality (3.21) let u,, € SBV2(;RY) be such that u, L—1> g, Vuy, L—l> G and

n— oo n—oo

lim Uy ([tn], v(un)) dHN 7 < 0.

n—oo S
Un,

Define u,, by
in(B) = / 4 ([un], (1)) AHN
BNS(un)

for all Borel sets B C Q. Since, by the hypotheses on ¥y, the sequence of Radon measures {u,} is

bounded then there exists (up to a subsequence) p € M(Q) with p, — p in M(Q2). We now show
that

dp

27w (o) = Wi(G(xo) — Vg(20)) (3.22)

12



for £N-almost every xo € Q and that

dp

m(ﬂfo) > 71([g](z0), v(9)(w0)) (3.23)

for HN 1| S,-almost every zg € (.

Proof of (3.22): Let zp €  be a point of approximate differentiability of g and of approximately

continuity of G (see Theorem 2.3 and (2.4)), and such that d(é—“N(xo) exists. Let {dx} — 0 be such

that p(0Q(xo,dx)) = 0. Then nlgr;() Hn(Q(x0, %)) = u(Q(zo, d) and

dp . u(Q(o, Or))
el il = 1
ar~ (o) hvoo LN (Q(0, 1))
1
= lim — Uy ([un], v(uy dHN 1
L P 1([un], v(un))
. 1 _
~ m = f Wy (a0 + G), 1) 0 + 6))AHY 1 (1),
k.n—00 0k JOn{y: zo+0vy €Su, }
Defining
Un(zo + 0ry) — g(x
vn,k(y) — ( 0 (/;:l) g( 0), y € Q
we have that
du _ . N-1
) = [ ) (3.24)

As x¢ is a point of approximate differentiability of g then

1
Vngk =+ Vg(wo)() (3.25)
k,n—o0
since
. . Up (o + 6 —g(x
i [ fons() = Vatan) ol dy = i [ (220 ODZIE0) gy, gy
n—oo Jo n—oo Jo Ok
o+ 0ry) —g(x
= / ‘g( - k(;y) (o) —Vg(xo)y‘ dy
Q k
_ 1 9(2) — g(@o) — Vg(zo) (2 — 20)
= — 5 dy
0% JQao.61) k
by a change of variables. Similarly, as x¢ is also an approximately continuity point of G,
Ll
V’l}k’n — G(LL'()) (326)
k,n—o00

Next we change the sequence {v, i} to comply in (3.24) with the definition of W; (see (1.2)). We
start by setting

wn7k(y) = Un,k(y) - Vg(fo)y, Yy e Qa

13



and following the argument used in 3.17 we choose r,, ; € ]0,1[ such that

Tn.k — 1
k,n—o00

and

/ |wn k| dHN T — 0. (3.27)
0Q(0,7p k)

k,n—o0

By Theorem 2.5 let p, ; be such that

Vonk(y) = G(xo) — Vunk(y), y € Q,
and define
Zn,k ‘= Wn K + Pn.k in Q(O, rn,k)~
Notice that
Vi = G(zo) — Vg(zo) in Q0,7 k).

In addition, by (3.26) Vo, & iy 0, and then by Theorem 2.5

,N—>00

1D°pn k| (@0 k) — 0. (3.28)

,N—00

Thus by the continuity of the trace with respect to the intermediate topology (see Proposition 3.88
in Ambrosio, Fusco and Pallara [5]) it follows that

/ lpn x| dHN ™Y — 0. (3.29)
BQ(07TH,]€) k:,’rL%OO

Applying Lemma 2.7 in Q\(Q(0, 7y, %)) let {1} be a sequence of functions such that

vnn,k(y) = G(SC()) - VQ(‘IO) in Q\(Q(Ovrn,k))a

Nnk = 0 on 6(Q\(Q(Ovrn,k)) (330)

and

1D, k| (Q\(Q(0, 7, 1)) < C(N)IQ\(Q(0, 7 )] (3.31)

Then the sequence
Znk(y), Y€ Q0,7 k)

mi(y), y€Q\(Q0, 1))

is admissible fot W (G(x¢) — Vg(z0)), and in addition by (Hy), (H7) and (3.30) we have, for any n

Znk(y) =

14



and k, that

/ Uy (gl v(Zag) dHN 1 < / Uy ([2nk) v(znk)) dHYN
Qmsén,k Q(Ovrn,k)nszn,k
e / o dHY Y 4 / |[nn,k1|dHN-1]
0Q(0,7n, k) [Q\Q(Ovrn,k)]msﬂn,k
< / U, ([0 ], (0n ) AV
Q(O,'fn,k)ﬁsvn,k

+C

/ |wn,k| dHN_l + / |pn,k| dHN_l
0Q(0,ry, 1) 0Q(0,7n k)

+ a4 [ ] dHN*]
Q(Ovrn,k)ms [Q\Q(Oﬁ'n,k)]nsnn'k

P,k

Therefore by (3.27), (3.28),(3.29) and (3.31) we get that

lim inf Uy (Znk)s v(Znk)) dHN 1 < lim U1 ([Un,k)s V(Vnk)) dHN1

k,n—)oo Qmsin X k,TL*}OO Qﬁsu

which together with (3.24) implies (3.22).

n,k

Proof of (3.23): Let z9 € Sy such that

HNL(S, N Qu(70,6))

lim e =1 (3.32)
and )
lim —— / G(2)] da = 0, (3.33)
6—0 5N 1 Q. (%0,5)

where v = v(g)(z0). We note that for HV~l-a.e 2y € S, equalities (3.32) and (3.33) hold. In fact see
Ambrosio, Fusco and Pallara [5] for (3.32). Equality (3.33) holds by (3.32) and the fact that

dG|LN

s,

Let {0r} — 0 be such that pu(0Q, (xo,dx)) = 0. Then ILm tn(Qu(x0, k) = p(Qu (o, 0r) and

dp o 1
1S, 0 = I I SN S, R G, (g, o)y P (@ (0-0%))

1

= lim lim N\ U], V(Up dHN_l
k—oon—oo HN=1(S, N Q, (0, 0k)) /s“,anl,(zo,a) [un], v (un))

51\/—1
= lim lim k / U1 ([wn](zo + 0k y), v(un) (2o + Opy)) dHN L
k—oo nﬁooHN_l(Sg ﬂQu(93075k)) Qu{y: zo+dry ESjn(][» }( 0 g ) ( )( ))

= lim lim 0, ([un](xo + 0k y), v(up)(zo + 5ky)) dHN !
k—o0 n—00 Q.N{y: xo+ry €ESu, }

15



by (3.32). Defining

wy, 1 (y) = un (w0 +ry) — 9~ (20), Y€ Qu,
it follows that

dp L . 1 1 N-1
dHN—lLSg(‘TO) = klingonlingo Qmsﬁll([w Kl (), v(w k)(y)) dH .

By (2.5) and (2.6) we have
Ll
w}L EoT N

ko Vsl @o)w)s

and in addition by (3.33)

since, for all k, Vu, (zo + k") = G(xo + 0p-).

Using Theorem 2.5 and following the arguments of Lemma 3.3 we note that it is possible to modify
w,,  so that V), , = 0 and w,, 4|aQ, = V((gl(z0).r)- Thus by definition of 41 (see (1.3)) inequality
(3.23) holds.

Proof of (3.21): Denote by p, the absolutely continuous part of u with respect to Lebesgue measure
and by py the absolutely continuous part of 1 with respect to H N-1 |.Sg. Since p is a positive measure
we conclude that

liminf i, (A) > pu(A)
> [ @t [ e o)
> [ WG = Vo) dat [ (la)vig) @

NS,

1 1
Taking the infimum over all sequences u,, € SBV?2(;R%), u, L, g, Vug, K inequality
n—oo n—oo
(3.21) holds.

3.3 Upper bound
The objective of this part is to show that for all A € A(Q)

1(g.C. A) < /A Wi (Glx) — Vg(x)) di + /A oy 1 b @

For this purpose, it is enough to prove that

dIl(vaa )

AL (z0) < Wi(G(x0) — Vg(wo)), LN -aezye (3.34)

and

16



dIl(vav )

m(mo) <7 ([g](wo),v(g)(w0)), HN ! -ae xo € Sy. (3.35)

Proof of (3.34): Let zy be a point of approximate continuity for G and Vg, that is, such that
1
w1 [ 166 - Gla) + V(o) - Vglan) oy 0. (3.36)
) Q(z0,0) 6—0

Let ¢ > 0 and consider u € SBV?(Q; RY) such that

Wi (G(o) — V(o)) + € > /Q (vt an (3.37)

ulpg = 0 and Vu(z) = G(xg) — Vg(xo) for a.e. € Q. Extend u by periodicity to all of RY and

define forn € Nand § > 0
1) n(x —x
)= S22 20)

Given & > 0 apply Theorem 2.5 and let ps € SBV?(Q(x0,5); RY) be a function such that
Vps(x) = G(x) — G(zg) + Vg(zo) — Vg(x) (3.38)

LN-ae. x € Q(z0,0) and satisfying that

1Dps[(Q(x0,6)) < C(N) /Q( 5 G(z) = G(xo)| +[Vg(xo) — Vy()| da.

Note that by (3.36)

||Dp5||§?v<x0,a>> —0, (3.39)

In addition, using Lemma 2.4 define a sequence of piecewise constant functions p,, s such that for all
0>0

pus = —ps and [[Dpusll(Q0,0) — |IDpsl|(Q(x0,9)). (3.40)

Let now define
Wn,s(x) == g(x) + uns(x) + ps(x) + pns(z), x € Q(xo,9).

Clearly w,, s € SBV2(Q(20,6); R?), wy.s L—1> g and Vwy, s L—1> G.
n— o0

n—oo
As for each § > 0 the sequence wy,, s is admissible for I; and

T Il(g’G7Q(x0a5))
v (@) = lim A

Then

dli(g,G,.) PN P 1 N-1
92 ) < tiint i e § < /ﬂ oy Palll )

Wn,§

17



and by (Hy)

dll(gaGa )

IN

—0 n—oo

* 6LN /{w0+isu}ﬂQ(xo,6) i (ZM <n($ ; xO)) () <”($ g ffo))) an

1
v W (o), vps))
Sps NQ(0,8)

1
lim inf lim inf { — / Vi ([g),v(g)
5 0N Js5,0Q(x0.6)

1
+ 5N/ Vi([pn,sl, v(pn.s)) d’HN‘l}.
Sﬂ7l,50Q(z076)

We observe that by (Hy)
1 -
[ wawe) a0
S¢MQ(z0,8)

5—0
since dID%|
°g
dﬁN (LL'()) =0.
Moreover .
| W) vips)) a0
SpsNQ(z0,0) -
and

1
tiy lim ;[ U1 ([pns)s V(o)) dHY 1 =0
§—0n—oo0 N Spn’(;ﬂQ(woﬁ)

by (Hy), (3.39) and (3.40). Finally, changing variables we obtain that

(%N /{wo+i,su}nc2(x0,6) " <2M <”(xg“fo)) () (M)) dHN Tt = /Qﬁsu Wy ([u], v(u) dHN T,

from where

%(m) < /Qmsu Uy ([u], () dHN .

As a consequence, letting e — 0 in (3.37) inequality (3.34) follows.

Proof of (3.35): Following an argument of Ambrosio, Mortolla, Tortorelli [6] it suffices to prove
(3.35) for g = Axg with A\ € R and where xg is the characteristic function of a set of finite perimeter
E.

We will start by addressing the case where E is a polyhedron. Let xo € Sy be such that

1
lim 7/ |G(z)| dx =0 (3.41)
6=0 6N o, (z0.0)

where v = v(g)(xo). Given € > 0 let now u € SBV(Q,;R?%) be such that Vu = 0,ulsq, = v and

(A v)+e> / Uy ([u], v(u)) dHN 1 (3.42)

v
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(see (1.3)). For ¢ > 0 small enough define

D:/Z(x()?(s) = Qy(.’Eo,(S) N {(E: W < 2];?,}’

(x —m) v

5 >0

Qi 20,6) = Quleas )1 {
and @, (zg, ) in an analogous way. Set now

A S Qj(iﬁo,é)\DS({Eo,d)
Uns(z) =14 u (@) x € D?(xg,0)

0 x € @}, (x0,0)\D(x0,0)
where u has been extended by periodicity to all of RY. Note that for € D"(zg,5) we have that

1
2z —a%) - v < . Clearly uy L, Y(aw) Where, for x € Q, (2o, 9),
n—00,—0 ’

Aifz-v>0
Vo) (@) =
0 if z-v<0.
By Theorem 2.5 there exists (5 € SBV (Q,(20,5); R?) such that V{; = G and

|D*(s5|(Qu (20, 6)) < ClGIL1(Q, (20,6) 4% M) (3.43)

Moreover by Lemma 2.4 there exists a sequence (s of piecewise constant functions defined on

Q. (zo,0) such that (, s L—1> (s and
n— oo

DGusl(Qu(0. ) — IDG(@ul0,). (3.44)
Set
Wn,5 = Un,s + C5 - Cn75-
Clearly w,, s is admissible for I (g, G, Q. (zo,0)). Therefore

dll(gan') _ . 1
m(ﬂco) = §1£"5 Wll(% G, Qu(20,9))

IN

1
lim lim inf —— / Vi ([wn,s](x), v(wp,s)(x dHN T
Jig lim 5N_1{ R (R E )

1
= lim liminf —— / Uy ( Unp,§ (), V(Un,é)(x)) dHN !
5§30 n—oo GN-1 { Qu(20,8)NSu,, 5 ]

)8

+ / U, (Gl (2), (G (2)) AN
Qu(20,0)NS¢

+ / \Pl([Cn,éKz)vy(Cn,é)(x)) dHNl}
Qu(w0,0)NSc,, 5
= Ji+Jo+ J3
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The terms Jo and J5 go to zero due to (Hy), (3.43), (3.44) and (3.41). Moreover

Uy ([un.s](x), v(tns)(z)) dHN !

5

— lim lim inf 1\/1_1 / o, ({u] <”(5”x0)> ,v(u) ("(x%)>> dHN1
5—0 n—oo 0 D:}(:L’o,(s)ﬂ{w: n(IgZO)ESu} 1) 1)

Uy ([ul(y), v(u)(y)) dHN " (y)

Ji = lim liminfi/
5§50 n—oo ON—1 Qu(20,8)NSu,,

= lim liminf —— /
020 nmroo nQun{y: lyvI<g}ns.

:/ U ([u(y), v(w)(y)) dHN " (y).
Q,NSy

Thus
dl (97 G7 )

dHNT]S,

and consequently (3.35) follows by letting e — 0 in (3.42).
To treat the case of sets of finite perimeter we need the following results.

(20) < /Q (). rww) )

Proposition 3.5 Let Uy satisfy (Hy) and (Hy). Then there exist constants Cy,Co > 0 such that

A\ ) =N, )| < CLA=N], VAN €RY, (3.45)

[W1(A) — Wi (B)| < Cy|]A — B|, VA,Bec RV, (3.46)
Moreover vy s upper semicontinuous with respect to v.

Proof. We proof (3.46) being the proof of (3.45) similar to that of Proposition 4.3 in [11]. We
start by showing that
Wi(A) < Wi(B) + C1|B — A|, VA, B R>V,

Fixed € > 0 let u € SBV(Q;R?) be such that u|sg = 0, Vu = A and

€+ Wi (A) 2/5 AR AHN 1

Let now v € SBV(Q; R?) be such that v|sg = 0, Vv = B — A and |D*v|(Q) < C|B — A| (cf. Lemma
2.7), and set w = u + v. Then by (Hy) and (H7)

W(B) < /S W)

IN

{/Squ Uy ([u], v(u)) dHN 1 + /SmQ Uy ([v], v(v)) d?-lNl}

< Wi(A)+e+ C1|B — Al

The reverse inequality is proved in a similar way.
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Proposition 3.6 Let (g,,Gy) € SD(Q;RY) be such that

Lt Lt
gn — ¢g and G, — G.

n—oo n—oo

Then
Li(g,G,Q) <liminf I (gn, Gpn, ).
n—oo
The proof of this result easily follows from a diagonalization argument.

Let now E be a set of finite perimeter and g = Axg, A € R. Consider E,, a sequence of polyhedra
such that

Per(E,) j) Per(FE), (3.47)
LN (E,AFE) — 0,
and
Ll
XE, n:>>o XE (348)

(see De Giorgi [15]). By Proposition 3.5 and Proposition 3.6 in Barroso, Bouchitté, Buttazzo and
Fonseca [7] we obtain a sequence of functions 41" : RY — [0, c0) which are continuous, homogeneous
of degree one and satisfy

nAy) <A (y) <Clyl, Yy eRY, (3.49)
M y) = inf1"(y), (3.50)

where 71 (), .) has been extended as an homogeneous function of degree one to all of RY. Let
In = AXE,, - (3.51)

1
By (3.48) it is clear that g, L, g. Given A € A(Q), from the previous case and Proposition 3.6 we
n—oo
have that

Ii(9,G,A) < liminfIi(g,,G, A)

n—oo

< liminf {/ Wi (G —Vg,) dx —|—/ Y1([gn]), v(gn)) d’HN_l}
n—oo A Sgn NnA

= liminf {/ Wi (G) dx +/ Y1 ([gn], v(gn)) dHN_l}
N0 A Sgn,NA

< C/ |G| dx + lim Y1([gn], v(gn)) dHN 1 (3.52)

A n=o0 JS,, NA

where in the last inequality we have used (3.46) together with the fact that Wy(0) = 0. For m fixed
by (3.52), the definition of g,, (3.50) and Theorem 2.2 it follows that

Il(gaGaA)

IN

C/ |G| dx + lim Y (v(gn)) dHN 1
A

n=0 JoE,NA

C/ |G| dx+/ Y (v(g)) dHN L.
A OENA

IN
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Letting now m — oo and using the Monotone Convergence Theorem, we obtain

Ii(g9,G,A) < C'/A |G| dx—|—/s i\ v(g)) dHN L (3.53)

sNA

Consider zg satisfying (3.41). Then from (3.53) we immediately conclude that for g defined by (3.51)

dIl(g7G7') o . 1
dHN-1 |_Sg (Jﬁo) - %I_IR) SN-1 Il(gaGa Qu(x076))

< n([g)(wo), v(9)(0))-

4 Integral representation in BV

The objective of this section is to derive Theorem 1.2. Its proof relies on Theorem 3.1 and on a
representation result of Bouchitté, Fonseca and Mascarenhas [10].
Given (g,G) € GSD(£;R?)) we want to derive the integral representation of

I(g,G) = inf {liminfE(un), Up, Ll)g’ Y, L1>G},
{u,}eSBV2(Q;Rd) | n—oo

where

Eu) = /QW(VU,Vzu) dm+/s

As before we write I(g,G) = I1(g,G) + I2(G) (see (3.8) and (3.12)). By Theorem 4.2.2 in Bouchitté,
Fonseca and Mascarenhas [10] we have that

Uy ([u], v(u)) dHN 1 +/ Uy ([Vu), v(Vu)) dHN L

WM Sv.NQ

dD°G

(@) = [ W(GVG dr+ [ @t 6@ an i+ [ s (dem> 4D
Q S Q

anNQ

Our objective is then to find an integral representation for I (g, G). We divide the argument in three
steps and restrict the proof to the derivation of the energy density with respect to the Cantor part
De¢g of Dg (see Remark 4.3 below).

Step 1. (Localization) As in Section 3.1 we can see that I1(g, G, -)|.A(Q) is a Radon measure absolutely
continuous with respect to LY + HN"1| S, + d|D¢g|.

Step 2. (Upper bound) Let us prove that for |D¢g|-a.e zg € §2

dll(ga Ga )

dD¢g
d|DCg| (l‘o) S W1 ( (SL‘())) . (454)

~ d|Deg|

We start with an auxiliary result.

Lemma 4.1 Let (9,G) € GSD(Q;RY). For all A € A(Q) define

~ 1 1
I(g9,G,A) = inf liminf I (gn, Gn, A), gn L, g, G, L, G}.
{gn} C SBV2(A;r?) n—00 n—oo n—o0o

{Gn} C SBV(A;]RdXN)

Then I,(g,G,A) = I,(g,G, A).
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Proof. Let (g,, Vgn) € SD(;R?) with g, L—1> g and Vg, L—1> G. Then
—00

n n—oo

1,(gn. V. A) < /S (g viga)) !

for all n € N. Hence

n—oo

hminf/ wlqgn]vy(‘gn))d,}-ﬂv_l 2 HH_l)iIlfIl(gn’Vgn’A) > fl(vavA)'
Sg, NA n—reo

By the arbitrariness of the sequence {g,} it follows that
Il(g? G7 A) Z fl(gv Ga A)
To show that the reverse inequality is true let I (9,G,A) = lirginf Ii(gn, Gn, A) with g,, € SBV?(A;R?),

G, € SBV(A;RdXN), 9n L, g and G, L G. For cach n € N let u,, € SBV?(A;R%) be such
that

Il(gn,Gn,AH%z/S n(fun], (1)) dHV

Un,

[ty — gnlr, < % and |Vu, — GplL, < % Therefore

I(g,G, A) = liminf I, (gn, Gy, A) > liminf 1 ([tn], v(un)) dHN ™Y > I1(g, G, A).
n—oo

n— 00 Su”

|
1
Let g, be a sequence of regular functions such that g, - g, [|Dgnl|(2) — ||Dg||(R2) and in

addition consider G,, € SBV (Q;R™>*N) with G, L% G, Given A € A(Q2) by Theorem 3.1 (see

n—oQ

(3.13)), Lemma 4.1 and Proposition 3.5 we get that

Il(ganA)

IN

liminf I (gn, Gpn, A)

n— o0

— liminf / Wy (Go(z) — Vagu(2)) da

< c/ G(2)) dz + Tim / Wy (~Vgn(x)) da
A n— o0 A

- C / G(2)] dx + / Wy (=Dg(x)) da, (4.55)
A A

where the last equality follows by Theorem 2.2 since W is Lipschitz continuous and homogeneous of
degree one.
Let xo € supp|D°g|. By (4.55) we get that

dIl(gaG7-> _ Il(g,G,Q(LL'(),(S))
ADeg] ) = DG, )

dD¢g
< _ .
< W (DL e)

that is, (4.54) holds.
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Step 3. (Lower bound) Let us prove that for |[D¢g|-a.e 29 €

dIl(ga G7 ) chg
W(ﬂﬂo) > Wi (M(xo)) . (4.56)

We start with the following characterization of the density Wi.

Proposition 4.2 Let v € SN~ and define for all C € R¥*N

Wi (C) = inf{ Wi (C = Vou(z)) dx +/ Y ([v], v(v)) dHN L,

Qv QuNSy

v € SBV3(Q,;RY), vag, (z) = b(z - v), b€ SBV?([-1/2,1/2];R?), b(1/2) = b(-1/2)}.
Then W1 (C) = W1 (C).

Proof. Clearly W,(C) < Wi(C). Let us prove the reverse inequality. Fix ¢ > 0 and let v €
SBV2(Q,;RY) with v|ag, (z) = b(z - v) for some b € SBV?([—1/2,1/2];R%), with b(1/2) = b(—1/2)
be such that

wi(C) > W1 (C — Vu(x)) dzx +/ Y1 ([v], v(v)) dHN ! — e (4.57)
Qv QuNS,

Extend v by periodicity to all of RY and define

wn(y) = U(Zy) - Cya Yy e QU'

By Theorem 3.1 it follows that

Il(wna 07 QV)

WA(C = Vo(ny)) dy + - / 1 ([0] (ny), () (ny)) dHN !
Q. " JQun{y: nyeS,}

WA(C — Vo(ny)) dy + — / T ([l(y), v(o)(y)) dHN !
" JnQunS,

Qv

Wi (C = Vu(ny)) dy +/ n([0](y), v(v)(y) dHV .

Qu QuNS,
Therefore, by Riemann Lebesgue’s Lemma
lim (w0, 0,Q,) = | Wi(C — Vo(y)) dy + / ([](y), () () MV,
n—oQ Qy Quﬂsv

and consequently, by Proposition 3.6,

L(=C(),0,Qu) < [ Wi(C = Vu(y)) dy +/ n([0)(y), v(v)(y)) dHN .
Qv QuNS,
As I1(-C(.),0,Q,) = ny W1(C) dy = W1(C), then by (4.57)

W1(C) Z Wl(C) — €
and the result follows by letting ¢ — 0.
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Let xo € supp|D°g|. By Alberti’s Rank One Theorem (cf. [3])

dD¢g
D7) ) = 50 ot

for a,, = a € R% and Vg(zo) =V € SN=1_ Therefore showing (4.56) is equivalent to see that

dIl (ga G7 )
—_— >Wi(— . 4.58
L ) = Wi (caw0) (4.59)
2 d dx N . L' (Q;RY)
To prove (4.58) let (gn, Gpn) € SBV?*(;R?) x SBV(Q; R**Y) be a sequence with g, — g and
1 dX N
G, V6, and fix 6> 0.
n—oo
Note that by Proposition 3.5 it follows that
nh—>Holo [Il(gnv Gna Qu(x07 6)) - Il(gn» G7 Qv(x(]v 5))] = 0
By Theorem 3.1 and (3.8) we have
h(gn G Qo) = [ Wi(G-Va)dot [ 1 (lgn), (90)) AHY
Qu (0,9) Qv (20,6)NSg,,

= N [ Wi(G(wo+3dy) — Vgn(zo +dy))dy
Q.

oM / 71 ([gn] (@0 + 89), (gn) (o + 81)) dHV L.
Q.N{y: zo+5y€S,y, }

Defining

_1D%gl(Qu (w0, 8))

ts 5

(4.59)

we have that

I (gn, Gn, Qu(x0,6)) _ 1 . o
|ch|(Qu($0,5)) ts o, Wl(G(l'o“F y) Vgn(x()+ y)) y

1

5t6 Q,,ﬂ{y: z9+0 yGSgn}

7 ([gn) (o +6y),v(gn) (0 + 3 y)) dHV 1.

Set now
gm0 + 3) — / g0 + 3y) dy

wn,é(y) - 5t; , Y€ QV'

Hence
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Il(gnanaQu(xO,d)) o l 3
|Deg|(Qu(x0,6))  ts Jo, W1 (G(zo+ 6 y) — tsVwns(y))) dy

+ / 1 ([0 5] (), V(1w 5) (y)) AHN 1
QuNSu,,

5
from where
1(gna Gn7 Ql/(xoﬁ 6))

I 1
lim inf lim inf = liminfliminf | — -
R T Degl(Q (0, 0)) mipttimint |1 [ WA(Glon +00) ~ 14 s)

+ / 1 ([0 5] (), V(1w 5) () dHN !
QuNSuw,,

¥

Using Alberti’s result on the blow-up of the Cantor part (see [3], Theorem 2.3 in [4] and Lemma
5.1 in [25]), there exists a nondecreasing function ¢ € BV[—1/2,1/2] such that

C/2)—c-1/2)=1, [ ¢ls)ds=0 (4.60)

1
2

and

lim lim |wn.s(y) — al(y.v)| dy = 0.

d—0n—oo

Consequently, passing to a diagonalizing sequence {wy} and using the homogeneity property of Wy

. . . . Il(gnaGanV(x()?a)) 3 / G(‘TO §k y)
| fl f = 1 Wiy | ———=~ —V d
1?1 1(1)1 17{11111 |ch|(Q,,(:1:0, 5)) klm ) 1 s Wy, (y) Yy

+/ 71 ([we] (v), v(w ) (y)) d’HN”] :
QuNSu,

Now set
)= alpr * Q) (y-v)

;Y€ Q, (4.61)
Ck

vk (y
where pi denotes the standard mollifier sequence, and
cx = (e * €)(1/2) = (pr * C)( = 1/2).

It is clear, by (4.60), that ¢, — 1 as k — oo. Since

Lt
W — UV — 0
k—o0

with a similar argument to the one used in Lemma 3.3 we can assume that wi|ag, = vk|sq,. Thus
defining

Wi (y) = wi(y) — (a@v)y, y € Qu,
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we have that

liminfliminfll(g"’G”’Q(xo’ 0D s im [ oW (G(%*‘sky)
§—0 n—oo |D69‘(Qy(x0, )) k—oo /o, ts,

T / (@) (), (1) () dHV .
Q.NS

W,

V() - <a®v>) dy

Since by Proposition 3.5 and (4.59)

. G(zg+9 B B
im [ | (“’“”—wk(y)—(a@u)) — Wy (—Var(y) — (a2 v))| dy
k—o0 Q. t5k
< lim C/ ‘G(%”ky)‘ dy
k—oc0 ., ts,
. C
= lim —/ |G(z0 + 0ry)| dy
k—o0 t(;k
— d =0. 4.62

From (4.61) it is easy to see that for each k € N the function y(y) is admissible for W;. Therefore
from (4.62) and Proposition 4.2 we conclude that

TG, G, Qu (0, 6)) : -
1 fl f 1 - -
S Qoo ) = A, Wa(= V) —(eov) dy

Finally the lower bound (4.58) follows from the arbitrariness of the sequence (g,, G,,) € SBV?(2; R?)x
SBV (Q; RN) considered and from the characterization of I; given in Lemma 4.1.

Remark 4.3 We note that the densities dlld(g}?’ ) and d;[ﬂé{’l L’ ) are the ones derived in Theorem 3.1.
9

The proof of the upper bounds can be obtained in a similar way than in (4.54). Indeed, it is enough to

1
choose sequences g, L, g with |Dg,|(©Q) — |Dg|(?) (regular functions for the case of %
n—oo n— oo

dI(9,G,-) ).
dHN-T[S,
functions of degree one, the result follows from Lemma 4.1 and Theorem 2.2. It is also easy to check
that the lower bounds hold since the proof of their counterparts in Theorem 3.1 is still valid in the
BV setting.

and piecewise constant functions to address Since both W; and ~; are homogeneous
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