ADJOINT SYSTEMS ON SURFACES
by

Margarida Mendes Lopes*

Introduction.

Let D be a curve (not necessarily irreducible) on a surface S and wp its dualizing
sheaf. In this note we study some properties of both the adjoint system |K + D| and
wp. These properties can be useful in various situations where Reider’s method (see [R])
cannot be applied and can be used, for instance, to simplify the proofs of the birationality
of p3x for minimal surfaces of general type with p, = 0 of [B-C] and [M].

0. Notation and conventions.

(0.1) S will be a smooth projective surface over C and a curve D on S will be any effective
non-zero divisor on S. A point x on D is a reduced point if every component of D containing
x appears in D with multiplicity 1. We denote by ~ the numerical equivalence for divisors
on S.

We will say that an invertible sheaf £ on a curve D is nef if deg Lir > 0, for every
component I of D.

An irreducible curve I' will be an hyperelliptic curve in a generalized sense if I' has
a g, i.e. an invertible sheaf £ such that deg £ = 2 and h°(T,£) > 2. Recall that if
po(T) > 2 then T has a unique g3.

1. The main theorems.
In [F] we find the following theorem:

(1.1) Theorem. Let D be a curve on S and x € SingD. Let p : S — S be the blow-up
at x and E be the exceptional curve. Setting D' = p*D — E and D" = p*D — 2E, the
following two conditions are equivalent:

(i) = is a base point of |K + D|.
(i) The restriction map H°(D',Op/) — H°(D",Op:) is not surjective.

Using exactly the same method of proof we can obtain the following :

(1.2) Theorem. Let D be a curve on S and z,y € SingD, with x # y. Let p : S-S
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be the blow-up at x and y and Fy, E5 be the corresponding exceptional curves. Setting
D' = p*D — 2E, — Ey and D" = p*D — 2E, — 2E,, the following two conditions are
equivalent:

(i) x,y are not separated by |K + D|.
(ii) The restriction map H°(D', Op:) — H°(D" Op:) is not surjective.

(1.3) Theorem. Let D be a curve on S and x a point of D such that multp(x) > 3 and
such that z is not a base point of |KK + D| . Let p: S — S be the blow-up at x, E be the
exceptional curve and set D' = p*D — 2E and D" = p*D — 3E. If r is the rank at at x of
the differential of g, p, thenr =2 — (h%(D",Opn) — h%(D',Op/)).

The main ingredients of the proofs of (1.1), (1.2) and (1.3) are the following facts:

Fact 1: Given a curve D on a surface S one has:
h*(S,05(K + D)) = a(D) + h°(D,0p) — 1
where (D) = dim ker {H'(S,Og) — H'(D,Op)} (cf. [B], pg 183).
Fact 2: Given o : S — S a birational morphism one has
a(D) = a(D)

for any curve D on S with o,(D) = D (see lemma (2.3) of [F]).

Here we give an abreviated proof of (1.2) and leave the proof of (1.3) for the reader.

Proof of (1.2): Consider D a curve on S and z,y € SingD, with x # y. By the cohomology
exact sequence of

0—>mm-my-(’)s(KS+D)—>my-(’)s(K5—|-D)—>C—>O
we have that z,y are separated by |K + D] if and only if the surjective map
(R Hl(S,mx “My, Os(Ks + D)) — Hl(S,my . Os(KS + D))

is an isomorphism. Let p, D’ and D" be as in the statement of the theorem. The map
¢ will be an isomorphism if and only if h'(S,05(Kg + D')) = h'(S,05(Kg + D")). As
z, y are multiple points of D, both D’ and D’ are effective divisors on S. By fact 2,
a(D") = a(D") and so, using fact 1, one has that ¢ is not an isomorphism if and only if
hO(D',Op:) # h9(D"”,Opr). Thus we get the assertion. {»

2. Auxiliary results

To be able to apply the above theorems we will need the following:
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(2.1) Lemma. (see [CFM]) Let D be an m-connected curve on the surface S and let
D = Dy + Dy with Dy, Dy curves. Then:

(i) if Dy - Dy = m, then Dy and Dy are [(m + 1)/2]-connected;

(ii) if Dy is chosen to be minimal subject to the condition Dy - (D — D) = m, then
D is [(m + 3)/2]-connected.

(2.2) (see [CFM]) Lemma. Let D be a curve on a smooth surface S, L an invertible sheaf
on D and let s € H°(D, L) with s # 0. Then:

(i) either s does not vanish identically on any component I of D, implying that
degLp: > 0 for every curve D' contained in D;

(ii) or D is reducible and if D1 < D is the biggest divisor such that s|p, = 0, then s,
regarded as a section of L ® Op_p,(—D1), is as in (i). Hence deg Lir > D1 - T for every
curve I' < D — Dy, and in particular deg Lp_p, > D1 - (D — D).

(2.3) Definition. Let D be a reducible curve on a smooth surface S, £ an invertible sheaf
on D and let s € H°(D, £) with s # 0 such that s vanishes identically on some component
of D. Let Zs < D be the biggest curve such that s,z = 0.

We will say that s is 0-mazximal if there is no global section t of £ with Z, < Z,
Zs # Zy.

(2.4) Proposition. Let D be a 0-connected divisor such that h®(D,Op) = n > 2. Then
D decomposes as D = Dy + ... + D,,, where D,..., D,, are curves such that:

(i) h%(D;,Op,) =1, fori € {1,....,n — 1},

(ii)) Op,(Djy1 + ... + D) ~ Op, foralli € {1,....,n — 1}

(iii) D; N (Dix1 + ...+ Dyp) =0 or D; C (D41 + ... + D), fori e {1,...,n — 1}.

In particular D is not 1-connected.
Proof. As h®(D,Op) > 2, there exists a section s in HY(D, Op) vanishing identically on

some component of D. Choose a 0-maximal such section s and let D; = D — Z,. From
the exact sequence

0— ODl(_Zs) — OD — OZS —0

we get
0 — H(Dy,0p,(~Z)) — H*(D,0Op) = H°(Z,,03z.).

Then s, regarded as a section of Op, (—Z5) is as in (i) of lemma (2.2) and this implies
by O-connectedness of D that Dy - Z; = 0 and Op,(—Zs) ~ Op,. Now remark that
h(D;,0p,) = 1. In fact h°(Dy,Op,) > 1 would imply the existence of a global section ¢
of Op, vanishing on some component of D;. But then ¢ regarded as a section of Op would
vanish on some curve strictly bigger than Z; and this contradicts 0-maximality of s.

Since D1-Z, = 0, either D1NZ; = () or D7 and Z, have common components. Suppose
that D1NZ, # (. Then we can write D1 = C+ A, Z, = C+ B, where C, A, B are effective
divisors such that C' # 0 and A, B have no common components. Remark that this implies
that A-B > 0. Suppose that A # 0. From D;-Z, = 0, we have C>*+C-A+C-B+A-B =0
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and from O-connectedness of D, we have C - (D —C) = C?+C - A+ C - B > 0. Therefore
A-B =0 and so A and B are disjoint. As O4(—Z5) ~ O4, we get O4(—C) ~ O4, but
this implies that h%(D1,Op,) > 1, a contradiction. Therefore D C Z,.

Since h°(D,Op) = n, Im r is n — 1 dimensional and therefore h°(Z,,0z,) > n — 1.
Now by lemma (2.1) Zs is still O-connected and we can apply an inductive reasoning to
obtain the assertion. <

(2.5) (see [CFM]) Proposition. Let D be a reducible m-connected curve (m > 1) on
a surface S and let L be a nef invertible sheaf on D such that deg Lo = 0 for some
component A of D. Let n:=deg L. Then one has:

(i) if n < m, then h°(D, L) < 1, and, if h®(D, L) = 1, there is a section s of L, which
does not vanish identically on any component of D;

(i) if n = m then h°(D, L) < 2.
Furthermore, the following are equivalent:

(ii1) (D, L) = 2;

(ti2) D can be decomposed as D = A+ B with A, B curves such that A- B = m,
L®OA(—B) ~0a, Lp ~ Op, and there is a section s € H(D, L) that does not vanish
identically on any component of D.

The following lemma is useful to apply the results in the next section:

(2.6) Lemma. Let M be a curve on a surface S such that M? > 1 and Og(M) is nef.
Then:

(i) every M’ € |M| is 1-connected.

(ii) If M = A+ B is a decomposition of M with A, B curves such that A-B = 1 then
only the following possibilities can occur:

(p1) A2 = —1 or B2 = —1

(p2) A2=0o0r B2=0

or

(p3) A2=B?=1, A~ B and M? = 4.

(iii) If M = A+ B is a decomposition of M with A, B curves such that A- B = 2
then only the following possibilities can occur
(p1) A2=—2or B> = -2
(p2) A2 =—1or B> = -1
(ps3) A2 =0or B2=0
(ps) If 1 < A% and 1 < B? then M? < 9 and we are in one of the following cases:

A? B2 M?

1) 1 1 6
(Cy) 1 2 7
(C3) 1 3 8
(Cy) 1 4 9 24~B
(Cs) 2 2 8 A~B



Proof. Suppose we have a decomposition M = A + B with A- B < 0. Since M? > 0
and M is nef we must have, say, A2 > —A-B >0 and B?> > —A- B > 0. By the index
theorem the only possibility would be A> = A - B = 0 giving that A ~ B (modQ). But
this contradicts M? > 0 and so M is 1-connected.

The remainder of the proof follows also by application of the index theorem, using the
hypothesis that Og(M) is nef. <

3. The adjoint system |K + D|.

In this section we study some properties of the adjoint system |K + D| for a curve D,
using the theorems in section 1.

(3.1) Theorem. If D is 1-connected, a multiple point x of D is a base point of | K + D|
if and only if D decomposes as a sum of two curves A, B satisfying :

(i) A-B=1.

(ii) x is a non-singular point of A and O4(x) ~ O 4(B).

Furthermore if x is a base point of |K + D|, the decomposition appearing above is
such that AN B = {z} (and thus x is a node of D) or A C B.

Proof. By (1.1) x is a base point of | K+ D] if and only if the restriction map H°(D', Op/) —
H°(D",0p:) is not surjective (we keep the same notation as in (1.1)). Since D is 1-
connected, D’ is also 1-connected and D'’ is 0-connected. Furthermore if D" = A’ + B’
with A’- B’ =0 then A’ = p*A — FE and B’ = p*B — E, where A, B are curves such that
D=A+Band A-B =1 (cf. [B], pg.183). Now one has h%(D’,Op:) = 1 and thus x is
a base point of |K + D| if and only if h°(D"',Opr) > 2. Suppose then that this happens.
Then, by (2.4), there is a decomposition D" = A"+ B’ with I"- B’ = 0, for every component
[of A", Oa/(—B’) ~ Oy and either A’ C B’ or A’N B’ = () . By the above description of
A’ B’, we obtain A and B as in the statement.

On the other hand if D has a decomposition satisfying (i) and (ii) then O4(wp) ~
wa ®O4(x) and thus z is a base point of |wp| implying that = is a base point of |K + D|.
O

(3.2) Theorem. If D is 2-connected, two distinct multiple points x and y of D are not
separated by |K + D| if and only if D decomposes as a sum of two curves A, B satisfying :

(i) A-B=2.

(ii) x, y are non-singular points of A and O4(x +y) ~ Oa(B).

Furthermore if x,y are not separated by |K + D|, the decomposition appearing above
is such that AN B = {z,y} or A C B.

Proof. By (1.2) z, y are not separated by |K + D] if and only if the restriction map
HY(D',Op/) — H(D",0p:) is not surjective (we keep the same notation as in (1.2)).
From 2-connectedness of D, one has that D’ is 1-connected and that D’ is 0-connected.
Furthermore if D' = A" + B’ with A’ - B’ = 0 then A’ = p*A — F; — Fy and B’ =
p*B — Ey — Ey, where A, B are curves such that D = A+ B and A- B = 2 (cf. [B],
pg. 183). Since h’(D’,Op/) = 1, x, y are not separated by |K + D| if and only if
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h®(D",Opi) > 2. Suppose that this happens. Applying proposition (2.4), we obtain A
and B as in the statement.

On the other hand, if D has a decomposition satisfying (i),(ii) and (iii), then O 4 (wp) ~
wa ® Og(x + y) and thus by the Riemman-Roch theorem, x and y are not separated by
|wp| implying that x and y are not separated by |K + D|.

(3.3) Theorem. Suppose that D is 2-connected and x is a reduced point of D such that
multp(x) > 3. Let r be the rank at at x of the differential of .+ p.

If r = 1, then D has a decomposition D = A + B where A, B are curves such that
A-B =2, ANB = {z} and z is a non-singular point of A, z is a double point of B (not a
disconnecting node).

If r =0, then D has a decomposition D = A; + Ay + A3 where Ay, Ay, A3 are curves
such that:

(1) Al'AQZAl'A:),:AQ'Ag:l

(11) AlﬂAQ :AlﬂAg :AgﬂAg == {1‘}

(iii) x is a non-singular point of Ay, As and As.

Proof. By (1.3), r = 1 if and only if h°(D",Op.) — h%(D’,Op:) = 1 (we keep the same
notation as in (1.2)). From 2-connectedness of D, one has that D’ is 1-connected and that
D' is 0-connected. Furthermore if D" = A’ + B’ with A’ - B’ = 0 then A’ = p*A — 2F
and B’ = p*B — E, where A, B are curves such that D = A+ B and A- B =2 (cf. [B],
pg. 183). Now again applying (2.4) we get (a).

The proof of (b) goes exactly the same way using the fact that h°(D"',Op) = 3 in
this case.

(3.4) Theorem. Suppose that D is 2-connected and x is a point of D such that multp(x) >
3. Let r be the rank at x of the differential of Y4 p.

If r = 1, then D has a decomposition D = A 4+ B where A, B are curves such that
A-B=2, ANB = {z} or A C B and x is either a non-singular point of A or a double
point of A.

If r =0 then D has a decomposition D = Ay + Ay + A3 where Ay, Ay, A3 are curves
such that:

(i) A1 - Ao = A1 - A3 = Ay - A3 =1

(ii)) Oa,(22) =~ Oa, (A2 + A3) and Oy, (z) ~ O4,(As)

(iii) = is a non-singular point of Ay, A

(IV) Al N (AQ + Ag) = {QU} or Al C (A2 + Ag) and A2 N A3 = {:1:} or A2 C A3 .

Proof. Again as in the other theorems in this section it suffices to apply both (1.3) and
(2.4). &

4. Behaviour of wp on smooth points of D.

In this section we study the behaviour of wp. Let us point out that these results
also follow from general results still unpublished obtained by F. Catanese for Gorenstein
curves.



(4.1) Theorem. Let D be a 1-connected curve on a surface S and let © be a smooth
point of D. Then x is a base point of |wp| if and only if either D ~ P! or D is reducible,
the unique component I' of D to which x belongs is a non-singular rational curve and D
decomposes as a sum D =1+ F} + ... + F,, satisfying

(i) Fy, ..., F,, are curves such that " - F; = 1, for every i € {1,...,n}.

(iii) Op, (F) ~ Op, for all k<.

Furthermore if x is a base point of |wp|, then I" is a fixed component for |wp|.

Proof. Suppose z is a base point of |wp|. Then H°(D,wp) ~ H*(D,wp ® I, p). By Serre
duality and the Riemman-Roch theorem we have that h°(D, Op(x)) = 2. If D is irreducible
we have the first part of the assertion. Otherwise by (2.5) we obtain a decomposition of
D as a sum of two curves A and F; such that x € A, A- Fy; =1 and O4(z) ~ O4(F1).

Now, using (2.2) and 1-connectedness of D it is easy to check that the restriction
map H°(D,Op(z)) — H°(A,O4(x)) is injective and therefore h°(A, O4(z)) > 2. If A is
irreducible, A must be a non-singular rational curve and we get a decomposition as in the
statement of the theorem. If A is not irreducible, then, by (2.1), A is still 1-connected.
Since the number of components of D is finite, by an inductive reasoning we can obtain a
decomposition of D as in the statement.

Conversely suppose that D has a decomposition as above . Since I is a non-singular
rational curve and I' - (D — T') = n, we have h®(T,wp) = n — 1 and h'(I',wp) = 0. By
(2.1) and the hypothesis (i) and (ii), every F; is 1-connected. Now it is easy to verify that
then (iii) implies that h%(Fy + ... + F,, Opy 4. +F,) = n.

Consider the long exact sequence obtained from the exact sequence

0 — wp 4. 45, - wp — Opr(wp) — 0

Notice that, by Serre duality and 1-connectedness of D, one has h'(D,wp) = h%(D,Op) =
1. Now by a dimension count one sees that the restriction map H°(D,wp) — H°(T',wp)
is the zero map and thus I is a fixed component of |wp|.

The rest of the assertion is now clear. <

(4.2) Theorem. Let D be a 2-connected curve with p,(D) > 2 on a surface S and let x,y
be two smooth points of D (possibly x = y). Then, if z,y are not separated by |wp| one
of the following occurs:

(a) D is an irreducible hyperelliptic curve and |Op(x + y)| is the unique g3 on D

or

(b) D is reducible, x,y belong to the same component I' of D, which is an hyperelliptic
curve (in the generalized sense), and D decomposes as a sum I' + Fy + ... + F,, satisfying:

(i) Fy, ..., F,, are curves such that I" - F; = 2, for every i € {1,...,n}.

(ii) Or(F;) ~ Or(x + y), for every i € {1,...,n}.

(iii) |Or(x +y)| isa g3 on T.

(V) OFl (Fk) ~ Opl for all k<.

or



(c) x # vy, and x € T, y € A where I'y A < D are non-singular rational irreducible
curves. Furthermore either D = T'4+ A, or D = T'+ A+ F| + ... + F,, where F1, ..., F,
are curves satisfying (iv) and (v) of (b) and such that I' - F; = A - F; = 1, for every
ie{l,..,n}.

Proof. Remark first that z,y are separated by wp if and only if h°(D,wp ® I, p) #
hY(D,wp ® I, p ® I, p). Since D is 2-connected and thus, by (4.1) neither z or y are
base points of |wp|, we obtain then, by the Riemann-Roch theorem and Serre duality, that
h(D,0p(z +y)) = 2.

If D is irreducible we have assertion (a).

Otherwise suppose first that =,y belong to a unique component I' of D. As D is
reducible, we can apply (2.5) and thus we get a decomposition of D as a sum of two curves
A and Fy such that x,y € A, A- F; =2 and Ox(z +y) ~ Oa(Fy).

Now, using (1.1) and 2-connectedness of D it is easy to check that the restriction map
HY(D,Op(x +y)) — H(A,O(x +y)) is injective and therefore h'(A, Oa(z + y)) > 2.
If A is irreducible, A =T must be an hyperelliptic curve (in the generalized sense) and we
get a decomposition as in the statement of the theorem. Suppose that A is not irreducible.
Suppose that A is still 2-connected. Then, as in the proof of (4.1), we can apply an
inductive reasoning and so we get statement (b). Now we show that A is 2-connected. By
(1.4) A is 1-connected. Suppose that A = B 4+ C, with B, C curves such that B - C = 1.
Then, by 2-connectedness of D, B-F; > 1 and C' - F; > 1. But this contradicts the fact
that, for every component IV £ T of A, IV - F} = 0.

Suppose now that x € T', y € A, with ' ## A. Then, applying (2.2) it is easy to see
that the restriction maps H°(D,Op(z + y)) — H(I',Or(z)) and H°(D,Op(xz +y)) —
HY(A,Oa(y)) are injective, giving h%(T, Or(z)) > 2 and h°(A, Oa(y)) > 2. This implies
that both I' and A are non-singular rational curves. Furthermore if D # I' + A, we can
apply (2.2) and reason as above to obtain the result. <

(4.3) Proposition. Suppose D is a 2-connected reducible curve. Then an irreducible
component I' of D is contracted by ¢, if and only if I' is a non-singular rational curve
such that T'- (D —T') = 2.

Proof. Let T' be an irreducible component of D. We have p,(I") > 0 and degrwp =
2p,(I')—=2+4+T- (D —T). So, if I is as above, I is contracted by ¢,,,. Conversely, suppose
that I is contracted by ¢,,. As D is 2-connected and therefore |wp| is base point free (by
(2.1) and (3.1)) necessarily degrwp = 0. This gives the assertion, since by 2-connectedness
of D, the only possibility is p,(I') =0 and I'- (D —T) =2. {
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