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ABsTRACT. Let Ay be an N-point set in the unit square and consider the Discrepancy
function

Dn(®) = §(An N[0, %)) - NI[T, D),

where ¥ = (x1,x;) € [0,1]%, [0, %) = Hle[O, x¢), and |[6,3?)| denotes the Lebesgue measure of
the rectangle. We give various refinements of a well-known result of (Schmidt, 1972) on
the L* norm of Dy. We show that necessarily

”DN”exp(Lﬂ) >4 (IOgN)lil/a ’ 2<a<oo.
The case of @ = oo is the Theorem of Schmidt. This estimate is sharp. For the digit-scrambled
van der Corput sequence, we have

”DN”exp(L“) < (IOgN)l_l/a ’ 2<a< o,

whenever N = 2" for some positive integer n. This estimate depends upon variants of the
Chang-Wilson-Wolff inequality (Chang et al., 1985). We also provide similar estimates for
the BMO norm of Dy;.

1. MaiN THEOREMS

The common theme of the subject of irregularities of distribution is to show that, no
matter how N points are selected, their distribution must be far from uniform. In the
present article, we are primarily interested in the precise behavior of such estimates near
the L* endpoint, phrased in terms of exponential Orlicz classes. We restrict our attention
to the two-dimensional case.

Let Ay C [0,1]* be a set of N points in the unit square. For ¥ = (x1,x) € [0,1]?, we
define the Discrepancy function associated to Ay as follows:

Dn(®) = #(Ax N [0,9) - NI[0, D),

where [0, %) is the axis-parallel rectangle in the unit square with one vertex at the origin
and the other at X = (x1,x,), and |[0,%)| = x; - x, denotes the Lebesgue measure of the
rectangle. This is the difference between the actual number of points in the rectangle [0, ¥)
and the expected number of points in this rectangle. The relative size of this function, in
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various senses, must necessarily increase with N. The principal result in this direction is
due to Roth (Roth, 1954):

K. Roth’s Theorem. In all dimensions d > 2, we have the following estimate
(1.1)  [IDnll2 2 (log N)“-172
where the implied constant is only a function of dimension d.

The same bound holds for the L” norm, for 1 < p < oo, (Schmidt, 1977b), and is known
to be sharp as to the order of magnitude, see (Chen, 1980) and (Beck and Chen, 1987) for
a history of this subject (for the case d = 2, see Corollary 1.3 below). The endpoint cases
of p =1 and p = oo are much harder.

We concentrate on the case of p = oo in this note, just in dimension d = 2, and refer
the reader to (Beck, 1989; Bilyk et al., 2008; Bilyk and Lacey, 2008; Haldsz, 1981) for more
information about the case of d > 3. For information about the case of p = 1, see (Halasz,
1981; Lacey, 2006). As it has been shown in the fundamental theorem of W. Schmidt
(Schmidt, 1972), in dimension d = 2, the lower bound on the L* norm of the Discrepancy
function is substantially greater than the L¥ estimate (1):

W. Schmidt’s Theorem. For any set Ay C [0, 1]* we have
(1.2) |IDnllo 2 logN .

This theorem is also sharp: one particular example is the famous van der Corput set
(van der Corput, 1935) — a detailed discussion is contained in §3. In this paper, we give
an interpolant between the results of Roth and Schmidt, which is measured in the scale of
exponential Orlicz classes.

1.3. Theorem. For any N-point set Ay C [0, 1]* we have
”DN”exp(L"‘) 2 (IOgN)l_l/“, 2<a<o00.

Of course the lower bound of (log N)'/2, the case of & = 2 above, is a consequence of
Roth’s bound. The other estimates require proof, which is a variant of Haldsz’s argument
(Haldsz, 1981). We give details below and also remark that this estimate in the context
of the Small Ball Inequality (Talagrand, 1994; Temlyakov, 1995) is known (Dunker et al.,
1998). In addition, we demonstrate that the previous theorem is sharp.

1.4. Theorem. For all N, there is a choice of Ay, specifically the digit-scrambled van der Corput
set (see Definition 3.5), for which we have

IDNlexp(iey < (log N)' 1/, 2<a< o,

In view of Proposition 2.2, taking a = 2, the theorem above immediately yields the
sharpness of the LV lower bounds in d = 2 with explicit dependence of constants on p.

1.5. Corollary. For every 1 < p < oo, the set Ay from Theorem 1.2 satisfies
IDnlly < p'(log N)'2,

where the implied constant is independent of p.
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There is another variant of the Roth lower bound, which we state here.

1.6. Theorem. We have the estimate

IDnllBMO,, 2 (log N)'2,

where the norm is the dyadic Chang-Fefferman product BMO norm (see Definition 2.10), intro-
duced in (Chang and Fefferman, 1980).

Indeed, this Theorem is just a corollary to a standard proof of Roth’s Theorem, and its
main interest lies in the fact that the estimate above is sharp. Itis useful to recall the simple
observation that the BMO norm is insensitive to functions that are constant in either the
vertical or horizontal direction. That is, we have ||Dyllsmo,, = ||[Dnllsmo, ,, where

1
Dn(x1, x2) = Dn(x1,x2) — f Dn(x1, x2) dxq
0

1 1 1
- f Du(x1,x2) diy + f f Dy(x1, x2) dxy dx
0 0 JO

1.7. Theorem. For N = 2", there is a choice of Ay, specifically the digit-scrambled van der Corput
set, for which we have

IDullsmo,, < (log N)'/2.

The main point of these results is that they unify the theorems of Roth and Schmidt
in a sharp fashion. This line of research is also of interest in higher dimensions, but the
relevant conjectures do not seem to be as readily apparent. As such, we think that this is
an interesting theme for further investigation.

In the next section we collect a variety of results needed to prove the main Theo-
rems. These results are drawn from the theory of Irregularities of Distribution, Harmonic
Analysis, Probability Theory and other subjects. In §3 we discuss the structure of the
digit-scrambled van der Corput set. Section 4 is dedicated to the analysis of the Haar
decomposition of the Discrepancy function for the van der Corput set. The proofs of the
main theorems above are then taken up in the §5 and §6.

The results of this paper concern refinements of the L*-endpoint estimates for the
Discrepancy Function. In three dimensions, even the correct form of Schmidt’s Theorem
is not yet known, making the discussion of these results in three dimensions entirely
premature, though speculation about such results could inform the analysis of the more
difficult three dimensional case. See (Bilyk and Lacey, 2008; Bilyk et al., 2008) for recent
information about the higher dimensional versions of Schmidt’s Theorem.

The authors thank the referee for an expert reading, and suggestions to improve the

paper.
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2. PRELIMINARY FacTs

We suppress many constants which do not affect the arguments in essential ways. A < B
means that there is an absolute constant K > 0 such that A < KB. Thus A < 1 means that
A is bounded by an absolute constant. And if A < B < A, we write A ~ B.

Inequalities. We recall the square function inequalities for martingales, in a form conve-
nient for us.

In one dimension, the class of dyadic intervals in the unit interval are D = {| ]'2"‘, (j+
127 | k€ N,0 < j < 2. Let D, denote the dyadic intervals of length 27", and by abuse
of notation, also the sigma field generated by these intervals. For an integrable function
f on [0, 1], the conditional expectation is

=B 1D = Y 11 f £ dy.

IeD,

The sequence of functions {f, | n > 0} is a martingale. The martingale difference sequence is
do = fo, and d, = f, — f,-1 for n > 1. The sequence of functions {d, | n > 0} are pairwise
orthogonal. The square function is

00 1/2
)= [ Y|
n=0

We have the following extension of the Khintchine inequalities.

2.1. Theorem. The inequalities below hold, for some absolute choice of constant C > 0.

Ifll, < CypIISHIl,  2<p <co.
In addition, this inequality holds for Hilbert space valued functions f.

For real-valued martingales, this was observed by (Chang et al., 1985). The extension to
Hilbert space valued martingales is useful for us and is proved in (Fefferman and Pipher,
1997). The best constants in these inequalities are known for p > 3 (Wang, 1991).

Orlicz Spaces. For background on Orlicz Spaces, we refer the reader to (Lindenstrauss
and Tzafriri, 1977). Consider a symmetric convex function ¢, which is zero at the origin,
and is otherwise non-zero. Let (€, P) be a probability space, on which our functions are
defined, and let E denote expectation over the probability space. We can define

I flle = inf{K > 0 | Ey(f - K™") < 1},

where we define the infimum over the empty set to be co. The set of functions LY = {f |
Ifllpw < oo} is a normed linear space, called the Orlicz space associated with 1.

We are interested in, for instance, Y(x) = e* —1, in which case we denote the Orlicz space
by exp(L?). More generally, for a > 0, we let 1,(x) be a symmetric convex function which
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equals e’ —1 for |x| sufficiently large, depending upon a.! And we write LY = exp(L®).
These are the spaces used in the statements of our main Theorems 1.1 and 1.2. It is obvious
that, forall 1 < p < oo and a > 0, we have LV O exp(L*) D L*, hence Theorem 1.1 can be
indeed viewed as interpolation between the estimates of Roth (1) and Schmidt (1). The
following useful proposition is well-known and follows from elementary methods.

2.2. Proposition. We have the following equivalence of norms valid for all a > 0:

”f”exp(L”) = sup P_l/a”f”p .

p>1

We shall also make use of the duality relations for the exponential Orlicz classes. For
a > 0, let ¢,(x) be a symmetric convex function which equals [x|(log(3 + |x]))* for |x]|
sufficiently large, depending upon a.” The Orlicz space L is denoted as L#: = L(log L)®.
The propositions below are standard.

2.3. Proposition. For 0 < a < oo, the two Orlicz spaces exp(L*) and L(log L)'/* are Banach
spaces which are dual to one another.

2.4. Proposition. Let E be a measurable subset of a probability set. We have
Lellgogryve = P(E) - (1 — log P(E)"".

Chang-Wilson-Wolff Inequality. Each dyadic interval has a left and right half, Ij, Liight
respectively, which are also dyadic. Define the Haar function associated with I by

h[ = _1Ileft + 1]

right

Note that here the Haar functions are normalized in L®. In particular, the square function
with this normalization has the form

(f, hp)? (f, hp)
S(f)Zzé Tt for f(x):ZI: 0 hy(x).

We can now deduce the Chang-Wilson-Wolff inequality.
2.5. Chang-Wilson-Wolff Inequality . For all Hilbert space valued martingales, we have
I fllexpazy < I15(f)lleo -

Indeed, we have

Il < VP - ISHIlp < VP - 115()lleo -
Taking p — oo, and using Proposition 2.2, we deduce the inequality above.
'We are only interested in measuring the behavior of functions for large values of £, so this requirement

is sufficient. For a > 1, we can insist upon this equality for all x.
2For a > 1, we can take this as the definition for all |x| > 0.
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In dimension 2, a dyadic rectangle is a product of dyadic intervals, thus an element of
9?. A Haar function associated to R is the product of the Haar functions associated with
each side of R, namely for R; X R;,

2
thsz(x1/x2) = Hth(xt)-
t=1

See Figure 1. Below, we will expand the definition of Haar functions, so that we can
describe a basis for L([0, 1]?).

We will concentrate on rectangles of a fixed volume, contained in [0, 1]*>. The notion of
the square function is also useful in the two dimensional context. It has the form

(f, he)? (f, he)
(2.6) s<f>2=R€ZDZ ol for f<x>=R€ZDZ R

Jill Pipher (Pipher, 1986) observed the following extension of the Chang-Wilson-Wolff
inequality.

2.7. Two Parameter Chang-Wilson-Wolff Inequality . For functions f in the plane as in (2)
we have

”f”exp(L) < ”S(f)”oo .

Namely, in the case of two-parameters, the exponential integrability has been reduced
by a factor of two. This follows from a two-fold application of the Littlewood-Paley
inequalities, with best constants, for Hilbert space valued functions. Details can be found
in (Pipher, 1986; Fefferman and Pipher, 1997; Bilyk and Lacey, 2008). In fact, we will need
the following variant.

2.8. Theorem. Let n > 1 be an integer. Suppose that f on the plane has the expansion
_ <f/ hR>
=Y A

ReD?
[R|=2~"

That is, f is in the linear span of Haar functions with a fixed volume. Then, we have the estimate

||f||exp(L2) < ”S(f)”oo .

Thus, if f is in the linear span of a ‘one-parameter” family of rectangles, we regain
the exponential-squared integrability. The proof is straightforward. As the volumes
of the rectangles are fixed, one need only apply the one-parameter Chang-Wilson-Wolff
inequality in, say, the x; variable, holding the x, variable fixed.

The following simple proposition reduces the proof of Theorem 1.2 to the case a = 2.

2.9. Proposition. Suppose that for A > 1, we have
||f||exp(L2) < \/Z/ ||f||oo SA



DISCREPANCY FUNCTION IN TWO DIMENSIONS 7

It follows that
”f”exp(L“) < Al_l/a ’ 2<a<o0.

Bounded Mean Oscillation. We recall facts about dyadic BMO spaces, see (Chang and
Fefferman, 1985; 1980).

We need to subtract some terms from Dy, as it is not necessarily in the span of the Haar
functions as we have defined them. The deficiency is that standard Haar functions on the
unit square have zero means in both directions. Hence, for a dyadic interval I € D, we
also need to consider

hi =1; = |l

And set h) = h;, where ‘0" stands for ‘zero integral’ and ‘1’ for ‘non-zero integral.” In the
plane, for €1, €, € {0,1} set

2
N
i G, xa) = [ [ )
j=1

We will sometimes write hg = 1" in order to simplify our notation. With these definitions
we have the following orthogonal basis for L*([0, 1]?).

et o Ut g Higon 1 1 € DYU IR | R € DY

[0,1]2 [0,11x1 7 "*1x[0,1

There are couple of different BMO spaces that are relevant here. Let us begin with the
variants of the more familiar C. Fefferman, one-parameter, dyadic BMO spaces.

2.10. Definition. Define the space BMO; to be those square integrable functions f in the

span of {h%}[o,l] | I € D} which satisfy

o
. —~ 7 Ix[01]
Ifllomioy == supllJi™ Y, =] < oo
JeD 1eD Ml
Ic]

Define BMO, similarly, with the roles of the first and second coordinate reversed.

2.11. Definition. Dyadic Chang-Fefferman BMO; , is defined to be those square integrable
functions f in the linear span of {hr | R € D?}, for which we have

||f||BMOL2 = sup [|u|—l Z M]l/z ‘o

uclo,1]2 ReD? IR|
RclU

We stress that the supremum is over all measurable subsets U C [0, 1]?, not just rectangles.
It is well-known that these ‘uniform square integrability” conditions imply that the

corresponding functions enjoy higher moments. This is usually phrased as the John-
Nirenberg inequalities, which we state here in their sharp exponential form.
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The John-Nirenberg Estimates. We have the following estimate for f € BMOy, and ¢ €
BMO; ;.

Il fllexpey < 1lfllBmo,
(212) [|@llexp(yry S ll@llBmo,
Note that in the second inequality, (2), the number of parameters has doubled, hence the
exponential integrability has decreased by a factor of two. Of course, if the square function
of f is bounded, one sees immediately that the functions are necessarily in BMO. And in

this circumstance the Chang-Wilson-Wolff inequalities give an essential strengthening of
the John-Nirenberg estimates.

Discrepancy. Below, we will refer to the two parts of the Discrepancy function as the
‘linear” and the ‘counting’ part. Specifically, they are

Ln(¥) = Nxy - x2,
Cr® = ) 15

peP
Here, P is the subset of the unit square of cardinality N. In proving upper bounds on the
Discrepancy function, one of course needs to capture a cancellation between these two,
that is large enough to nearly completely cancel the nominal normalization by N.

We recall some definitions and facts about Discrepancy which are well represented in
the literature, and apply to general selection of point sets, see (Roth, 1954; Schmidt, 1977;
Beck and Chen, 1987).

We call a function f an r function with parameter ¥ = (r1,1,) if ¥ € IN?, and

fZZSRhR, er € {£1},
RER?
where we set Rz == {R=R; X R, | R e D*,RC[0,1]?, R} =27, t = 1,2}. We will use f;
to denote a generic r function. A fact used without further comment is that f7 = 1.

Let |l = Y2, 7, = n, which we refer to as the index of the r function. And let H2 :=
{7€{0,1,...,n)* | |1 = n}, i.e., the set of all 7’s such that rectangles in R- have area 27". It
is fundamental to the subject that #iH2 = n + 1. We refer to {f; | r € H?} as hyperbolic r
functions. The next four Propositions are standard.

2.13. Proposition. For any selection Ay of N points in the unit cube the following holds. Fix n
with 2N < 2" < 4N. For each ¥ € H?2, there is an t function f; with

<DN/f;?> 2 1.

Proof. There is a very elementary one dimensional fact: for all dyadic intervals I,

1
f x - hy(x) dx = IP.
0
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This immediately implies that
(214) (x1 %y, (1, x0)) = 4R

Thus, the inner product with the linear part of the Discrepancy function is completely
straightforward. We have (L, 1%’ > 42N|R|* > 4|R| for R € R with 7 € HZ2.
Call a rectangle R € Ry good if R does not intersect Ay, otherwise call it bad. Set

fri=Y sgn(Dy, hx)h.
ReR>

Each bad rectangle contains at least one point in Ay, and 2" > 2N, so there are at least N
good rectangles. Moreover, one should observe that the counting function #(Ay N [0, X))
is orthogonal to i for each good rectangle R. That is,

<CﬂN,h%0> =0, whenever RNAy=0.

Critical to this property is the fact that Haar functions have mean zero on each line parallel
to the coordinate axes.
Thus, by (2), for a good rectangle R € Ry we have

(D, hr) = —(Ln, hg) = =N(|[0, X)|, hr (X)) = -N272"~* g 27",
Hence, to complete the proof, we can estimate

(Dn, f32 Y| KDy, )l 2 27"$IR € R+ | Ris good) 2 1.

REQ?
Ris good

2.15. Proposition. Let f; be any r function with |3] > n. We have
KD, fl s N27M.

Proof. This is a brute force proof. Consider the linear part of the Discrepancy function. By
(2), we have

as claimed.
Consider the part of the Discrepancy function that arises from the point set. Observe
that for any point X in the point set, we have

K1z ) < 279

Indeed, of the different Haar functions that contribute to f;, there is at most one with non
zero inner product with the function 1[6,;?)(’?0) as a function of X. It is the one rectangle
which contains x in its interior. Thus the inequality above follows. Summing it over the
N points in the point set completes the proof of the Proposition. O
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Ficure 1. Two Haar functions.

2.16. Proposition. In dimension d = 2 the following holds. Fix a collection of r functions
{fr | ¥ € H2). Fix an integer 2 < v < nand Swith 0 < s1,80 < nand |5| > n+v—1. Let

Count(s; v) be the number of ways to choose distinct 74,...,7, € H2 so that [1;,_, fz, is an §
function. We have

=, |§1 -n-1

C t(s;v) = .
ount(s; v) ( b_2
Proof. Fix a vector §with [5] > 1, and suppose that

[1%

w=1

is an § function. Then, the maximum of the first coordinates of the 7, must be s;, and
similarly for the second coordinate. Thus, the vector s completely specifies two of the 7.
The remaining v — 2 vectors must be distinct, and take values in the first coordinate that
are greater than 1 — s, and less than s;. Hence there are at most || — n — 1 possible choices

for these vectors. This completes the proof.
O

In two dimensions, the decisive product rule holds. If R, R’ € D? are distinct, have the
same area and non-empty intersection, then we have

hg - hgr = thgare.
This rule is illustrated in Figure 1 and can be generalized as follows.

2.17. Proposition. In dimension d = 2 the following holds. Let 7, .. ., 7i be elements of H? where
one of the vectors occurs an odd number of times. Then, the product Hl;zl fiis also an r function.
If the 7; are distinct and k > 2, the product has index larger than n.
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3. Tue Di1GIT-SCRAMBLED VAN DER CORPUT SET

In this section we introduce the digit-scrambled van der Corput set, that is, a variation
of the classical van der Corput set described, e.g., in (Matousek, 1999, Section 2.1), and
prove some auxiliary lemmas that will help us exploit its properties. This set will be
our main construction for the upper bounds in Theorems 1.2 and 1.5, although strictly
speaking, Theorem 1.5 is satisfied by the standard van der Corput point distribution. The
reasons we need this modified version of the van der Corput set will become clear by the
end of this section.

First, we introduce some additional definitions and notations.

3.1. Definition. For x € [0, 1) define d;(x) to be the i'th digit in the binary expansion of x,
that is _
di(x) = [2'x] mod 2.

3.2. Definition. For x € [0, 1) we define the digit reversal function by means of the expression

dn+1—i(x)/ l = 11 2--- n,
0, otherwise,

di (rev,(x)) = {

in other words, setting d;(x) = x;, we have rev,(0.x1x;...x,) = 0.x,,...x0x7.

3.3. Definition. Let x,0 € [0, 1) where 0 has n binary digits. We define the number x ® ¢
as

d;(x ® 0) = di(x) + di(0) mod 2,
i.e. the i digit of x changes if d;(0) = 1 and stays the same if d;(c) = 0. In the literature
this operation is called digit scrambling or digital shift.

3.4. Remark. We stress at this point that when we define a digit scrambling we only use
the first n binary digits of the number o € [0,1). As a result, for each given positive integer
n there are exactly 2" such digital shifts, that is, the number of digital shifts is finite. The
choice of a real number o € [0, 1) to represent this operation is just a matter of notational
convenience.

We are now ready to define the digit-scrambled van der Corput set.

3.5. Definition. For an integer n > 1 and a number o € [0,1) we define the o-digit

scrambled van der Corput set V,, as

Vo ={one(r): T=0,1,...,2" =1},
where
T
21
It is clear that the digit-scrambled van der Corput set has cardinality [V, | = 2". We

should notice that the roles of x and y coordinates are symmetric, since we can write
Voo = {(revy(t/2" @ 0’),7/2") + 71,27 1=0,1,...,2" — 1} with ¢’ = rev,(0).

Upo(T) = (%,revn( &) 0)) + (271, 27,
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With the notation introduced above, the standard van der Corput set
V, ={(0.x1x7...x,1,0.x,,...x0x11) : x; = 0,1}

isjustV, = V, 0. Note that our definition differs from the classical by the shift (27", 27-1),
This shift ‘pads’ the binary expansion of the elements by a final 1 in the (1 + 1)** place, and
ensures that the average value of each coordinate is 3:

“n P 1
(36) 2" Y x=2" ) y=5
XYV (Ve

This is just a technical modification that will simplify our formulas and calculations.
The following proposition describes which points of the van der Corput set V,; fall
into any given dyadic rectangle.

3.7. Proposition. Let k,l € Nandi€ {0,1,...,25-1},j€{0,1,...,2"' = 1}. Consider a dyadic
rectangle

i+1 j j+1
k= [2k’ 2 ) lzl’ 2 )

Then the set V, , N R consists of the points v, ,(T) where

dm(i)z{dm(zik)’ ' m:1,2---,k,

n dn+1_m(%) +d,(c) mod2, m=n+1-1---,n

Proof. Let (x,y) be any point [0, 1). It is easy to see that (x,y) € R if and only if
i
d,(x) = dq(?) forall g=1,2,...,k, and

d,(y) =dr(%) forall r=1,2,...,1

The proposition is now a simple consequence of the structure of the van der Corputset. O
Some remarks are in order:

3.8. Remarks.

When k+1 < n there are exactly 2"~®*) points of the van der Corput set inside the canonical
rectangle R. Indeed, the conditions of Proposition 3.6 only specify the first k and last
binary digits of the x—coordinates of the points v, 4(7).

When k+1 > nit might happen that the set of conditions in proposition 3.6 is void (observe
that the system is overdetermined in this case).

Finally, when k + | = n, that is when the rectangle R has volume |R| = 27", the system of
equations in 3.6 gives a unique point of the van der Corput set inside R. So, for fixed n,
the van der Corput set V,, is a net: every dyadic rectangle of volume N~! = 27" contains
exactly one point. This has the well-known consequence, see (Matousek, 1999), that

(3.9)  lIDN(Vio)lls < logN.
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This fact is independent of the digit scrambling o and holds in particular for the standard

van der Corput set V, ((van der Corput, 1935), (Roth, 1954)). In view of Schmidt’s
Theorem (1) this means that the van der Corput set is extremal in terms of measuring
the Discrepancy function in L*. However, the same is not true if one is interested in
meeting the lower bound in Roth’s Theorem, that is, the standard van der Corput set V,
is not extremal in terms of measuring the Discrepancy function in L?. The lemma below
explains this fact. In particular it shows that the L? discrepancy of V, is big because of a
single “zero-order” Haar coefficient, i. e. the mean f Dy. The lemma also shows that digit
scrambling provides a remedy for this shortcoming. This fact has been observed by Chen
in (Chen, 1983) where the author uses digit scrambling in order to obtain the best possible
L? upper bounds for a general class of ‘one point in a box’ sets in general dimension (see
the case k + [ = n in the remarks above). We also note that similar calculations, albeit
slightly less general, have been carried out in (Halton and Zaremba, 1969). We include a
proof of this Lemma for the sake of completeness.

3.10. Lemma. We have
1 1 n
1|n
fo fo Da(Vie) dxdy = [E - kzzl dk(a)].

flfl Dn(Vy) dxdy = <

On the other hand, if Y ;_, di(0) = n/2, i.e. half of the dzgzts are scrambled, then

ff Dn(V,,5) dxdy = 0.

Proof. As usually, we write N = 2". We have

1 1 N-1 1 1
L= [ [ D sy = Ns+ Y, [ [ Qoo o0 (o) dsdy
=0 Y0 0

:‘N/‘“Z(l‘ﬁ‘ﬁ)(l‘revn(w@‘f) ﬁv)

In particular

Using (3) we get
N-1
N 1 1 T T
Al) I =——+ = —— n .
311) 127NN (NEBG)

Now expand the sum above using the binary representation of the summands as follows:

N-1 n dl revn< @o))

ZN rev, (5 @0) = ZZZ =

=0 k=1 I=1
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Nl dk(ﬁ)dnﬂ—l(ﬁ@ﬁ)

(3.12) = Y o

=0 k=1 I=1
n n N-1
1 T T
SIS M I
k=1 I=1 2k+l =0 ' N o NEBG

Finally observe thatifs,t € {1,2,...,n} then
N-1 N
T T 5(1-=ds(0)), s=t
1 Ao )di(c@o)=12
613 Y (F)a(5e0)= {5

Indeed, when s = ¢, the terms in the sum above are non-zero exactly when dy(5;) = 1 and
ds(0) = 0, and hence the first equality. The case s # t is similar.

Using (3) and (3) we get
N-1 n
T T n 1 N 1 1
;NI‘GV,,[(NEBG)— g—zkzzvl‘dk((f)-i-z—i-i-m,
which, combined with (3), completes the proof. |

Remark. We should point out that in (Kritzer and Pillichshammer, 2006) it has been
shown that the L? norm of the Discrepancy of the digit-scrambled van der Corput set
depends only on the number of 1’s in ¢, and not their distribution.

4. Haar COEFFICIENTS FOR THE DIGIT-SCRAMBLED VAN DER CORPUT SET

In this section we will work with the digit-scrambled van der Corput set V,,; as defined
in Section 3, where o € [0,1) is arbitrary and N = 2". We will just write Dy for the
discrepancy function of V,,. The following Lemma records the main estimate for the
Haar coefficients of Dy and is the core of the proof for the upper bounds in Theorems 1.2
and 1.5.

4.1. Lemma. For any dyadic rectangle R € D* we have

1
{Dn, hr)l < N
We need to consider dyadic rectangles of the form R = [ﬁ ; 1;—,}) X % ; ];r—,l), where k,[ € N

and i € {0,1,...,2F =1}, j € {0,1,...,2" — 1}. The proof will be divided in two cases,
depending on whether the volume of R is ‘big’ or ‘small’.

We will use an auxiliary function to help us write down formulas for the inner product
of the counting part with the Haar function corresponding to the rectangle R. In particular,
¢ : R — Ris the periodic function

{x}, 0<fx} <1

) = {1 — ), l<fx<1,
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P

Ficure 2. The graph of the function ¢.

where {x} is the fractional part of x. Observe that the function ¢ is the periodic extension
of the anti-derivative of the Haar function on [0,1]. See Figure 2.
Letp = (pv, py) € [0,1)%. A moment's reflection allows us to write

_ [Rip@Pp)9@2py),  peER,
42) Dy ) = {O, otherwise.

We also record two simple properties of the function ¢ that will be useful in what
follows. First, for x € R,

43) o[+ q;(x ® %) - %

Second, ¢ is a ‘Lipschitz” function with constant 1. For x, y € IR,
44) o) - o@)| < Iy} - (I

Proof of Lemma 4.1 when |R| < 5. We fix a dyadic rectangle R with |R| < £. We treat the
linear part and the counting part separately.
For the linear part we have that

NIR? 1
<

<LN/hR> = 42 ~ N

Now notice that since k + [ > n — 2, there are at most 2 points in V,; N R. Since ¢ is
obviously bounded by 1, formula (4) implies

1
KCr ) <IRI Y GQ@po)d(@py) < 4RI S 1.

peVysNR

Summing up the estimates for the linear and the counting part completes the proof. O

Proof of Lemma 4.1 when |R| > % The proof of the case |R| > % is much more involved as
this is the typical case where the rectangle contains ‘many” points of the point set V,, .
Before going into the details of the proof we will discuss the structure of the set RNV, ;
in order to organize and simplify the calculations that follow.

First, notice that the condition |R| > % implies that n — (k + ) > 2. In other words, there
are at least 4 points in the set RNV, , according to Proposition 3.6 and Remark 3.7. To be
more precise, let us look at a point p = (x, y) € V,,,. The x-coordinate can be written in the
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Ficure 3. The quadruple Q.

form x = 0.x1x2...x,1, where x; = d;(x), fori = 1,2,...,n. The first k and the last / binary
digits of x are determined by the fact that x € R (Proposition 3.6). That leaves us with at
least 2 ‘free” digits for x

X=001. . Xk, %0, %, X141 ... X5 1.

We group all points in V,, ; N R in quadruples according to the choices for the first and last
‘free’ digits xx41 and x,,_;. In particular, we consider quadruples (Q) of points in V,, N R
with x-coordinates of the form:

027 . xc 0 xXpn o oo, X1 O Xpmpgg -+ - X0 1,
O.x1 e Xg 0 Xk+2 o oo, Xp—1-1 1 Xn—I+1 - - .an,

Q Oy xe I Xpeo oo, Xm1 O Xpmppr - .. X1,
Oxy...xe I Xpqo oo, Xpmgm1 1 Xpmpgn -2 1
There are exactly 2"-+)-2 = X8 such quadruples. Let’s index the quadruples Q arbi-

trarilyas Q,,r=1,2,..., %. Observe that we can write

NIR|

(4.5) (D, hr) = Z A3, hR) = %}22 = i ( Z(l[ﬁ,f),hR) - %)

pPEVnsNR r=1 peQ,
The following Proposition exploits large cancellation within these quadruples.
4.6. Proposition.

IR|
> ) =

peQr

1

< .
~ N?|R|

Let assume Proposition 4.2 for a moment in order to complete the proof of Lemma 4.1.
Indeed, Proposition 4.2 together with equation (4) immediately yield

1 1
Dy, p) $ Y 7o S
Z; N2R| © N

This completes the proof modulo Proposition 4.2. O
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Proof of Proposition 4.2. For the proof of the proposition we will fix a Q = Q, and suppress
the index r since it does not play any role. Suppose p = (u,v) is any of the points with
x-coordinate as in (Q) and y-coordinate v such thatp € V,,, . Then it is easy to see that the
quadruple (Q) consists of the four points which can be written in the form:

(u,0),

(w271, 027k,

w2 ve2),

@2 @251 pe2 kg2,

Q

See also Figure 3.
We invoke equation (4) to write

(47) Y (A ) - l{:—l = IRI( ) 0@ 2'p,) 411) = IR|(Z - 411)
peQ peQ

We have
T = ¢ u)p(2'v)
+ou® %)qb(zl(v @ 27")
+ o2 u a2 @ %)

1
+pQue2 .2 g E)cp(zlv @2 .2 g ),

N[ —

Using equation (4) we get

e % + [p@u) - o w & 271 |[p(2'0) — P20 & 2.

Finally, using the fact the the function ¢ is Lipschitz (4) we have

1 1
y 2| < 2—n+l+k 2 _ .
4|~ ( ) N2|R[?
This estimate together with equation (4) completes the proof. O

Lemma 4.1 has an analogue in the case of Haar functions h[léol]xl and h?)’(l[o ,p Wherel € D.
11

017 is the content of Lemma 3.8

Observe also that the inner product that corresponds to i
of the previous section.

4.8. Lemma. For I € D we have the estimates

0,1
KD, H2Lo 31 < I

|<DN/ h%(,)?l]xlﬂ < |I|
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Proof. 1t suffices to prove just the first estimate in the statement of the Lemma. The proof
proceeds in a more or less analogous fashion as the proof of Lemma 4.1. We fix a dyadic
interval I = [#, ’;—,}) and write h; = h%}[o,n' We need an analogue of formula (4) which in
this case becomes

e )1 —py), pr€l,

0, otherwise.

(49) (Ll = {

As in the proof of Lemma 4.1, we need to consider separately the case of small volume
and large volume rectangles. The small volume case here is |I| < £. Note that in this case
there are at most 2" < 2 points of the van der Corput set whose x coordinate lies in I.
Using equation (4) we trivially get the desired estimate as in the proof of the corresponding
case of Lemma 4.1.

We now turn to the main part of the proof, namely the estimate

|<DN/ h};(o[oll]” < |I|/

when [I| > 2. Instead of the quadruples (Q), we now group the points of the van der

Corput set with x-coordinate in I, into pairs (P) of the form:

0.x1... % 0 Xpqn ... X501,
0.x1 ... x¢ 1 Xpyn ... x5 1.

(P)

If (u,v) is one of the two points in (I’), we also have the description:
(1, 0),

P
) { (u@27F1, 027k,

There are 2% such pairs and let’s index them arbitrarily as P,, r = 1,2,..., 2n-k=1 We
write

n—k-1
NP _° NIIP
Dnhy= Y g hd === Y Y g b=~
pE(Vn,gﬂIX[O,l] r=1 pepr
Now for any pair (P) we use (4) to write

Z<1[ﬁ,f)’hl> = |I| (P(Zku)(l —0) + ]| (P(Zk(u ® 2—k—1))(1 —0® 2—n+k)

peP
= 1 |p@"u) + pu 2] (1 -0)
+IlpQue27™) (v-—ve 2

= %Ill(l —0)+ |l pQu®27™") (v —ve 2.
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where in the last equality we have used (4). Using the fact that [v — v & 27" = 27"+ and
assuming d,_x(v) = 0, it is routine to check that

an]

(4.10) (Dy =1 {3 Z (1-0) -2 + o)},

where v, are y-coordinates of the form
U, = 0Y1 N Yn_k_l()yn_kﬂ N ynl

The digits y,-r+1 up to y, are fixed because of the digit reversal structure of the van der
Corput set. We can then estimate the sum in the previous expression as follows:

anl

Z (1-0,) = 2"+ _ 2” k- 1(1 2—"+k+1) +0(1) = 252 4+ 0(1).
Substituting in (4) we get
Dy Iy = 111 {5(27 + 0() - 2+ + o) <1,
which completes the proof. O

5. BMO EsTtiMATES FOR THE DiscrRErPANCY FuNcTION

This section is devoted to the proofs of Theorems 1.4 and 1.5. We recall that the Dyadic
Chang-Fefferman BMO; , is defined to consist of those square integrable functions f in
the linear span of {/g | R € D?}, for which we have

Y2 12
lfllemo,, = sup llul_1 Z <f|RT> l < 00

uclo,1]? ReD?
RclU

We begin with the proof of Theorem 1.4 which is essentially just a repetition of the
argument used in Proposition 2.11.

Proof of Theorem 1.4. We fix a distribution Ay of N points in the unit square and take n
such that 2N < 2" < 4N. For the special choice of U = [0, 1]*> we have

(Dn, h&)*
||DN||BM012 Z Z |R| .

7eH, ReRy
RﬂﬂNZ(D

Consider a rectangle R € Ry which does not contain any points of Ay. Then

_IRP

(DN, hg) = —(Ln, hg) = e
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As a result,

1
IDlvo. 2 ), ), NIRP 2 15 ) HR € Ry, RN Ay = 0).

7eH, ReR; reH,,
RNAn=0

For fixed 7 € H, we have #{R € R, RN Ay = 0} > N, arguing as in the proof of Proposition
2.11. Thus we get

IDxlyo,, 2 Y 127
reH,,
This completes the proof since n ~ log N. O
We proceed with the proof of the upper bound in Theorem 1.5. Our extremal set of

cardinality N = 2" will be V,,, for arbitrary o € [0, 1), as defined in Definition 3.5. We will
just write Dy for the Discrepancy function of the digit-scrambled van der Corput set.

Proof of Theorem 1.5. We fix a measurable set U C [0,1]* and consider only rectangles R in
the family {R € D? R c U}. We will sometimes suppress the fact that our rectangles are
contained in U to simplify the notation.

The are two estimates that are relevant here, one for large rectangles and one for small
volume rectangles. For the large volume case, |R| > 27", we have

|u|_1 <DN/ hR> |U| 1 Z Z <DN/ hR>

|R|>2—" |R| k=0 reH; ReR> |R|
< N2UuI 122’<Z 21
k=0 I’GHk RGR*

where we have used the estimate (Dy, hg) < <+ of Proposition 4.1. Now observe that for
fixed k and 7 € Hy there are at most 2¥|U| rectangles R € R; contained in U. Furthermore,
there are k choices for the ‘geometry’ ¥ € H;. We thus get

_ (Dn,IRY? o N o 1122
Ut — = <N k(22 < ==L =q.
| LR ; @) s =5 =n

In the small volume term we treat the linear and the counting parts separately.
For the linear part we use (2) to get (Ly, ig) = 4 °N|R|*. So we have

) (Ln, hr)” hr)? 1 {Ln, hr)" hg)?
PR EEY e

k=n+1 feH; ReRy

~ N2|U|™ i Z(z—k)3 Z 1.

k=n+1 7eH; ReRy
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Now arguing as in the large volume case we have ¥ g, 1 < 2|U], and thus

2 (o)
| Z (L, fiR)” < N2 Z k(272 < n.

|IR|<2~" |R| k=n+1

It remains to bound the counting part that corresponds to small volume rectangles, i.e.

(Cy,,, hr)?

ur Y iR

|R|<2—"

Let R be the maximal dyadic rectangles R of area at most 27", contained inside U, and
such that /igr has non-zero inner product with the counting part. It is essential to note that

(G.1) ) IRI<nlUl.

Indeed, for each rectangle R € R, the function Iy is, as we have observed, orthogonal to
each 137 with 7 not in the interior of R. Thus, R must contain one element of the van der

Corput set in its interior. On the other hand V), is a net so R contains exactly one point.
Now look at all the rectangles in R € R, R = R; X R, with a fixed side length |R.|. The
length of this side must be at least 27" in order for the rectangle to contain a point of the
van der Corput set in its interior, so there are at most n choices for |R,|. On the other hand,
the rectangles in R with the same side length must be disjoint since they are maximal and
dyadic. Since they are all contained in U, their union has volume at most U. Summing
over all possible side lengths |R,| proves (5).
Now, we can write

- Z (@ (anor hg)? <|ur 122 <C(vn|g/h1<f

[R|<277 ReR R'CR

Note that we have inequality instead of equality, since a rectangle R can be contained in
several maximal rectangles. However, this does not create any problem.

Let R € R be fixed and let pr be the unique point of V,,, contained in R. We can use
Bessel’s inequality to bound the inner sum:

<C(Vn ylhR/>
/l—, = ”1 1]||L2(R) = |R| .
R'CR IR’ i
Thus, by (5)
_ (Cw,,, hr)? _
urt Y, e s U Y Risn
|IR|<2~" ReR
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The proof is finished, since we have shown that for any measurable set U C [0, 1]

Dy, hr)? :
(|u|_l Z %) < n? = 4/logN.

ReD?
RcU

Nl

6. THE exp(L*) EsTiMATES FOR THE D1scrREPANCY FUNCTION.

6.1. Lower bound: The Proof of Theorem 1.1. The proof is by way of duality and is
very similar to Haldsz’s proof (Haldsz, 1981) of Schmidt’s Theorem, see (1). Fix the point
distribution Ay C [0, 1]>. Set2N < 2" < 4N, so thatn =~ log N. Proposition 2.11 provides us
with r functions f; for 7€ H. Let G3, C H3, be those elements of H3, whose first coordinate
is a multiple of a sufficiently large integer a. We construct the following functions:

w::H(1+ﬁ), V=1,
7eG,

The ‘product rule’ 2.14 easily implies that W is a positive function of L' norm one. In fact,
letting ¢ = # G2, it is clear that

W=21,, PE)=27F.
Therefore, by Proposition 2.4,
||¢]||L(lOgL)1/"‘ o>~ gl/a ~ nl/a .

The fact that (Dy, qf} > n is well-known (Halasz, 1981), (Matousek, 1999). In fact, if we
expand

@:Z‘\yk,

then, using the “product rule’ 2.14, it is not hard to see that we have
n
<DN/\II1> 2z g z EI

and the other, higher order terms can be summed up, using Propositions 2.12 and 2.13, to
give a much smaller estimate for a sufficiently large.
Thus, we can estimate

ns <DN/ {f]> < ”DN”exp(L") : nl/a’
and so Theorem 1.1 holds.
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6.2. Upper bound: The Proof of Theorem 1.2 in the case that N = 2". In this section
we shall obtain the upper bound of the exp(L?) norm of the discrepancy of the digit-
scrambled van der Corput set. We shall consider the case of N = 2", leaving the general
case to later. Lemma 3.8 tells us that we should choose V,, ; with half the digits ‘scrambled’,
ie. Y, di(0) = |n/2] - this will be the only restriction on ¢ and for simplicity we shall
assume that 1 is even. We expand Dy in the Haar series and break the expansion into
several parts (in view of our choice of g, i'"! does not play a role in the expansion):

D ’hO,l D ’h1,o
<DN/hR>hR+ Z (Dn R>h%1+ Z (Dn R hlli,o

Dy =
! ReD? IR] R=Ix[0,1] IR] R=[0,1]xI IR]
6.1) (Dn, hR)hR N {Cn, hr) hR> Iy — (L, hr) hR> e
RJR[>2-" IR] RJR|<2-" | | R:JR|<2-" |R|
<DN/h%l> 01 <DN/h11{,0 10
(6.2) + ———hy + ———hy
R:IZx[:‘J,l] IR| R:[OZ,l]XI IR|

For the first sum in the expansion (6.2) above we have:

n-1
(DN, hr) (Dn, hgr)
H hR < hR
rikges R exp(L?) ;0 R:|Rz|=:z—k IR| exp(L?)
n-1
S ( Dy, hg)* H
" RP

k=0 1\ Ry|R|=2-*
n—1

where we have used the hyperbohc version of the Chang-Wilson-Wolff inequality (The-
orem 2.7), the estimate of the Haar coefficients of Dy (Lemma 4.1), and the fact that each
point in [0, 1]? lives in k + 1 dyadic rectangles of volume 2k,

The last sum in (6.2) is easy to estimate. Since (Ly, hir) = 4N|R[?>, we have:

| ¥, Gty <o T 3 v

R
R:|R|<27" | | k=n R:|R|=2-*

stZ:::z-k( Y 1R)%

R:|R|=2’k
sNZ VE+1-2%~ o,
k=n

exp(Lz)

[S¢]

where we have once again applied Theorem 2.7.
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The second sum in (6.2) is the hardest. We consider rectangles R of volume |R| < 27".
Recall that, in order for (Cy, hg) to be non-zero, R must contain points of YV, in the
interior. The structure of the van der Corput set then implies that we must at least have
[R1], [Rz| = 27". For each such rectangle R, one can find a unique ‘parent”: a dyadicrectangle

RcC [0, 1]? with |R| 27" R1 Ry,and R C R. We can now write

(Cn, hr) Z Z <CI|\I]’Q|hR> e
p

R|
k=0 R |R| 27" RcR
Ry|=2% Ri=R;

6.3) H

Ri|R|<27"

il =[2

A given rectangle R as above contains precisely one point (pi, p2) from the set V,,,. Thus,

C ,h < N [ 1]>
64) Y, S it x) = Colan) = g (),
% IR1]
Rlzﬁl
where
(1 gy 17) = =
L1k, — G 1(x2) = 1oy (2) = o Lo y(¥)dx/IRo, %2 € Ry,
Cx(x2) =

O, Xy & Ez.

In any case, we have |Cz(x;)| < 2. Now we fix x, € [0,1]. For fixed x, and ﬁl, there is a
unique R such that the sum in (6.2) is non-zero. Thus, using (6.2)

n

C(u) (B, g,
<CN, hR> hR(Xl, xz) _ Z Z R(x2)<f1 [p 1]> hﬁl (x1)

RiR|z27" |R| k=0 Ry:|Ry|=2-* |R1|
- ag, (x2)
R
=), ), =T,
0 Remet R

where the Haar coefficient ag, (x,) satisfies |aﬁ1 () < Ifill. Next, we apply the one-
dimensional Littlewood-Paley inequality in the variable x;:

lag, (x2) )
~—1~
( L R "

Elt |K1 [>2-n

H {Cn, hr) hR>

< % %
p=n-=.

LP(xy)

1
< p2
Mgy P

R:[R|>2-"
We now integrate this estimate in x, to obtain

H (Cn, hr)
IR|

1
nz,

I\)I'—*

il <

RiR|>27"
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and thus
(Cn, hR)
H Z Il\]RlR &

RiR|>27"

A
=

exp(L?)

in view of Proposition 2.2. Thus, we have estimated the exp(L?) norms of all the terms

in (6.2) by nz. The estimates for (0,1) and (1,0) Haars in (6.2) can be easily incorporated,
invoking similar one-dimensional arguments and Lemma 4.3. We skip these computations
for the sake of brevity. We thus arrive to

||DN exp(L?) S \/E ~ legN.

Proposition 2.8 and inequality (3.7) finish the proof of Theorem 1.2 for all & > 2.

6.3. Upper bound: The Proof of Theorem 1.2 in the General Case. We use a standard
argument to generalize the previous proof to the case of arbitrary N. Fix 2" <N <N’ :=
2". Set 1 <t =N27 427" < 1. Consider the following function

An(x1,%2) == Dy (tx1, %2) = 5X1- X2, (x1,X2) € [0,1]7.

Here, Dy is the Discrepancy Function of a shifted van der Corput set V,, ;. (The ’—%xl - X
above arises from the precise definition of the van der Corput set.)

The observation is that Ay is in fact the Discrepancy Function of the set of points
{one(t) © T =0,1,...,N’}, where this notation is given in Definition 3.5. For the linear
part of the Discrepancy Function, note that

N’(txl) *Xp — %xl cXp = le X .

And for the counting part, note that 1y, r)1)(tx1, x2) will be identically zero on [0, 1]? iff
N < 1 < N'. Thus, Ay is a Discrepancy Function.
So it suffices for us to estimate the exp(L*) norm of Ay. But this is straight forward.

IANlexpzey < T+ [IDne(Ex1, X2) lexp(re)
< 1+ 7Dy (x1, x2)llexpaey S (log N)Y*, 2<a<oo.
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