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Apêndice à secção 2

1. Sejam ψ1, ψ2 e ψ3 śımbolos proposicionais. Verifique se

(a) `T ((ψ1→ψ2)→ψ1)→ψ1

(b) `T (ψ1→ψ2)→(ψ2→ψ1)

(c) `T ((ψ1→ψ2) ∧ ψ2)→ψ1

(d) `T (ψ1→ψ2) ∨ (ψ2→ψ1)

(e) `T ((ψ1 ∧ ψ2) ∨ ψ3)→((ψ1 ∨ ψ3) ∧ ((ψ2 ∨ ψ3)))

(f) `T ((ψ1 ∨ ψ3) ∧ (ψ2 ∨ ψ3))→((ψ1 ∧ ψ2) ∨ ψ3)

(g) `T ((ψ1 ∨ ψ3) ∧ (ψ2 ∨ ψ3))↔((ψ1 ∧ ψ2) ∨ ψ3)

(h) `T ((ψ1 ∨ ψ2) ∧ ψ3)→((ψ1 ∧ ψ3) ∨ (ψ2 ∧ ψ3))

(i) `T ((ψ1 ∧ ψ3) ∨ ((ψ2 ∧ ψ3)))→((ψ1 ∨ ψ2) ∧ ψ3)

(j) `T ((ψ1 ∧ ψ3) ∨ ((ψ2 ∧ ψ3)))↔((ψ1 ∨ ψ2) ∧ ψ3)

(k) `T (ψ1 ∧ ψ2) ∧ (ψ1 → ψ3) ∧ (ψ3 → (¬ψ2))

(l) `T (ψ1 ∨ (¬ψ3)) ∧ (ψ2 → ψ1) ∧ ((¬ψ3) → ψ2) ∧ (¬ψ1)

(m) `T ((¬ψ1) ∨ ψ2) → (((¬ψ1) → ψ2) ∨ (ψ3 → ψ2))

(n) `T ((ψ1 ∨ ψ2) → (¬ψ3)) → ((ψ2 → (¬ψ3)) ∨ (ψ1 → (¬ψ3)))

(o) `T (ψ1→(ψ2→ψ3))→((ψ1→ψ2)→(ψ1→ψ3))

(p) `T ((ψ1 → ψ2)∧ → ((¬ψ1) → (¬ψ2))) → (ψ1 ↔ ψ2)

2. Sejam ψ1, ψ2, ψ3, ψ4, ψ5 e ψ6 śımbolos proposicionais. Verifique se

(a) {ψ1→(ψ2 ∧ ψ3)} `T ψ1→ψ3

(b) {ψ1→(ψ2 ∨ ψ3)} `T ψ1→ψ3

(c) {ψ1→ψ2} `T ψ1→(ψ2 ∧ ψ3)

(d) {ψ1→ψ2} `T ψ1→(ψ2 ∨ ψ3)

(e) {(ψ1 ∧ ψ2)→ψ3} `T ψ1→ψ3

(f) {(ψ1 ∨ ψ2)→ψ3} `T ψ1→ψ3

(g) {ψ1→ψ2, ψ2→ψ3} `T ψ1→ψ3

(h) {ψ1→ψ3, ψ2→ψ3} `T (ψ1 ∨ ψ2)→ψ3

(i) {ψ1→ψ2, (¬ψ1)→ψ2} `T ψ2

(j) {ψ1 ∨ (ψ4 ∧ ψ2)} `T ((¬ψ2) → ψ1) ∧ (ψ1 ∨ ψ4)

(k) {(ψ1 → ψ2) ∨ ψ4} `T ((¬ψ1) → ψ2) ∨ (ψ4 → ψ2)

(l) {ψ3, ψ2 ∨ (ψ3 → ψ4)} `T (¬(ψ3 ∧ ψ4)) → ψ2

(m) {(ψ1 ∧ ψ2) → ψ3, ¬((¬ψ2) ∨ ψ3)} `T ¬ψ1

(n) {(ψ1 → ψ2) ∨ (ψ3 → ψ2)} `T (¬ψ1) → ψ2

(o) {ψ1 → (ψ2 ∨ ψ3)} `T (¬ψ3) → (ψ2 → (¬ψ1))

(p) {(ψ3 ∧ ψ4)→ψ1, ψ2→ψ3} `T ψ4→(ψ2→ψ1)
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(q) {ψ1→ψ2, ψ3→ψ4, ψ2 ∨ ψ4} `T ψ1 ∨ ψ3

(r) {ψ1→(ψ3 ∧ ψ4), (ψ2 ∨ ψ3)→ψ4} `T ψ4→ψ1

(s) {(ψ1→ψ2)→ψ3, ψ4→(¬ψ1)), ψ5, ¬ψ4, ψ5→ψ2} `T ψ3

(t) {ψ1, ψ2→ψ3, ¬(ψ1 ∧ ψ3)} `T ¬ψ2

(u) {(ψ1 ∧ ψ2) → ψ3, ψ2 ∧ (¬ψ4)} `T (ψ3 → ψ4) → (¬ψ1)

(v) {ψ1 → (¬ψ2)} `T ((¬ψ3) ∨ ψ1) → (¬ψ2)

(w) {(¬ψ1) → ψ2, ψ1 → (¬ψ5), ψ3 → (ψ4 ∨ ψ5), ψ4 → (¬ψ3)}
`T ψ3 → ψ2

(x) {(ψ1∧ψ2)→ψ3, ψ4∧(¬ψ5), (¬ψ5)∧ ((¬(ψ5 ∨ψ1)) → ψ6), ψ2∧(¬ψ3)}
`T ψ6

(y) {ψ1 ↔ ψ2} `T (ψ1 ∧ ψ3) ↔ (ψ2 ∧ ψ3)

(z) {¬(ψ2 ∨ (¬ψ3)) ↔ (¬ψ4), ψ4} `T ψ3 → (ψ2 ∨ ψ1)

3. Sejam P , Q, R e S śımbolos de predicado, a um śımbolo de constante, x
e y variáveis e f um śımbolo de função. Verifique se

(a) i. `T (∃xP (x)) → P (x)

ii. `T (∃xP (x)) → P (y)

iii. `T (∃xP (x)) → P (a)

iv. `T P (x) → (∃xP (x))

v. `T P (y) → (∃xP (x))

vi. `T P (a) → (∃xP (x))

(b) i. `T (∀xP (x)) → P (x)

ii. `T (∀xP (x)) → P (y)

iii. `T (∀xP (x)) → P (a)

iv. `T P (x) → (∀xP (x))

v. `T P (y) → (∀xP (x))

vi. `T P (a) → (∀xP (x))

(c) i. `T (∀xP (x))→(∃xP (x))

ii. `T (∃xP (x))→(∀xP (x))

iii. `T (∀xP (x))→(∀y P (y))

iv. `T (∃xP (x))→(∃y P (y))

(d) i. `T (∀xP (x))→(¬(∃x (¬P (x))))

ii. `T (¬(∃x (¬P (x))))→(∀xP (x))

iii. `T (∃xP (x))→(¬(∀x (¬P (x))))

iv. `T (¬(∀x (¬P (x))))→(∃xP (x))
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(e) i. `T ((∀xQ(x))→(∀xR(x))) → (∀x (Q(x)→R(x)))

ii. `T (∀x (Q(x)→R(x))) → ((∀xQ(x))→(∀xR(x)))

iii. `T ((∃xQ(x))→(∃xR(x))) → (∃ (Q(x)→R(x)))

iv. `T (∃x (Q(x)→R(x))) → ((∃xQ(x))→(∃xR(x)))

(f) i. `T ((∀xQ(x))∨(∀xR(x))) → (∀ (Q(x)∨R(x)))

ii. `T (∀x (Q(x)∨R(x))) → ((∀xQ(x))∨(∀xR(x)))

iii. `T ((∃xQ(x))∨(∃xR(x))) → (∃ (Q(x)∨R(x)))

iv. `T (∃x (Q(x)∨R(x))) → ((∃xQ(x))∨(∃xR(x)))

(g) i. `T ((∀xQ(x))∧(∀xR(x))) → (∀ (Q(x)∧R(x)))

ii. `T (∀x (Q(x)∧R(x))) → ((∀xQ(x))∧(∀xR(x)))

iii. `T ((∃xQ(x))∧(∃xR(x))) → (∃ (Q(x)∧R(x)))

iv. `T (∃x (Q(x)∧R(x))) → ((∃xQ(x))∧(∃xR(x)))

(h) i. `T (∀x(∀yS(x, y)))→(∀x(∀yS(y, x)))

ii. `T (∀x(∀yS(x, y)))→(∀y(∀xS(x, y)))

iii. `T (∀x(∀yS(x, y)))→(∀y(∀xS(y, x)))

iv. `T (∃x(∃yS(x, y)))→(∃x(∀yS(y, x)))

v. `T (∃x(∃yS(x, y)))→(∃y(∃xS(x, y)))

vi. `T (∃x(∃yS(x, y)))→(∃y(∃xS(y, x)))

vii. `T (∀x(∃yS(x, y)))→(∃x(∀yS(x, y)))

viii. `T (∃x(∀yS(x, y)))→(∀x(∃yS(x, y)))

(i) `T ∃x(P (x)→(∀xP (x)))

(j) `T ∀x(P (x)→(∀xP (x)))

(k) `T ∃y ((∀xP (x)) → P (y))

(l) `T ((∃xP (x))→(∀xP (x)))→(∀xP (x))

(m) `T (∀x (P (x)→P (f(x))))→(P (a)→P (f(f(a))))

4. Sejam P , Q e R śımbolos de predicado, a um śımbolo de constante, x e y
variáveis e f um śımbolo de função. Verifique se

(a) {Q(x)} `T ∃x(P (x) → Q(x))

(b) {P (x) → Q(y)} `T (∃xP (x)) → (∃xQ(x))

(c) {∀x(P (x)→Q(x)), P (x)} `T Q(y)

(d) {∀x(P (x)→Q(x)), ¬P (f(a))} `T ¬Q(f(a))

(e) {∃x(P (x)→Q(x)), P (f(a))} `T Q(f(a))

(f) {∃x(P (x)→Q(x)), P (x)} `T Q(y)

(g) {∀x(P (x)→Q(x)), ∃y(¬Q(y))} `T ∃z(¬P (z))
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(h) {∃x(P (x)→Q(x)), ∀xP (x)} `T ∃xQ(x)

(i) {∃x(P (x)∨Q(x)), ∀x(¬P (x))} `T ∃x(¬Q(x))

(j) {∃x(P (x)∨Q(x)), ∀x(¬P (x))} `T ∀x(¬Q(x))

(k) {∀x(P (x)∨Q(x)), ∃x(¬P (x))} `T ∃xQ(x)

(l) {∀x(P (x)∨Q(x)), ∃x(¬P (x))} `T ∀xQ(x)

(m) {∃x(P (x)→Q(x)))} `T (∀x P (x))→(∃xQ(x))

(n) {(∀x P (x))→(∃xQ(x))} `T ∃x(P (x)→Q(x))

(o) {∀x(P (x)→Q(x))} `T (∃x P (x))→(∀xQ(x))

(p) {(∃x P (x))→(∀xQ(x))} `T ∀x(P (x)→Q(x))

(q) {∃xQ(x), ∀xR(x)} `T ∀x (R(x) → Q(x))

(r) {∀x(P (x) → (¬(∃y Q(y))))} `T ¬(∃x(P (x) ∧ (∃y Q(y))))

(s) {∃x(¬(∃y R(x, y)))} `T ¬∃x∀y(¬R(x, y))

(t) {∀x(∀y(R(y) → Q(x)))} `T (∃yR(y)) → (∀xQ(x))

(u) {∃xP (x), ∀x(∀y(P (x)→Q(y)))} `T ∀y Q(y)

(v) {∀x(P (x) → (∃yR(x, y)))} `T ∃x (P (x) ∧ (∀y¬R(x, y)))

(w) {∀x(Q(x) → (∀y R(y)))} `T (∃y(¬R(y))) → (∀x (¬Q(x)))

(x) {∀x((∃y R(y)) → P (x))} `T ∀x((∀y (¬R(y))) ∨ P (x))

(y) {∀x((¬P (x) ∧ (∃y Q(y)))} `T ∀x(∃y((¬P (x)) ∧Q(y)))

(z) {∀x(∃y(P (x) → R(x, y)))} `T ∃x (P (x) ∧ (¬(∃y R(x, y))))

Apêndice à secção 3

1. Sejam P , Q, R, S e T śımbolos proposicionais. Verifique se

(a) {P ∨Q ∨R, (¬R) ∨ P, ¬P} `R Q

(b) {¬P, (¬Q) ∨R, Q, R, (¬R) ∨ S} `R S ∨ (¬P )

(c) {¬R, (¬R) ∨ P, (¬Q) ∨R, (¬P ) ∨Q} `R ¬P
(d) {(¬Q) ∨ P ∨R, Q ∨R, (¬P ) ∨Q, (¬R) ∨Q} `R Q

(e) {(¬Q)∨R, Q∨R, (¬Q)∨P, (¬R)∨Q, (¬P )∨Q, (¬R)∨ (¬Q)}
`R ¬R

(f) {P ∨Q, (¬P ) ∨R ∨ S, (¬R) ∨ S, (¬R) ∨ T, (¬T ) ∨ S ∨ (¬R)}
`R S ∨Q
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