Existence and nonexistence of least energy solutions of the
Neumann problem for a semilinear elliptic equation with critical
Sobolev exponent and a critical lower-order perturbation

David G. Costa

Department of Mathematical Sciences, University of Nevada at Las Vegas
Las Vegas, Nevada 89154-4020, USA
E-mail: costa@nevada.edu

and

Pedro M. Girao*

Mathematics Department, Instituto Superior Técnico
Av. Rowvisco Pais, 1049-001 Lisbon, Portugal
E-mail: girao@math.ist.utl.pt

Let © be a smooth bounded domain in RY, with N > 5, a >0, a > 0

and 2* = % We show that the the exponent ¢ = 2(15,\]__21) plays a critical

role regarding the existence of least energy (or ground state) solutions of the
Neumann problem

—Au+au=u2""1—qui~! in Q,
u >0 in Q,
% =0 on 9.
_ 2(N-1) .
Namely, we prove that when ¢ = =—~ there exists an ap > 0 such that the

problem has a least energy solution if & < ag and has no least energy solution
if @ > ap.

Key Words: Neumann problem, critical Sobolev exponent, least energy solu-
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1. INTRODUCTION

Let Q be a smooth bounded domain in RY, with N > 5, ¢ > 0 and

a > 0. Let 2* = % be the critical exponent for the Sobolev embedding

*Partially supported by FCT (Portugal).
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HY(Q) C L) and 2% = % We consider the problem

—Au+au=u®"1—aui"! in Q,
u>0 in €, (Paq)
% =0 on 0f).

We regard a as fixed and « as a parameter. From Theorem 3.2 of [18], due
to X.J. Wang, we know that if 2 < ¢ < 2%, then problem (Pa,q) has a least
energy solution for all values of @ > 0. (Wang’s result actually holds for
N > 3.) A question that naturally arises is the following: what happens
for ¢ = 2#7

It is well known that the solutions of (P, ) correspond to critical points
of the functional @, : H'(Q) — R, defined by

o*

1 a « 1
O, (u) := =|Vuls + Slul3 + —|uld — = |ul3-,
2 2 q 2

where |u|, denotes the LP norm of v in Q. We recall that a least energy
solution is a function u € H(Q2) such that

D, (u) = ijr\lff D,.

The set A is the Nehari manifold, N := {u € H(Q) : ® (u)u = 0, u # 0}.
It is interesting to note that when ¢ = 2% it is possible to determine
explicitly the function ®, | by solving a quadratic equation. We take full
advantage of this fact.

We recall that the infimum

2
S = inf{ ( fRN |Vul

~2/2"
fRN|u2)/

uwe L¥ (RN),Vu e L*(RN),u # 0}

is achieved by the Talenti instanton U (x) := (%) 7 Fore>0
N-—-2

and y € RN, we define U,y :=¢ "2 U ().
Heuristically, we can summarize the main idea behind the analysis of

problem (P, ,), when ¢ = 2%, as follows. There exists an ag €0, +o0]
N N

such that infx &, < % for a < ag, and infyr &, = % for a > ag.
If o < ap, then (P, 2#) has a least energy solution whereas, if o > ao,
then (P, 9#) does not have a least energy solution. Suppose ag = +00, so
that there exist least energy solutions for all « > 0. We choose a sequence
ap — +00 as k — +oo and denote by uy a corresponding sequence of least

energy solutions. Then there would exist a sequence of positive numbers &y,
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converging to zero, and a sequence of points P € 912, such that, modulo a
subsequence, P, — P and |V(uy —Ue, p,)|2 — 0, as k — +00. We can use
., (Ue, p,) to estimate ®,, (uy) from below with an error that is o(aeg).
However, from Adimurthi and Mancini [1] and X.J. Wang [18], we have the
estimate

g%  S%
q)alc(UEk’Pk) = ﬁ - 9

H(P,)A(N)ex, + %B(N)akek + o(aker),

where A(N) and B(N) are positive constants that only depend on N, and

H(Py) is the mean curvature of 9 at Py, with respect to the unit outward
N

normal. This lower bound is greater than %, for large k. This contradicts

the hypothesis that ay = +oc.

It is somewhat delicate to justify the use of ®,, (Us,, p,) to estimate
D, (ug) from below. This was first done by Adimurthi, Pacella and Yadava
in [2], who treated the case where @« = 0. The argument involves an
expansion to second order of the energy at U, p, and a comparison of the
eigenvalues of the linearized problem at U., p, with the eigenvalues of a
limiting problem.

The present analysis builds on the work [2] of Adimurthi, Pacella and
Yadava, which we will frequently refer to as [APY]. Of course, the works
of Talenti [17], Brézis and Nirenberg [9], P.L. Lions [15], Adimurthi and
Mancini [1], and X.J. Wang [18] are also of major importance for our study.

Our main result is the following

THEOREM. Let Q be a smooth bounded domain in RY, with N > 5,
a >0 and o > 0. There exists a positive real number ay = ag(a, Q) such
that

(i) if o < a, then problem (P, o#) has a least energy solution;
(it) if o > ag, then problem (P, o#) has no least energy solution.

We remark that this result contrasts with Theorem 3.2 of [18], referred
to above. Also, from this theorem we deduce an inequality (see (15)) which
implies Aubin’s inequality (16) (see [6] and Cherrier [11]).

We should mention that for any pair (a,«) (with a > 0 and o > 0)
problem (P, o#) has the constant solution

N—-2
2 2
u=K:= (7"‘+Vo2‘ +4“)

The energy of this solution is

)

N N-2
Q at+vVa a * at+vVa a
o (k) = g {(Jr Vgt ) +%5a (7+ 5t ) }
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where || denotes the N-dimensional Lebesgue measure of . It follows
that for a > 0 and « > 0 sufficiently small, namely for a < S/(2|Q|)% and
o such that ®,(k) < S% /(2N), then the least energy solutions might be
constant.

When the domain Q is a ball and a is small, Adimurthi and Yadava [3]
proved that (P »#) has more than one solution for N = 4, 5 and 6. How-
ever, when N = 3 a uniqueness result was proved by M. Zhu in [21] for
convex domains, « = 0 and small a.

Other works in the spirit of ours are those of Brézis and Lieb [8], Adimur-
thi and Yadava [4], M. Zhu [20], Z.Q. Wang [19] and Chabrowski and
Willem [10].

The organization of this work is as follows. In Section 2 we give the setup
of our work and the statement of the main result. In Section 3 we prove
existence of least energy solutions. We then assume that the value aq is
infinite and analyze the asymptotic behavior of the least energy solutions as
a — +00. In Section 4 we prove nonexistence of least energy solutions. In
Section 5 we give a lower bound for aq and, using the ideas of Chabrowski
and Willem [10], give partial results concerning existence of least energy
solutions for @ = ag. In Appendix A we check that the Nehari set N is a
manifold and a natural constraint for ®,, we derive expressions for @, |,
and we derive upper and lower bounds for ®,|xs. Finally, in Appendix B we
prove a technical estimate, used in our study, similar to those in Adimurthi
and Mancini [1].

Motivated by this work, in [13] the second author has proved an inequal-
ity which improves inequality (15). In [14] he proves a family of inequalities
which contains, as special cases, an inequality in Zhu’s work [20] and the
inequality in [13].

2. THE SETUP AND STATEMENT OF THE MAIN RESULT

Let 2 be a smooth bounded domain in RY, with N > 5. Let 2* = 2%
be the critical exponent for the Sobolev embedding H'(Q2) C L4(Q2) and
20# — % Finally, let ¢ > 0 and o > 0. We are concerned with the
problem of existence of a least energy solution of

“Au+tau=u2"1—au? ! inQ,
u>0 in 0, (1a)

%:O on 0.
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Solutions of (1,) correspond to critical points of the functional @, :

H(Q) — R defined by
2. (2)

1 1
o) 1= = ||l + = ulds — o= u
2 2 2

‘We use the notations
1
lulp == ([|ul?)”  and

Unless otherwise indicated, integrals are over ).
We recall that the Nehari manifold is

N = {ue H'(Q): @, (u)u=0,u#0}.

1
Jull := (|Vul3 + alul3)* .

For any u € H*(Q)\{0}, there exists a unique ¢(u) > 0 such that t(u)u € N;
the value of t(u) is given in expression (A.1) of Appendix A. We define

W, s HY(Q)\ {0} — R by

As can be checked in Appendix B,

11 1 [(7+\/W)N+2'2*5(7+\/W)N_2} (3)

Yoi= ToFon
where 3, v : HY(Q) \ {0} — R are defined by
[Jul[*
= 4
) = (@)
and
Jul3s
Y(u) = Ya(u) o T (5)
ul5

Equivalently,

1 B% 5 N 9% 5 N—2

%-NQ#[(H\/& +1) +2—(5+\/5 1) |, ®

with 3 as above and § : HY(Q2) \ {0} — R defined by

yw) 1 afulfy -
2 lull - fu

2
b




6 COSTA AND GIRAO

Obviously, every nonzero critical point of @, is a critical point of ¥,. Since
the Nehari manifold is a natural constraint for ®,, if v is a critical point
of U, then ¢(u)u is a critical point of ®,,.

As is usual, we say that u # 0 is a ground state critical point of &, or
a least energy solution of (1,), if

D, (u) = ijr\1/f o, = v,.

inf
H(Q)\{0}

Our aim is to establish existence and nonexistence of least energy solu-
tions of (1). We will consider the minimization problem corresponding
to

So = inf {I(u)|u € H(Q)\ {0}},
where I, : H'(Q) \ {0} — R is defined by

N
—~
oo
=

I, :=(NVY,)
From (3) and (6) we obtain

2
N

I, = ! [(y+\/72+4ﬂ)N+2~2*5<w+\/72+45)N_1 (9)

4(2#) %

and

2o

PR [(5+\/52+1)N+2*(5+x/52+1)N_1 . (10)

We observe that

I, > 8, (11)

L E) o
2# 2 )

Before stating our main result, we recall that the infimum

2
5 inf{ ( Jrn 190

N 2/2
fRN |ul? ) /

which depends on NV, is achieved by the Talenti instanton

since

we L (RN),Vu e L2(RN),u # 0} ,

)= (2 )
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This instanton U satisfies

—AU =U* "1, (12)
so that
/RN |VU|2=/RNU2*=S%. (13)
Let ¢ > 0 and y € RY. For later use, we define the rescaled instanton
vy = e (222), (14

which also satisfies (12) and (13).
Our main result is

THEOREM 2.1. Let Q be a smooth bounded domain in RN, with N > 5,
a >0 and o > 0. There exists a positive real number cyg = ag(a, Q) such
that

(i) if @ < ag, then (14) has a least energy solution;
(i) if a > ag, then (1) does not have a least energy solution and

ig b [(5+\/62+1)N+?<5+\/62+1)N_2rV (15)

2% T (o#)F

in HY(Q)\ {0}, where 3 and § = &, are defined in (4) and (7), respectively.
The constant on the left hand side of (15) is sharp.

COROLLARY 2.1 (Aubin’s inequality). Let Q be a smooth bounded do-
main in RN, with N > 5. For every ¢ > 0, there exists a C(s,Q) > 0 such
that

S IVuB+C )l

27 ¢

; (16)
Jul3-

for all w € H(Q2) \ {0}.

Proof. From Lemma 5.1, there exists a constant ¢ > 0 such that the
right hand side of (15) is less than or equal to

4 ~52
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and from Holder’s inequality |u|gi < |ulz|u 32/2. Hence 6(u) < § mﬁ Let
€ > 0. For all u € H'(Q),
S e 2( 2 lul2 | _af |ufy )
—|ul5« < lu 14+ —ap— +c—
e A TR
2 2
= llull* + gz aollull [ulz + &= ul3
ol ev
< (L+6)|Vul3 + ((2#326 + ae + c40> |u|3.

Remark 2.1. Let k > 0. By scaling, we easily check that

Qg <n2a, Q) = kap(a, Q).
K

3. EXISTENCE OF LEAST ENERGY SOLUTIONS AND
THEIR ASYMPTOTIC BEHAVIOR

In this section we start by proving the basic properties of the map o — S,
and assertion (i) of Theorem 2.1. We then assume that the value «q in
Theorem 2.1 is infinite and analyze the asymptotic behavior of the least
energy solutions as o — 400.

As explained in the previous section, we consider the minimization prob-
lem corresponding to

S, = inf{I,(u)|u € H'(Q),u # 0}.

From Adimurthi and Mancini [1] and X.J. Wang [18], we know that

S
0< S < — (17)
2N
(see (42) and (46) ahead). Obviously, S, is nondecreasing as « increases.
Choose any point P € ). By testing I, with U, p and letting e — 0, we
conclude that S, < -3~ for all a > 0.
2N

LEMMA 3.1. If So < =5, then S, is achieved.
2

2
N

Proof. Let ug be a minimizing sequence with |ug |2+ = 1. Since 8 < I,
from (11), (u) is bounded in H'(Q). We can assume that u; — u in
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HY(Q), up — w a.e. on Q, and |[V(up —u)]* = p and |uy — ul> — v in
the sense of measures on 2. Modulo a subsequence, the concentration-
compactness lemma implies that

Jim [ Vugls = [Vuls + ]y
— 00

and

5o = [ul3. +lvll =1,

Hm |ug
k—o0
where

2
2 < pll-

g””\

This last inequality is an immediate consequence of inequality (16). For
Se = limg_, 00 I (ug), we obtain that S, equals

1 N . N—21 %
4(2#)%{(%04- 720+4ﬂoo) +2-2 ﬁoo(’)/oo"' 7§o+4ﬁoo> } )
with

oo = Il + ] = A=l
0o = = . 3
(Jul32 + [|v|])=
and
ul2
Yoo = a|u|§# e 2 o
(Julgs +[]]) =
If uw =0, then
poo bl s
lv|[= — 2%

a contradiction. So u # 0.
We claim that ||u|| = 0. We argue by contradiction and suppose that
|l # 0. If ||v]| = 0, then S, > I, (u), which is impossible. So [|v|| # 0.

Let o := |ul3-, so that 1 — xq = ||v||. We define f, g and h:[0,1] = R
by
— g2 2,22 & L] =
f(x) =yx> +4/y%2°% + 403 +4HVH2/2* (1-x2)7,
2 2
g(x) = pr + ||1/|\‘|pé‘/‘2* (1—2)7
and

h:=fN+2-2*fN_2g,
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for 8 = B(u) and v = vy(u). The value S, is

1 2
S = 1z o)

We wish to prove that the minimum of A occurs at 0 or 1. The former case
corresponds to u = 0 and the latter to ||v|| = 0. In either case we are led

to a contradiction. This will prove that ||u|| = 0, thereby establishing the
claim.

The derivative of h is

W= fNT3N(f? +49)f +2- 2" fg).

Since

we can write
N—-2 22# *
=2f Ny/~2x +4g f +2%g
The expression for A’ can be further simplified by computing f”:

2t
Y 1\/73022293—1—494—2 xZ*_ +4g]

2# . 2*
[vw f+22#g]

2
[V

=
[\v]

M

*|
+
N

Q
i)

I

| — |

)
3%

\2

This yields

h/

2N — 1) fN-2 [ya:z%f—lf + 2*g/}

# #
2(N7 1)fN72l_rf)2—*71 |:,_Yf+2*x1722—*g/:| )

We notice that h/(0) = +oo and /(1) = —o0; at a zero of b/, ¢’ < 0.
At a point of minimum of A in the interior of [0,1], A’ = 0 and

# o 2
vV 1296222* +4g f' 2% {W?* 2ty -2 <1 a 2#> 91}

= —(2% -2)g";

we notice that at a zero of h', f > 0.
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We consider

K= 22172 ¢/,
whose derivative is
K = —(2" - 2%)x s g -2z 7 g’
> —(2F — 2#):r_27fg'
= xf%t ’meﬁTf +4gf forh' =0
> ~f.

The zeros of h' occur when vf = k. We just proved that x" > v f’ at
the zeros of h/. This implies that the graphs of vf and s can cross at
most once, and that A’ has at most one zero. If the function h were to
have a minimum in the interior of [0,1], then A’ would have at least three
zeros because h'(0) = 400 and h'(1) = —oo. We conclude that A has no
minimum inside [0, 1]. (The conditions on the derivative of h at the end
points of the interval, or the fact that the graphs of vf and & cross, imply
that k' does vanish inside [0, 1], at a point of maximum of h.) Therefore
the minimum of & occurs either at 0 or 1 and we have proved our claim.

Since ||p|| = 0, the function u is a minimizer for I,,. |

LEMMA 3.2. The map o — S, is continuous on [0, 400].

Proof. Let & € [0, +o0c[. First we prove that a — S, is continuous from
the right at a. If S5 = 2%, then continuity from the right at & is obvious.

If S5 < 52 , let usz be a minimizer of I, which exists by the previous

lemma. Ifa>a then S5 < S, < In(ug) — Sa as a \, @. This proves
continuity from the right at a.

To prove continuity from the left we show that lim, -4 S0 = Sa. If
the value of the limit on the left hand side is 2%, then this equality is

obvious. So suppose lim, 5 So < 5. Choose a sequence oy, / & and
2N

ur, € HY(Q), with |ug|e- = 1, such that I, (ux) = Sa,. By (11), the
sequence (uy) is bounded in H!() and we can assume that u; — u in
H'(2). An application of the concentration-compactness principle, as in
the previous lemma, shows that u # 0 and

lim I, (ug) > Is(u).

k—o00
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So,

Sa < Iz(u) < lim I, (ur) = lim S,

k—oo ag /&
By the previous lemma, the value
+00, if Sq < = for all a € [0, 400,

2N
ap = 18
0 min {a € [0, +o0[ ’ So = 5 }, otherwise. (18)
2N

is well defined. By (17) it is not zero. Lemma 3.1 implies the following two
corollaries:

COROLLARY 3.1. The map o+ S, is strictly increasing on [0, o).

COROLLARY 3.2. Ifa € [0, 0], then (1,) has a least energy solution u,,.
If a €]ag, +00[, then (1) does not have a least energy solution.

This proves (i) of Theorem 2.1. Assertion (ii) of Theorem 2.1 will also
follow once we establish that «q is finite.

LEMMA 3.3. If Sq < -3 for all o > 0, then

2
2N

lim S, = (19)

a——+00

[\
2‘!\3‘ n

Suppose o, — +00 as k — +oo and vy is a minimizer for 1, satisfying
(1a,)- Then up — 0 in H' () and

Mj, = maxuy
Q

converges to +0o, as k — oo.

Proof. Suppose S, < =5 for all & > 0 and choose any sequence aj, —
2N

+o00 as k — +o0o0. Let uy be a minimizer for I,, satisfying (1,,), which
necessarily exists by Lemma 3.1 and rescaling. We claim that uy is bounded
in H1(Q). Indeed, by (9),
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So,
2#\ ¥
akluklii < <2>
By (10%-)’
. #
lurl3e = llur]® + alurlzz. (20)
Together,
9#\ ¥
ugl3. 7 < Bluk) + (2>
S 2#\ N o#_o
< i
_212v+(2> S|uk| )
since, by (11), B(ug) < I, (ug) < 2% So |ug|e« is bounded. Recalling
N
that B(uy) = Ll (Q).

[k 3.
From (20), we conclude that up, — 0 in Hl(Q) We can assume that

ur, — 0 a.e. on Q, and |[Vug|? — p and |ug|?>” — v in the sense of measures
on 2. Then

kILrEOIVuk\g = [|ul| (21)
and
lim uel3: = |Iv]l (22)
k—o0
where
S 2
[z < |ul]. (23)
2N
Thus
iz > lim S,, = hm I, (ug) > ||M||2 > iz) (24)
2N k—oo 2% 2N

and the inequalities in (24) are equalities. This proves (19).
From (1,,), the values M}, satisfy

at apMZ 2 < MP 2 (25)

and consequently My — 400 as k — 4o0. |
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LEMMA 3.4. Let So, < <% and Sa, — 5% as g, — ap €]0, +00).
2N 2

N
Denote by uy € HY(Q) a minimizer for 1, satisfying (1a,). In case ag <
400 suppose that up, — 0. Then

i, (Vuel? =l ey = 5 (26)
im |Vug|s = lim |ugl5. = .
k—oo k(2 k—o0 kl2 2
Moreover, if ag = 400, or if ag < +oo and we further assume that
lim,, —a, Mi = +00, then we also have
khm akék = 0, (27)
klim |Vuk - VU5k7Pk:|2 =0 (28)
and Py, € 0N, for large k. Here, we are denoting
2
O := Mk N=2
and Py, is such that My = ui(Py).
Note. If oy = +o00, Lemma 3.3 guarantees the conditions S,, — 2%,
N

ur, — 0 and My — +oo are satisfied.

Proof. By (1a,), uy satisfies (20). Since uy — 01in H'(Q), uy is bounded
in H(2). Therefore, (21), (22), (23) and (24) hold, with equalities in (24).
Hence, B(ux) — 2% From (10), 6(ug) — 0 and

N

lim ak|uk|§i = 0,
k—o0
as uy is bounded in H'(£2). Taking limits in (20) as k — oo,

W[l = {lpl- (29)

Combining (24) and (29), equalities (26) follow.
We now use the Gidas and Spruck blow up technique [12]. Let vg(x) :=

N—2
0, % up(dpx + Py) for x € Q := (Q — Py) /g, so that
—Avy + adivy + ozkc;kvz#_l = vi*_l in Q,
O<vk§vk(0):1 in Qk,
% =0 on 0.
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Rewriting (25) in terms of the 0y,
(1512g + ol < 1.
So, we can assume that P, — Py,

dist (Pg,00) /6 — L € [0, 400],

Q% — Qoo :={(@,2y) eRN ' xR:ay > —L}

and aydr — @. By the elliptic estimates in [5],
v — v in CF_(Quo) (30)
where v satisfies

_ o#_ 1 .
—Av+av? T=v2"1 in Q,

0<v<o(0)=1 in O,
=0 on 00

as ad? — 0. By lower semicontinuity of the norm, v € L? (Q) and
Vo € L?(Q4). So, we can apply Pohozaev’s identity and get a = 0, and
thus v ="U.

If L = +oo0, then Q,, = RYN. From (26),

S5
9

N
2

S :/ IVU]? < lim |Vug|3 =
RN k—oo

which is impossible.

So L is finite. This implies that Py € 0. In fact, L has to be zero
since v < v(0). Using a diffeomorphism to straighten a boundary portion
of Q, the argument in Lemma 2.2 of [APY] shows that P, € 99 for large
k. Finally, from (26), (30) and

N
2

S
2 _
[ vur =5

N
+

we deduce (28). |
As in [2] and [7], let

M :={CU.,,C e R,e >0,y € 00}
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and d(u, M) :=inf{|V(u — V)]s,V € M}. The set M \ {0} is a manifold
of dimension N + 1. The tangent space T¢, ¢, , (M) at CiUg, , is given by

13} 0 .
Tc, e,y (M) = span {Ue’y’casUE’y’CanUE’y’ 1<i<N-— 1}(0
1,€1,Y1)
where T, (0Q) = span{m,...,7Tnv_1}.
For large k, the infimum d(uy, M) is achieved:
d(ug, M) = |V (ug, — CkUEk,,yk)lQ for CkUEk,yk e M. (31)
Furthermore,
Cr=1+o0(1) (32)

yr — Po and e,/6;, — 1 (see Lemma 1 of [7] and Lemma 2.3 of [2]). From
(27),

aker — 0. (33)

We define
wy = U — CrUs, s
so that

/Vng7yk -Vwk =0. (34)
Now, on the one hand, from (28),
lerr;O \V(uk — Ckng’yk”Q =0.

On the other hand, from Poincaré’s inequality, and the fact that both the
average of uy and the average of Cy U, in 2, converge to zero,

kYK
lim |uk - CkUak,yk 2% = 0.
—00
Together,
lim ||wg|| = 0. (35)
k—o0
Our next objective is the upper bound in Lemma 3.8 for [ Uf:*yi w} in
terms of |[Vwy|3 + (2% — 1)ay, [ Ufj;f w?. This will be crucial in the lower

bound estimates for the energy in Section 4.
The eigenvalue problems arising from the linearization of (14, ) at Us, 4,
are related to the eigenvalue problem in
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LEMMA 3.5 (Bianchi and Egnell [7], Rey [16]).  The eigenvalue prob-
lem
—Ap=puU? 2p in Rf,
2o — 0 on ORY,
Ry U 242 < o0

admits a discrete spectrum p; < po < puz < ... such that py = 1, po =
M3 = ... = puny = 2"=1 and unt1 > 2* —1. The eigenspaces V1 and

Vig=—1), corresponding to 1 and (2* — 1), are given by

Vi = span U,

oU
Vigr—1) = span{ 8;;” .

,forlgiSNl}.
0

We will consider the eigenvalue problems arising from the linearization
of (1a,) at Uey 4, - Let € >0, v, > 0, and y. € 02 with lim._,o y- = yo. Let
{pic}52, be a complete set of orthogonal eigenfunctions with eigenvalues
e < proe < pse < ... for the weighted eigenvalue problem

#_ *_ .
{ —Ap + U2, 29 = pUZ “2p in Q,

9¢ _
e = on 00,

with ¢ . > 0 and

/ U 20105 = 6550
Q
Let

Qe :=(Q—y.)/e.

The sets (). converge to a half space as ¢ — 0. For a function v on 2, we
define v on . by

o(x) == syv(sx + Ye).

The relation between these eigenvalue problems and the one considered
in Lemma 3.5 is given in

LEMMA 3.6. Suppose y. € 022, lim. .0 ye = Yo, lim._o(eve) = 0 and the
sets Q. converge to Rf Then, up to a subsequence,

lim p; e = pu;
e—0
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and

lim [ U? (5. —@:1)> = 0.
e—0 0.

The p; and @; satisfy
—Ag; =, U* 723, in RY,

%‘i’i = O* on 372_1?_[,
fRf U? _2901'2 =1,

and the functions @; are supposed extended to RY™ by reflection. In partic-
ular, from the previous lemma, p1 =1, o1 = CU for some constant C > 0,
pi =2—1for 2 <i < N and unyt1 > 2* — 1. Also, {p;}N., is in the
span of {0U1y/0yil,_q, for 1 <i< N —1}.

The proof of Lemma 3.6 is a consequence of the arguments in the proof
of Lemma 3.3 of [APY], of Lemma 3.7 and of Remark 3.1. For the details
we refer to the proof of Lemma 5.5 of [14] for parameter s there equal to
one.

LEMMA 3.7. Suppose y. € Q, p. € HY(Q),

as e — 0. Then

as € — 0.

Proof. We denote the average of ¢ in 2 by @.. By Poincaré’s inequality,

|306_¢a 2= — 0.

The limits in this proof are taken as ¢ — 0. So we can write . = @, + 7,
with 7. — 0 in L?". We know that

#_ — —
/Uf,ys (@2 +2@ene +n2) = o(1).
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We have the following estimates for the three terms on the left hand side:
2% 2 2 -2
/Us,ya Pz > bpge,

for some b > 0, and

N+2
2% _9 - — lez Niz 2N
Us,ys NePe| < [Melox|Pel Uey.
< C|776|2*|§56|€’
by (39); and
2
2% _2 2 2 5\ Y
Us,ye Ne S |775 2% Ueyys
< Clnef3-¢loge| ¥, (36)

by (40). (Inequalities (39), (40) and (41) are in the beginning of the next
section.) Thus

bpZe < C|gele + o(1).
This shows that @.+/¢ is bounded. But if ¢.+/¢ is bounded this shows that

Pe\/e — 0. (37)
We want to prove that
/ U2, 2(@2 + 201 +12) = o(1).

For the first term on the left hand side we have, by (39) and then (37),

/ U2, 7232 < C@2e* — 0.
For the third term we have

vz < g —o
We claim that the remaining term also converges to zero. This will prove

the lemma. For the second term we have the estimate

N+42

N 8 2N
<|ns|2*¢s|( U) .

G = ‘ Ug;:2956775
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If N =5, by (41),

N+2 3
2

__4 _ N-2 _
G < Cela- o |V O~ 752) 5 < Clneloe [@ele ™ = Cligelar [ @ele?.

If N = 6, by (40),
(o < Clnelo-|@pe]e?| loge| 3.

Finally, if N > 7, by (39),

2%

G < 0‘775 2% SZ’E|52-

In all three cases, (37) implies that (¢ — 0. |
Remark 3.1. If in the previous lemma, instead of assuming f |V|? — 0,
we assume that [ |V |? is bounded, then we can still conclude @./e — 0

*__ — — *__ ~2 ~ o~
and [ U272 (g2 +20¢on:) = [y U 72 (sog + 2%778) — 0, as € — 0.

Using Lemma 3.6 and the arguments in the proof of Lemma 3.4 of [APY],
we deduce

LEMMA 3.8. Suppose y. € 9, lim._oy. = yo and lim._o(cv.) = 0.
There exists a constant v1 > 0 such that, for sufficiently small €,

67y5

\Vw|§ + VE/U2#’2w2 > (2 -1+ 71)/U52,;;2w2 + 0(52||w||2)

for w orthogonal to T ., (M).

4. NONEXISTENCE OF LEAST ENERGY SOLUTIONS

In this section we prove (ii) of Theorem 2.1. The idea of the proof is to
obtain a lower bound for I, and show that if ay, defined in (18), is infinite,
then the least energy solutions uy of (1,,) have energy I, (ux) > 2%7 for

N

large a,. This is impossible. Therefore oy is finite. By Corollary 3.2, (ii)
of Theorem 2.1 follows.
Assume

up = CpUs, yp + Wi,
(26), (31), (32), (33) and (35). From (10), I, has the lower bound

26 (14 550) (33)
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(this is also checked in (A.2) of Appendix A). We will expand 5 and 0 to
second order around U, ,,. We start by deriving estimates for the terms
that appear in this expansion.

We recall, from Brézis and Nirenberg [9], that, for y € , there exist
positive constants ¢; and cy such that:
if1§q<%,then

1e7F) <UL |2 < 0pe9(557); (39)
if ¢ = %, then
615%| loge| < |Ueyld < 025%|10g5|; (40)
and if % <q< %, then
e eNU=3) <UL 14 < eV (1), (41)

For brevity, we shall write
Uk = Ughyk.
Estimate for |Uy|3: For N > 5, &5 < 2. From (41),

Ukl3 = O(ex?). (42)

Estimate for |Uk|gz : Since yr € 02 and we are supposing that the
domain is smooth,

# 2# B(N)e
oz = 2PN o, (13)
with
1 #
B(N) = — U?
(N) = o /R )
1 (%) N

= gy VR ey VY 20,
2

as proved in Appendix B. Here wy is the volume of the N — 1 dimensional
unit sphere.

Estimate for |VUyg|3 and for |Uy|3.: From Adimurthi and Mancini [1],
since N > 5,

N

S=2 _
— — Cieg + O(Ek2) (44)

VU3 = 5
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and
Uklz- = S;V — Coeg, + O(e1?), (45)
where
Cy = H( k)“’N‘l(f —2°T (;;2]5)(23) IN(N —2)]°%
and
Cy = H(gp) 22 L (H T (F5) NV - 2)F

4 I(N)
Here H (y;) denotes the mean curvature of 9Q at y; with respect to the unit
outward normal and, as above, wy is the volume of the NV — 1 dimensional
unit sphere. This yields
VU3 _ S

2 S 2"F SH(y) A(N)ex + O(e3) (46)
Uk |5 2w

with

e DT o, 1 T
B T = RV S = N

To justify the last equality we recall that if wy(r) is the volume of the
N — 1 dimensional sphere with radius r, then

wN(r):/ wN_l(rsingo)rdgp:TNfle_l(l)/ sinN_2g0d<p,
0 0

which yields
WN-1 wn-1(1) 1 F(%)

wy  wn(1) 7%1"(7 N1y
We mention that the Talenti instanton we use does not coincide with the
one in [1]. Denoting the Talenti instanton in Adimurthi and Mancini by
V,V(-)=U(N(N-2)"2.).
Estimate for kawk:

LEMMA 4.1.

3
O (= lluwll) if N =5,
‘/U’“w’“ =10 €i|10g5k|%\|wk||> if N =0, (48)
O (£3|Jwg|]) if N >T.
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Proof.

N+2

aN N
‘/Ukwk o (/ UlcN+2> .

If N =5, then ]\2,—4]\_’2 < 255, By (39),

‘/Ukwk

If N =6, then 225 = 2. By (40),

Ni2
‘/Ukwk

If N > 7, then 25 < 255, By (41),

‘/ Ukwk

< |wg

N-2 3
< Ollwlle® =0 (flhwll)

N+42

N+2

N N+2 2N 2N
gmmm(%< : D = 0 (2fwill).-

N 2N
< Cllwnll (5 Nogerl) ™ = 0 (<2 og e/l -

23

Estimate for [ U,f*_lwk : From [APY], Equations (3.15), for N > 5,

[ v = e, (49)
Estimate for [ Uf#fl|wk|: Since 25 > 1,
N+2
UQ#_l\w < UN]iz 1\252 2
k k| >~ |’U.)k 2% k
N _\N+42
< C‘wk|2*€£1 N+2) 2
= O(ek||wl])- (50)
Estimate for [ UZ ~%w?:
/ Uz 2w} = O(||wi| ). (51)
Now we will obtain a lower bound for I, (ug). Let vy = ui/Cy =

Uy + o, = Uy + wy/Ck. Because of (32), the sequence (vy) satisfies (26)



24 COSTA AND GIRAO

and the sequence Wy, satisfies (35). Of course, d(vg, M) is achieved by
Uy. Because I is homogeneous of degree zero, I, (ug) = Io, (vi). We will
compute I, (vi) but we will still call vy by ug, and @y by wy.

Going back to (38), I,(ug) is bounded below by the sum of B(uy)
and 5% B(ug)d(uy). We start by obtaining lower bounds for B(uz) and
57 B3(ug)d(uy,) separately. The expression for B(ux) involves two terms:
% The first one is obviously

||ug||? and |ug

||uk|\2 ||Uk||2+2(fVUkVwk+ankwk) + ||wk\|2 (52)

= A+ Ay + As.

For the second term we use

LEmMA 4.2 ([APY] Lemma 3.5). Let ¢ > 1 and L be a non negative
integer with L < q. Let V and w be measurable functions on Q with V>0
and V +w > 0. Then

L .
[ = ATV Y [y
=0

+0(/qum+wm)
where r = min{L + 1, ¢q}.

Taking L = 2 and ¢ = 2%,

IW@ZKM§+T/U?”MAEE;%/U242+OMWH)()

where r = min{2*,3}, i.e., r =3 if N =5, and r = 2* if N > 5. The
inequality

(L4277 >1—ps, (54)

for n > 0 and z > —1, implies

-2 ( 2f Ug*ilwk
2% 1_ e —

U3

Y

Uk

JT””%_%+mww0 (55)

= B+ By + B3 + By.
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Let
— |VUlc %
o Uk
From (44) and (45),
I =14 O(eg). (56)

Using (52) and (55), we can write,

Blug) > I + I+ Is + Iy,

where
= [|Ug|?
I =
LT
= AlBl
_ 2 i .
L = —/—— /VUk-Vwk+a/Ukwk—l/ U? 1wk]
|Uk 2% L
= AsB1+A1B;
_ 1T .
b = g [l = 1 =0 [ 0F 2
|Ukl3+ |
= A331+A133
and

I4 = [(Al + AS)B4] + [AQ(BQ + Bg + B4)] + A3B2 + Ang
= B+ Ey+ B3+ By

By (42) and (45),
- |VU[3
o=k
Ukl
We recall (35), wy, — 0 in H (). )
By (34), the first of the four terms in I is zero; by Lemma 4.1 and by
(49) the second and the third ones are o(g):

+ 0(€k).

I = o(eg).

By (45), (51) and (56),

h=ffﬁf|wW—w—u/%*%ﬂ
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The term E; is o(||w||?) because By is o(||wk||?). The term Ey is o(ey)
because, from Lemma 4.1, Az is o(ex). The term Ej is o(ey) because, from
(49), By is o(ey). Finally, the term Ey is o(||wg||?) because both Az and
Bs are O(||wg||?). Therefore,

I = o(ex) + of|[wi ).

Combining the expressions for I, I, Is and Iy,

VUE | vz o ) .
lu) = [T+ [l - 2 - ) [ 07 2t

+ o(ex) +o (||wk||2)

VU2 N-2 2-N X -
> |Ukk2+2 292 {72||wk|2_(2 _1)/ Uy 2wi} + o(ex),

2
o

for any fixed number 2 < 1, because a > 0. This is our lower bound for

B(ur).-

Now we turn to the term % /3(uy)d(uy) and write

4 2 fusll #
ﬁﬂ(uk)(s(uk) = Z?Waklw\%# (57)

We obtain a lower bound for ||ug|| from (52). Using (34), (42), (44) and
Lemma 4.1,

N

(e (i) +0(e4) + Ol ).

We obtain a lower bound for |uk|27*(2+2*/2) from (53). Using (45), (49),
(51) and (54),

N

(242 AN
el %72 > (2) +O(ex) + Ol ).

For the product we obtain the lower bound

[l

37

257 853 4 O(ep) + O(|Jwi|[2) (58)

= Dy + Dy + Ds.
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To estimate the term oy, |uy |§i we do not use Lemma 4.2 because it would

#
give rise to a term O (ak||wk\|2 ), for which we do not have estimates.
Instead we use this calculus

LEMMA 4.3. Letn > 2. For any z > —1,

-1 -
%22 —Clz|+1< (2 4+ 1),

where C =1+ n(n—1)/2.
Proof. The difference between the right hand side and the left hand side
is zero for z = —1 and z = 0. It is increasing for z > 0 and concave for —1 <

z2<0. 1

((59) also hold for n = 2, with equality for negative values of z.)
As a consequence of Lemma 4.3,

N #(o# _ _
s > [UBE —2#C [ U2+ 2520 [ -2,
with
o cC 1 2#-1

2% oF 2
Using (43) and (49),

Y

ﬁak\uklii B(N)agey, + (2% — 1)ak/ U2" =22

e wi + o(aker) (60)
= Fy + F» + F5.

We will now substitute (58) and (60) in (57). On the one hand,

(Dl + D2 + Dg)Fg = O(Ozké‘k)

and

(D2 + D3)F1 = o(aksk).
On the other hand, by (36),

D3Py = O (et log e ¥ luwgl[2) = olane).
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So,
4 N-—-2 2—N
o7 (uk)é(uk) > 27N §2 B(N)Ozkf;‘k

2 2—N

2 e (o 71)0%/ U2 22

+ 0 (lunlP)ar [ UF 2t + ofarer)

N-—2 2—N

27N S72 [B(N)akek +'72(2#—1)ak/ U,f#zwi}

+ o(ager),

Y

for any fixed number 7, < 1. This is our lower bound for 5% 3(uz)d(uy).
Combining the lower bounds for B(uy) and for % 3(uk)d(uy),

|VUk|% N];2 2-N

Iak(uk) > 5 +2 S72 B(N)agek
Ukl

2—N

N_2 #_
e Iy

- (2" =1 / U,f*Qwi] + o(ager).

From Lemma 3.8, the term inside the square parenthesis is greater than

Choosing o > %, yields that this term is greater than o(ey). Hence,

2 — —
VU +2° 7 g* ZNB(N)ozkek + o(aker).

Iak (uk) Z |Uk

2
2%

Substituting (46) into this expression, we obtain

S N—2 2-N ~ AN 1
Iak(uk) > 27%4-2 N STz B(N)akak 1—SZ§BEN;H( k)——&-o(l)
. S
2%’
for large k.

So assume oy, in (18), is +00. Choose a sequence ay, — +00 as k — +00
and denote by uy a minimizer for I, satisfying (1,, ). From Lemmas 3.3
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and 3.4, the conditions (26), (31), (32), (33) and (35) hold. Therefore
S = Loy (ug) > 2% for large k, which is impossible. By Corollary 3.2,
N

this establishes (ii) of Theorem 2.1.

Remark 4.1. Since S = Jrn U? = wN%ﬁrlggv%z) [N(N — 2)]%7 it

follows that

)

B(N)=S"~.
Using
277%
WN = )
r(3)
the common value is
N+1 1
N T2 N
B(N)=S8z = N T [ (NaTy (%) [N(N —2)]z.

5. LEAST ENERGY SOLUTIONS OF (1,,)

In this section we give a lower bound for oy = min {a| So = S/2% |,
and give partial results concerning existence of least energy solutions of

(Tag)-
From (10) we obtain

LEMMA 5.1. There exists a constant ¢ > W such that

4 — 2
Ia</6(].+2#(5+05> (61)

Proof. Consider A : [0, +00[— R, defined by
N N-21%
2 2" 2
<6+\/6 +1) to (ot ye+1l :

= 0, the first two derivatives

1
(2#)%

A(Q) ==

. o 2 _ 0 1
Since 8—(5\/(5 + 1’(5:0 =0 and 2 /'

of A at zero are

MOy = L2 o# 21 ZN_o| =L
NO= ) REETLEEI R

E
=
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and

A0)= 252 (2 1) (2#)F2(2N)2 + Z[N + (N — 2)] = ;5 20=3,

2IV=3  There exists an € > 0 such that (61) holds

Fix any number ¢; > 2%
forc=cand 0< ¢ <e.

Fix any number cy > W. From (10), there exists an L > 0 such
that (61) holds for ¢ = ¢y and 6 > L.

The inequalities % 2'=2 < 4 < (2#4)12/N show that max{ 2 2N-3

2# N—1°

et} = b
By taking ¢ > max{ci, c2}, € sufficiently large, we can guarantee (61) for
alld e [e, L]. 1

LEMMA 5.2. If a < A(N)maxpq H, then Sy < 5.
2

2
N

Proof. Choose P € 09 such that H(P) = maxpq H. From (42) and
(46),

B(Up) = 5 ~ 2T SH(P)AW)e + ofc),
whereas, from (7) and (42)-(45),

2 o#
(U.p) = e

B(N)ae + o(e).

The previous lemma implies that

Sa < Ia(Us,P)
S NI\72 2—2N % A(N) l _
< 2—%—2 S72 B(N)ae [S B(N)H(P)a 1+0(1)}
= 2@ —2°%" Sae [A(N)H(P); —1+ 0(1)}

as € — 0. Since, by assumption, o < A(N)maxpg H = A(N)H(P), S, <
s
1

2
2N

COROLLARY 5.1. The value av is greater than or equal to A(N) maxgq H.

We let |©2] denote the Lebesgue measure of 2. By testing I, with constant
functions we obtain
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LEMMA 5.3. Ifa < —2 then ap > max {a € [0, 4o0]

@lop~’

I.(1) < i}.

2
2N

Note. The value of I,(1) is

2
2 N N-21W~
Ia(l) _ |Q| N |:(a+\/(§2+4a) + %a <a+\/(§2+4a> :| .

(2#)~

We have not determined the exact value of ag. However, using the ideas
of Chabrowski and Willem [10], we have the following proposition concern-
ing existence of least energy solutions for a = ay:

ProPOSITION 5.1. If ag > A(N)maxgn H then there exists a least en-
ergy solution of (14,).

Proof. Choose a sequence «y " ag. Let up be a minimizer of I,
satisfying (1,,). As in the proof of Lemma 3.3, we conclude that the
sequence (uy) is bounded in H'(). So we can assume u, — .

We claim that u # 0. Suppose, by contradiction, that w = 0. If the
s

v[Z

o
2% =

norms |ug|pe(q) are uniformly bounded, then, from (26), |u 5
which contradicts u = 0. If |ug|pe() — 400, then Lemma 3.4 implies
that we can repeat the argument of the previous sections to conclude that
Sa, > %, for large k. This is also a contradiction. So u # 0.

Since u # 0, the argument in the proof of Lemmas 3.1 and 3.2 yields
that u is a least energy solution of (1,,). Indeed, with the notations in the

proof of Lemma 3.1, zg # 0. If [h(l)}% J[A2#F)F] > 5. then S4, =

2
. 2N
[h(eo)] ¥ /[42#) %] > . Hence Lo, (u) = [R(D]Y /B2F)F] = 5. 1
N N
Remark 5.1. If a is sufficiently small and € is a (unit) ball, then the
lower bound for aq in Corollary 5.1 is smaller than the lower bound for aj
in Lemma 5.3 so that the previous proposition applies.

Proof. The lower bound for ag in Corollary 5.1 is A(N), given in (47).
As a — 0, the lower bound for o in Lemma 5.3 tends to

2 S (2) s ]
Q7 27 ) Viak

T S S %[F(NTf)ﬁ
(¥)" e T
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Suppose now g = A(N) maxgo H. Once again, choose a sequence ay,
ap and let uy be a minimizer of I,, satisfying (1,,). The argument in
the proof of the previous proposition shows that, modulo a subsequence,
either up, — u # 0, or up — 0 and |ug|p~(q) — +oo. We have not
determined which of these alternatives holds. In the first case u is a least
energy solution of (1,,). In the second case let, as before, P, be such that
ur(Pr) = |ug|ro(q). Any limit point of (Py) is contained in the set of
points of maximum mean curvature of 92. For if yg is a limit point of Py,
then

—2" % SH(y) AN )z = (277 SH(yo) A(N)ey — 2% SH(yy) ANz

—2°%" SH (yo) A(N)er,
_ ,2¥SH(yO)A(N)€k + o(ek)-

If H(yo) < maxgo H, then the argument in the previous section shows
that S, > 2%, for large k.
N
We summarize these observations in

PROPOSITION 5.2. Suppose cg = A(N) maxgg H. Then

(i) either there exists a least energy solution of (1a,),

(i) or any sequence, uy, of least energy solutions of (1, ), for ax < ag,
ar — ag, has a subsequence, ug, up — 0, |ug|r @) — +00; the limit points
of any sequence of maximums of ux are contained in the set of points of
mazimum mean curvature of the boundary of Q.

APPENDIX A
The functional restricted to the Nehari manifold
In this Appendix we start by checking, using standard arguments, that
the Nehari set A is a manifold and a natural constraint for ®, (defined in
(2)). We then derive the expressions (3) and (6) for ®,, restricted to N, we
derive an expression for I, (defined in (8)) equivalent to (9) and to (10),
and we derive upper and lower bounds for 1.
Consider the set

N = {ue H(Q): @ (u)u=0,u+0},
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where ®,, is the C? functional defined in (2), and define J, : H1(2) - R
by

# x
Ja(u) = @ (w)u = [Jul|* + alulzy — |uf3-.

The set N = {u € H'(Q): Jo(u) =0,u# 0}, is a manifold (called the
Nehari manifold). Indeed, if u € N, then J/,(u) # 0, because if J,(u) =0
and J! (u)u = 0, then

* * * #
0= 2"Jo(u) = Jo(u)u = (2* = 2)lJul]* + (2* - 27 )alul3.

This yields © = 0. Furthermore, the Nehari manifold is a natural constraint
for ®,,, by which we mean that any critical point of @, | is a critical point
of ®,. In fact, suppose that u € N is a critical point of ®@,|n. Then
there exists a A € R such that ®/ (u) = AJ. (u). Applying both sides to w,
0= Juy(u) = @, (v)u = A\J, (u)u. However, we just saw that J/ (u)u # 0 if
Jo(u) =0 (and u # 0). It follows that A = 0 and wu is a critical point of
o,

For any u € H'(Q)\ {0} there exists a unique #(u) > 0 such that t(u)u €
N, ie. @ (t(u)u)t(u)u = 0. The value of ¢(u) is the solution of

# #_ * *_
[lull* + aful3s t(@)]*” 2 = Jul3. [t(uw)]* ~* = 0.

Since 2# — 2 = ﬁ is half of 2* — 2, the equation

a+ bt2#*2 —ct? "2 =0,

is quadratic in t¥ 2. Define the functionals a, b and c : HY )\ {0} = R
by

atu) = Jlull?,
b(u) = alul3, = ba(u),
c(u) = |ul3.

(Note that a # a.) The value of ¢(u) is
Hu) = <b+ Vbz*‘“”) " ). (A1)

2c

The functional ¢ : H}(Q) \ {0} — R is obviously continuous and the map
u +— t(u)u defines a homeomorphism of the unit sphere in H*(£2) with N.
Its inverse is the retraction u — ﬁ

We define ¥, : H(Q) \ {0} — R by

Uy (u) = Do (t(u)u).
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In terms of a, b, c and ¢,

IR TP TR T

Replacing (A.1) into this expression for ¥, and simplifying, leads to

N N-2
11 <b+\/b2+4ac> C+2*<b—|—vb2_|_4a0> a
c

“T N o# 2 2 2

We now introduce the functionals 3, v : H}(Q) \ {0} — R, defined by

and

N
as in expressions (4) and (5), respectively. In terms of 5 and ~, the expres-
sion for ¥, is

g, - L L {(7+\/72+46)N+2-2*ﬁ(7+ \/v2+4ﬁ)N2].

T N2#2

This is (3). If we introduce still another functional § : H1(Q2) \ {0} — R,
defined by

as in expression (7), then we can write ¥, as
1 3% N 9 N-2
a:Ni;[<6+\/52+1) +2—(6+\/52+1) }

This is (6).
We give an expression for I, = (NU,)
(9) and to (10):

2

, defined in (8), equivalent to

S

Ia—ﬂ(5+\/my*(2152+22#5m+1>

Since
4 2 2 4

> T N3F  2F
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I, has the lower bound
4
I,>0(1+ 2—#(5 . (A.2)

For an upper bound for I, we refer to Lemma 5.1.

APPENDIX B
The estimate for |Uk|§:
In this Appendix we use the ideas of Adimurthi and Mancini [1] to prove
(43).
We wish to estimate |U |2, where U, , is defined in (14) and y € 9.
By a change of coordinates we can assume that y = 0,

Br(0)NQ = {(z’,zn) € Br(0)lzy > p(z')}

and
Br(0)NdQ = {(z',2n) € Br(0)|lzx = p(z')},

for some R > 0, where ' = (z1,...,2N-1),

N-1
p(a') =Y Niaf +O(a'*),
i=1

NER,1<i<N-—1.

We begin by supposing all the A;’s are positive. Let U. := U, and
Y :={(2',zn) € Br(0)|0 < zy < p(z')}. Then
1
o=y [ v fere [ ey
2 JBr(0) = BE(0)nQ

We will estimate each of the three terms on the right hand side of (B.1).
For the third term we have
g
BZ(0)

B§ (0)N©2
+oo N1
=0 e
g/R/a Tt

= O(e xeN7?)
= 0N

IN
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Using this estimate, for the first term on the right hand side of (B.1) we

have
1 1
f/ U = f/ U2’ 10N
2 BR(O) 2 RN
= 1s/ U2#+O(5N*1)
2 RN
2# N-1
= 5 BN)e+0("7),
with

1 #
B(N) = 2—#/RNU2

+o0 PpN-1 N
= zi#wN/O Wdrx[N(N—Q)]7
N2 N
= Z(JIVVf_zl)wa 2]\,1_1\/7?1EENQ; X [N(N —2)]=
= o vE D v -,

here wy is the volume of the N — 1 dimensional unit sphere.
So we are left with the estimate of the second term on the right hand

side of (B.1). Let o > 0 be such that

L, :={z € R¥|[z;] < 0,1 <i < N} C Bg(0)

and define
Ay i={2||z;] <o,1 <i< N -1}

For the second term on the right hand side of (B.1),

/Uf# :/ U2* + 0N
> SNLo
pla’)
:/ / U dey da’ +0(eN )

</ / (2 + |z[)N 1T |x| )N T dry d33'> + 0N,

using the change of variables /% + |2/|? yy = x,
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p(z’)

glV-1 V2 1
—o| | s | gy’
A, (€2 4 [2/2)N-3 o (1+42)N1 YN

o

+ 0@,
since [ W dt = s+ O(s?),

_ >N
=0 [ e
N— 2"
o [ rme )
+ 0N

of+] e
NV CERTERE

cofaf LWy
A, e (LY [N
+ 0N
= 0(?).

Combining the estimates for the three terms on the right hand side of
(B.1),

o#
~_B(N)e + O(£?), (B.2)

Uel% =
| 5|2# 2

if all the \;’s are positive. If all the \;’s are negative, then the minus sign
on the right hand side of (B.1) turns into a plus sign, and (B.2) follows.
From these two cases we deduce that (B.2) holds no matter what the sign
of the \;’s is.
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