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INTRODUCTION

In [Ati66] Atiyah developed a K-theory for spaces (X, o) with an involution o, the Real spaces
in his terminology. The construction uses the notion of a Real bundle (E,7) over (X, o) which
consists of a complex vector bundle F over X, along with an anti-linear map 7 : £ — E covering
the involution o and satisfying 72 = 1. The group K R(X) is then defined as the Grothendieck
group of the monoid of isomorphism classes of Real bundles over (X, o), and the resulting theory
is called K R-theory.

In a similar fashion, J. Dupont developed in [Dup69] the symplectic K -theory K Sp(X) for Real
spaces (X, o). His construction is similar to Atiyah’s, in that K'Sp(X) is the Grothendieck group of
the monoid of isomorphism classes of symplectic bundles over (X, o). In this context, a symplectic
bundle (E,T) over (X, o) consists of a complex vector bundle E over X, along with an anti-linear
map 7 : £ — E covering the involution ¢ and satisfying 72 = —1. Subsequently, R. M. Seymour
reintroduced this theory in [Sey73|, where he called it quaternionic K-theory and denoted it by
KH(X). We adopt this terminology, for it avoids confusion with the non-equivariant notion of
symplectic K-theory.

A clear and conceptual reason for the existence of these two competing theories arises when one
tries to find their respective classifying spaces in the equivariant category. In fact, one can extend
these theories to RO(Z/2)-graded cohomology theories K R* and K H* in the sense of [Seg68] and
[May77]. To this purpose, one constructs Z/2-spaces (Z x BU)¢ and (Z x BU )y satisfying

(X4, (Z x BU)clz/s 2 KR(X) and  [X4,(Z x BU)glzs = KH(X):;

cf. [LLFM98b] and Proposition 4.4, respectively. These spaces are shown to have the structure
of Z/2-equivariant infinite loop spaces in [LLFM98b, | and Theorem 4.7, respectively, yielding the
spectra classifying the desired equivariant cohomology theories.

In order to construct such classifying spaces, we first identify Z/2 - the underlying group of the
equivariant category - with the Galois group Gal(C/R). Recall that the Brauer group [Gro57] Br(R)
of R is also isomorphic to Z/2. This will be shown to account for the two distinct K-theories in
Section 4. The argument is roughly the following. Let P(C™) denote the projective space of complex
1-dimensional subspaces of C™. In the language os schemes, this is the set of complex-valued points
of P"~1, endowed with the analytic topology. The Galois group Z/2 = Gal(C/R) acts on P(C")
via complex conjugation. Similarly, let H = C @ Cj denote the quaternions, and let P(H™) be
the projective space of complex 1-dimensional subspaces of H". We give P(H") the Z/2-action
induced by multiplication by j on the left of H”. As a space, P(H") is homeomorphic to P(C?"),
however the Z/2-actions on P(C?*") and P(H") are quite distinct. In fact, these spaces are the
complex-valued points of the two inequivalent Brauer-Severi schemes of rank 2n — 1 over R, under
the action of the Galois group. The aforementioned classifying spaces (Z x BU)¢ and (Z x BU)g
are then constructed using the usual equivariant stabilization of the Grassmannians of complex
linear subspaces of P(C™) and P(H"), respectively.

In order to develop a theory of characteristic classes for K R* and K H*, one needs to introduce
the appropriate equivariant cohomology theories. In [Kah87] B. Kahn defined characteristic classes
for Real bundles, taking values in Galois-Grothendieck cohomology with coefficients in the Z/2-
modules Z(n). In the case of quaternionic bundles, Dupont poses in [Dup99] the question of which
equivariant cohomology theory would be the natural target of characteristic classes, but the question
was left unanswered.
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In this paper we provide an answer to this question by constructing a cohomology theory 3j; in
which the characteristic classes for quaternionic bundles take its values. Furthermore, we extend
these characteristic classes to a natural transformation of RO(Z/2)-graded cohomology theories
KH* — 3. A crucial aspect of our construction is the fact that the two distinct Brauer-Severi
varieties P(C™) and P(H"), used in the construction of the classifying spaces for KR* and KH*,
are also used to construct classifying spaces for the corresponding cohomology theories. Under this
approach, the classifying maps for the characteristic classes have a similar description in both cases.

In order to place our constructions under the proper perspective, let us describe how the char-
acteristic classes for Real bundles were extended to KR* in [LLFM98b] and [dS00]. The main
constructions go back to [LM91], [BLLF 93] and [LLFM96].

Let Zq(IP((C")) denote the group of algebraic cycles of codimension ¢ in IP((C”). This is an
abelian topological group on which Gal(C/R) acts via topological automorphisms. See [LLFM98a]
for details and additional references. The equivariant homotopy type of Z4(P ((C”)) was determined
in [dS00], and it turns out to be a product of classifying spaces for equivariant coohomology with
coeflicients in the constant MacKey functor Z. More precisely, one has a canonical equivariant
homotopy equivalence

Z9(P(C")) 2 Z x K(Z(1),2) x K(Z(2),4) x -+ x K(Z(q),2q).

The associated equivariant cohomology theory is RO(Z/2)-graded (bigraded, in this case) and the
resulting invariants arise naturally in Z/2-homotopy theory. The functor represented by K(Z(q),2q)
is denoted H?%9(—;Z). See Section 1.3 for notation.

The situation in K R-theory follows a standard, albeit non-trivial, pattern. A canonical stabiliza-
tion lim Gr?(C") in the Z/2-homotopy category, of Grassmannians as Gal(C/R)-spaces, produces

a classifying space BU¢ for K R-theory. It is easy to see that the Bredon cohomology of BU¢ with
coefficients in Z is a polynomial ring over Z on certain characteristic classes, the equivariant Chern
classes for K R-bundles. Furthermore, the inclusion of Gr4(C") < Z4(P(C")) stabilizes to give a
map of equivariant infinite loop spaces

¢: BUc — 2= [[ K(Z(p), 2p),
p

which classifies the total Chern class.

In this paper we provide the quaternionic counterpart of the constructions in K R*-theory de-
scribed above. This turns out to be a more subtle issue, and our answer was inspired by the following
observation, made in [Ati66] and [Dup69]. If X be a Real space, then one has an isomorphism:

(1) KR(X x P(H)) 2 KR(X) & KH(X).

The first task is to determine the Z/2-homotopy type of 2%(P(H")), under the Z/2-action induced
by j, as explained above. This is the action induced by the Gal(C/R) action on the complex points
P(H™) of the Brauer-Severi variety of rank n — 1 over R. This problem was first considered in
[LLFM98b], where it was proved that quaternionic suspension, Y : Z9(P(H")) — 24(P(H"*1)),
is a Z/2-homotopy equivalence. This reduced the problem to computing the Z/2-homotopy type
of cycle spaces of dimensions 0 and 1. Their homotopy type is quite distinct, and this somehow
reflects the sharp difference between quaternionic bundles of even and odd complex rank. Later, in
[LLEMO98c] the homotopy type of the space of cycles Z(P (H”) )2/? was computed using suspension
to a real bundle other than O(1) (which corresponds to complex suspension).
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Based on the techniques of [LLFM98c|, and on the Z/2-equivariant perspective of [dS99a], we
first establish the following splitting result.

Theorem 3.4. For k < n there are canonical equivariant homotopy equivalences:

@ e = ] F 6., K@ -1, 1-2))
and ”

Q) 2 p(E) = [ F ). K@), 1)
where F(—,—) denotes based maps. ”

Note that the spaces F' (P(H),, K(Z(q),2q)) are classifying spaces for the cohomology functors
H?%%(— x P(H); Z). This result completely determines the Z/2-homotopy type of 2™ (P(H")).
We then apply a suitable stabilization procedure using the spaces ZQ(P(H")). The resulting

space Zp has the property that all of its connected components are products of classifying spaces
for the functors H?**(— x P(H);Z), according to the splitting of Theorem 3.4.

Theorem 3.9. The space Zy is written as a disjoint union of connected spaces
o
za= [ %
j=—o00

where the equivariant homotopy type of Z{{ is totally determined by

(4) Zj ~ Hzozl F(P(H)-H K(Z(Qk - 1)7 4k — 2) ) 7Zf] is odd
" ey F(P(H),, K(Z(2k), 4k) ) Lif 7 is even.

Using standard results in equivariant homotopy theory (cf. [CW91]), we prove that the complex
join pairing on algebraic cycles induces an equivariant infinite loop space structure on Zy. We
denote by 3j; the resulting equivariant cohomology theory. Note that for a compact Z/2-space X,

one has an identification
0 _ _ J — 4r—2¢(j), 2r—e(j)
(5) BH(X)—[X,ZH]Z/Q = @ [X,ZH]Z/Q = @ H AT —2€0), 2r—e(y (XX]P’(H),Z),
JEZ JEZ r>1
where €(j) is 0 if j is even and 1 if j is odd. The group structure on 3%(X), coming from the
H-space structure on Zp induced by the algebraic join of cycles, has the following description.

Proposition 5.10. Let X be a Z/2-space, and let a-b denote the product of elements a,b in 3%(X).
Consider 3%(X) included in

P ][ a7 xPH),2),
JEZ 7,5>1
as in (60). Then, under this inclusion we have,
a-b=aUb+ pr*(a/z) Upr*(b/z),

where z € Hy 1 (P(H); Z) is the fundamental class P(H), —/z denotes slant product with z and pr is
the projection onto the first factor in the product X x P(H).



QUATERNIONIC ALGEBRAIC CYCLES AND REALITY 5

A similar stabilization procedure is then applied to the Grassmannians G9(H") and the result
is an equivariant infinite loop space (Z x BU)m = Hjez BU]%I which classifies K H*, as described
above. The inclusion Gr?(H") C Z4(P(H")) induces a total Chern class map ¢, : (Zx BU)u — Zp,
which turns out to be a map of equivariant infinite loop spaces; cf. (48).

In order to understand this Chern class map, we compute the equivariant cohomology group
34((Z x BU)u) = [ (Z x BU)u, Zu ]z/2- It follows from Proposition 5.10 that we first need to
compute the cohomology ring H*’*(BUIéI x P(H),Z).

If £ is a Real bundle over a Z/2-space X, denote by ¢(E) € H?**(X;Z) its k-th equivariant
Chern class, as described in [dS00]. Let £2" be the universal quotient bundle over BU2", and observe
that £2" ® O(1) is a real bundle over BUZ" x P(H). Define classes dj, € H***(BUX' x P(H); Z)
using the formulas

don—(2i46) = Con—(2ix5) (" ®0(1) —i 52n—(2¢*5)—1(52n ® 0(1)) x,

for 0 < § <1and0<2i+6§ < 2n, and where x € H>!(P(H), Z) = 7Z is the canonical generator; cf.
Section 1.8.

Theorem 5.5. Let d;. be the classes defined above. Then we have ring isomorphisms
H**(BUY x P(H);Z) = H**(BU%? x P(H);Z) = H**(P(H);Z) [d1,da, ..., dy,...].
The cohomology ring H**(P(H);Z) is computed in Section 1.8.
The total Chern class map cyg : BUy = HJ-GZBU%I — 2y = HjeZZ%I sends the component BUHJ{‘I

to the component Zﬁﬁ. Its equivariant homotopy type is determined by the following result.

Theorem 5.9. The equivariant cohomology classes determined by total quaternionic Chern class
map ¢, and the splitting (41) of Theorem 3.9 are given by

(6) 14dy+dy++dot o on BUY
(7) d+ds+---+dopy1 + - on BU%Idd

In [dSLF01] we work in the category of real algebraic varieties, addressing the issue of replacing
continuous maps by morphisms of algebraic varieties. The K-theoretic constructions yield a semi-
topological quaternionic K-theory for real varieties. This is related to Friedlander-Walker’s semi-
topological K-theory for real varieties [FWO01] in the same way as Seymour’s K H* is related to
Atiyah’s K R*. Furthermore, we establish relations to the algebraic K-theory of real varieties and
to Quillen’s computation of the K-theory of Brauer-Severi varieties in [Qui73]. In the level of
“morphism spaces” into algebraic cycles, the splittings of Theorem 3.4 still hold. Using them we
introduce the the quaternionic morphic cohomology for real varieties, and discuss Chern classes for
the quaternionic K-theory of real varieties.

This paper is organized as follows: in Section 1 we introduce the necessary background from 7Z/2-
homotopy theory needed to state our results. In Section 2 we establish a canonical splitting for the
space of zero cycles on P(H™). In Section 3 we compute theZ/2-homotopy type of Z¢(P(H")) and
define the infinite loop space of stabilized cycles Zy. In Section 4 we apply the same stabilization
procedure to the Grassmannians G?(H"), obtaining an equivariant infinite loop space (Z x BU)y.
We show that (Z x BU)p classifies Dupont’s quaternionic K-theory. Section 5 is dedicated to
computations involving the characteristic classes for quaternionic bundles defined in Section 4; a
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projective bundle formula is proved and the characteristic classes for the universal quaternionic
bundle over (Z x BU )y are computed.

Acknowledgement. The authors would like to thank H. Blaine Lawson, Jr., for fruitful conver-
sations during the elaboration of this work. The first author thanks Texas A&M University and
the second author thanks the Instituto Técnico Superior (Lisbon) for their respective hospitality
during the ellaboration of this work.

1. PRELIMINARY RESULTS FROM EQUIVARIANT HOMOTOPY THEORY

In this section we review the definitions and results from equivariant homotopy theory needed
for the purposes of this paper. Throughout this section G will be an arbitrary finite group, and
later on we will specialize to the case G = Z/2.

Notation 1.1. If V is a representation of G, SV denotes the one point compactification of V and,
for a based G-space X, QX denotes the space of based maps F/(S", X). The space F(S", X) is
equipped with the its standard G-space structure. The set of equivariant homotopy classes [S V. X la
is denoted by my (X). Given a G-space X, we denote by X the pointed G-space X U {+}, where
+ is a point fixed by G.

1.1. Coefficient systems and Mackey functors. Let Fg be category of finite G-sets and G-
maps. The coefficients for ordinary equivariant (co)homology are (contravariant) covariant functors
from Fg to the category Ab of abelian groups which send disjoint unions to direct sums.

Given a contravariant coefficient system M there are Bredon cohomology groups H*(—; M) with
coefficients in M. They satisfy G-homotopy invariance and the suspension axiom, and they are
classical cohomology theories in the sense that they satisfy the dimension axiom H°(pt; M) = M
and H"(pt; M) = 0, for n > 0.

There are certain coefficient systems — called Mackey functors — for which Bredon cohomology
can be extented to an RO(G)-graded theory. A Mackey functor M is a pair (M,, M*) of functors
M, : Fg — Ab and M* : 3'"05’ — Ab with the same value on objects and which transform each
pull-back diagram

A-—1.B
T
c—t.Dp
in Fg into a commutative diagram in Ab
M) 290 vy
o [ar-cu
M) X, vy

Example 1.2. In this paper we are interested in the case where M = Z is the Mackey functor
constant at Z. This Mackey functor is uniquely determined by the following conditions; cf. [May86,
Prop. 9.10].

(i) Z(G/H) = Z, for H < G;
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(ii) if K < H, the value of the contravariant functor Z* on the projection p : G/K — G/H is the
identity.

The RO(G)-graded cohomology groups with coefficients in a Mackey functor M are denoted
H*(—; M) and the corresponding reduced cohomology groups are denoted H*(—;M). For each
real orthogonal representation V' there is a classifying space K (M, V') such that, for any G-space
X,

HY (X; M) = [Xy, K(M,V)lg
The spaces K(M,V) fit together to give an equivariant Eilenberg-Mac Lane spectrum HM, i.e.,
given G-representations V', W, there is a G-homotopy equivalence K(M,V) = QV K (M,V + W)
satisfying various compatibility properties; cf. [May96]. This implies that H*(—; M) satisfies the
suspension axiom in the direction of any representation:

HYW(SV A X M) =~ HY (X; M).

1.2. Dold-Thom theorem. Our interest on the Mackey functor Z lies in the fact that just as the
spaces of zero cycles (of degree zero) on the sphere S™ is a model for the non-equivariant Eilenberg-
MacLane space K(Z,n), zero cycles on a representation sphere SV provide a model for K(Z,V).
This is a consequence of the following equivariant version of the classical Dold-Thom theorem.

Notation 1.3. Let X be a G-space. The topological group of zero cycles on X is denoted by
Zo (X). Its elements are formal sums ), n;z;, with n; € Z and x; € X. There is an augmentation
homomorphism deg : Zo(X) — Z, whose kernel we denote by Zo(X),. Note that Zg(X) is
isomorphic to Zg (X4 ),.

Theorem 1.4. [dS99b] Let G be a finite group, let X be a based G-CW-complex and let V' be a
finite dimensional G-representation, then there is a natural equivalence

mvAG(X) = H{ (X;Z).
In particular, AG(SY) is a K(Z,V) space.

1.3. Motivic notation. From now on we restrict ourselves to the case of G = Z/2. We will use
motivic notation for Z/2-equivariant cohomology, for it is compatible with the invariants used in
algebraic geometry.

Notation 1.5. Let s be the one dimensional real sign representation of Z/2 and let 1 stand for
the one dimensional trivial representation. Then RO(Z/2) =7Z -1+ 7Z-s. With p > q, we write
(1) RP? for (p—q) -1 q-s;
(2) SP1 for RPYU {oo};
(3) HP9(—;Z) for H*"" (= Z);
(4) K(Z(q).p) for K(Z, ")

1.4. Real bundles and equivariant Chern classes. Recall that a real bundle over a Z/2-space
X, in the sense of [Ati66], is a complex bundle & — X with a bundle map 7 : { — £ which is an
anti-linear involution that covers the involution on X. Atiyah’s K R-theory of X is defined [Ati66]
as the Grothendieck group of isomorphism classes of real bundles over X.

It turns out that K R(—) is a Z/2-equivariant cohomology theory in the sense that it is represented
by a Z/2-spectrum as defined above. In fact, Z x BU has a natural Z/2-action induced by complex
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conjugation, and we denote this Z/2-space by (Z x BU)c. This is the classifying space for K R-
theory, i.e., for a Z/2-space X,

KR(X) = [X,(Z x BU)clz-

In [Ati66] it is proved that the usual periodicity of Z x BU is actually a (2, 1) periodicity, i.e., there
is an equivariant homotopy equivalence

7 x BU = O*Y(Z x BU).

Hence (Z x BU)c is the zero-th space of a periodic Z/2-spectrum and there are groups K RP4(—),
for p,q € Z, satisfying suspension, exact sequences and Z/2-homotopy invariance. One can define
Chern classes for real bundles with values in H**(—;Z) as usual, by pulling back certain classes
from H**(BUc;Z).

Theorem 1.6. There exist unique classes ¢, € H?""(BUc;Z) whose image under the forgetful
map to singular cohomology is the n-Chern class ¢, € H?"(BUc;Z). Furthermore, we have the
following ring isomorphism

H**(BUe;Z) 2 R[G,. ... G- ),
where R is the cohomology ring of a point, H**(pt;Z).

Proof. This follows from the fact that BU¢ has an equivariant cell decomposition given by the
Schubert decomposition. O

Definition 1.7. For a virtual real bundle £ over X, with a classifying map f : X — BU¢ the n-th
equivariant Chern class is
f*(CTm) c H2n’n(X;Z).

The equivariant Chern classes satisfy the Whitney sum and projective bundle formulas.

1.5. Thom isomorphism for real bundles. As in non-equivariant homotopy theory, the exis-
tence of a Thom-isomorphism for some cohomology theory is directly related to the existence of
orientations in that theory. We will see that real bundles are HZ-orientable and hence there is a
corresponding Thom isomorphism theorem for real bundles.

Definition 1.8 ([May96]). Let G be a finite group. Let & 2, X be an n-plane G-bundle over a
G-space X. An HZ-orientation of ¢ is an element p of HZ* (T (X)) for some « of virtual dimension
n, such that, for each inclusion i : G/H — X the restriction i*u to T (i*€) is a generator of the free
HZ*(5%)-module HZ}, (T (i*¢)).

Proposition 1.9. Let X be a real space and let € 2, X be a real bundle. Then & is HZ-orientable.

Proof. It suffices to consider the case where £ is a real line bundle. In this case we observe that
T (&) = P(¢® C)/P(¢) and set p = c1(A\) where A — P(¢ @ C) is the tautological line bundle
and c; denotes the real first Chern class. Since )\\P (6) is trivial, then p descends to a class in the

cohomology of T (), which is also denote by p. Consider an equivariant map ¢ : (Z/2)/H — X.
There are two possible cases.

(i) H = Z/2: In this case T (i*¢) = P(C?) with the Z/2-action given by complex conjugation.

Then cl()\)\P (c2) is the first Chern class of the tautological bundle over P(C?), which is a

generator for H**(P(C?),Z) over HZ*(S") = H**(pt, Z).
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(ii) H = {0}. In this case T (§) = Z/2, A S*°. We have H**(Z/2, N S*°,Z) = H*(S*/Z) and
KR(Z/2, N S*°) = K(S?). It is casy to see that, under these isomorphisms, ¢1(}) is the
usual Chern class and hence it generates H**(Z/2, A S*Y,Z).

g

Definition 1.10. Given a vector bundle §& — X over X, the projection p : ]P’(§ ® 1) — X along
with the quotient map ¢ : P(£®1) — T (§) =P(£®1)/P(¢) induce amap A : T(§) — T () A X4
called the Thom diagonal of &.

Proposition 1.11 (Thom isomorphism for real bundles). Let & 2, X be a real n-bundle over a
real space X and let p € H*"(T (£),Z) be an orientation for &. Then

Up s HP(X 4, Z) — H*"PH(T (€), Z)
is an isomorphism for all p,q. Furthermore, there is an equivariant homotopy equivalence
G 20 (T (€)), = Zo (X4 A S*1),
which induces the Thom isomorphism in homology
Hyo(T (€) . Z) = Hy204-(X, Z).

Proof. The existence of the Thom isomorphism is an immediate consequence of Proposition 1.9;
see [May96]. We proceed to construct an explicit map ¢, at the classifying space level which
induces this isomorphism. Let f, : T(§) — Zo (52"’”)0 be a (based) classifying map for the

id
orientation class i, hence f,(co) = 0. Consider the composition T (§) 4, T N X+ Jutid,

Zo (SQ"’”)O ANXy — 2o (52”’" A X+)O, where A is the Thom diagonal, and the last map comes
from the structure of “functor with smash products” (FSP) for Z( (—). This composition induces
a function ¢, : Zo (T (€)), — Zo (S A X)),

We claim that ¢, induces the Thom isomorphism in homology. Indeed, Zo (SP9), is a K(Z(q),p)-
space and so a model for HZ is given by (p, q) — Zo (SP?),. Moreover A induces a pairing

K(Z(q),p) NK(Z(¢'),p") — K(Z(¢+ ¢'),p + 1)

which gives the usual ring spectrum structure on HZ, cf. [Dug01] and [dS99b]. It follows that the
map in homology represented by ¢,, is

~ bu,
Hypo(T(€),2) 3 a —= p.(pna) € Hy ongn(X,2Z),

the usual definition of the Thom isomorphism. The proof that ¢, is in fact an isomorphism goes
exactly as in the non-equivariant case. Using the five lemma and the Mayer-Vietoris sequence it is
possible to reduce to the case where &£ L, X is the trivial bundle, in which case T (§) = X, A S2mn
and it is clear that ¢, is an isomorphism. (I

1.6. Poincaré duality. A smooth manifold X is called a Real n-manifold if it has the structure
of a Real space (X, o) whose tangent bundle becomes a Real n-bundle over (X, o) under the action
induced by do.
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Proposition 1.12. Let X be a connected Real manifold of dimension n. Then, for each k > 0,
there is an equivariant homotopy equivalence

(8) P F(Xy;Zo (SH0H0mk) ) 2z (8% X))

o o

which on passage to homotopy groups induces the Poincaré duality isomorphism
(9) H>""PU(X, 2) & Hyq(X, Z).

Proof. By Proposition 1.11 the tangent bundle of X has an orientation, which is a cohomology
class in dimension (2n,n). It follows [CW92] that X satisfies Poincaré duality as in (9) and the
duality isomorphism is given by cap product with the fundamental class z € Hoy, »(X,Z) — which
corresponds to 1 € H**(X,Z) = H%(Xz5; Z); cf. [CW92].

We now define a homotopy equivalence at the classifying space level realizing the Poincaré duality
isomorphism. Let »r = n + k and let D denote the composition

2o (X) A F(X4,Z0 (527), ) 289 20 (X) A 2o (X) A F(X4, 20 (S777) )

M2 20 (X) A 2o (S2) = 2o (8277 A Xy,
where A is the diagonal map, & is the group homomorphism induced by the evaluation map
X AN F(X4,2 (52’“”")0) — 2y (S2T’T)O, and the last arrow comes from the structure of “functor
with smash products” (FSP) for Zg(—). Composing D with a classifying map S?"" — Zg (X)
for the fundamental class z we obtain a map S?™" A F(X 1,20 (52”)0) — 2y (52“ /\X+)O,
with adjoint F'(X 4, Zo (52”)0) — Q2 (SQT’T A X+)O . Composing with the natural equivalence
Q2 (Szr’r A X+)0 =~ 2o (S%’k A X+)O, yields a map

P F(Xy, %0 <52<n+k>v”+’f) ) = Zg (S%Jf A X+)

o o

which induces the cap product with z. Hence P is an equivariant homotopy equivalence. O

1.7. Relation with group cohomology and Galois-Grothendieck cohomology. Cohomol-
ogy theories like the one represented by HZ are not what algebraic geometers usually mean by
equivariant cohomology. However, it is well known that for spaces which are free (under the action
of a finite group), the invariants given by H**(—;Z) are closely related to the equivariant cohomol-
ogy theories used in algebraic geometry. The goal of this section is to describe the relation between
the theory H**(—;Z), and Galois-Grothendieck cohomology, in the case of Z/2-actions.

Let G be a finite group. Recall that, in most geometrical contexts, the Borel cohomology of a
G-space X (with coefficients in a ring R) is just the ordinary cohomology of the Borel construction
Xno := X xXg EG. We denote these groups by ﬁé(X ; R). Galois-Grothendieck cohomology can be
thought of as Borel cohomology with twisted coefficients: if F is a G-sheaf over X, then Fx o EG
is sheaf over X and we can define H’g(X;H’) = H*(Xng; FxgEG). These are the Galois-
Grothendieck cohomology groups of X with coefficients in F. Given any G-spectrum kg there is
also a Borel type cohomology theory associated with k¢, defined as the cohomology represented by
the G-spectrum F(EG, kq).

We now specialize to the case G = Z/2, and kg = HZ. Consider the Z/2-sheaves Z(n), which
denote the constant sheaf Z consider as a Z/2-sheaf with the Z/2-action of multiplication by (—1)".
The following proposition relates Galois-Grothendieck cohomology with coefficients in the sheaves
Z(n) to the cohomology represented by F(EZ/2,HZ).
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Proposition 1.13. Let p,q be non-negative integers such that p > q. There are natural isomor-
phisms

(10) U HPY(= x BZ/24;Z) — HY (= Z(q)),
which assemble into a ring homomorphism
U HY (= x EZ/24;Z) — Hy (= Z(%)).

In particular, if X is a free Z/2-space, H**(X;Z) is periodic with period (0,2), and the periodicity

~

isomorphism is given by multiplication with a generator of HY?(EZ/2;Z) = 7.

Proof. The existence of periodicity in the equivariant cohomology spaces with free actions is a result
of Waner [Wan86]. Our proof uses Zg (SP?), as a model for the classifying space K(Z,RP?). We
start by observing that the cohomology groups HP (X;Z(q)) can be expressed as Bredon cohomology
groups of X x EZ/2. In fact, we have ﬁg/z(X;Z(q)) =~ HP(X x E7/2;Z(q)), where right-hand
side denotes Bredon cohomology and Z(q) is the coefficient system determined by the Z/2-module
7Z(q). Hence, flg/Q(X;Z(q)) = [X x EZ/24,20 (SP), ® Z(q)]z/2, where Zo (SP), ® Z(q) is Zo (S?),
with the Z/2-action of multiplication by (—1)%.

A direct computation shows that there is a class a4 in ﬁg /Q(Sp’q;Z(q)), whose image under

the forgetful map to singular cohomology is the fundamental class of SP9. This implies that there
is an equivariant map Zg (SP9), x EZ/2 — Zg (SP), ® Z(q), which is a non-equivariant homotopy
equivalence. Composition with this map induces an equivariant homotopy equivalence

F(EZ/2,,20 (S79), x FZ/2) = F(EZ/2,, % (%), © Z(a).
Composing with the map EZ/2 — * gives an equivariant homotopy equivalence
F(EZ/2.,%0 (S"), x EZ/2) = F(EZ/2,, %0 (S"9)),
which induces the isomorphism ¥ in (10).
The pairing Z(q) ® Z(q') — Z(q + ¢') induces a pairing
HY (= Z(9) © HY (= Z2(d)) — HY o (= Z(a +4)),

which is easily seen to correspond, under the isomorphism (10), to the cup product in H**(— X
EZ/2.;7) (because ap g Uy g0 = Qi grq)- Let t be a generator of HY?(EZ/2;Z) = Z and let
X be a free Z/2-space. Since X is Z/2-homotopy equivalent to X x EZ/2, the cohomology of X
is a module over H**(EZ/2;7Z). The compatibility of ¥ with products shows that the following

diagram commutes

HP+Y(X;2) —— HE (X3 Z(g +2))

tU—T Tid )
HPU(X;Z) —— B} ,(X;Z(q))
and hence t U — is an isomorphism. O

Notation 1.14. As observed above, if X is a free Z/2, there is a natural homomorphism

H**(X x EZ;Z) — H**(X;Z)
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making H**(X;Z) into a module over H**(EZ/2;Z). From now on we will use ¢ to denote both a
generator of HY%?(EZ/2;Z) = 7 and its image under the homomorphism above. Multiplication by
t induces the (0,2) periodicity in H**(X;Z).

Corollary 1.15. Let X be a space with a free 7/2-action. There is an Eo spectral sequence
H*(BZ/2;3(X;Z(q))) = H*"(X;Z)
Proof. 1t is shown in [Gro57] that there is an E9 term spectral sequence
H*(BZ/2;H'(X; Z(q))) = H3 13 (X3 Z(q)).
O
1.8. The RO(Z/2)-graded cohomology of the Brauer-Severi curve P(H). Let P(H) denote
the complex points of the Brauer-Severi variety associated with the real algebra H. Here we describe

the cohomology ring H**(P(H);Z). The computations follow directly from the results above.
We start by computing H*(P(H);Z), for ¢ = 0,1. For ¢ = 0, we have

H**(P(H);Z) = H*(P(H)z/; Z) = H*(RP* Z).

For ¢ = 1, the spectral sequence (1.15) gives

Z]2 p=1
HPYPMH);Z) =Z  p=2
0 otherwise

Moreover, HY1(P(H); Z) and H?%(P(H);Z) are generated by the image of the homomorphism
H**(EZ/2;Z) — H"*(P(H); Z).

Let € denote the generator of H!(P(H);Z) and let ¢ be its image in H'(P(H); Z(1)) under the ring
homomorphism ¥ of (10). One can check that €'* # 0 hence €2 is the generator of H22(P(H); Z).

The group H?!(P(H);Z) is generated by the fundamental class of P(H), which we denote by x.
Note that x2 = 0, since, by (0, 2) periodicity,

x? € HY?(P(H); Z) = H*(RP?,Z) = 0.
The same argument shows that xe = x> = 0.

Remark 1.16. The generator x is given by the first Chern class ¢1(0(2)) of the Real bundle O(2)
over P(H).

Putting all these facts together and using that fact that ¢ U — is an isomorphism, we obtain a
ring isomorphism

(11) H**(P(H); Z) = Zle,x, t,t 1]/ (2¢, €, xe, x2),

where €, ¢ and x have degrees (1,1),(0,2) and (2,1), respectively.
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2. THE Z/2-HOMOTOPY TYPE OF ZERO-CYCLES

A structure on a complex vector space V is a complex anti-linear map j: V' — V that satisfies
either j> = I or j2 = —I. In the first case, j is called a real structure and the pair (V,j) is a real
vector space, and in the latter case, j is called a quaternionic structure and the pair (V,j) is a
quaternionic vector space. A morphism f : (V,jy) — (W,jw) of vector spaces with structure is a
complex linear map from V to W commuting with the respective structures.

Any real vector space (V,j) of complex dimensin 7 is isomorphic as a vector space with structure
to (C",j,), where j, denotes the usual complex conjugation on C". Similarly, any quaternionic
vector space (V,j) of complex dimension 2n is isomorphic to (H",j,), where H = C @ Cj denotes
the algebra of the quaternions and j, is induced by multiplication by 7 on the left of H™.

Remark 2.1. It is clear that if (V,j) is a quaternionic vector space, then j naturally induces a
structure j; on the symmetric power Sym (V') which is real if d is even and quaternionic if d is
odd. In particular, one has

(12) (Symyy, (H), jor) = (C*5) and  (Symuygyy (H), jorr1) = (H, o).

Let HY denote the complex dual of H and let P(H) denote the projective space of 1-dimensional
complex subspaces of H, which we identify with the complex subspaces of codimension 1 in HV. In
particular, if f : HY — C is a non-zero linear functional then we denote its zero locus by [f] € P(H).

The d-fold symmetric product SP4(P(H)) inherits an anti-holomorphic involution ¢ : SP4(P(H)) —
SP,;(P(H)) induced by 3, hence it becomes a Real space in the sense of Atiyah [Ati66]. If one denotes
by [fi] -+ [fa) an element in SP4(P(H)), then the map sending [f1]- - [fa] to [f1--- f4] induces the
classical isomorphism between SP(P(H)) and P(Sym,(H)). This is an isomorphism of Real spaces.

The canonical inclusion 4y, 4 : IP’(H") — ]P’(Hq), for n < ¢, given by setting the last coordinates
zero can be described (up to linear isomorphism) in terms of symmetric products as follows. Let
[fo] € P(H) be some point and let [fJ] denote its image under the quaternionic involution ¢. Then

define
(13) inyg : P(H") = SPop_1(P(H)) — P(H) = SPy,—1(P(H))
LAl [fonaa] = ([fllfTDT" - [fa] -+ [fon—1]-

Note that i, 4 is a morphism of Real spaces.
Following [LLFM98c| we define, for a < b, the map

(14) Tpa : SPy(P(H)) — SP(Z)(SPa(]P’(H)))
[A]-- Ul = D L+ (i,
|I|=a

where the sum runs over all multi-indexes I = {1 <i; < --- < i, < b}. Notice that although a and
b can be even or odd, the maps 73, are always morphisms of Real spaces.
To simplify notation, denote

(15) M, = Zo (SPay,—1(P(H))) = Zy (IP’(H")) ,
and let
(16) U, : M, — Q= Mn/Mn—l

denote the quotient map. We adopt the convention that M_; = {0}.
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Now, use the morphisms 7, to construct maps
(17) Ryn: My — M,

as follows. Given 7 € P(Hq), define for n < g,

g—n+j—1

J ) ([fo]j + [an]]) r2q—1,2n—1—j(T).

2n—1 A
(18)  Ron() = rog1ona () + 3 <—1>J(
j=1

The map R, , can then be extended by linearity to arbitrary 0-cycles on P(Hq). Finally, for n < ¢,
define g4, : My — @, as the composition g4, = ¥V, 0 Ry, and let ¢, , = ¥y,.

Proposition 2.2. Let {(My,Qn,qqn,qn) | Ggn : Mg — Qn, ing : My — My, 0 <n < q} be the
collection of groups and maps defined above. Then the following assertions hold:

a: The maps iy q and qqpn are equivariant homomorphisms for the Z/2 actions on M,, and Q,
induced by the quaternionic structure on H".

b: The sequence M, _1 noln M, dn.n Q) is an equivariant principal fibration, for all n.
c: The following diagram commutes:

(19) o | [aan

Proof. The first assertion is evident from the definitions.

Now, observe that the Z/2 involution on P(H") induced by the quaternionic structure on H” is a
real analytic involution. Therefore, the pair (P(H"),P(H"!)) becomes a Z/2-simplicial pair after
a suitable equivariant triangulation. Therefore, the second assertion follows from [LF97, Thm. 2.7]

In order to prove the last assertion, consider elements x1,...,z2,—1 € P(H) as free variables and
let S denote the polynomial ring S := Z[x1, ..., z4—1]. Itis then clear that rog_12n—1(21 -+ 2q-1) €
SP@ZA)(SP%_l(IP’(H))) can be seen as the coefficient of t?*~1 in the polynomial

1

2q—1
(20) PN @y, wag) = [[ (A +it) € ST
i=1

In particular,

T2q—1,2n—1—j o 2‘n,q(xl e m'2n—1) - 742q—1,2n—1—j(x1 o T2p—1 (fofg)n_q)

is the coefficient of t>»~17 in the polynomial P2 !(xy,... 9, 1) (1 + fot)9~"(1 + fIt)9".
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Using the above observations, and the definition of R, ,,, one concludes that Ry, (in q(x1 - - - T2n—1))
is the coefficient of ¢2"~! in

2n—1
(21) ( IT a+ W)) (T4 fot) " (A + fot) "

=1
[e's) . 2n—1

Y (1 (q Bt 1) (Y + (F)} ¢ ( T a+ m)) (L+ L) (1 + fot™
j=1 i=1

2n—1
- ( (1+ m)) A+ L0

=3 (-1 (q o ‘j” B 1) (ol + (F2)7} 80 (1+ L) (1 + )i

seen as an element in the ring Z[x1,...,zon—1][fo, fJ,t] of formal power series in the variables
fo, fZ,t with coefficients in Z[z1, ... zop_1].

We now observe that the inverse of (1 + y)V in Z[y] is given by >0 (—1)7 (NJ“jj*l) v/ and
hence, the element

g—n+j—1

(Lt Sy (14 f50T + Y <—1>J’( J
j=1

) () + (F9Y) 0 (Lt Sty (L4 JS0T™

in Z[ fo, fZ,t] is seen to be equal to
(22) (14 fot)" (14 £ {1+ fot)" ™ + (14 f71)" 77 = 1}
=@+ IO+ (L4 fot)T" = (L + fot) (14 f71)T"

If one writes (1 + yt)Y = 1+ ya¥ (y), then the right hand side of the formula (22) above can can
be written as

(L4 FE0T7 4 (L4 fo)7" = (L o)™ (1+ f78)7
(L4 FE0T7 4 (L4 f)7" = (L4 7 of (D)1 + fo of " (£)
=1+ fIOT"+ (1 + for)T™"
{112 QD + S @l ) + S5 o oS (F)}
=1+ fO)T"+ (1 + fot)T™"
{7 (U )T =1 ST o o Tl ()
=1 f5fo {od " (fDat " (1) }
We now apply the latter identity to equation (21) and obtain

+
+

Rq,n (in,q(xl tet x2n—1)) =1 Topn—-1 — foOfO(*)v
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for some element . Therefore,
qq,n © Z.n,q(xl ce xZn—l) = \Ijn (Rq,n(in,q(xl tet x2n—1))) = \IIn (-751 tet x2n—1) ,
and this shows that the diagram (19) commutes, concluding the proof. (]

Corollary 2.3. Let X be a based Z/2-space. The maps g : Zo (IF’(H")) — 2y (IP’(HJ)) /Z0 (P(ijl))
induce an equivariant homotopy equivalence

Zo (X AB(H"), ) St f[ Zo (X A {P(H)/P(E)}, )
j=1

o

Proof. Define M; = Z ( X /\]P’(IHIJ')+ ) and Q; = Zo < X A {]P’(HJ)/IP(HJ*I)LL ) and observe

that one has an equivariant isomorphism M;/M;_; = Q;. Let ¥; : M; — @Q; denote ghe projection

and let gn,q : M, — M, be the canonical inclusion induced by the inclusion of spaces when n < q.
The maps r24—1,2n—1, described in (14), induce maps

(23) Fag—1,2n-1 1 X AP(HY), — SP(20-1y (X AP(H"),)

defined as the composition

1dAr2g—1,2n—1

X AP(H), X A {SP(zq_l)(IP(H"))}+ — SP (201 (X AP(H"),),

2n—1 2n—1
where the latter is the natural structural map when we see SP,(—) as a functor with smash products.
Finally, define (jq,n = \Ifn o F2q—1,2n—1-

It is immediate from the definitions that all the assertions in Proposition 2.2 hold for the new
collection (M,,, @n, dq.n, qu) above. These assertions guarantee that the spaces and maps involved,
along with their restrictions to fixed point sets, satisfy the hypothesis of [FL92, Prop. 2.13]. The
corollary then follows. O

In order to fully understand the equivariant homotopy type of Zg (IP’ (H")) we are reduced to un-
derstanding Zg (P(Hj)/IP’(Hj_l))O. However, P(H/) /P(H/~!) =T (Opan(1) ® H’~1) is the Thom
space of the Real bundle Opgy(1) ® H/—1. It follows from Propositions 1.11 and 1.12 that the
Thom class of OP(H)(l), along with Poincaré duality, determines a unique equivariant homotopy
equivalence

(24) 2o (P(WV)/P(H')), = 2o (T (Opay(1) @ HI 7))

This proves the following result:

=~ F(P(H),, Zo (S4j_2’2j_1)0).

[¢]

Corollary 2.4. There is a canonical equivariant homotopy equivalence
n n
2o (P(H") = [[ F (P(H)4, Zo (SY M1 ) =[] FPH)y, K(Z(2j —1),45 —2)).
j=1 j=1
The last equivalence follows from the equivariant Dold-Thom theorem proven in [dS99al; cf.
(1.4).
3. QUATERNIONIC ALGEBRAIC CYCLES AND THE JOIN PAIRING

In this section we study the equivariant topology of groups of algebraic cycles under quaternionic
involution, and construct stabilizations of such objects that yield equivariant Z/2-spectra.



QUATERNIONIC ALGEBRAIC CYCLES AND REALITY 17

3.1. Equivariant homotopy type of algebraic cycles. Let (V,j) be a quaternionic vector
space. An algebraic cycle on ]P’(V) of codimension ¢ is a finite linear combination Zf:o m; A,
where m; € Z and A; C IP’(V) is an irreducible subvariety of codimension ¢ in P(V). The following
properties hold.

Facts 3.1.

a: The collection of algebraic cycles of codimension ¢ in IP’(V) forms an abelian topological
group Z9(P(V)) under addition of cycles; cf. [LF94].

b: The quaternionic structure j on V induces a continuous involution j, : Zq(P(V)) —
24(P(V')) which is also a group homomorphism; cf. [LLFM98c]. This gives an action of
Z./2 on Z4(P(V')) via group automorphisms. We reserve the word equivariant in the present
context to mean Z/2-equivariant under this quaternionic action.

c: There is a continuous degree homomorphism deg : 24 (]P’(V)) — 7 which assigns to a cycle
>, niA; the integer > . n,;deg(A;), where deg(A4;) is the degree of A; as a subvariety of

P(V). For each d € 7Z, denote Zq(P(V))d := deg~!(d) the subspace of cycles of degree d.
Each 29(P(V))q is a connected component of 2¢(P(V)).

Given two quaternionic vector spaces (V,jy) and (W, jw ), one has an equivariant external join
pairing
(25) #:29(P(V)) x 27 (B(W)) — 2777 (P(V & W))
given by the ruled join of cycles. Roughly speaking, # is the bilinear extension of the following
operation. Given an irreducible subvariety A C IP’(V) of codimension ¢, and an irreducible subvari-
ety B C IF’(W) of codimension ¢’, let A#B be the irreducible subvariety of ]P’(V & W) obtained by
taking the union of all projective lines in ]P’(V @ W) joining points in A to points in B, after taking
the embeddings A C P(V) =P(V & 0) CP(Ve W) and BCP(W) =P(0& W) CP(Vae W),
We refer the reader to [LLFEM96] for more details.

Remark 3.2. The degree of cycles is additive with respect to addition of cycles and multiplicative
with respect to the join. In other words, given cycles 01,09 € Zq(P(V)) and 7 € Zq(P(W)), then

deg (01 + 09) =degoy +degos and deg(o1#71) = degoy deg 7.

If one thinks of P(H) as an element in Z°(P(H)), one can use the join to define the quaternionic
suspension map:

(26) Tu : 29P(V)) — 29(P(V & H))
¢ — c#P(H).
Remark 3.3. (1) This definition parallels the construction of the complex suspension map

Yc : Zq(P(V)) — Zq(IP’(V & (C)) for a real vector space (V,j), whose (non-equivariant)
homotopy properties were first studied in [Law89]. Equivariant properties for this map,
with respect to the complex conjugation involution, were studied in [Lam90], [LLFM98a],
[LLFMO98b], [dS99a], [Mos98|.

(2) Another useful description of the suspension map is the following. Consider a surjection
f 'V — W of quaternionic vector spaces, and let C' C V' be a (quaternionic) complement
to the kernel K := ker f, so that V is the internal direct sum K @& C' with C' = W. The
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latter isomorphism induces a homomorphism Z4(P(W)) = 24(P(C)) Ex, 2IP(CHK)) =
ZQ(P(V)), which is an equivariant homotopy equivalence. One can easily verify that the
resulting “pull-back map” f* : Zq(IP’(W)) — Zq(IP’(V)) is independent of the choice of the
complement C.

We now proceed to determine the equivariant homotopy type of spaces of algebraic cycles
Z4(P(H™)) of arbitrary codimension ¢ on P(H"). It is shown in [LLFM98a] that, given a quaternionic
vector space (V,j), the suspension homomorphism (26) Y : Z29(P(V)) — Z9(P(V & H)) gives
an equivariant homotopy equivalence. In particular, for £ < n, one obtains equivariant homotopy
equivalences:

(27) ks 2N R(ER)) = 2o (PEP)) — 2% (P(H™)
and
(28) B g (P(EHM)) = 2, (PENH) — 2% (P(HY)

Now, let (V,j) be a quaternionic vector space, and recall that Sym, (V') has a natural structure of
a real vector space; cf. Remark 2.1. It follows that the image of P (V) under the Veronese embedding
vy + P(V) — P(Symy(V)) given by OJP(V) (2) becomes a real subvariety of P(Symy(V')). Define

It is clear that Q(V') can be identified with the complex suspension

Le(@a(P(V))) = mn@(V))#ps C P(Symy(V) & C),

where po =P(0® C) € P(Symy(V) @ C).

It is shown in [LLFM98c, Prop. 6.1] that the complex suspension ¥ : Z9(P(V)) — 2%(Q(V))
composed with the Veronese embedding P(V) — ]P’(Symz(V)) induces an equivariant homotopy
equivalence ¥ : 29(P(V)) — 29(Q(V)). This fact, together with the equivalence 2(Q(HF1)) =
29(Q(H*)) proven in [LLFM98c] gives an equivalence

(30) 220(P (1)) = 2, (Q(Hk)) :
These observations imply the following result.

Theorem 3.4. For k < n there are canonical equivariant homotopy equivalences:

k
(31) 22-p(H) = ] F(PH)., K225 - 1), 45 -2))
j=1
and
k
(32) 2*PE") = [ FPE), K(Z2)), 4))

J=1
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Proof. The first equivalence follows from the equivalence 22*~1(P(H")) = Z, (P(H)) given by (27)
and Corollary 2.4. To prove the second one, first consider the equivalences

(33) 2 (P(H")) = 2(P(HE)) = 2y (PHF)) = 2o (QHY))

(28) (i’%)
and
(34) Zo <Q(H"“)> =20 (T (oP(Hk) (2))) ~ 2 <52=1 A P(HF) +> :

cf. (27), (28), (30) and Propositions 1.11 and 1.12.
Using Corollary 2.3 one obtains

—.

2o ($21AR(EY), ) =TT 20 (21 A (PRI /() )

<
Il
—_

(35)

I

2o (21 A {T On() o B},

(o]

<
Il
—

I

Zo (T ({Opm() @B "'} & 1)),

<
Il
—

Finally, the canonical equivalence Zo (T ({Opa)(1) @ H/~'} & 1))0 >~ F (P(H)+, Zo (54]',2]')0) es-
tablished in Propositions 1.11 and 1.12, along with (31), (32) and (33), proves the second assertion
of the proposition. O

3.2. Stabilizations of cycle spaces. Here we use the group of algebraic cycles, with the quater-
nionic Z/2 action defined above, to construct equivariant infinite loop spaces.

Consider a real vector space (V, o), of complex dimension v, and let V* denote its complex dual.
Denote by (Vig,j) the quaternionic vector space Vi := V ®@¢ H with quaternionic structure induced
by multiplication by j on the right, and define

2v
(36) 2(V)= [ 2" (Vie Vi,

j=—2v

where 22017 (P(Vﬁ &) VH))1 denotes the spaces of algebraic cycles of codimension 2v + j and degree
1in P(Vl}*}l <) VH). Here we see Z(V') as a Z/2-space under the quaternionic action induced by j on
P (V@ Vi). The spaces Z(V) have a natural basepoint 1y := P(ViE®{0}) € Z2(ViF @ Vi) € 2(V).
Define Z(0) to be the one-point set {1¢}.

Given an inclusion of real vector spaces i : (V,0) — (W,c’), let * : W* — V* denote the adjoint
surjection. The inclusion ¢ induces maps

(id® i), + 2PV @ Vi) — 22 (P(Vi & Wa)),
given by the inclusion of cycles, and the surjection i* induces maps

(i* @id)* : 22 H(P(VE © Wa))1 — 22 (P(Wi & Wa))1,
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given by the appropriate pull-back of cycles; cf. Remark 3.3. Define

2v 2w
(37) i o [ 2*PeVEeve) - [ 2HYEWEe W)
j=—2v j=—2w

as the composition (i* @ id)* o (id ® i),. This makes Z(—) into a functor from the category of finite
dimensional real vector spaces and linear monomorphisms, to the category of pointed Z/2-spaces.

The functor Z(—) comes with an additional structure, an equivariant “Whitney sum” pairing,
defined as follows. Given real vector spaces (V, o) and (W, o’), define

(38) #V,W : Z(V) X Z(W) — Z(V D W)

as the map whose restriction to the components is the composition

(39) ¥ (P(Vi @ Vin))1 x 22 TR (P(Wg & W) 1 %,
2H AR (P(VE @ Vig © W @ W) )1
L 22tttk (p((V @ Wi @ (V @ W)g))1,
where # is the join pairing (38). Here 7 denotes the map on cycles induced by the composition of
linear isomorphisms Vif & Via @ Wi & Wi — (Vg @ W) © (Ve @ W) = (VO W) & (V & W)n,

where the former map is a shuffle isomorphism and the latter is the usual natural identification.
Define #o,i to be the identity map, after the natural identification Z(P(0® V)) = Z(P(V)).

Proposition 3.5. The assignments V — Z(V) along with the pairings #v.w give Z(—) the struc-
ture of an equivariant (Z/2)J*-functor, in the language of [May77]. See also [LLFM96].

Proof. This amounts to checking various coherence properties, and proceeds exactly as in the non-
equivariant case done in [BLLF93|, or in the equivariant study of real algebraic cycles, done in
[LLFM98b)]. O

Now, consider (C*, o) as a real vector space under complex conjugation o, and observe that it is
a complete Z/2-universe; cf. [May96]. In other words, it contains infinitely countably many copies
of each irreducible representation of Z/2. Define Zy as the colimit

(40) Zp = lim 2(V),
VCCe>
where V runs over all real subspaces of C*.

Theorem 3.6. The space Zy is an equivariant Z/2-infinite loop space. In other words, for each
real Z/2-module V' there is a Z/2-space Zy v along with coherent equivariant homotopy equivalences

2y = Zmo = QY 2ny.

Remark 3.7. Given any based Z/2-space X and Z/2-module V, the space 2V X of V-fold loops in
X is the space F'(SV, X) of based maps from the one-point compactification SV of V into X, with
its usual topology and the usul Z/2 action on function spaces. The coherence properties mentioned
in the statement above are the ones that define an equivariant infinite loop space; cf. [May96].

Definition 3.8. The infinite loop space structure on Zy determines an equivariant spectrum (cf.
[May96]) denoted 3p, satisfying 3m(0) = Zp.
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Before proving the theorem, let us analyze the space Zy in detail. Since the increasing coordinate
flag {0} € C C C? C --- C C* is cofinal among the finite dimensional subspaces of C°, one observes
that

2n
Zg =lim Z(C") =lm ] 2*Y@@H"™oH")).
n no j=—2n
Here we are making the usual identification Cfj = C" ®c H = H". The maps 44 in the colimit

above are compositions of algebraic suspensions and coordinatewise inclusions. Therefore, they are
compatible with the splittings given in Theorem 3.4.

Theorem 3.9. The space 2y is written as a disjoint union of connected spaces

where the equivariant homotopy type of Z{{ 1s totally determined by

T2, F(P(H)y, K(Z(2)), 47) ) ,if j is even.
Proof. 1t is evident that if one defines
(42) Zdy = lim 27T (P(H™ & H")),

n

then Zy = ]_[‘;i_ . Z%I. The result now follows from the remark preceding the Proposition together
with Theorem 3.4. O

Remark 3.10. Note the the equivariant homotopy type of Zfél is completely determined by the
parity of j. Furthermore, a canonical inclusion of coordinate hyperplanes gives immediately an
equivariant homotopy equivalence Zﬂ{ = Zﬂ{“, for all j. For that reason we establish the notation

2y = the equivariant homotopy type of Z%I, for j even,

and
Zﬂoﬂdd := the equivariant homotopy type of Z7;, for j odd.

We now proceed to prove Theorem 3.6.

Proof. The same arguments of [BLLF193], [LLFM96], or [LLFM98b], together with Proposition
3.5, imply that the join operation induces an action of the equivariant Z/2-linear isometries operad
on Zy. In particular, both Zp and its fixed point set Z,%I/ ? have an induced action of the usual
linear isometries operad.

It follows from (38) that the H-space structure on Zp given by the join induces a group isomor-
phism 7o (Zx) = Z. Furthermore, it is easy to see (cf. [LLFM98c]) that {Z/*?"(P(H"* & H"))l}z/2
is empty if j is odd, and non-empty and connected if j is even. This implies, after passage to the
colimit, that

m0(25/%) = 97, € Z = mo(Zm).

Therefore, the H-space Zy is Z/2-group complete, in the language of [CW91]. It follows from
the equivariant “recognition principle” in [CW91] that Zp is an equivariant infinite loop space; see
also [dSLFO01]. O
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Remark 3.11. We must point out that the construction of our J*-functor Z(—), in Proposition
3.5, only uses embeddings V — W, not isometric embeddings of hermitian vector spaces. As a
consequence, we can replace the linear isometries operad L by the linear embeddings operad

{&€n):=Emb(C*®---dC>®, C®) |neN}

This operad has the advantage of being algebraic in nature and is more suitable for possible “mo-
tivic” generalizations and various other applications to algebraic geometry.

4. QUATERNIONIC K-THEORY

Given a Z/2-space X, one can use its equivariant structure to study two classes of complex
bundles over X, namely the real and quaternionic bundles. This study yields two distinct, albeit
related, equivariant theories: the Real K -theory studied by Atiyah in [Ati66] and the (equivariant)
quaternionic K-theory studied by Dupont in [Dup69].

Let us recall the basic definitions.

Definition 4.1. Let (X, 0) be a Z/2-space and let p : E — X be a complex vector bundle over X.
Let 7 : E — E be a continuous map covering o, i.e. po7 = ¢ o p, and such that for any z € X the
resulting map 7 : B, — FE,, is anti-linear.

a: If 72 = id then (E,7) is a real bundle;
b: If 72 = —id then (E,7) is a quaternionic bundle.

The dimension of a real or quaternionic bundle is defined as its complex dimension, and morphisms
between such bundles are bundle morphisms that commute with the structure maps 7.

The isomorphism classes real bundles form a monoid under Whitney sum, whose Grothendieck
group is called the real K-theory K R%(X) of X. Similarly, the Grothendieck group of isomorphism
classes of quaternionic bundles gives the quaternionic K-theory groups KHO(X ) of X.

In [LLEM98b] the connective version of K R-theory is studied from the equivariant point of
view, along with a suitable theory of equivariant Chern classes. In this section and the next, we
provide quaternionic analogues, along with a suitable theory of equivariant Chern classes and their
equivariant deloopings. We must point out that in [Dup99], Dupont conjectures the existence of
an appropriate theory of Chern classes for quaternionic bundles. Here we provide a quite natural
answer to his question.

4.1. Classifying spaces and equivariant quaternionic K-theory spectrum. In this section
we describe a classifying space for quaternionic K-theory in the equivariant category, and at the
same time we prove the existence of equivariant deloopings of this space.

Given a real vector space (V, o) of complex dimension v, we follow (36) and define

2v
(43) Gr(V):== [ G (E e Va).
j=—2v

We make the assignment V' — Gr(V') functorial as follows. Consider an inclusion i : W < V of
real vector spaces of dimensions w and v, respectively. As in the previous section, we observe that
i induces an inclusion (id @), : Gr?“* (W ® Wy) — Gr?v™ (Wi @ Vig) given by the inclusion
of linear subspaces, and that the surjection i* : V* — W* induces another inclusion (i* @ id)~!



QUATERNIONIC ALGEBRAIC CYCLES AND REALITY 23

Gr?vH (W @ Vig) — Gr?U™ (Vg @ Vi), given by taking inverse images. Let iy : Gr(W) — Gr(V)
be the map given, on each connected component, by the composition
(44) iy = (" @id) " o (id ® i)

Given any space X, and any real vector space (V, o), we denote by Vy; the quaternionic vector

bundle X x Vi over X. Now, let &, denote the universal quotient bundle over Gr?**J (Vi & Viy).
The proof of the following result is standard.

Lemma 4.2. The map on Grassmannians iy : Gr** (W & Wi) — Gr*"™ (Vi @ Vi), induced by
an inclusion i : W — V| satisfies

(ig)"&y = &y ® (V/W)m.
Definition 4.3. Define the (Z/2)-space (Z x BU)y as the colimit
(45) (Z x BU)g := lim  Gr(V).
V>

Observe that, in the same fashion as Zy (cf. Theorem 3.9), the space (Z x BU )y can be written

as a disjoint union [[;Z_ BUy; of (Z/2)-spaces BUy; defined as BUy; :=  lim Gr i (Ve @ Vig).
VCCo

Furthermore, the coordinate-wise inclusion C* — C*°, given by setting the first coordinate zero,
induces equivariant homotopy equivalences

(46) BUJ, & BU, 2 ... = BUL ™ = ...

Hence all connected components of (Z x BU)y are either equivalent to BU]%I or to BU]%{, and we
denote by BUf and BU]%Idd their respective equivariant homotopy types.

Proposition 4.4. The space (Z x BU)y classifies quaternionic K -theory. In other words, given a
compact (Z/2)-space X one has a natural isomorphism

(X4, (Zx BU)g |z/s — KH'(X).

Proof. The proof follows standard arguments, as in [Seg68], and we only outline the details which
are particular to this case.

Let (X,0) be a compact (Z/2)-space. Given an equivariant map f : X — (Z x BU)gy, one can
find a real subspace W C C*, dim W = w, so that the map f factors as a composition

X I ar(w) 2 2,

BUJ, C (Zx BU),
where the iy ’s are the natural maps from the directed system defining (Z x BU ).

Now, assign to f the isomorphism class of the virtual bundle f}j,(§éw) — Wy, where &w
is the bundle over Gr(W) = H?Z_Qw Gr?“+I (W3 @ Wy) whose restriction to the component
Gr?i (W} @ Wy) is the universal quotient bundle f{,v Ifi: W — V C C*™ is an inclusion,
then it follows from the construction of BU%I that fy = iy o fyr, and hence one has equalities in

KH(X):

Firlev) = Vie= fir(i5(&) = Vi = (fiv(ew) @ (V/W),) — Ve
= fiv(€w) + (V/W), — Vi = fiy(éw) — Wy,
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where the second equality comes from Lemma 4.2. This shows that the element in KH°(X) thus
obtained is independent of the factorization through a finite dimensional Grassmannian. Standard
arguments, e.g. [Seg68], show that this assignment only depends on the equivariant homotopy class
of f and that the resulting map W : [X, (Z x BU)g |z/2 — KH°(X) is injective.

In order to prove surjectivity, let (F,7) be a quaternionic bundle over (X,o). One can find
sections s; : X — E,i=1,...,k generating F, i.e., for each € X the map ¢, : C¥ — E, sending
(A1, M) to Zle Ai si(x) is surjective. Now, define

o H'"x X - F

by sending (a1 +b17,...,ax + brj; =) to Zle a;si(x) + Zle bi7(si(ox)) € E,. Tt is clear that ¢
is onto, by construction, and that ¢ is a map of quaternionic bundles for the diagonal quaternionic
structure on H" x X given by right multiplication by j on the first factor, and by o on the second
factor. It follows that the map f: X — Grd™m#(HF) defined as f(z) = ker (¢,) is equivariant and
satisfies f*Q = E, where Q is the universal quotient bundle over Grd™¥# (HF). A little manipulation
with f and the directed system giving (Z x BU)y then shows that ¥ is onto. U

Definition 4.5. For each j € Z, we denote by &7 the virtual universal quotient bundle over BU ,
of virtual dimension j, whose restriction to Gr®* (Vi @ Vi) is &, — Vi

One must notice that the construction of Gr(V') here parallels (in fact it precedes) that of Z(V),
given in (36). Furthermore, given real vector spaces (V, o), (W, c’) one can define

(47) Svw GI‘(V) X GI‘(W) — Gr(V () W)

by sending L C Vi; @ Vg and L' C Wi & Wy to 7(L & L), where 7 is the shuffle map which switches
coordinates from (Vi & Vi) & (W@ Wr) to (Vm® Wn)* & (Vim® Wh). The following proposition
is analogous to Proposition 3.5 and is proven in a similar fashion.

Proposition 4.6. The assignments V +— Gr(V) along with the pairings Sv,w give Gr(—) the
structure of an equivariant (Z/2)J*-functor, in the language of [May77]. See also [LLFM96].

The proof of the following result is identical to the proof of Theorem 3.6.

Theorem 4.7. The direct sum operation induces an equivariant Z/2-infinite loop space structure
on the space (Z x BU)y.

Definition 4.8. The infinite loop space structure on (Z x BU )i determines an equivariant spectrum
(cf. [May96]) denoted Rsp, satisfying Rsp(0) = (Z x BU)y. This is the connective quaternionic
K -theory spectrum.

Remark 4.9. The same construction with V¢ replacing Vi, and with the complex conjugation ac-
tion on V¢, would give (Z x BU )¢ along with the equivariant infinite loop space structure classifying

KR()-theory.

Let (V,0) be a real vector space. An important feature of our constructions is the fact that a
complex linear subspace L of codimension 2v + j in Vi @ Vp is also an irreducible subvariety of
codimension 2v 4+ j and degree 1 in P(Vﬁ ® VH). Furthermore, the external direct sum of two such
subspaces corresponds to their algebraic join when seen as projective subvarieties. See [BLLF T93]
for more details. This gives a natural transformation ¢ : Z(—) — Gr(—) of (Z/2)J-functors.
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Standard arguments, such as in [BLLF 193], show that the resulting map of colimits
(48) ¢y  (ZxBU)g — Zn
is a map of equivariant infinite loop spaces. In other words, it induces a map of equivariant spectra
¢y © Rsp — 3m.
Definition 4.10. The map ¢, : Rsp — 3y is called the total quaternionic Chern class map.

In order to analyze the quaternionic Chern class map in the level of classifying spaces, we first
need to understand the equivariant cohomology of (Z x BU)y x P(H). This computation and the
subsequent analysis form the content of our next section.

5. CHARACTERISTIC CLASSES

In this section we introduce characteristic classes for quaternionic bundles and establish their
relation to the total quaternionic Chern class map ¢, : (Z x BU)g — Zm, in the level of classifying
spaces.

The characteristic classes dy(F) € H?*(X x P(H);Z), associated to a quaternionic bundle
E — X are defined as follows.

Definition 5.1. Let F be a rank e quaternionic bundle over a Z/2-space X. For § = 0,1, and ¢
satisfying 0 < 2i + § < e, define
de—(2i+6)(E) = Ce_(2i45)(E ® O(1)) — (i + 9) Co(2i15)-1(E @ O(1)) x,
where c_1(—) = 0.
Note that, since X x P(H) is a free Z/2-space, the characteristic classes ¢x(E ® O(1)) can also be
defined with values in Galois-Grothendieck cohomology as in [Kah87], according to the discussion
in Section 1.7.

In order to understand the meaning of this definition, and its relation to the total Chern class
map, we first compute the equivariant cohomology of (Z x BU )y x P(H) in the next section.

5.1. Cohomology of (Z x BU)y. We start by observing that all the components of (Z x BU )y %
P(H) have the same equivariant homotopy type, hence it suffices to compute H**(BUfy xP(H);Z).
In fact, an equivariant homotopy equivalence ¥ : BUY xP(H) — BU? xP(H) can be constructed
as follows. Given a real vector space (V, o), let

G G (V@ Vi) x B(H) — G2 (V @ O)f @ (V @ C)x)

denote the composition

(49) Gr2*H (Vi @ Vig) x P(H) “25 G2+ (Vg @ Vi) x Gr! (H* @ H) -5,
G (Ve O e (V@ C)n),
where ¢ : P(H) — Gr!'(H* @ H) is the linear embedding sending L to L&H, and @y,c is the Whitney

sum map (47) after one identifies H = Cy.
It is easy to see that

it 1 o .
(w{/j )*(Eg/@({j) =T (E{/) OH® TI'Q(O(l)),

where the 7;’s are the projections from Gr?**7 (Vi @ Vig) x P(H) to the respective factors, &}, is the

universal quotient bundle over the Grassmannian, and O(1) is the hyperplane bundle over P(H).
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Note that O(1) is also a quaternionic bundle. Furthermore, the maps ¢{/’J +1 assemble to give a
morphism of directed systems inducing a (Z/2)-equivariant map 771 : BUJ x P(H) — BU%I+1
having the property that (77 1)*(¢/11) = ¢/ x O(1). Here we denote 77 (¢7) 75 (0(1)) as a product
& x O(1).

It follows that one obtains a Z/2-map ¢ : BU® x P(H) — BU% . Now, define
(50) U =1 xid : BU¥ x P(H) — BU? x P(H),
and observe that U is a Z/2-map which is a non-equivariant homotopy equivalence. Since BUf x

P(H) and BU% x P(H) are free (Z/2)-spaces, it then follows that ¥ is an equivariant homotopy
equivalence.

Remark 5.2. The same procedure used to construct ¥ can be applied to produce an equivariant
homotopy equivalence ® : 28 x P(H) — 2534 x P(H). Indeed, given a real vector space (V, o), let

G 22T (V@ V) x P(H) — 22T (V @ C)g @ (V @ C)y)

denote the composition

51 szjL*EB[/H x P(H LlXL szjv*@LH XZlH*@H rve,
H H
22v+d 1((V eC)rd (VaeOn),

As before, one can check that the maps qﬁ{}j 1 assemble to give a morphism of directed systems
inducing a (Z/2)-equivariant map ¢/ *! : Z%I x P(H) — Z%IH. Finally, define

® = ¢ xid : 2§ x P(H) — 254 x P(H).
Non-equivariantly, one can fix a point ¢ € P(H), and observe that the map ®(—,t) is just suspension

to t. It follows that ® is a non-equivariant homotopy equivalence. Since ¢ x P(H) and Z$d x P(H)
are free (Z/2)-spaces, it then follows that ® is also an equivariant homotopy equivalence.

Before we compute the equivariant cohomology of BUfy x P(H) some notation is needed.

Notation 5.3. Given a real bundle E over a Z/2-space X, its k-th equivariant Chern class is
denoted by ¢ (F) € H?F(X;Z). The generator of H*!(P(H);Z) = 7Z is denoted by z, as before.
We denote the line bundle O(m) over P(H"™) by O,(m). In the case n = 1 we write O(m) instead
of O1(m). Notice that O, (m) is real, if m is even, and quaternionic if m is odd. Also, note that
x = ¢1(0(2)). The fact that a tensor product of two quaternionic bundles is a real bundle will also
be used throughout.

Remark 5.4. Let fg/ denote the universal quotient bundle over Gr2v*J (Vig @ Vi), cf. Lemma 4.2,
and let iy : Gr*“ ™ (Wi @ W) — Gr®"™ (Vi @ Vig) be the maps defined in (44). It is easy to see that
one has zg(dk(f{/)) = di(&]y). Hence, these classes yield elements dj, € H***(BUj; x P(H); Z) that

are compatible with the equivalences BUY; & BU%IJFQ, described in (46). It follows that we obtain
well-defined classes in H2**(BUE’ xP(H);Z) . Using the homotopy equivalence ¥ : BUY xP(H) —
BUM x P(H), we define the corresponding classes in BUZ x P(H), and also denote these classes

by di. The following facts are easily verified:
a: Let f: X — (Z x BU)g be a classifying map for a quaternionic bundle E over X. Then:

de(E) = (f x id)* (dy).
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b: Let £ — X be a quaternionic bundle of rank e, and let p denote the forgetful functor
from equivariant cohomology to singular cohomology. Then, denoting the fundamental
cohomology class of P(H) by (3, we have

ck(E)x14+c1(E)xpB , k=e mod?2

ck(E) x 1 , ke mod 2.

p(di(E)) = {

In particular, considering the universal bundles {i over Gr2k+i (Hk* @® HF¥), we see that the
classes p(dy) generate the singular cohomology of (Z x BU)y x P(H) over H*(P(H);Z).

We now compute the equivariant cohomology of (Z x BU ).

Theorem 5.5. Let dy be the classes defined in (5.1). Then we have the following ring isomorphism
H*(BUY x P(H);Z) = B** (P(H);Z) [d1, da, .., dy, ... ]

Proof. Since BUfy xP(H) is free, it suffices to compute the Galois-Grothendieck cohomology groups
with Z(n) coefficients. For this we use the spectral sequence (cf. Section 1.7)

Ey®(n) := H"(BZ/2; H(BUE x P(H);Z(n))) = Hyl3(BUf x P(H); Z(n)),

and the pairing of spectral sequences ¥4 (n) @ e (n') — E£+p/’q+q/(n +n'), induced by the cup
product. This pairing makes E,*(*) into a spectral sequence of Z? x Z/2-graded rings.

Set

F3(n) := H"(BZ/2; H(P(H); Z(n))),

and note that E;”(x) is a module over F,""(x). Corresponding to each of the classes dy, there are
elements in Eg’zk(kz) which are universal cycles. These cycles are denoted dj. The correspondence
dy, — dj, defines a ring homomorphism O : Fy,"*(x) [d1,d2,...,dp,...] = Ey"(%).

Observe that the action of j. in H?¢(BUY x P(H);Z) is multiplication by (—1)?, hence

0 , otherwise

EO,Q(n) _ {Hq(BUl%}) xP(H);Z) ,q=2¢ ,n=¢ mod 2

As noted in remark 5.4 | the image of the dg’s, under the forgetful functor to singular cohomology,
generates the cohomology of BUE x P(H) over H*(P(H);Z). This implies that ©%24(q) is an
isomorphism. Since, EP%(n) = HP(BZ/2;Z(n)), we see that ©P0(n) is also an isomorphism. By
Zeeman’s comparison theorem, it follows that

E (%) =2 F2*(%)[dy,da, ..., dy, .. ]
A standard argument can be used to show that there is actually a ring isomorphism
15 5(BUR x P(H); Z(x)) = Hy, /o (P(H); Z(x)) [d1,da, . .., dg, ...
By Proposition 1.13, we conclude that
H**(BU x P(H);Z) = B**(P(H);Z) [d1,da, ..., dy, ...

The following result will be used subsequently.



28 DOS SANTOS AND LIMA-FILHO

Lemma 5.6. Let E — X be a quaternionic bundle of dimension e, and let z € Ho 1 (P(H);Z) be
the fundamental homology class. Then we have

pr¥(de—ok(E)/z) = de—op—1(F), E=0,...,| 5 1,

where —/z denotes slant product with z and pr is projection to the first factor of X x P(H).

Proof. We will prove the case where e is even. The other case is proven similarly. Recall from
Theorem 5.5 that the equivariant cohomology of BUfy x P(H) is generated over H**(P(H);Z) by
the classes dg, k > 1. The result will follow once we prove the identity

pri(dog/z) = dog—1,
where pr : BUfY x P(H) is the projection onto the first factor. Observe that, by construction,
the restriction of dgg to Gr2*2(H"* @ H®) is zero. Hence, by Theorem 5.5, pr*(dgy/z) must be a
multiple of dgg_1. Since
p(pr*(da/z)) = p(dak—1) = cor—1 x 1,
it follows that pr*(dsx/z) = dok—_1. O

5.2. Projective bundle formula. In the previous section we defined characteristic classes, dg(E),
for a quaternionic bundle F over X, with values in the cohomology theory H**(X x P(H);Z). By
analogy with Chern classes, it is natural to look for a relation between the classes di(E) and the
structure of H**(P(E) x P(H);Z), as module over H**(X x P(H);Z). The next result addresses
this question.

Proposition 5.7. Let P(E) 2, X be the projectivization of a rank e quaternionic bundle E L X.
Let & in KH(P(E)) be the universal quotient bundle over P(E). Then H**(P(E) xP(H); Z) is a free
H**(X xP(H); Z)-module generated by di(€), k =0,...,e—1. Moreover, the classes dy(§), ..., de(§)
satisfy the following relation

e
(52) > (=D dk(€)der(p"E) = 0.
k=0
Proof. Let p1 : X x P(H) — X and p2 : X x P(H) — P(H) be the projections. Then G :=
Pi(E) ® p5(Opa) (1)) is a real bundle, and there is an equivariant homeomorphism

P(G) = P(pi(E) @ p5(Opa(1))) = P(pi(E)) = P(E) x P(H).
It follows from the projective bundle formula for real bundles that, if O¢(1) is the dual of the
tautological line bundle over P(E) and ¢t = ¢,(0¢(1)), then H**(P(E) x P(H); Z) is a free H**(X x
P(H); Z)-module generated by 1,t,...,t~L. Moreover, the classes ¢y (p*G),...,c(p*G) satisfy the
relation
(53) S (1P e is(q"G) =0,

0<5<1
0<2:+6<e

where ¢ : P(G) — X x P(H) is the bundle projection.
A simple computation shows that the classes t¥ can be expressed in terms of the classes dj, &).
In fact, denoting the first Chern class of the real bundle O(2) by x as before, we have

(54) 270 = dyiy s () + i dairs 1 (€)%,
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for0<d<land0<2i+6<e.
Hence H**(P(E) x P(H); Z) is also generated by 1,d1(£),...,de(€). It remains to show that (52)
holds. Now,
de—(2i-5)(P"E) = Ce—(2i-6)(¢"G) — i Co—(2i—-6)-1(" G)x,
for 0 <9 <1and 0 <2i+0 < e (where we've set c_1(G) := 0). Hence from (53), (54) and the
equality x? = 0, we get

e

(55) > (D)% d () dek@*E) = D (=1)** dyirs (€) de_(2i45)(p*E)

k=0 0<6<1

0<2i+o<e
= > (=pFP (t2i+5 — i 7! X) (Ce—(2it6) (0" G) =i Ce(2i15)-1(¢"G) x)
0<s<1
0<2i+o<e

= Z (—1)* 0t <t2i+6 Com2i40)-1(4"G) = 27 e (2i15)(¢*G) X) =0.
0<5<1
0<2i+6<e

O

5.3. The quaternionic total Chern class map. Recall from Theorem 3.9 that the space Zy
splits equivariantly as a product of classifying spaces for the functors H**(— x P(H);Z). Given
any equivariant map, X — Zp, such a splitting determines a set of classes in H**(X x P(H);Z).

We have seen in Definition 4.10 that the inclusion of linear spaces in the space of all algebraic
cycles induces an equivariant map ¢, : (Z x BU)g — Zpg. In this section we will compute the
cohomology classes determined by the map ¢, and the splitting (41) of Theorem 3.9.

Proposition 5.8. Let £" € KH(IP’(H”)) be the universal quotient bundle over IF’(H), and let

n

(56) Yt Zo (P(H")) — H F(P(H),, K(Z(2i —1),4i —2))
=1

be the equivariant homotopy equivalence of corollary 2.4, and let j, : ]P’(H”) — Zy (]P’(H")) denote
the natural inclusion. Then the composition

n

b = Py 0 Jiy : P(H") — H F(P(H),, K(Z(2i —1),4i —2))
=1

classifies dy ("), d3(&"), ..., dan—1(§™).
Proof. For n = 1, we need to identify the element o of H*!(P(H) x P(H);Z) classified by the

composition P(H) ER Zo (P(H)) Y, F(P(H)4, K(Z(1),2). Since ¢ is the map that realizes Poincaré
duality, a is the Poincaré dual of the diagonal A C P(H) x P(H). From the projective bundle
formula (Proposition 5.7) it is easy to see that

o =P(A) = o1 (priO(1) @ pr30(1) = di(€").

Assume that the proposition holds for k& < n, and note that Proposition 2.2(c) implies that ¢,
restricts to ¢ on IF’(H’“), for k < n. The projective bundle formula shows that dg;_1(£™) is the only
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class whose restriction to ]P’(Hk) is dzz‘_l(fk), for all + = 1,...,k. Hence it suffices to show that
Pn © ¢y, classifies d,,(£"), where p,, denotes the projection onto the last factor in (56).
Observe that p, o ¢y, is given by the composition

P(H"), = P(H")/P(H") ERG (P(H™)/P(H")) 4 F(P(H)., K(Z(2n — 1),4n — 2)),

(o]

where 7 is the projection, j is the natural inclusion and € is the equivalence given in (8). The
P(H") xP(H)

. AV
adjoint map (6o j)" : P(anl)xﬂ”(H)

— K(Z(2n —1),4n — 2), can be described as the composition

(57) T (0(1) @ H" ) AP(H)+

S (T (0(1) @ H'Y) AR(EH)) AB(H), = T (0(1) @ H'™!) A (B(H) A B(H)),

funds Z (54(n_1),2(n—1)> A Zo (52,1)0 — Zo (5471—272“—1)0 = K(Z(2n —1),4n — 2),

where f,, classifies the Thom class of O(1) ® H""!. One can easily check that the pull-back of
[f.] under the projection 7 : P(H") — T (O(1) @ H"™!) coincides with dg,—2(€"). Therefore,
[Pn © O] = dop—2(€™)d1 (™) = dap—1(£™), and this completes the proof of the Proposition. O

We can now compute the classes determined by total quaternionic Chern class map c,

Theorem 5.9. The equivariant cohomology classes determined by total quaternionic Chern class
map ¢ : (Z x BU)y — Zm and the splitting (41) of Theorem 3.9 are

(58) 1+do+dy+---+do,+--- on BUY
(59) d+ds+---+dopy1 + - on BU%Idd

Proof. Recall that there are natural equivalences BU7; = BU%IJr2 and Z%I = Z%IJFQ and, moreover, the
map ¢ : (Z x BU)y — Zp is compatible with these equivalences. Thus ¢, induces maps

ev . ev ev odd . odd odd
¢, +BUy — 2y and ™ :BUg" — 2y

and it suffices to compute the equivariant cohomology classes they classify.
The map cgﬂdd : BU]‘f{dd — Zﬁﬂdd classifies an element D; + D3+ -+ Dg,_1 + --- with

Doy € H¥22-LBUY x P(H);Z) ,i> 1.
Note that by construction, we have ¢, (Gr?a—3(HF" @ H¥)) C Z$73(Hk* @ H*) hence
(DQq_l)‘Grgq_g(Hk*@Hk) =0, k>0.
It follows from Theorem 5.5 that there are constants A1, Ao such that
Dag—1 = Aidag—1 + A2 x - dy,

where x € H*!(P(H);Z) is the fundamental class of P(H). To compute A1, A we observe that, by
Proposition 5.8, the restriction of Da,_1 to ]P’(Hq) is dag—1(£7), where &9 is the universal quotient
bundle over P(Hq). Since the inclusion

P(HY) ¢ Gr?~!(H)Gr?~}(H) ¢ Gr?~Y(H* @ H?) ¢ BUF
classifies £9, it follows that D2‘1’1|1P>(HQ) = doq—1(€%). Thus Ay =1,y =0 and Doy = dog—1.
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Now, consider the map c;f’ :BU — Zg. It classifies an element 1+ Do+ Dy + -+ -+ Doy, + - -+
with Dy; € H*2/(BUE x P(H);Z) 4 > 1. Once again, we observe that ¢, (Gr?a=—2(H*" @ HF)) ¢
Z%Q_Q(Hk* @ H*), implying

(DQQ_Z)‘GT2Q_2(H’€*@H1€) — O7 k Z 0.

As before, we conclude that there are constants Ai, g such that Dy, = Aiday + Ao x - dog—1.
To compute Ay, Ag it suffices to compute the image of Dy, under the forgetful map to singular
cohomology. In [LMS88] it is shown that, non-equivariantly, Z (P (H")l = K(Z,2)x - x K(Z,4n —
2), and that under this equivalence cp classifies the total Chern class. One can show that the
decomposition (34) is compatible with this non-equivariant splitting. It follows that p(Dgx) =
¢ + ce—18, hence A1 =1 and Ay = 0. O

5.4. The group struture on 3%(X ). In this section we compute the group structure induced by
the algebraic join of cycles on Zp. Recall from Proposition 3.5 that the algebraic join # induces a
pairing
# : ZH X ZH — ZH
satisfying
#o2 < 2 — 2

For a Z/2-space X, one has an identification

(60)  3(X) =X, 2u]z = P [X, 2]

JEZL

_ @ H HAr—2¢0), 2T_e(j)()( x P(H),Z),

7/2 }
JEZ r>1

where €(j) is 0 if j is even and 1 if J is odd. Given the splitting above one might conjecture that
the group structure induced by # is induced by the cup on H**(X x P(H);Z), however this is not
the case as we will show. From (60) it follows that the group structure on 3]%1(X ) is completely
determined by the cohomology class represented by the map # under the equivalences

2y x 2y, 287 gy 2 [ HA—20H0: 2= (24, x 2 = P(H), Z).

r>1

Also recall that BU%I maps to Zfél by cg and that the following diagram commutes

. P L
BUY, x BUj;, — BU,™

CH XCH\L ch
9 s i T i
H X ~H i
We claim that the maps cyg above induce injective maps

H™* (2 x P(H); Z) — H**(Zo <BU{{)1 « P(H); Z)

and hence the pairing on 3]%1(—) is completely determined by the formula for the quaternionic Chern
class of a Whitney sum.

Let us start with the case j = 1. Let ¢ : P(H*) — BU} be the map induced by the inclusions
by : P(H") — Gr'(H™ @ H") that send L to L ® H”. Composing with cg gives a map from
P(H>) to Z}. The linear extension Zo (P(H")) — 21, of this composition is, by the quaternionic
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suspension theorem, an equivariant homotopy equivalence when restricted to the component of 1.

This map factors as Zg (P(H")), = Zg (BU[lHl)l 2, 24, where 7 and ¢ denote the linear extension
of ¢ and cy, respectively. It follows that, for any cohomology theory $*, the map 9 (cm) : 9*(2f) —
$H*(Zo (BUﬁ)l) is injective. For 1 # j odd it suffices to observe that cp is compatible the canonical

equivariant homotopy equivalence Z%I = Z%I—FZ, given by inclusion of hyperplanes.
Suppose now that j is even. We need to show that cg induces an injective map

(1d xGa)" + B (24, x PH); Z) — H* (20 (BU ) ) x PH); Z).

The same argument as before shows that we may replace BU%I by BUf . Recall from Remark 5.2
that there are equivariant homotopy equivalences ¥ : BUY x P(H) — BUZ x P(H) and ¥ :
28 x P(H) — 2934 x P(H). By construction ¥ and ® are compatible with cy so that the following
diagram commutes

(id X CH)*

H**(2 x P(H); Z) — H™"(Zo (BUR ), x P(H); Z)

ol of

(id XCH)*

H** (2800 % P(H); Z) — H** (20 (BUE )| x P(H): Z).

It follows that the map on top is injective, as desired.

Proposition 5.10. Let X be a Z/2-space, and let a-b denote the product of elements a,b in 3% (X).
Consider 3%(X) included in

D Il #~ & xpm).2).

JEZ 7,5>1
as in (60). Then, under this inclusion we have,
a-b=aUb+ pr*(a/z) Upr*(b/z),

where z € Hy 1 (P(H); Z) is the fundamental class P(H), —/z denotes slant product with z and pr is
the projection onto the first factor in the product X x P(H).

Proof. By the preceeding remarks it suffices to show the following formula for the quaternionic
Chern class of a Whitney sum holds

(B ® F) = cu(E) Uca(F) + pr*(ca(E) /2) Upr*(ca(F)/2).
Recall that cg(F) is defined as a combination of Chern classes of the real bundle E ® O(1), where

O(1) is the hyperplane bundle over P(H). To simplify notation we will use E and F to denote
E®0(1) and F ® O(1), respectively. Let e , f be the dimensions of E and F', respectively. We
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have,

o

L5] 3]

(61) cu(E)Ucn(F) = [@—22‘@) - i'cve—%—l(E)X} U [Efﬁj(F) —j5f72j71(F)X}
i=0 Jj=0

|41

Nl

I
def2s(E) U Ef72(rfs) (F)
r=0

s=0
— 201 (B) UGpap ) (F) + (1 = )e24(B) UZs )1 (F) |,

where we've set ¢i(—) equal to 1 if k is zero and ¢x(—) equal to zero if k¥ < 0. By Lemma 5.6 we
have

(62) pr*(cu(E)/z) Upr*(ca(F Zde 2 1(B)U Y ds o 1(F
j=0

e+fJ

T

Zce 25—1( UCf 2(r—s)— 1(F)

- [s’ae_zs_2<E> U a1 (F) + (1 = 8)e-20-1(E) UTp oy o(F)|x.
Thus, we get

(63) E)Ucu(F) +pri(ca(E)/z) Upr(ca(F)/z)

2

2r
Z E U Cf 2T+S(F) - |:TEE_25_1(E) U Ef72r+s(F) + Tge—Zs(E) U Eff2r+sfl(F)]X
s=0

r=0
1<$4)
= Z vae-i-f—%(Ej ©r) - rge-i—f—Qr—l(E eF)x=cu(EoF).
r=0
The Proposition follows. O]

5.5. Remarks on the space (Z x BU)g. Here are two facts about (Z x BU )y which seem to be
quite interesting. Both of them are particular cases of results of Karoubi [Kar00].

Remark 5.11. In [Kar00] , Karoubi observes that there is an involution on BU such that BU hz/2 —
BSp. We claim that the involution on BUf satisfies this. It is clear that BUf is homotopy
equivalent to BU and that {BUY }%2/2 = BSp. We now proceed to show that {BUE }2/2 =
{BU[EH%) }hZ/Q.

The proof mimics one of the proofs of the well known fact BO = BUM/?, using Dupont’s
quaternionic K-theory instead of K R-theory. Let X be a Z/2-space. From [Dup69], we know that
there is a natural splitting

KH(X x P(H)) = KH(X) & KR(X).
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This implies that there is a natural equivariant homotopy equivalence
F(X xP(H)4,(Z x BU)y) =2 F(X1,Z x BU)V F(X,,(Z x BU)g).
Applying this equivalence to X x EZ /2 instead of X and using the equivariant homotopy equivalence
X xP(H) x FZ/2 = X x P(H),
we obtain an equivariant homotopy equivalence
F(X x EZ/2,,(Z x BU)g) 2 F(X+,(Z x BU)g).
Remark 5.12. Another interesting fact about (Z x BU)y is that
(Z x BU)g = Q*°(Z x BU).

To see this, consider a map f : S* — BSp which represents a generator of 74(BSp). The tensor
product induces an equivariant map

S0 A (Z x BU)y — Z x BU.

Its adjoint (Z x BU)g — Q*%(Z x BU) is an equivariant map which is a non-equivariant homotopy
equivalence, and whose restriction to the fixed points induces the homotopy equivalence

Z x BSp = Q* BO;
see [Bot59].
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