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Summary. Motion by (weighted) mean curvature is a geometric evolution law for
surfaces, representing steepest descent with respect to (an)isotropic surface energy.
It has been proposed that this motion could be computed by solving the analogous
evolution law using a “crystalline” approximation to the surface energy. We present
the first convergence analysis for a numerical scheme of this type. Our treatment is
restricted to one dimensional surfaces (curves in the plane) which are graphs. In this
context, the scheme amounts to a new algorithm for solving quasilinear parabolic
equations in one space dimension.
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1. Introduction

In the modeling of phase transformations it is often of interest to consider surface-
energy-driven motion of interfaces (see the work of Gurtin [14-16], the recent review
by Taylor, Cahn, and Handwerker [27], and the references therein). If the surface
energy is isotropic this leads to motion by mean curvature, i.e. the normal velocity
of the interface equals its mean curvature. If the surface energy is anisotropic the
associated evolution equation has been called “motion by weighted mean curvature”
(see the review Taylor [25]).

When the surface energy is “strictly convex” the evolution law is a quasilinear
parabolic equation. The isotropic case falls in this class. When the surface energy is
“crystalline” the surface must be faceted and its evolution law reduces to a family of
ordinary differential equations for the lengths of the faces. The mathematical theory
of surface-energy-driven motion of interfaces is discussed at length in Angenent and
Gurtin [2], developing upon an extensive materials science literature of which Herring
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[17] is representative. The essential aspects are summarized in an appendix, for the
reader’s convenience. We emphasize that familiarity with this theonptisissumed

in the present work, though it provides the motivation and the context for what we
do.

There has recently been intense mathematical activity concerning the analysis of
motion by (weighted) mean curvature (see for example Angenent and Gurtin [2, 3],
Brakke [4], Chen, Giga, and Goto [5], de Mottoni and Schatzman [6], Evans and
Spruck [7, 8], Gage and Hamilton [11], Grayson [13], Gurtin [16], Huisken [18], and
Sethian [22]). The analysis of crystalline surface energies has also received consider-
able attention both with regard to statics (energy minimization) (see Sullivan [23] and
Taylor [24]) and with regard to dynamics (motion by weighted mean curvature) (see
Almgren, Taylor and Wang [1], Angenent and Gurtin [2], Ohnuma and Sato [20], and
Roosen and Taylor [21]). We provide these references for the interested reader; the
only one we actually need in this paper is [2].

It is a geometrically natural idea to approximate a strictly convex energy by a
crystalline one. This idea has recently been analyzed by Sullivan in [23], but only for
problems of energy minimization. “Crystalline approximation” has been used in appli-
cations without rigorous justification as a method for computing motion by weighted
mean curvature in the context of closed curves and surfaces, because it replaces a
parabolic differential equation with a system of ordinary differential equations. This
paper represents a first attempt to establish its convergence. We study the simplest
possible case: the interface is the graph of a function of one variable. Our main result
is the convergence of a “crystalline” scheme for solving a quasilinear parabolic equa-
tion in one space dimension. We prove convergencl inwith a specified rate. Our
method is somewhat similar to the convergence analysis for a Galerkin approximation
(see e.g. Thoke [28]).

We emphasize that the “crystalline” discretization considered here is quite different
from any of the more standard schemes from numerical analysis. The approximate
solution is a piecewise linear function of the spatial variable, with “pieces” that have
fixed slopes and variable lengths. This is in sharp contrast to finite difference and
finite element methods (where it is the spatial grid that is fixed), to front tracking
(which places no constraint on the slopes of the approximate solution), and to spectral
methods.

The recent paper of Fukui and Giga [10] is closely related to the present work.
They prove a general existence and uniqueness theorem for motion of graphs by
weighted curvature (by adapting the theory of nonlinear semigroups), which applies to
a wider class of interfacial energies and even to “incompatible” initial data. When the
surface energy is “crystalline” and the initial data is piecewise linear and compatible
(i.e. has the “right” slopes) their solution is the same as ours. They prove continuous
dependence on the initial data and on the form of the interfacial energy. This fact
would suffice to prove convergence of our approximation scheme. The result we prove
here is sharper, however, because we get a specific convergence ratéfihribem.

In another paper [12] we prove convergence of the crystalline algorithm for the
motion of a simple closed convex curve by weighted curvature. This is done by
parametrizing the weighted curvature by the angle between the interface normal and
a fixed coordinate axis, and comparing it with the weighted curvature of the approx-
imate solution. It turns out that the crystalline approximation scheme corresponds
to a standard finite difference scheme for the (nonlinear) evolution equation for the
weighted curvature.
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The organization of this paper is as follows: in Sect. 2 we set up the scheme and
make some preliminary observations. In Sect. 3 we study the case of the ordinary heat
equation. In Sect. 4 we prove convergence for general convex energies and constant
Dirichlet boundary conditions. In Sect. 5 we prove convergence for constant Neumann
boundary conditions. In Sect. 6 we set up the general Dirichlet problem. However, for
general Dirichlet boundary conditions we do not prove convergence of the scheme
because we have been unable to prove that the approximate solution exists up to a
fixed time as the discretization gets finer. It seems plausible that, under suitable growth
conditions on the energy, one should be able to bound the slope of the approximate
solutions. Then convergence would follow as in Sect. 4. Finally, Sect. 7 is an appendix
which outlines the physical and mathematical context of our work.

This paper is part of the first author’'s Ph.D. thesis.

2. Setup and preliminary observations

This paper is concerned with the convergence of an approximation scheme for the
equation
Ut

(1.1) V1442
u(z,0) = uo(x)

= W (ug) gy if 0<z<1

For now we focus on the case of homogeneous Dirichlet boundary conditions,
(1.2) w(0,t) = w(l,t) = 0O,

postponing consideration of other boundary conditions to Sects. 5 and16ulf) =
\/1 +u2, W"(u,) ug, is the curvature of the graph of, and in general it is the

T

negative of the gradient of L
B & [ W) do
0

or the weighted curvature of the graphwfSo Eq. (1) says that the normal velocity
of the graph ofu equals its weighted curvature.

We assume throughout th#it is strictly convex andC?, and that Eq. (1) has a
C® solution in [Q 1] x [0, T]. The existence of & solution is guaranteed by Theo-
rem M.5.2 and the regularity results of Ladgnskaja, Solonnikov, and Ural’ceva [19]
whenW andug are sufficiently smoothyg satisfies compatibility conditions at zero
and one, andV satisfies certain growth conditions. Appropriate growth conditions
are discussed in Sect. 6 (see especially conditions (32)).

The numerical scheme considered in this paper arises by deriving an analogue
of Eqg. (1) in the setting wher&/ is substituted by a piecewise linear functid,
which coincides withi¥” at its corners (see Fig. 1). We now carry out this derivation.
As explained in the Appendix, this has been done in a slightly different way by Gibbs
(see the review Taylor [25]). The equations we will arrive at have been obtained in a
physical context by Angenent and Gurtin [2].

The approximation scheme should deal with continuous piecewise linear functions,
u™, where each segment, which from now on will be called face, has an admissible
slope, i.e. has slope equal to a valueugfcorresponding to one of the cornersiof.

We will refer to the set of all such functions as the set of admissible functions. For
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W(uy), W(uy)

Ux

Fig. 1. The energy density}” approximated by a piecewise linear functibn. The functioni¥ coincides
with W at its corners.

‘
|
Xy

Fig. 2. A function ug*( - )

now, the parametet. has no meaning by itself, but later on it will be the maximum
distance between two such adjacent values.gfand it will determine the rate of
convergence of the scheme, thus playing a role similar to the one that the mesh size
does in a finite difference scheme.

We order the faces from left to right. At selected times faces will disappear and
each time this happens we reorder them. So the number of faces is a piecewise constant
function of time denoted simply bjv. We usually keep the time dependence of such
functions implicit. The exception will be’'s time dependence and that of its first
argument, when that argument is itself a function, which we often make explicit. Let
X; (0 =20 < 1 0 < Tl < xy < e < -1 < XN = 1) be the
abscissa of théth corner ofu™, I; be the length of the projection of thih face on
the z-axis, and ('), and }*); be the values of:]' and}", respectively, for the
ith face ofu™.

First of all, we focus on the initial data. Defing(x) E u™(x,0). We assume
that

(2) wug'belongs to the set of admissible functions, satisfies the boundary conditions,
and jumps in((ug").); correspond to adjacent corners Bf (see Fig. 2).

This is a reasonable assumption, and we make it because our scheme will move but
not create faces.
Second, we impose the boundary conditions. Siafet) = w(1,t) = 0 we
have to choose
€) ()1 =0 and ")y =0

for them to be satisfied.
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Our next goal is to derive the evolution equatiomndf. Before doing this, how-
ever, we use the fact thaf” is continuous to derive some important relations. The
functionsu]* anduj* are discontinuous, but the vertical velocity of thik corner of
u™ is the same whether computed using ttfeor ¢ + 1)th face. So, differentiating
u™(x;(t), t) with respect tor,

(4) ii:_(ujn)i+1*(“t)i, for 1 <i< N — 1

(up)ivr — (u')s
It is sometimes more convenient to work with the lengths of the faces rather than
with the positions of the corners af™. Egs. (4) imply

; _ - _ (ui™)2 — (ui™n
ho = e T (W2 - WM

(5.1)

(uf)n - (uf")N-1

(N - (ug)n-1"’

l.N = —TNn-1
but these can be simplified using the boundary conditions. We get
(5.1) lh = @1 = Ay, IN = —@n_1 = N u)n_a,
and also (see Egs. (10.18) of [2])

(5.2) o=@ = @i = Q) + o e+ cHuin,

for2 < 7 < N —1, with

P 1 . 1
! (um); — (uy')i-a (W™ — (r); '
1
6 c;l = - ,
© (wm); — (u)i-1
1
A=
! (u)isr — ()i

Finally, we turn to determining the evolution equation«6f. We compute the
normal velocities of the faces af™ in terms of thel;’s. They should equal the
negative of the gradient of

Bl & / ) do,
0

on the space of admissible functions,4t. By the definition ofiV/,

N
E@™) = Y Wu)] L.
=1
We now compute the negative of the gradientE)f Egs. (4) imply that the rate of
change of energy “at” théth corner is

(ui)irr — (ui");

— AW = Wil - (W1 — ()i
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and, summing irt from 1 to N — 1, that the (total) rate of change in energy is

-1
X { Wl(uial — W] W] — Wiu)ioi] } ),
pes (up)ivr — (u*)i (ui)i (uy)i-1 Lo
~ WI(ui)2] = Wiuz"a] (W), + W(ui)n] — Wl(ui")n-al
(uf)2 — (ui)a k (up')n — (Ui )v-1
The boundary terms cancel because of the boundary conditions.
The preceding expression is the directional derivativelofin the direction of
the piecewise constant function which has valu; for = in (z;_1,z;), atu™. In
other words, it is equal to

< (u)N -

d —
E
dh (én) )
where g, is admissiblegy, = v™, and
dén  m
dh 10 - (ut )z

for z in (x;_1, x;).
Our space of admissible functions is somewhat unfamiliar, so perhaps some elab-
oration is appropriate. Supposgg, is a curve in the space of admissible functions

such thatpo = u™. Sinceg, is admissible andsy = u™, we see that’" |

is a piecewise constant function which is constant, with value 8g@y;( in the in-
terval (x;_1,x;). Conversely, given a piecewise constant function which is constant,
say with value ¢;*);, in the interval §;_1,x;) there exists a family of admissible

functions ¢, such thatpo = u™ and %" . (u); in (z;_1,2;). To obtain

such a¢y, one can, for example, translate thk face ofu™ (for eachi) vertically by
h(u}™);. It follows that directional derivatives of at ™ on the space of admissible
functions are directional derivatives in the direction of piecewise constant functions
which are constant inaf{_1, x;). _

So the negative of the gradient &f at u™ is a piecewise constant function that
has value A

L’
o Wlui)ia] — Wlui)l — Wiug')] — Wi(ui)i-a]
(Ui — (u); (um); (uf')i—1 ’
and for 2 < i < N —1, and has value zero farin (xg,x1) and @x_1,xn). We
conclude that, for 2< i < N — 1, theith face should have

for z in (x;_q1,x;),

n A

m - m . Al
®) @) = 1z -

In summary,u™ is determined by solvinggs. (5)with thec!’s given byEgs. (6)
the (u}");’s by Egs. (3) and (8)and theA,’s by Egs. (7) the initial data should satisfy
condition (2) This amounts to solving a nonlinear system of ordinary differential
equations for thd;’s.

We make here a few comments.
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— For reference we note the following elementary “summation by parts” formulas:

N-1 N-1
E aj(biygr — b)) = — E bila; —a;_1) — agby + an_1bN,
i=1 i=2
N N-1
E ai(b; —bi_1q) = — E bilaje1 — a;) — agbg + anbp,

=1 =1
N-—-1 N

E aj(bjsy —by) = — E bilaj —aj_1) — agby + anby-

=1 i=1

— Henceforth we write) . for Zf\:’l.

— Later we will use the fact that ifu();+1 = (ul');—1 then4; = 0.

—fwW(-) = \/ 1+ (-)? then ? may be interpreted as the “curvaturewdf at
its ith segment.” '

We now make some preliminary observations about this scheme.

First, note that one can think of™ as being defined on the whole real line, the
extension being odd with period two. Thea”()o = (u), implies @/*); = O,

and @)n+1 = ())nv—1 implies @*)y = 0. This is important because it shows
that for certain qualitative features (such as our next observation) there is no need to
consider the end intervals separately. It will also be useful in our computations when
we want to extend the range of some summations by adding and subtracting boundary
terms. For example, in the expression for the total rate of change of energy we can
let the sum run from 1 taV. Then the new boundary term at= 0 is

_ WL = Wy
@M1 — (o e

Remark: Egs. (7) and (8) now hold ferequal to 1 andV.
Secongdwe show that

9) even as time evolves and certain faces disappear,
jumps in(u]"); correspond to adjacent corners of,

and
(20) the maximum principle holds far}",

i.e. u;” is bounded above by its maximum at time zero. Statement (9) has also been
noted by Taylor [26]. Notice the simple but important consequence of statement (9)
that if (u}*); is smaller or greater than both)(');_1 and @7*);+1 then @2*);—1 =
(ul)i+1. Preparing for the proof, we note that if statement (9) is true at tirteen,

at that time,

& (u); > 0, it (@™)i-1 <0, ct (W) <0,

since 4;, and consequentlyu{™);, has the same sign a8’();+1 — (ul");—1, due to
the convexity ofli/. We proceed in four steps:
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— Statement (9) holds at time zero, by condition (2). It clearly continues to hold until
the timet; when one or more faces disappear.

— The maximum principle holds far;* for ¢ < t¢;. This is a consequence of the
fact that if max<,<x (u*); is positive then it is non-increasing. For the proof,
suppose the maximum occurs at tiie face. Then«");+1 — (u*);—1 > 0. This
together with statement (9) impliegl);—1 < (u2*); < (ul')i+1; the first of
these inequalities gives ' < 0 and the second < 0. It follows that the right
hand side of Eq. () is bounded below by? (u}); + ¢;* (u}™); + ¢ (u*); = 0
The left hand side of Eq. (8) is

. A
.= m)2 7 my/
b= e o, )

by Eq. (8), where "), is the derivative of ¢}*); ((v}*); = (u}});). Therefore

(ui"); < 0.

— Statement (9) holds at timie. Appealing again to Eq. (8), we see that only inflection
faces can disappear, and this have well defined limits at time,. Of course, no
three or more adjacent facés .., j can disappear at timg for, if that were the
case, by Egs. (8),l;+1 = -+ = [;_1 = Ofort < t;. At time ¢, two cases are
possible:

— Case{) The face disappears without its adjacent neighbors disappeariftgen
A; = 0and @)1 = (u)Y)i—1. At time ¢4 the faces — 1 andi + 1 join to
from a single face. (Note that in this case, for< t;, A;,_14;+1 < 0, since
either we have");—1 < (uI'); and @*); > (ul');+1, Or else the opposite
of both of these inequalities.)

— Case{i) The faces — 1 andq disappear without their adjacent neighbors doing
so.ThenA,_1 = A; = 0, @)i—2 = (@W'); and @)i—1 = (u}")i+1, and
(u™);—2 and @);+1 correspond to adjacent corners1f.

— If the maximum ot} is discontinuous at timé; then it can only jump dowrin
fact, consider what happens in each of the cases above:

— Case {) If the ¢ — 1)th and { + 1)th faces join to form an inflection face
then for this new face:;* = 0. Otherwise the new face has a value &f
different from zero. If4;_14;+1 < 0fort < t; then the new face has A
equal toA;_; or A;+1 (and the length of the new face at timgis greater than
the limit of the lengths of botl; 1 andi;+; ast approaches; from below). If
A;_14;41 = O0fort < t; then the new face might have A different from
A;_1 and A;41. But then itsA must be equal to the value af; for some; such
that thejth face joins the— 1)th and ¢+ 1)th ones at time; to form the new
face. (In this case the length of the new face at timés greater than the limit
of the length ofl; ast approaches;.)

— Case i) The facesi — 2 andi + 1 do not join to form a new face.

Therefore at timg; the maximum ofuj* can only decrease.

By applying the above reasoning repeatedly, we conclude that statement (9) and the
maximum principle foru}* hold for all time. The above shows in particular thét
exists for all time.

Third, we note the discrete analogue ¢f } fol u? dr = — fol Up Upy dr +
ur(1,1) uz(1,t) — ue(0,t) u,(0,t) . This is an identity valid for any function. The
discrete version applies to any admissible functidgh, i.e. one which is piecewise
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linear in space with slopes{*);, such that the jumps in(*); correspond to adjacent
corners ofi¥’. The proof uses only Egs. .(B) and (52), not the discretized differential
equation (8) or the Dirichlet boundary condition {5

d 1 my2 _1N_1m2 0(,,m -1/ m 1, m
dt 2 ()i li = 2 Z(Uz i [ei@i™i + ¢ (w)i—1 + ()i ]
i i=2
1 — m
*, (uiei(ui)2 + 5 (M 3en W1
1 1 1, m
~ 5 (uYier(ui™) — (u?)%chl(ut IN
N-1
1
=5 Z( ™ [ QW) + cpiuiig + e q(ur)? ]
=2
1 — m
(um)lcl(u o — (UZZ)%]CNl(ut )N
(U?)zcz_l(ut it (Um)N 1CN 1(uf")n
N-1
1
(11) =, (W) [ (u)isr — (uit)i-1]
=2
1 m m m
2 (ut )1 [ (uz )1 + (uz )2]
1

o @)y [(uz)v-1 + (uz)w ]

For the solution of Eqg. (1) we havg fol u? dz < 0. Similarly, for the solution of
the discretized problem with homogeneous Dirichlet boundary condition we see from
Eq. (11) thatd >, (um)?1; < 0

Fourth, b:(um)( .) is a continuous function of but is only piecewiseC! because
faces disappear at selected times. We will not mention this restriction again, although
it will come up repeatedly, since it is of no consequence for our analysis.

Fifth and last, the maximum principle holds fef” because an interior maximum
will occur at theith corner (1< ¢ < N — 1)onlyif (u"); > (u)+1 andin
this case bothu["); and @;");+1 are nonpositive.

3. Convergence for the heat equation

Before proving convergence of the approximation scheme for Eq. (1), let us treat the
simpler case of the corresponding approximation scheme for the heat equation,

Up = Ugyy if 0<z<1
(12) u(z,0) = uo(z)
u(0,t) = wu(l,t) =

In this case
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1

W (uyg) o U

2
x

and A WM — ()
i uMivr — (Wih)i
(13) @ = A= " g

We shall estimate the growth of thié* norm of v — u™ .

The calculation in this section would be simplest if we took full advantage of
the boundary conditions, dropping terms suchug®, t) or (u}*); which vanish due
to Egs. (12) and (3). This would be inefficient because it would force us to repeat
many calculations in Sects.5 and 6, where we consider other boundary conditions.
We therefore proceed as follows:

— The Dirichlet boundary conditiong(1,¢) = 0 and ¢;*)xy = 0 will be used at
x = 1, and we shall drop terms which vanish as a result.

— The Dirichlet boundary conditions will also be usedrat=" 0, but we shall label
((i) through (vii)) the associated boundary terms the first time they appear for future
reference. Then these terms will be dropped since they vanish du@,t) = 0
and @)1 = 0.

— In Sects. 5 and 6 we will deal with boundary conditions other than the homogeneous
oneu(0,t) = (uj*)1 = 0. Specialized to the case of the heat equation, they lead
to relations of the form

(14) (ui"n = 1,

wherer; is a function of time, 0< r; < 1, andA4; is defined by Eq. (7) for
i = 1. Notice thatd; depends onu’*)o, (u}')1, and @2*),.

— To impose the Dirichlet boundary conditiafi*(0,¢) = 0, one should take)o =
(ul)2, corresponding to the odd, periodic extensionu8f. This yieldsA; = 0
and ¢;*)1 = 0, as noted above. In this case we may as wellrset= 1 since
both sides of Eq. (14) vanish.

— Itis convenient to unify Eqgs. (13) and (14) by writing

A
@™ = '
forl < i < N,withr, = .- = ry = 1,and 0< r; < 1. Zero boundary
conditions atr = 1 imply Ay = 0, just as zero boundary conditionszat= 0
imply A; = 0.

— At risk of redundancy, we emphasize: for homogeneous Dirichlet boundary condi-
tions it suffices to set,;(0,¢) = 0, w/*)1 = 0,71 = rp = -+ = ry = 1,
and @) = (u™); in the calculation that follows, and the boundary terms
(i) through (vii) all vanish.

One further remark. The right hand side of Eqg. (11) can be written

N-1
-3 Z (i) [ (up)isr — (uit)i—1]
=2
(1) SL @ [ — (o]

=7 @ [(wPore + (s + (w2 (1 — ro)l.

For the case of the heat equation, discretized as above, this becomes
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N-1
~ Sl - @
-

= 2 [(wo e + (s + (uf)2 (1 — ro)l.

Now we begin the convergence analysis. We have

d 1 [* ) d |1 [, 1 Sy
— m = + m ~ .

ED
- E / Ug Uy
i Ti—1

_ /1 u? dz — uy(0,1) uy(0,t) — Z(u;n)f l;
0 _26_/ -
L e s @ @ @ - )
)
- jt Z(“?)i [ulzi(t),t) — ulzi—1(t),1)]

1 1
—/|ut—ul”|2dx—2/utu?‘dx
0 0

A
— > @i Lualwa®), ) & — wp(wioa(), 1) #i-1]

B
—~ Z(u?‘)i [ue(zi(t), ) — welwia(t),t) ]

C

We have dropped the terms which vanish due to the homogeneous boundary condition,
as we announced we would do. We rewrtiteand B:

A= =23 @) [ua(@i(®), ) — walwioa(®),f) ],

N-1
B = > up(wi(®),) [ (i — )i ] + ua(0,1) (ul)a o
=1

N-1
= - Zux(xi(t)ut) [ (ui)irr — (uf); ]
i=1
Zi:(uln)z‘ [ ue(@i(),t) — wa(wioa(t), ) ] + (ui")1 ua(0,2).
(i)

(16)
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Note that we have used Egs. (4). So,

A+ B = — Z(u;")Z [ ug(zi(®),t) — uzp(zi—1(t),t)]
_ Z[ (Wl)i+r — (Ul)i-1 m_] [ — wp(z;(t),8) + ug(zi_1(2),t) ]

21;
A

+; zi:[ (uih)i — (@W™)i—1] [_ ug (;(t), 1) —liuw(xi—1(t),t) ] .

On the other hand,

i

(17) c

N-1
> u(@i),t) - [ — @))i ]+ w(0,1) ()
N—— ———

=t (iv)

= ; Z[ (upier — (uz')i ] - [ ue(zi(?),1) ]
+ ; Z[ (u?vn)z - (u;’n)ifl] . [Ut(l'i,l(ﬁ),t)]

w0 [~ @l

(v)

Hence,A + B + C equals
30 L@ — @] L)1 71
S YT - @] L GO0

* o wO) [Wrh — @] @ — )

. (vi)
# um®0 [ — @] @ = ),

for somecq; andg; belonging to ¢;_1, x;). The last term in this sum can be written
as

a0 L) — n 1@ — )

= 4w — N1 — )
(vil)
# oL — G0 ] e Ca).0) (@~ ) I,
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for some~; belonging to (Qx1). For zero boundary conditions each of (i) through
(vii) vanishes. We stop to note that our calculation was exact up to here. We will
now boundA + B + C. The final bound for the? norm of u, — u will be
sharp inasmuch as the next bound is optimal. The terms correspondingatad -,
combine and we obtain

1 m m .
|A + B + C| < 2 H Uzzx HOO(t) 13%%\)7&1 | (uz)i — (ui')i-1 [;

here|| ||~ is the supremum norm im on the interval [01]. Thus the accuracy of
the discretization is governed by

4 my. _ (,my.

(18) m = 1gr7:n§\)/(+1 | (ux )l (uac )Z—l ‘
The parametem controls the convergence of the scheme in much the way the mesh
size controls the behavior of a finite difference approximation. Notice that our es-
timates do not require any uniformity on the quantitje@:}"); — (u*);—1 | as¢
varies.

To recapitulate, we have shown thatuifsolves the heat equation (12) ant’
solves its discretized version, both with homogeneous Dirichlet boundary conditions,
then

d 1 [* ) ! 5 1
— um < - — +
dt 2 /0 | Uy uy' [“dr < /O | uy (A 2 m || Uzzz |[oo(t)s

Suppose that the discrete initial datgt have been chosen so that

(19) | @g)e — (uo)a [loo < .

Then the error at time is
1 1t 1 1 ¢
(20) 5 /o | up — ul \2 dr < 5 m? + 5 m /0 || gz ||oo(T) dT.

By Poincaé’s inequality theL? norm ofu — u™ is controlled by theL? norm of
its spatial derivative. We conclude that

m 1
sup |[u — u™ ||giqoy < cmz,
0<t<T

with ¢ depending orn: andT' but not onm.

Since we are assuming is C*, one can choose]® such that the hypothesis (19)
is satisfied. For example, one can proceed as follows. First, identify all the points
where {i0),, is admissible and draw the tangentsu#g through those points. Next,
draw a line through each inflection poimtof »™ with the admissible slopeu(*);
closest to the value ofug).(z) and such that (u7*); | > | (uo).(z) |. Then, draw
a line through (00) with the admissible slope closest to the value @f){(0) and
greater than (respectively, less thany)(.(0) if (¢0)z2(0) < O ((u0)2(0) > 0); if
zero is an inflection point ofiy disregard this step. Do a similar construction at the
point one. Finally, obtainig* by the union of segments on the lines above.

It is worth noting that, for relatively large timeserror estimate (20) is dominated

by the term mfot [|tgzz||oo(T) dT, NOt by the approximation of the initial data. A
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cruder approximation of the initial daté(ug"), — (Uo)xHZLz([O g = O(m), would
not affect the order of convergence.

Remark We collect the boundary terms which entered in the calculation above because
we will need them later. They were:

) = —w(01) u.(0,2),
(i) = —3Cu) [ugors + @ + @il = r)l,
(i) = (ui")1 u(0,9),

(iv) + (v) + (vi) + (vii) 2 (0,8) [(ugors + (uf)a + (uy)2(1 — r1)].

If (u})1 = w(0,¢), as in Sect. 6, then the sum (i) through (vii) is zero. Alternatively,
if (ul")1 = u,(0,%), as in Sect.5, then

(i) + (iii)

(i) + (iv) + (v) + (vi) + (vii)

S [—(umMory + (M) — (ul)2(1 — r1)],
(0, 1) [(ul)ors — (uiM)1 + (ui)2(1 — r1)].

Before proceeding to the next section we make a final remark. If the distance
between any two adjacent admissible slopes is a fixed constant, i.e. the mesh in
the u,-axis of Fig.1 is uniform, then it might be possible to improve the bound
for A + B + (. In fact, if theith is not an inflection face ofi™ then either
(™)1 < (W™); < (u)1 or both these inequalities are reversed. In either case
the absolute value of thgh term in the expression for the sum af + B + C'is
equal to

i m | owea (i (8, 1) 1 () — Bi(0) |

for somey; belonging to ¢;_1, z;), so less than

4

If the ith is an inflection face of™ then theith term of A + B + C'is bounded by

1

Hence

ith an
infl. face

+

N R

This suggests that to get a sharper estimate than the one obtained above one should
bound maxi; on an interval [QT] in terms of m. Note that for the present case
Egs. (52) reduce to
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1

l; 2 -1 0 0 O I
lisa -1 2 -1 0 0 I
lj1 0 0 © 2 -1 L

I; 0O 0 O -1 2 "ll

J

between inflection faces.

4. Convergence for general convex energies

We turn now to proving convergence of the approximation scheme described in Sect. 2,
for Eq. (1). The argument is in many respects similar to that for the heat equation.
Of course, the functions andu™ are defined differently than they were in Sect. 3,
because we are solving different differential equations. However, we shall keep the
notation and labels used in the previous section to highlight the parallels between
the two calculations. We shall also keep the conventions concerning the handling of
boundary terms.

The main idea is, once again, to control the evolution ofiHenorm ofu — u™.
Arguing as before, we get

d1 [t 2 da (1 [, 1 »
o um = + Y4
gt 2 /0 | Uy uyt |© de gt [Z/OUJCdx 2 % (uh)s 1
- E /1 Uy Uy
i Ti—1
1
= = [ Vi W) i, e+ )

S S e @il G

(21) + Z(ui”)i [ uz(zi(t),t) — ug(zi—1(t),t) ] + (iii)
B
N-1
3 (i, [ @i — @i ] + (W)
=1
C

We have used expression (15) and Egs. (16) and (17). It is still convenient to rewrite

B: ~
B = Z/ (u}™)i ugy dx.
i Tq—1

It is easy to check that expression (21) can be written as the sum
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/Z (ui"); N U0 L e ) S de
, (uz)isn — (uz)i—1 . o 21; ’
21; !

i Ti—1

I

— mi 1+u2 W _ (ui")i
XZ:/Ilum VI+aE W) (uzinn — (up)i-1

T 17
21;
(up)iver — (ui')i1
X | Uge 21, r; | dx
N-1
+Zut(wi(t),t) [(ui)irn — (ui)i]
i=1

v ¢ , ,
_Z/y \/1+u2 W (uy) u (uz)isn — (uz)i-1 e da
. s T T TT 211 ) )

D

if for the values ofi such that ¢}*);+1 = (u]');—1 we define

(ug")i
(wMis1 — (@W)iz1

21, i

to be zero. For such antheith term inl +I1 is

- / / V31+u2 W ug) u?, d.

i—1

The term! is analogous to the term— fol lug — ul|? dr in Sect. 3. It is negative.
The analogue of! is identically zero for the heat equation. $bis an error term
due to the nonlinearity of the equation. The ter@isand D will combine much as
A + B + (C did above. .

To estimateC' + D, it is convenient to introducéV,

(22) W) 2 V1 + 52 W'(y).
Notice that Eq. (11) can be written in divergence form
u = (W),

We proceed essentially as we did for the heat equation. On the one hand,

(23) .
+ 2 Z[ (uz)i — (uy)i-1] - [Ut(xi_l(t),t)] + (V),

where of course
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wy(2(t), 1) V1 + a2 (wi(t), ©) W g (2i(t), 1)) uee(zi(t), t)

T e, 1)

z = z(t)
On the other handD equals

_Zi:[ W/(“w(xi(t)at)) - W/(ux(xi—l(t)at))] (e 2_11 s T, =

;zl:[(u;n)“’l _ (U;n),] |: _ w (ux(mi(t)at)) _llW (uw(xi—l(t)at)) :| i
W' (s (i(t), 1)) — W’(ux(xi—l(t),t))} -

# 3 Sl — | - .

ThereforeC' + D equals

1 d? =
2L = @] (W]
(24) Lomy _ gm) L .
T 2 T = @] [Wlale ]| il
i z = Gt

+ ; u(@a(f), ) [ (u)2 — (uz')a] (1 — 7)) + (Vi)

for some¢; and(; belonging to ¢; 1, z;). But,
1
o utwa(®), ) [(uz)2 — (@)1 @ — 1) =

d2

gz LW/, 1) ]

Sl — @l @ - )b+ i,

z = pa(t)
for somep; belonging to (Qz1). For zero boundary conditions each of (i) through
(vii) vanishes. The terms correspondingéoand o1 combine and we obtain

2

<
(25) |C + D] < J?

W(u) || @)

‘ oo

It remains to estimatél, which we writell = . II;. If (u}")is1 = (ul)i-1
then

I = — / V31+ud W (ug) u?, d
Ti—1

is negative. So we need only considesuch that ¢");+1 7 (u]');—1. By the
inequalityab < $a® + %02,
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2

6 [ (uM)i+r — (ug)i-1
IIl < Tr ¢ r ] d
mi<y [ " w] e
(I11);
2
/™ 5 (ui™);
+ 1+ 2 w L) — t d
26 /wlum Vit () (W1 — (uf')i—1 s
l 21, "

(I12)i
with 6 an arbitrary positive number. We shall contrdl,{; later, by showing that it
is dominated by the corresponding term &fif 6 is sufficiently small. In order to
estimate the termi{,);, we rewrite the two terms on the right hand side of Egs. (7)
using Taylor's expansion,

W[ (Ug")ﬂl ] - W[ (u;n)l ] — W/[(ugq)l] + ; W//[(u;n)l][(u;n)”l _ (u;n)z]

(w)i+1 — (u);
1 " 2
* 6 W7(0:) [ (ui)ier — (ui)i 15,
W um i - W UZL i— m 1 m m m
()] = WHEYad gy — 2wt L) — @iea)
(um )Z - (u'r )’i—l 2
1 " m m 2
W (Wi-1) [ (ui")i — (uz')i-11%
where6;, ¥; belong to the interval with endpoints('); and @7*);+1. We have not
yet used the discretized differential equation; recall thét)( = \/ 1+ (um)? ? T
We get
(ui™)i 2 A;
= + (um)?
Wi — @)ic1 \/1 (); (uz')itn — (uz")i-1
21; ! 2
(26) = LR W + B
where
A 1
(Bl S L@ | W) || s — ()|
(27)

+ ; \/1+ @) | W"(@Wi—1) | | (™) — (ui)i-1 |

We use here the fact thau")iss — (u'); |, | (ui)i — (@)ioa | < | (u)isn —
(ul™);—1 |, since ¢); is between4*);—1 and @*);+1, becauseu*);+1 7 (ul)i—1.
It follows that
(u;n)i
1+ 2 W// z) — =
VIR W) =y

21; ‘
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Wi, ) [ue — )] = B,
for somen; in the interval with endpointsu*); andu,(z,t), and thus

1 [ .
R R 1) AR O

1 [ A
+ 5 / ugzm EZ2 dr .
Ti-1
E;

These terms are clearly controllable.
We reorganize, ] + I + C+ D = (I + 1)+ (I, - E)+C+ D+ FE
(there is no risk of confusing thig with the energy). We have shown that

jt;/ol'“z fu;”\zdx=;ﬂ'[i+;ﬂ/¢ +C+D+;Ei,
N—

\,_/ ¥V—J \\,—/
with 17 v E
/wi - { (w1 — (u)i-1 r
— S| Uge — r; | dx
R . 21;
;= . if (ui)irr 7 (ui)ic1 >
- [ VAR W) de () =
Ti—1
1 i 2 T 2 m 2
N 5 Uy [W iz, )] | ue — (ug')i | dz
]LQ = Ti—1 . ’ ,
it (ug)ivn 7 (ug)i—1
0 if (uy)ivn = (up)i-1
1 o 2 12 B m m
Uy Ei dx if (ux )i+1 7/ (um )i—l
Ei % 6 Ti—1 9
0 if (uy)ien = (ug')i-1
and
= A (ui")i 6
- @i — @)ic1 2
21; ¢

We can now prove the following

Theorem. Let w be aC® solution of Eqg.(1.1) with homogeneous Dirichlet boundary
condition Eq.(1.2). Letu™ solve the discretized problem presented in Sect. 2. Suppose
that the initial data foru™ satisfies

(28) I (wg)e — (o) lloc < m
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and
(29) (el — [(udalica | < m forall i.
Then .
(30) T%1/|ux—u;"|2d;v
2 0

satisfies a differential inequality of the form
ar
dt

whenm is sufficiently small. The coefficientsand I" are independent of:, though
they depend upon the underlying solutionin particular, for anyT” > 0,

(31) < ADT + ') m

1
sup || u — u™ ||,y < Cr me.
0<t<T

Proof. Before we start, note that it is always possible to choose initial data satisfying
conditions (28) and (29). This was discussed in Sect. 3.

Recall from Sect. 2 that the discrete evolution never introduces new faces after
the initial time. This fact together with hypothesis (28) implies that fh@x);} is
bounded with the bound uniform im. Furthermore, because of (9) on page 47 and
hypothesis (29),

max | (uz'); — (uy)i-1| < m

for all time, not just for time zero.

Almost all the work for the theorem has already been done. The principal task
that remains is to choose the parameten such a way that=; > 0 whenever
wMis1 7 @l*);—1. From Eg. (26) and inequality (27) we see that there exist
constants:; andc, such that

(ui™); > e — cam
(uivr — (ul)i-1 . ’

21; !
with both these quantities strictly positive. Their values depend only on the maximum
and minimum slopes of the initial data, and on the properties of the “surface energy”
function W. We restrictm to m < ¢1/(2¢;) and taked = ¢;. Then=; > 0 and

IIT is nonpositive.
We may now estimat€’, D, E, and V. By inequality (25),

d2
dax?

1

C+D| <
| <,

o] £ o
by inequality (27),

Trx

1
| E| < et (czm)2 / ul  dw;
0

and from the expression fd¥;,

1
(V< et e max 0V P [ - P e
0
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The maximum in the last formula is not taken over all valueg,dut rather over the
range of possible values af, and«[*; these values lie in a bounded interval which
depends only on the initial data far. Clearly,

|C + D+ E| < I'(t)m,

with the functionI” independent ofn. The estimate fodl can be expressed as
1 1
| IV | < A@#) /|um—u;"\2dx.
2 0

This yields inequality (30), and a standard application of Gronwall’s inequality gives
inequality (31). O

Eqg. (1) has the form
(32) ug = ZZJ(Uz) W”(u:r) Uz,

with ¥(v) = (1 + z/z)i. We have made no particular use of the formyofA sim-
ilar convergence theorem holds for Eq. (32) with afyycontinuously differentiable,
positive, and bounded away from zero.

One final remark. For the case of the heat equation it was clearnthat
max | (u?); — (ul');—1 | was the parameter controlling the accuracy of the ap-
proximation. In the general case one might have expected something different, for
example that one should take a coarser discretization wih#&tés smaller. Our esti-
mates do not support such an idea. In fact, the argument at the end of Sect. 3 suggests
that if one chooses the admissible slopes so that the distance between any two adja-
cent ones is a fixed constant, then one might be able to prove quadratic convergence
in m.

5. Convergence for the Neumann problem

Here we study the Neumann problem

Ut _ 7 .
s \/1+u§ = W' ug) Upe if 0<z<1
(33) u(@,0) = ug(a) ’
uz(0,t) = a, uz(1,t) = b

with ¢ and b constants. We consider only discretizations for whicand b are ad-
missible slopes and we choose

(uz)r = a and @)y = b

for the boundary conditions to be satisfied.

We want to insure that faces 1 amd do not disappear and that statement (9)
holds. So at each time we exten® in such a way thatu*)o and (7)1 correspond
to adjacent corners d/, (u™); lies between«™), and ¢*),, and the length of the
first face of the extension af™ is l; / r1 where

(uz')2 — (uz

(34.1) ry = W™ — (@™o



62 P.M. Gigo and R.V. Kohn

(note that 0< 1 < 1 and if the value of"), changes them; might jump). The
reason for this choice of; will become clear below, when we prove convergence
of the approximation scheme. Similar conditions apply to the extension at the right
endpoint with

(up)n — (Ui )N-1

(34.2) 'No= (Wi ner — (U)N-1

Furthermore, we impose that for the extensionu8f Eqgs. (7) and (8) (ford; and
(u™);, respectively) are valid for equal to 1 andV, i.e.

, A

@M = VI Ef
3) )

m _ m N

@) = 1 e Y

it is natural to do so since we want our scheme to amount to motion by weighted
curvature. The idea is that the law governing the evolution"®fshould be the same

in both the interior and boundary of the interval IQ (recall also, from the Remark

on page 47, that for homogeneous Dirichlet boundary conditions one could think of
u™ as being defined on the whole real line, the extension being odd with period two;
in that case Egs. (7) and (8) were satisfied for= 1 andi = N, i.e. the law
governing the evolution of™ was the same in both the interior and boundary of the
interval [0, 1]).

The functionu™ is determined by solving Egs..B) and (52) with thec]’s given
by Egs. (6), the«}*);'s by Egs. (3) and (8), theA,’s by Egs. (7), and andry by
Egs. (34); the initial data should satisfy condition (2).

Arguing as in Sect. 2, we see that faces 1 anaf the extension oi:™ and of
u™ do not disappear and that statement (9) holds, nhamely, even as time evolves and
certain faces disappear, jumps if(); correspond to adjacent cornersiaf.

Suppose now that we waat" to approximate the motion af. Then we assume,
in addition, that the number of faces of* is
(35) N <

m
with ¢ a constant. One can, for example, constrfftusing the method described on
page 53 (basically, by taking the union of segments on lines tangent amd with
admissible slopes) to géf < [Total Variation ofug] /m.

We want to estimate th&* norm ofu — «™. The values of; andry have been
chosen so that the sum of the boundary terms (i) through (vii) of the previous section
vanish (see the Remark on page 54). So the estimate @ftherm ofu, — u™ given
in the previous section remains valid. However, to control Bifenorm ofu — 4™
we need some additional information, since we cannot use Péisdaequality. For
anyg: [0,1] — IR we have

1 1 1
(36) /O lg = o) Pde < /O g5 da,

with (g) = folg dz, so it suffices to controlu — ™). The rate of change of the
average ofu is
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d 1
gt /0 u dx

1
/ V1+u2 W (ty) gy do
0

1 .
/ W' (u,) dz
0 dx

W' (us(L,t)) — W'(us(0,) = W'(b) — W'(a),

with W as in Eq. (22). On the other hand, the rate of change of the average isf

&t /0 u™ dx = &t zi:/mi_lu dr = zj:/rz_l(ut)zdx

sinceu™ is continuous andg = zn = 0. Hence, by Egs. (26) and (27),
d ! m - m 2
dt A u™ dr = ;\/1"'(“1)1 Ai i
= Y wgry

+ > 0@m?).

By assumption (35),

d ! T / (um)i+1 - (um)ifl
m 1914 my . T T R
dt/o u™ dx Ei [(um )il 2 ri +0(m)

_ Z W (u)iea] — WL(u)i-a]

5 r; +0(m)

i

WM nslrny + WIu)N] + W) v—1(@ - rx)
2

W (u)2d@ — r1) + W[ + Wu)olr
2

+O(m)

W (u™)N] — W [(u™)1] +O(m)

W'(b) — W'(a) +O(m).

(Observe that in this calculation we only need thakOr., 7y < 1; if the distance
between any two adjacent admissible slopes is a fixed constant then, with the choice

of r; andry made in Egs. (34), one can improve this resultﬁo fol u™ dr =
W'(b) — W'(a) +0O(m?).) It follows that
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(37) < Cm.

d [* m
dt/o(ufu)dx

The constanC' depends only on maX (u7"); | and on the constant appearing in
hypothesis (35). If the initial data satisfies inequality (28) then ,maf”*); | is
uniformly bounded. If, in addition, the initial data satisfies inequality (29) then, by
combining Egs. (31), (36), and (37), we easily deduce that

1
sup || u — u™ [[gyp,yy < Cr me.
0<t<T

6. Setup of the general Dirichlet problem

In this section we show how one can set up a crystalline algorithm for the general
Dirichlet problem

Ut
Vit
u(z,0) = uo(z)

u(0,t) = a(t), u(l,t) = b(t)

There is a new feature in this case: the time dependent boundary condition can lead
to the creation of new facest x = 0 andxz = 1. This causes our convergence
argument to break down, and, in fact, we do not prove that the algorithm converges.
It seems natural to choose

3" (W =a  and @)y =V,

instead of Egs. (3), so the boundary conditions are satisfied.

We also want to insure statement (9), i.e. that even as time evolves and certain
faces disappear, jumps in]'); correspond to adjacent cornersidf. To do this we
impose the following conditionthere should be an extension«f for which Eqs. (7)
and (8) (for A; and @1*);, respectively)are valid fori equal to 1 andV, and such
that (u™)o and (u)1, and (u") y+1 and (u") y correspond to adjacent corners f .

(For the extension of™, faces 1 andV are now longer in general. In the following
we focus our attention on the left endpoint and of course corresponding statements
hold for the right one.) Observe that:

— Eqg. (8) fori = 1 forcesA; anda’ = (u}")1 to have the same sign.
— Sincel; is smaller than the length of the first face of the extension”®f we have

Ay

(ui)

= W' (ug) g if 0<z<1
(38)

(39) I < 1+ @)

if (u;*)1 # O (otherwise there is no restriction ).
These conditions might break down whehchanges sign or when equality holds in
inequality (39). More specifically:

— There might not exist &*)o adjacent to(u]*); such thatd; anda’ have the same
sign. Such a ("), does not exist if, and only ify’ < 0 and ¢7), > (ul)1, or
a’ > 0and (M), < (u™):. (When it does exist it is unique.)
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— The lengthl; might not satisfy inequality (39).

Under these circumstances, we have to allow a new face to appear at the boundary.
The introduction of the new face makes it possible to meet the requirements above;
it is necessary in two cases:

Case. (i) If ¢’ is zero and about to become negative aaft)e > (ul*)1, or d’ is
zero and about to become positive andl'f, < (ul')1, we introduce a new face
with slope 1)z, now }')s (see Fig. 3). With the new ordering(")1 > (ul')2
and @)1 < (ul"),, respectively, enabling us to pick the new()o uniquely.

Case. (ii) If equality holds in inequality (39) and, is positive we introduce a new
face with slope*)o, now (1)1 (See Fig. 4). Note that when a new face appears it
has zero length so thereafter Eq. (39) is satisfied during some nonzero time interval.

RN

N

X_1Xg X4 X_1Xq X,

Fig. 3. A new face is about to appear in the interva) ID Case {).

Xo X3 Xo Xy

Fig. 4. A new face is about to appear in the interval ID Case {i).

As long as neither Case)(nor Case #) occursu™ is determined by solving
Egs. (51) and (52) with the¢!’s given by Egs. (6), theu(™);'s by Egs. (3) and
(8), and theA;’s by Egs. (7); the initial data should satisfy condition (2).

For general Dirichlet boundary conditions we have not been able to prove con-
vergence. Nevertheless we examine how one can adapt part of the argument given
in Sect. 4 to the present case and see where it breaks down. Here (contrary to what
happened in Sect. 4)f"), does not equal/1 + (u7)? <, in general. For equality
to hold we should substitutg by the length of the first face of the extension of
T (\/1 + (Wm? Ay / (u)y if (uf)1 is not zero, otherwise it is not determined
uniquely). We take

I (uf™) -
ry = if (u® 0.
1 VL + @R A (ui')s 7
We can taker; to be one if ;"); = 0, since (/)1 = /1 + @) 7%, as
A; = 0. Note that for the extension af™ we considered in Sect.4 (odd and

periodic) the ratio of the length of the first face @f to the length of the first face
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of the extension of.™ is one half, but we could have extende® so that this ratio
was one. Eq. (39) says that < 1. The length of the first face of the extension of
u™ is l1 / r1.

With the r;’s as in the previous paragraph we can estimate the growth affthe
norm ofu — wu™ as was done in Sect.4. Now the boundary terms do not vanish,
but using Egs. (8) we see that they add up to zero (see the Remark on page 54).
However, our argument also used that maxy | (u*); | stays bounded as — 0,
for 0 < t < T. It seems plausible that this should be the case if the solution of
the differential equation (38) is such that sup., || us || is finite. This quantity
is finite if, for example, we assume that

C1 2 1 C2
. < <
(40.1) N Vitu2 W) < Lo
and
2 1 c3
(40.2) Vitud W) | < .

for somecy, ¢z, andcz > 0. Condition (401) assures that Eq. (38) is uniformly

parabolic. For a proof that (4B) implies sup.;«r || us ||« finite see inequali-

ties (M.5.10) and (M5.11) in Ladyenskaja, Solonnikov, and Ural’ceva [19] with

their parametern equal to zero. [Theim is of course unrelated ours. By giving it

values other than zero, one can get alternatives to inequalities (40). For example, in

the case of the heat equation the inequalities in [19] just mentioned are satisfied with

their m equal to two instead of zero, since in this ca®€(u,) = 1/ \/1 +u2.]

Conditions (40) hold for motion by weighted curvature, as we verify in the Appendix.
The proof of Sect. 4 would go through if one could bound maxx | (u7"); |

for0 < ¢t < T by a constant independent independentrof

7. Appendix: Physical and mathematical context

We summarize here the relation between this work and the literature on surface energy
driven motion of phase boundaries, especially the papers by Angenent and Gurtin [2]
and Taylor [25]. Consider an interface between two phases moving isothermally ac-
cording to the balance of capillary forces and constitutive equations compatible with
thermodynamics. An evolution equation for the interface is derived in [2]. When the
phases have the same energy and the kinetic coefficient (which measures the drag
opposing interfacial motion) is one, it has the form (see Eq. (4.11) of [2])

(41) Vo= [f0)+ f"O)] K,

whereV is the normal velocity of the smooth interface aidis its curvaturef is

the angle from a fixed coordinate axis to the normal to the interfacefdadsumed
smooth) is the interfacial energy per unit length. So fix a coordinate system. Let
u( - ,t) be the interface at time and

1
# = — arctan
Ug
0 < 6 < m, be the angle between the normal (to the graph: ofith positive
coordinate iny) and thez-axis. (We do not use the standard definition of arctan but
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rather one with range in the interval-fr, 0].) The expressions df and K in terms
of u are

Ut Uz
vV = and K = .
V1+id VA +uly
We are led to consider Eg. (1) by taking
(42) W(ug) = f (— arctan 1 ) \/1 +u2,
Uy
because ,
V@ +uly

The functionf is the energy per unit length (of the interface) wherdads energy
per unit length of the projection of the interface on thexis. Note that the right
hand side of Eq. (41) is the negative of the gradient of

E(u) = /W(Uz) dr = /f (— arctanulx> \/1 +u? da.

Taylor calls the negative of the gradient bfthe weighted curvature of the interface
(see Sects. 2.2 and 2.3 of [25]).

The interfacial energy per unit lengtfi, is usually represented in a polar diagram
for 1/f, called the Frank diagram. The functighis said to be strictly stable when
f + f” > 0. This condition corresponds to a strictly convex Frank diagram, and
to W” > 0. On the other hand is usually said to be crystalline if its convexified
Frank diagram is a polygon, and if the vertices of this polygon form the complete
set of globally convex sections of the Frank diagram (i.e. the original diagram and
the convexified one meet only at the vertices of the latter) (see Sect. 10.3 of [2]). We
prefer a slightly broader definition. We shall call such an enestgigtly crystalline
and do not require that a crystalline energy satisfy the second condition. Hence, if
the Frank diagram is a polygon thehis crystalline, but not strictly crystalline. In
general, we denote by the function whose Frank diagram is the convexification of
the Frank diagram of.

There is an equivalent characterization of crystalline energies. It is obtained as

follows. Letn(0) B (cost, sinf). For any surface energf, we may extendf to &2
as a homogeneous function of degree one,

xr .
fol) & { Iol (g 7)) i e 70
. |

if z =
Recall that the Fenchel transform @ is the functionf; : R? +—— [—o0,+00]
given by
« A
foy) = sup{z-y — fol)},

zeR2
and that the Wulff set of is

Wy & {zeR?|z-n(0) < f(0)foralg}.
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The function f is crystalline if W is polyhedral, and it is strictly crystalline if in
addition f(6) > f3*(n(6)) (= supcw, {y - n(0)}) unlessn(d) is normal tooW;
(see, for example, Fonseca [9]). One can check figgX = f3*(n(0)).

An evolution equation for an interface with a strictly crystalline energy is derived
in [2] using the same physical laws which gave Eg. (41). For such an energy Eq. (41)
is backward-parabolic. Therefore, one restricts crystalline interfaces to a sgace
consisting of continuous piecewise linear functions such that the normal to each face
makes an angle with the-axis corresponding to one of the corners of the polygon
1/f x n. The normal velocity of a face is (see Eq. (10.12) of [2])

(44) V=o

where A ando are constants for each face, ahds the length of the face. For a face
with normaln(6) _ _ _
A=[f@O+0) - f(0-0)],

ando = +1if 0 increases across the face, = —1 if ¢ decreases across the
face, ands = O if the face is nontransitional. Geometricall}, is the length of the
segment in the Wulff set of with normaln(#). Using this formula, one can compute
the velocityV; in terms of f, the8;’s, and L; (the subindex refers to theith face):

Vi = + ! f(0i-1) cscl; — 0i-1)
L
(@5) L FO) Lot~ 6,3) + Ot — 6)]

1
o f(Ois1) csclia — 0s).

Since
(uy"); = — cotb,,
(ui™)i

TV
Wi(uz')il = f (— arctan(u;)) \/1+(u71n)$ -

f(0:)
sin@i ’

andl; = L;sing; (we recall that/; is the length of the projection of thith face on
the z-axis), one easily checks that this is Eq. (8), ie.= o 7. Notice that

W(ug) = f_< arctan ) \/1 +u2,

1

Uy
Wheref_is as above andlV’ is as in Sect. 2. Hence the right hand side of Eq. (44) is
the negative of the gradient of

E(u) = /I/I_/(ugc) de = /f_<— arctanul) \/1 +uf dv
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on .74, in other words the weighted curvature of the interface (see Sects. 4.2 and 4.3
of [25]).

In summary, we have checked thatif is given by Eq. (42), Eq. (1) is Eq. (41)
(with initial data and boundary conditions), and Eq. (8) is Eg. (44). Our approximation
scheme is crystalline in the sense that it approximates the motion of an interface with
a strictly convex energy by the motion of an interface with a strictly crystalline energy
and in the sense thdtis crystalline.

In Sects. 4 and 5, we proved convergence of the crystalline approximation scheme
for homogeneous Dirichlet and Neumann boundary conditions, respectively. In such
cases it follows from the maximum principle that.,. || is bounded. In Sect. 6 we
discussed the general Dirichlet problem, and noted that growth conditions of the form
(40) are sufficient to proved. > bounds onu,. Let us verify that these conditions
hold whenW is determined by Eq. (43), witlf strictly stable and smooth. Then
condition (401) is obvious and condition (4B) follows from the identity

= 3uz f(O) + f'(0) — 3u.f"(0) + fU(O)

e v+ y
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