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A note on concentrations for integral two-scale problems
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Abstract This work is devoted to the characterization of the asymptotic behavior, as {en} goes to zero,
of a family of integral functionals of the form [, f(z, (x/en), Vun(z)) dz in terms of measures of oscillation
and concentration associated to the sequence {((z/en), Vun(x))}.
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1 Introduction

Young measures, introduced by L. C. Young [33] in optimal control theory, have been successfully used
throughout the literature to study the limit of nonlinear quantities of oscillating sequences. For the general
theory of Young measures, as well as some applications, we refer to Balder [4], Ball [5], Braides [8], Kinder-
lehrer & Pedregal [16], Miiller [25], Pedregal [26], Roubicek [27], Tartar [30], Valadier [31] and references
therein.

Under suitable hypotheses, given an open and bounded subset {2 C RN (N > 1), an integrand f :
2 xRS R (d>1) and a sequence {an}, an : 2 — R%, it is well know that

n—oo

lim Qf(x,an(x)) dz = /Q/RdXN f(x, 2) dve(z) dz, (1)

where v is the Young measure generated by the sequence {an}, if and only if the sequence {f(x,an(z))} is
equi-integrable (see Ball [5]). The measure v has been characterized by many authors when {an} satisfies
a certain constraint (see Bocea and Fonseca [10], Kinderlehrer and Pedregal [16], Fonseca and Miller [20],
Santos [28] and Babadjian, Bafa and Santos [6]).
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In many physical situations energy densities of the form {f(x,an(z))} develop concentration effects
so that equality (1) doesn’t hold anymore. Many extensions of the notion of Young measures have been
developed to address problems of concentrations through the notions of weak-star defect measures (see Di
Perna & Majda [12], Federer & Ziemer [17], Lions [22,23]), reduced defect measures (see Di Perna & Majda
[13]), generalized Young measures (see Di Perna & Majda [14], Dal Maso & De simone & Mora & Morini
[11]), varifold measures (Allard [1], Almgren [3], Fonseca, Pedregal and Miiller [21]) and indicator measures
(Fonseca [19] and Reshetnyak [29]).

In this work, {2 stands for the reference configuration of a nonlinear elastic body with periodic mi-
crostructure and whose heterogeneities scale like a small parameter £ > 0. We assume that the energy of a
deformation u € WP (£2;R?) of 2 is of the form

/Qf (z, <§>,Vu(m)) dx,

where [ : 2 x Q x RN _, [0,00), with @ := (0, 1)N7 is the stored energy density of this body and is
assumed to satisfy standard p-growth conditions with p > 1. The presence of the term (z/¢) (fractional part
of the vector z/e componentwise) takes into account the periodic microstructure of the body.

Given &, — 0 and a bounded sequence {un} of deformations our goal is to study the limit behavior, as

/Q f (r <£> ,Vun(x)) dz. (2)

Namely, we want to record the concentration effects (in each direction) developed by the sequence

({2 7o)}

and for this reason we derive the limit of (2) for a class of integrands in a separable space of continuous

n — 0o, of

functions obtained through an appropriate compactification of RN, Precisely, we define R4XN to be the
(sphere) compactification of RIXN through the homeomorphism i : RN, B given by

) €
where B denotes the unit open ball in RAXN , and we consider the space
5p(n)::{f:ﬁx©dexN—>R, %EC(WXQXRWN)} (3)

(see Alibert and Bouchitté [2] and Fonseca, Pedregal and Miiller [21]; see Dugundji [15] or Folland [18] for
the notion and basic properties of compactifications).
We prove the following result on existence of Young measures (see Section 2 for notations).

Theorem 1 Let 2 be a bounded open subset of RY. Let en, — 0 and let {un} be a bounded sequence
in WYP(2;RY) with p > 1. Then there exists a subsequence (still denoted by {un}) and a pair (v, A) €
Ly (2 x QMRPN) x MT(@2xQ x 8), §:= SNt with v,y € PRYN) for ace. (z,y) € 2% Q,

such that
lim f<w7<£>7Vun> do= [ [ Wy S )y + (4, %)
n—oo [n En nJQ ’

for all f € E,(12), where

7 (@,€) = tim L1,

t—o00



The proof of Theorem 1 is similar to the one of Theorem 2.5 of Alibert and Bouchitté [2] and is based
on the identification of £,(£2) with the space C(£2 x @ x B), through the compactification above, and the
Banach-Alaoglu-Bourbaki Theorem (see e.g. Brezis [9]).

The pair (v, A) is what we call a two-scale gradient Young measure for oscillations and concentrations
(see Definition 2). In Babadjian, Bafa and Santos [6] the authors characterized the measure v = {v(, .},
what is called a two-scale gradient Young measure (for oscillations), in terms of a Jensen’s inequality with
test functions in the space

Ep = {g QxRN LR, ff’é')p € C(@xWA>}

——A
where here RAXN ™" stands for the standard Alexandroff one-point compactification of RN The ob jective
of our second theorem is to derive a similar characterization for the two-scale gradient Young measure for
concentrations A, which turns out to be a Jensen’s type of inequality in the space Hyp C Ep(£2) defined by

Hp = {w S C(@ X RdXN) : ¢(y7t€) = tpw(y7£)7 t> O} ' (4)

Remark 1 By the p-homogeneity we observe that Hp is isomorphic to C(Q x S). Note also that if ¢ € Hy
then ¥pom(0) = 0 or —oo, where

Vhom(0) = lim_inf {]{0 o~ P((y), Vo(y) dy : ¢ € Wy ((0, T)N;Rd)} -

The main theorem of this work asserts the following.

Theorem 2 Let 2 be a bounded open subset of RY with Lipschitz boundary and let (v, A) € Ly (2 x
Q; M(RNYY x MH (2 x Q x S) with V(z,y) € PR*N) for a.e. (x,y) € 2x Q. Let \y € P(Q x S) and
T € M(R2) be such that A = \y @ w. Then (v, A) is a two-scale gradient Young measure for oscillations and
concentrations if and only if for some p > 1 the following conditions hold:

i) there exist u € WYP(2;RY) and uy € LP(£2; W,}ég(Q;Rd)) such that
[ €€ = Vul@) + Vi) for ae. (5.9) € 2% Qs
i) there exists 2o C 2 with LN (2\ 20) = 0 such that for every g € Ey

/Q /]R 9O ey (€)dy > guom(Vule))  forz € 2,
where

Inom(€) :=lim_inf {]{O o 9((), €+ Vo(y)dy: ¢ € W&’p((ovT)N;Rd)} ;

—00
i11)
@)= [ 6P (© € L' (2 % Q)
RdXN
i) there exists 2 C 2 with (2 \ £2:) = 0 such that for every v € Hp with Ynom(0) = 0 we have that
Az, ) >0 forxz € .
Remark 2 The decomposition of the measure /A above comes from the Disintegration Theorem (see Valadier
[32)).

The proof of i)-iii) was obtained in Babadjian, Bafa and Santos [6] (Theorem 1.1), while the proof of iv)
relies on the ideas of Theorem 1.1 in Fonseca, Pedregal and Miiller [21], where a characterization of varifolds
(concentrations measures) associated to uniformly bounded sequences of gradients of wihp. functions, with
p > 1, is obtained.

The overall plan of this work in the ensuing sections will be as follows: Section 2 collects the main
notations and results used throughout. Section 3 is devoted to the proofs of Theorem 1 and Theorem 2.



2 Preliminaries

The purpose of this section is to give a brief overview of the concepts and results that are used throughout
this work. Almost all these results are stated without proofs as they can be readily found in the literature.

In what follows (2 is an open bounded subset of RN , and given U a subset of R™, we use the following
notations:

- C¢(U) is the space of continuous functions f : U — R with compact support.

- Co(U) is the closure of Cc(U) for the uniform convergence; it coincides with the space of all continuous
functions f : U — R such that, for every n > 0, there exists a compact set K, C U with |f| < 7 on
U\ Ky.

- M(U) is the space of real-valued Radon measures with finite total variation. We recall that by the Riesz
Representation Theorem M(U) can be identified with the dual space of Co(U) through the duality

¢>>:/U¢du, peMU), éeCol).

- MT(U) is the subset of M(U) of positive measures.
- PU) denotes the space of probability measures on U, i.e. the space of all u € M™(U) such that
nU) =
- LY2;¢ ( )) is the space of maps ¢ : 2 — Co(U) such that
i) ¢ is strongly measurable, i.e. there exists a sequence of simple functions sy : 2 — Co(U) such that
llsn(z) — ¢(@)llco () — O for ae. z € 2
i) @~ [|¢(2)llco () € L'(2).
We recall that the linear space spanned by {p®v : ¢ € L*(£2) and ¢ € Co(U)} is dense in L*(£2; Co(U)).
- Ly (£2; M(U)) is the space of maps v : 2 — M(U) such that
i) v is weak* measurable, i.e. x — (vz, @) is measurable for every ¢ € Co(U);
i) @ ||lvell pmy € L7(92).
The space LSS (£2; M(U)) can be identified with the dual space of L' (£2;Co(U)) through the duality

- / / 0@, &) dpa(€) dz,  p € LE(2M(U)), € LX2:Co(U)),
N JU

where ¢(z, &) := ¢(z) (&) for all (z,&) € 2 x U. Hence it can endowed with the weak* topology (see e.g.
Theorem 2. 11 in Malek, Necas, Rokyta & Ruzicka [24]).
- The space Wp 2(Q; Rd) stands for the W *P-closure of all functions f € C! (]RN ]Rd) which are Q-periodic.

We start by recalling the notion of two-scale Young measure as well as a characterization of these kind
of measures derived in Babadjian, Bafa and Santos [6] that we use below.

Definition 1 Let {2 be a bounded open subset of RN with Lipschitz boundary and let v € L5 (2 X
Q; M(RY*NY). The family {V(2,9) }@,y)c2xq 1s said to be a two-scale gradient Young measure (for oscil-

lations) if Vizy) € P(RdXN)
{un} € WHP(02;RY) such that {({-/en), Vun)} generates the Young measure {V(2,y) ®dy}tzeq i-e. for every
z e LY(2) and ¢ € Co(RY x R¥*N),

i Qz(x)so(<£>,wn )dm—///ﬂw (. ) dv(s ) (€) dy d.

In this case we say that {Vun} generates v = {v(; ) }(z,y)c2xq: OF that, v = {v ) }a,y)cnxq is the
two-scale Young measure associated to {Vun}.

for a.e. (:E,y) € 2 x Q and if there exists €5, — 0 and a bounded sequence

Theorem 3 (see [6]) Let v € L (2% Q; M(RYN)Y) be such that V(ey) € PR>*N) for a.e. (z,y) € 2xQ.
The family {V(mvy)}(z,y)eng is a two-scale gradient Young measure if and only if for some p > 1 the three
conditions below hold:



i) there ezist u € WP(2;RY) and uy € LP(2; Wyl (Q;R?)) such that
/RdXN §dv(a ) (&) = Vu(z) + Vyui(z,y)  for a.e. (z,y) € 2 %X Q;
ii) for every g € Ep
/Q/RM 9(y,€) vz 1)) (€) dy > gnom (Vu()) ~ for a.e. x € L2,

where

Jhom(€) = lim inf { ]{M)N (W)€ + Vo) dy: ¢ € Wy ((0.7)"; Rd)} ;
i)
@)= [ 1€l (©) € 12 % Q)

Here in order to take into account concentrations effects we extend Definition 1 as follows.

Definition 2 Let (v, 4) € LY (2xQ; M(RP*N)) x MT(2xQ x S). The pair (v, A) is said to be a two-scale
gradient Young measure for oscillations and concentrations if v, ) € PRYN) for ae. (z,y) € 2 x Q and
there exist e, — 0 and {un} C W1P(2; RY) bounded such that

n— o0 n

i, [ @ ((Z) Vi) ar= [ [ [ oo dy @it (d:00%) )
for every z € C(£2) and ¢ € &, where

w(y, &)
L4 ¢|P

In this case we say that {Vuy,} generates (v, A), or that, (v, A) is the two-scale gradient Young measure
for oscillations and concentrations associated to {Vun}.

Ep = {go:@x]RdXNH]R, EC(@XRdXN)}.

Remark 8 The uniqueness of the pair (v, A) is clear from Definition 2.

Lemma 1 The pair (v, A) € L(2 x Q; MRPN)) x MT(2 x Q x 5), Vizy) € PRN), is a two-
scale gradient Young measure for oscillations and concentrations if and only if there exist en, — 0 and
{un} € WHP(2;R?) bounded such that

i) for all z € C(2) and ¢ € Co(Q x RN then

Jin [ e ((2) Vune)) ao= [ /Q L 200008 (©) i
ii) for all z € C(2) and p € Hp then

Jim [ @ ((Z) Fun) do= [ ][ o0 © drdrr (4,5 00)

Proof Necessity is obvious. For the sufficiency, we start by remarking that i) implies V(z,y) @ dy to be the
Young measure generated by { (<a> , Vun) } Let z € C(£2) and ¢ € &p. Since ¢ can be decomposed as p =
(o — ™) 4+ ¢ then (5) follows immediately from i)-ii) because ¢>° € H) and {((p — ™) (<6—"> ,Vun)}

is equi-integrable.

Let us see two examples.



Fig. 1 Concentration at one point

Ezample 1 (Concentration at one point) Let u € Wol’p(((), T)YN;RY), T € N, zg € 2 and &, — 0. We extend
u by zero outside of (0, 7)™ and define uy, : 2 — R (see Figure 1) by

un(x) = cn u L= Ten
n = (5nT)N/p en )
zg

where x¢, = En[a] and [-] stands for the integer part of a vector componentwise. Let us see that the
two-scale gradient Young measure for oscillations and concentrations (v, A) generated by {Vuy} is given by
V(e,y) = 00 and A = Ay @ m where, denoting ||Vu||r» = [[Vullrso,1)~,

IVl
TN

8o

and

_ 1 Vu(y) w(u) [P
02 = Tl o # (9 i) P

for all ¢ € Co(Q x 5).
To use Lemma 1, let z € C(2) and ¢ € Co(Q x RY*N). We first remark that

(i), e ((2)0)
+ /IE"HOMT}N 2(z)p <<§> ,Vun(x)> da.

Since
|ze, +[0,e2TIY] — 0 (6)
n—oo
then
lim z(z)p <<£> Vu (m)) dx =0
n—oo Ign+[0,5nT]N En, ’ " '
Thus

lim z(x)p (<i>, Vun(x)) dx = lim z(x)p <<£> ,(9 dx
n—oo [ En n—oo Nz, +[0,e, TN En

/Q /Q z(z)¢ (y,0) dy da



Fig. 2 The graph of the function u,

Fig. 3 The graph of the function Vu,

by (6) and Riemann-Lebesgue’s Lemma, so that v(, ,y = do. Finally, let z € C(R2) and ¢ € Hp. Then, by
the p-homogeneity of ¢

/Qz(a:)gp (<§> ,Vun(m)> dz = /Qz(x)gp (<§> ,vu(%)(enT)—N/P> dx
= (anT)*N/Qz(x)go (<£>vu<“”_€&)> da
i ] (2 o)

since ¢(y,0) = 0 for all y € Q. Thus, changing variables

[0 ((Z) Vuno) de=f | stoen +cnne (), Tute) dy

and so

Jim [ @ ((2) Vi@ ) de=stw0) o, Vuts) do

n

Ezample 2 (Spatially distributed concentrations) Let 2 := (0,1) and let vy, : [0,1] — R be the function
given by

51 1

Tnp 0<z<5;

vn(@) =4 —np M@ -1/n) L <z<i
1

0 ~<zr<l1

We extend vn, by periodicity to R and define (see Figures 2 and 3)
un(x) :=vp(nz), =x€R.

It is easy to check that uy, is bounded in W1P(£2) and that {Vu,} converge to zero in measure. Thus the
two-scale gradient Young measure for oscillations associated to {Vup} is given by Y(z,y) = 90-

In order to compute the two-scale gradient Young measure for concentrations, we use again Lemma 1.
Let ¢ :[0,1] x R = R, ¢ € Hp, and z € C(£2). By the p-homogeneity of ¢ and the fact that ¢(y, 0) = 0, for
all y € [0, 1], we have that



' T /v S /p
/0 z(x)p((nx), Vun(z)) dz = ; |:/]n_1 z(x)p((nx),n'P)dx + iy z(z)p((nzx), —n )dac:|
[ e o
=n _ z(x)p((nx),1)dx + [ z(x)p((nz), —1) dx] .
2 [/m : /a:nnz i

Hence, by considering the change of variables y = nx + 1 — j in each interval [i7 %1 + %} ,i=1,...,n,

we get that

[ =wetina), Vuna) as = ; { [7= (Y e [ () g dy] |

Finally, by the continuity of z and ¢, it follows that

1

1 2 w
lim z(z)p(nz, Vup(z))dz = lim |:/0 p(y, 1) dy + /L e(y,—1) dy:|

n
j— 1
()
n—oo [ n— oo — n

J

2n

_ 50(07 1) + (p(ov 71) !
= f/o z(z) dx,

and consequently A = §p ® % ® E‘l[o 1

The following lemmas are useful to prove Theorem 2, and their proofs are similar to the ones in Fonseca,
Pedregal and Miiller [21] (see Step 2 and 3 of Section 5). For the readers convenience we include these proofs
here.

Lemma 2 Let 2 be a bounded open subset of RN with Lipschitz boundary and let (v, A) be a two-scale
gradient Young measure for oscillations and concentrations generated by {Vuyn} C Wl’p((); Rd). Then there
exist bounded sequences vn, zn € WYP(£2;RY) such that (up to a subsequence) un = vn + zn, {|Von|P} is
equi-integrable, |[{x € 2: un # vn or Vun # Vop}| i 0, {Vzn} generates (69, A) and {Vun} generates

(1,0). o

Proof By the Decomposition Lemma (see Lemma 1.2 in Fonseca, Miller and Pedregal [21]) there exists
Un, zn € WHP(02;R?) such that (up to a subsequence) un = vy + zn where {|Vun|P} is equi-integrable and

0] — ()

where
2n={x€R2: un #vn or Vun # Vun}.

By the properties of Young measures it follows that {Vuvn} generates (v,0). Indeed i) of Lemma 1 holds
by (7) and 1) holds by this equality too together with the fact that {4,0 (<£> ,an(m))} 18 equi-integrable
for ¢ € Hp.

To show that {Vzn} generates (dg,A) we remark that i) of Lemma 1 follows by Riemann-Lebesgue’s
Lemma and (7) with v = dg. Let us prove i) of this lemma. It is enough to see that for all ¢ € Hp then

Jim [ #(@) [ga (<£> ,vZn(x)) T (<§> ,an(x)) _p <<£> ,Vun(a:))} dz=0. (8)



We start by proving (8) for ¢ € Hp such that gpbxs is a polynomial function. Let ¢ be one of such functions.

Lo () o) oo (2):m0) () o]
[ oo () (2 ) o ()]

< c/ \an\pd:c+C’/ (V0P 4 |Van [P~ 1) Vo | da
2, On

(see Remark 4 below). Equality (8) follows then from Hélder and the equi-integrability of {|Vuvn|P}. The
general case follows by density (Weierstrass Approzimation Theorem,).

Remark 4 Let ¢ € Hp be a C'-function. By the Mean-Value Theorem and the p-homogeneity of ¢ in the
second variable it follows that

lo(y,€1) — ey &2)| < C (laP ™ + el ) &1 - g
for all y € Q and &, & € RN,

Lemma 3 Let v € LY (2 x Q; M(RYN)) and A € MT(2 x Q x S). Let {vn}, {zn} € WHP(2;RY) be
two sequences such that {|Vun|P} is equi-integrable, {Vzn} generates (69, A) and {Vuvn} generates (v,0).
Then {Vun}, un = vn + 2zn, generates (v, A).

Proof By density to prove i) of Lemma 1 it is enough to show that for all z € C(£2) and ¢ € C§°(Q x R*N)

then
lim_ Qz(x)tp (<i>,wn ) d:c—/ / /RM 0 (4,€) (g (€) dy da. (9)

o 0 (-0 o2 )] 5 i

since the two-scale gradient Young measure for oscillations associated to {Vz,} is dg and this sequence is
equi-integrable, then (9) follows by the hypothesis on {Vup}.
Now given z € C(£2) and ¢ € H, let us see that ii) of Lemma 1 hold, i.e,

nllmoo Qz(m)@ (<£>7Vun )dac—/ / /]RdXN yf)duxy)(§)dydx+(A,z®gpoo>

or, equivalently, that

i [ 2(z) {Lp <<i> ,Vun(a:)) — (<§> ,Vzn($)> _ (<i> ,an(x))} dz = 0. (10)

Let A > 0 and ¢ € Hp such that g0|§>< g is a polynomial function. By Remark 4 and the p-homogeneity we

have that
oo (() vn) = () von) =2 () 7o)

<c (|wn|10—1 n |vZn|P—1) Vzn|dz + C Vn|? dz
2N{|Vzn| <A} 20{|Vzn| <A}




10

+C (|an|p_1 + \vZ”V’—l) [Von| dz + C (Von|? da.
2N{|Vzn| >} 2N{|Vz,|>A}

Thus, using Holder inequality, the fact that [{|Vzn| > A} —— 0 and the p-equi-integrability of {Vun},
n—oo
equality (10) follows.

3 Proofs

The aim of this section is to prove Theorem 1 and Theorem 2.

3.1 Proof of Theorem 1
To prove Theorem 1 we have to show that given €, — 0 and {un} a bounded sequence in Wl’p(Q; Rd),

there exist (v, A) € LY (2 x Q; M(RP*N)) x MT (2 x Q x S) and a subsequence (still denoted by {un})
such that for all f € EP(£2)

Jim [ (m<£>wn) do= [ /Q oy £ (@9, ) dyda + (A, F).

We start by observing that the space £,(£2) in (3) can be identified with C(2 x Q x B). Precisely, to each
function f € £p(£2) we associate the function ¢ € C(22 x Q x B) given by

o) [ ()] een

f(z,y,8) tes.

Let f € £,(£2). By (11) we can write

. T o T Vun p
nh—>moo o f (az, <a> ,Vun> dr = nh_)moo o oy (a:, <€n > TVl \Vun|> (14 |Vun|”) dz. (12)
To derive (12) we use the Banach-Alaoglu-Bourbaki Theorem in M(§2 x Q x B). For this purpose, we define
a sequence of measures pn by

— =z Vun P
) = [ (0 (2 ) ) L+ Tual) da

for ¢ € C(2 x Q x B). It is easy to check that {un} is uniformly bounded. Thus, up to a subsequence, still
denoted by {un}, we can find 4 € M(£2 x Q x B) such that for all p € C(2 x Q x B)

(kns ) = (1, ). (13)
By the Disintegration Theorem (see e.g. Valadier [32]) we can write
Bp= e @T
where piz € M(Q x B) is a probability measure and © € M(§2). We note that 7 € M™T(§2) since

1+ [Vun[?) >

(it is enough to consider in (13) test functions of the type ¢ = ¢(z) € C(£2) ). In addition, by the Radon-
Nikodym Theorem it follows that
T = Tadx + Ts
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with mq € L*(£2) and s € M($2). We also remark that

“mbe =0 for ms-a.e x € 1. (14)

Indeed, to see (14) let D be a countable dense subset of Cy(Q x B) and let o € C(£2). For all § € D the

sequence {0 (<ET> , IJXg;: |) 1+ |Vun|p)} is equi-integrable and then

/Qoz(x)@ (m<£>%) (1+ [Vun|?) dz n:;o/na(a:)gg(x)dx

for some gg € L' (£2). Thus by (13)

/7a(x)<,um, 0)dns(z)dx =0
02

for all 6 € D, and so, since « is arbitrary,

(uz,0) =0 ms-a.e x € N

for all § € D. By density (14) follows.
Accordingly, by (14), for all ¢ € C(2 x Q x B) we get that

(i 0) = /ﬁ /@ Pl (. dn(a)

[ 7o) [ e duedot [ /@ )i (5. )dn(a).

QxB

To characterize (12), that is, (i, pf), we define for a.e x € £2 a measure vy € M(Q X RN by

(ver6) = Tal2) /, 001, 6) dpia(y,€)

QxB

for ¢ € Co(Q x R¥*N). We take {V(2,4)} to be the disintegration of {vz} C M(Q x RN with respect to
the Lebesgue measure on Q. Finally, we define

s ) = /@ ()

for 9 € C(Q x S) and take A = Ay @ 7.

3.2 Proof of Theorem 2

The objective of this section is to prove Theorem 2.
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3.2.1 Necessity

Let (v,A) be a two-scale gradient Young measure for oscillations and concentrations associated to a
sequence {Vun}, {un} C WHP(£2; R?%) bounded. We have to show that for every 1 € Hp with Ppom (0) =0
the inequality

(Az,¥) 20

holds for m — a.e x.
Let D be a dense subset of {¢p € Hp : Ypem(0) = 0} and let a € 2 be a Lebesgue point (with respect
to ) of

x — Az, ) (15)

for all v € D. It is enough to see that
(Aa,p) 20 (16)

for all ¢ € D.

Using Lemma 2 (up to a subsequence) we can decompose un = vpn + 2n With vp, zn € Wl’p(_Q; Rd) such
that {|Vun|P} is equi-integrable, {Vz,} generates (8, A), {Vvn} generates (v,0) and (7) is satisfied.

Let § >0and 0 € C. (Q(a7 5))7 where Q(a,d) := a + §Q. Using standard gamma convergence results on
homogenization (see Theorem 1.1 in Bafa & Fonseca [7]) and since by (7) zn njOOO in WP then

Jim inf 0(2) 6 ((/en), Vin) da > / 0(2)bnom (0) da: = 0
n=2 JQ(a,8) Qa)

for every ¢ € Hp with ¥y, (0) = 0. On the other hand, as Vz, generates (g, A) then for every ¢ € Hy

Jim [ o)), Vando = [ 0(a) (s, vhdrn(a).
Q(a,0) Q(a,9)

Thus, in particular, for all ¢ € D we have that
/ 8(2) (s, V) dr(z) > 0.
Q(a,d)

Let 6, € CC(Q(G,(S)) with 0, — XQ(a,8)" Then
k—o0 ’

[ w20
Q(a,9)
for all ¢» € D. By (15) inequality (16) follows.

3.2.2 Sufficiency

For the sufficiency we use the following lemma.
Lemma 4 Let
A= (e MY@x S): (uv) >0 for all ¥ € Hp with Ppom(0) = 0}

and

H:= {u e MT(@Q x8): (1) 2]{0 T)Nw((y>,Vu(y))dy for all ¥ € Hp,

1, N . pd
for some T € N and we WyP((0,7)";R )}

Then H is a convex set. In addition H = A for the weak*-topology.
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Proof We start by showing that H is convex. Let

{11, ) :f W({y), Vus(y)) dy
0,T3)N

for all ¥ € Hyp, for some T; € N and u; € Wol’p(((),Ti)";Rd) with ¢ = 1,2, and let 0 € [0, 1]. We want to see
that
Our + (1 —0)ug € H. v

Without loss of generality we can assume that To > Ty. Let T := Ty + T> and let us define
N/p N/p
T T
) =67 (32 ) wa0) + (1 =077 () ualy = o)
1 2

where zg := (T, -+, T1) € NV. Then u € WP ((0, T)™; RY) and for all ) € H;, we obtain, by p-homogeneity
and changing variables, that

][ W({y), Vuly)) dy = 0 W), Vs () dy + (1 — 6)7/ By, Vus(y — o)) dy
(0,7)N 0,11)N z0+(0,T2)N
.y B({y), Vs () dy + (1 - 0) 7/ W({y + o), Vua(y)) dy.
(O7T1)N (07T2)N

By periodicity (17) follows since

B({y), Vs (y)) dy + (1 - 0) ][ V(). Vua(y)) dy.

(0,T2)N

£ et dy =0
(0,7~

0,17)N

To see that H = A we start by proving that H C A. Let u € H. Then for all ) € Hp

) :][ B({y), Vu(y)) dy
(0,7~

for some T' € N and u € Wol’p((O,T)n;Rd). By Example 1 the pair

TN v,
do, 0
<° Hivag, O

with g € {2 and p € H is a gradient two-scale Young measure for oscillations and concentrations. Thus
using the necessary condition (see Subsection 3.2.1) we get that

(p, ) >0

for all ¢ € Hp with ¥pom(0) =0, and so H C A. As A is a closed set then H C A.

Now we prove the opposite inclusion by contradiction. Let u € A and assume that u ¢ H. As H is
convex, by the Hahn-Banach Theorem (see also Proposition I11.13 in Brezis [9]) there exist 1 € C(Q x 9)
such that for all v € H

(v, ¥) 2 o
and
(n,9) <«
with a € R. Extending ¢ by p-homogeneity then
whom(o) > a.

Thus ¥hom(0) # —oo. As p € A then o, (0) # 0, which is a contradiction (see Remark 1).
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Remark 5 For any R > 0 it follows that

Ho{llpll < B} = H{]lull < R}

Indeed, it is clear that H N {||u|| < R} = An{||u|| < R} € HN{||u|| < R}. To see the other inclusion we
consider p € H with ||u|| < R. Thus, there exist un € H such that u, — u weakly-*. As

limsup ||pn || = limsup pn (Q x S) < u(Q x S) = ||ul| <R
n—oo n—oo

then p € H N {|ul| < R}.

Our goal now is to show that given v € L$(£2 x Q; M(RP*N)) and A € MT (2 x Q x S) satisfying
i)-iv) of Theorem 2 then (v, A) is a two-scale gradient Young measure for oscillations and concentrations.
By Lemma 3 it is enough to find sequences {vn}, {zn} € WP (2;R?) such that {|Vv,|P} is equi-integrable,
{Vzn} generates (9, A) and {Vv,} generates (v,0).

We start by constructing the sequence {vn}. Using Theorem 3 and the Decomposition Lemma (see
Lemma 1.2 in Fonseca, Miiller and Pedregal [21]) we can find a bounded sequence {v,} € WP (£2; RY) with
{|Vvn|}? equi-integrable and such that {Vvy} generates the two-scale Young measure v. Then for § € C(£2)
and ¢ € Hp we have

Jim_ / 0(2)0b((x/en), Von) dz = /Q 0(z) /Q /R GO, (© dyd

by the equi-integrability of {6(-)¥({-/en), Von)}. Thus {Vv,} generates (v,0).
Now we construct the sequence {zn}. Let us assume first that

A=A® bz

with A € A and zg € 2. As X\ € A then by Lemma 4 and Remark 5 there exist {\;} C H with ||[\g|| < [|A]]
such that A\, — A weakly-*. As A\, € H there exists T}, € N and uy € Wol’p([(), Ty]); RY) such that

Qevr=f ) dy (18)

for all ¢ € Hp. Arguing as in the Example 1 the pair (8o, Ay ), Ak := Mg @ dz,, is a two-scale gradient Young
measure for oscillations and concentrations generated by {Vunk} where

wa) = e (2 Enlofa )

(EnTk)N/p En

Then for all § € C(2) and ¢ € Cp(Q x R*N)

lim / 0(x)p({z/en), Vun )da::/ H(x)/ ©(y,0) dy dzx

and moreover for all ¢ € HP

lim | 6(z)((z/en), Vun") de = (A, 0 @ ).

n—oo N
Consequently
lim lim G(x)go((a:/sn),Vunk)dx:/ Q(x)/ »(y,0) dy dzx (19)
k—o00 n—00 0 0 Q
and

lim lim / 0(z)((z/en), Vun )dmz(/lﬁ@z/}). (20)
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On the other hand using ¥ (y, £) = |£|P in (18) it follows that

lim / Vun® P do = [|Ae]] < Al
2

n—oo

for each k € N. Hence

limsup lim [ |Vu,*|Pdz < [|A]]. (21)
n—oo Q

k—o0

Therefore, by diagonalization in (19)-(21), we get a sequence z, = uﬁ(n) such that

lim A)@(x)@(<m/€n>,vzn)d$:/Q@(:L‘)/Qg&(’gh())d?;dl‘

n—oo

and

lim O(z)yp((x/en), Van)de = (A,0 ® ¢)

n—oo 0

for all 0 € C(2), v € Co(Q x R*N) and 4 € HP, and in addition

sup [|Vznl||7, < [[A]]-
neN

It follows that Vz, generates (dg, A).

We remark that the case "

A= Z CiNi ® O,
i=1

is similar, and the general case comes from an approximation argument as in Lemma 6.2 of Fonseca, Miiller
and Pedregal [21].
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