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1 Introduction

We are concerned with obtaining solutions of the exterior Neumann problem

(P) { —Au+au = Qu* "2u in QF,
Gu =0 on 0.
Here Q¢ = RN\ Q, where Q is a smooth bounded domain in RY with N > 3,
the value 2* is the critical Sobolev exponent, () is positive, bounded and
locally Hélder continuous on QC, and a € L= (Q€) N L=(Q°) N CY(Q°) is
such that {z € QY; a(z) <0} # 0.

Related to our work are [3], by Chen and Li, who considered the exterior
Dirichlet problem in the case where @ is constant, and [4], by Chabrowski
and Ruf, who considered the case where the function a is identically equal
to a positive constant.

Our argument relies on the analysis of an eigenvalue problem and on a
linking argument, similar to the ones in [3]. We give conditions that guar-
antee existence of solutions to (P). These depend on the relative values of
22/(N_2)Qm = 22/(N_2) maxapg Q> QM = SuPpqc Q7 and Q(OO) = hm\x|~>oo Q(x)a
where the last limit is always assumed to exist. The conditions are related to
the ones in [4], where the proof relies entirely on constrained minimization.

The importance of the shape of () on the existence of solutions to Neu-
mann semilinear elliptic equations with critical Sobolev exponents was ana-
lyzed in [5] by Chabrowski and Willem.

We should also mention that the first work, to our knowledge, to in-
vestigate semilinear Neumann problems with critical Sobolev exponents in
exterior domains was [9], by Pan and Wang. Existence results in the sub-
critical case were proved in [11], by Z.Q. Wang. We refer the reader to [6]
for other relevant work.



Of course, all the works mentioned above build upon [1] and [10], by
Adimurthi and Mancini and X.P. Wang, respectively, who studied the critical
Neumann problem on a bounded domain, in the spirit of the work [2], by
Brezis and Nirenberg.

The organization of this work is as follows. In Section 2 we give the setup
of problem (P), and the related eigenvalue problem. When this problem has
its first eigenvalue greater than one, solutions to (P) can be obtained by
constrained minimization. This is done in Section 3. Otherwise, solutions
are obtained by a linking argument in Section 4.

2 The setup

Let Q C RV, with N > 3, be a bounded domain with a smooth boundary
and Q¢ = RV \ 2. We consider the homogeneous Neumann problem

du — () on 0. (1)

{ —Au+au = Qu* "2u in Q°,
Bu

Here 2* = % is the critical Sobolev exponent. The function () is positive,

bounded and locally Holder continuous on Q€. The function a satisfies
a€ L7 (Q%) N L) N cH(QO). (2)

Furthermore the set {z € QY; a(z) < 0} # 0.

We denote by D12(Q°) = {u € L? (QY); Du € L*(Q%)} equipped with
the norm ||Vul| := [|[Vul|2(qcy. Proposition 2.1 of [9] implies that this is
indeed a norm on D?(Q°).

We also denote by at = max{a,0} and by a~ = max{—a,0}, so that
a = a* —a~. We fix a nonnegative function g € L2 (Q°) N L=(Q°) N
CH(Q%) such that a= + g > 0 in Q°. Holder’s inequality implies that the
norm ||ul|g+ 4 := (HVUH%Q(QC) + Joe(a® + g)u?)? is equivalent to the norm of
DLQ(QC).

Similarly to Lemma 1 of [3], we can show that the problem

{ —Au+ (a* + g)u = Aa~ + g)u in Q°,

% =0 on 012, (3)

has an increasing sequence of eigenvalues 0 < A} < Ay < A3 < ..., with
An — 400 as n — oo. The fact that A\; > 0 follows from [,-(a™ + g)u* <
C|lul|?, with C' > 0. We denote by {e;};—12,. the corresponding orthonormal
sequence of eigenfunctions in the inner product given by || - ||+ 4. Consider
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a fixed positive integer i. By Theorem 8.17 of [7], for any R such that the
ball Byg(y), of radius 2R with center in y, is contained in Q°,
_N-2
sup |e;| <CR™ 2 ||eiHL2*(BQR(y))7
Br(y)

where the constant C' depends only on N and R. Therefore, lim|,_ o €;(2) =
0.

3 Constrained Minimization

In this section we consider the situation where A\; > 1. In this case, ||u||, :=

1
(IVulr2@ey + Joo au?)? is a norm in DH2(QC), equivalent to || - ||. There-
fore, we can show existence of least energy solutions to (1) using constrained
minimization, as in [4]. Indeed, let

Se = nf{ [ (|Vu* + au?®); u € D2(QY), [y Qu|* =1}, (4)
Qm - I%%X Q? QM = sup Q7 Q(OO> = lim Q(Z’)

QcC |z|—o0

Throughout we assume that the last limit exists.
We denote by U the Talenti instanton

N—-2

N(N-2 T2
Ule) = (sivcortir) -
-2

by Usp( +) 1= &5 0 (<22), and by 5§ := B2 08
(fRN u? )

Lemma 3.1. If

S, < S := min S S S 5
a /N QI AN ) QIN=2/N > (IN=2)/N (5)

then (4) has a minimizer, i.e. (1) has a least energy solution.

Proof. Suppose that {u,} € D“*(Q) is such that [,c Qlum|* = 1 and
Joe (IVum[* + au?,) — S,. Then, up to a subsequence, u,, — u on D-*(Q°),
Uy, — w a.e. on Q° [V (up — u)[* = pand [u, — u* — v in M(QC), the
space of finite measures on Q€. Let

—X0 m—oo

[loo = lim limsup/ |Vt |?,
R QC\Br(0)

2%

Voo = lim limsup |tm,
R=e0 m—co JQC\Br(0)



There exists at most a countable set J such that

2 > Z/Jljéxja

jed
v = E Vilg;s
jed

with p; > 2§NV2/2 if z; € 0, p; > Sz/j 2t z; € Q°, and poo > Sv*
Furthermore

limsup/C V,|* = /C [Vul® + [ ul] + oo,

1—/ Qlul* + Z Qzj)v; + Z Q(xj)v; + QooVoo-
z;€00 z;€QC

Note also (see Lemma 2.13 of [12]) that limy, o [ auZ, = [, au®, because
a € LN?(Q°). Hence,

S, > / (|Vul? + au®) + Z 25]\, 5/2* Z SI/2/2 +SV2/2

1]689 x; €ne
> s ([, ) 3 o Q)
;€00 22/NQm

* S *
+ Z 2/2* Qaj)vy)** + 2/2° (Qoovoc) ™.
IJEQC o0
Under the hypothesis all the ©’s must be zero. It follows that [, Q[ul*” =1
and then [, (|Vul* + au®) = S,. O

We now turn to conditions that insure (5). We denote by H(z) the mean
curvature of J) at x, with respect to the outward unit normal to €.

Case 1. Assume N > 5, § = W, m = Q(xg) with H(z) < 0, and
|Q(x) — Q(x0)| = o(|x — xo|) as © — xg. Then (5) is satisfied. For the
proof we refer to [5]. Hence, there exists a least energy solution.

Case 2. Assume N > 7, S = Q(JV%, Qn = Q(zo) with a(zg) < 0, and

|Q(x) —Q(x0)| = o(|x—0|*) as & — xo. Then condition (5) is satisfied.
Indeed,

\VUeoo> +aU2,,) .
fQC fQC Q[OJQ* 2/2* = =S5 + Ca<$0)62 + 0(52)7 as & — 07
EIO




Case 3.

where C' is a positive constant. This follows from

fQC la(xg) — Q‘Uf,xo < fQCmBP(ng)C’ ) —fl?o‘Uixo
+ JacrB, (o) CUZ4

< C€ [5,00)2U%(2) dz + CE? [pc U?
< Ce’+ EC’5N_2 ’
< Cg

and

QUZ,(2) = | Qzo)UZ,, +0(e*) = Q(x0) / UZ,,+0(%). (6)
0c (918 RN
In fact, let 6 > 0. Fixing p such that |Q(z)—Q(zo)| < §|z—xz|* for |z —
zo| < p,

fQC |Q - Q(x0)|UE27*$O S fQCme(xo) 6| ’ _x0|2U€2:.;‘0

+ fQC\BP(xO) |Q — Q(z0)|UZ,,
de? pr ©) 2U% (2)dz + O(eVN)
Coe? + O(eM)

Cde?,

VAN

VARVAN

if ¢ is sufficiently small.

Finally, assume N > 7 and S = Q(JW% Suppose also, in addition to
, there exist constants a@ > 2, C; > 0 and p; > 0 suc a

2), th ist constant 2, C1 > 0 and p; > 0 such that

a(r) < _ G for |z| > p,

o el

and there exist constants Cy > 0 and ps > 0 such that

0<Qw—Qz) < S—‘Z for |z| > po, (7)

where

N -2

N ¢™

Then condition (5) is satisfied. The proof is similar to that of Theorem
4.2 ahead.

p >




4 Linking

In this section we consider the situation where 0 < A\ < ... < A1 <1<
A < ..., for some n > 2. To prove existence of solutions to (1) we use the
linking theorem, instead of constrained minimization.

Consider ¢ : D?(Q¢) — R, defined by

[ (VP P Qi
oty = [ (TG0 oE - 2BEY,
N2

Lemma 4.1. If {u,} is a sequence in D**(QC) such that p(uy,) — ¢ < 25
and @' () — 0 in D712(QY), then {u,,} is relatively compact in D2(QY

).
Proof. The first step in the proof is to show that {u,,} is bounded in D*?(Q°).
We argue by contradiction and suppose that ||u,|| — +o0o. We set vy, := |"m

||
and may assume that v,, — v in DM2(Q°). For every ¢ € D'2(QY),

1 .
—2*2/ (Wm-VsHavmsa):/ Qlom[* vmp + 0(1),
Qc el

[|tm

and 50 [,,c Qv]* 2vp = 0. Hence v = 0 a.e. and v, — 0 in D"(QC),
Joo avz, — 0. It follows that

1 U, 2% -2
—/ |Vo|? +o(1) = I / Q|vm
2 (o1& 2* (918

/ Voml? + o(1) = [fum]® / Qo
[9Xe) Q¢

Together, ||v,,|| — 0, which is impossible. We conclude that ||u,,|| is bounded.

The second and last step of the proof is to show that {u,,} converges in
DY2(QC). This step is similar to the argument in the proof of Lemma 3.1.
The key point is the following. With similar notations as above, p; = Q(z;)v;

2%

and
2*

and fieo = QooVoo- This implies v; > % it x; € 09, v; > Q(L)/Jiﬂ, if
z; Zj
xj € 0O and v > % Also,
i | pien) — 5 (| = limn [ Qlun
c= lim Up,) — =0 (U Uy, | = lIm — U | .
O



We set Y = span {ej,...,e, 1} and Z = (Y)* in the inner product given

by || - |latg Let R>r >0 and z € Z with ||2]| = r, to be chosen below.
Consider

M = {u=y+Xz; ||[u| <R, A >0, ye Y},

My = {u=y+Xrz; yeY, |Ju| =Rand A >0, or ||u]| < R and A\ =0},
N = {ueZ; |lul =},

I':={y €C(M,D"*(Q); 7], =id},
and

¢ := inf maxp(y(w))-

We will choose r and R such that

max J < 1nf J, (8)

Mo

and z such that
SN/2 (9)

By the previous lemma, the functlonal p satisfies the Palais-Smale condition
at level c. By the linking theorem, c is a critical value of ¢.
We start by choosing r» and R. First we note that on Z

A=) [ (e + @ gyt = 5 [ Q.

l\DIr—\

p(u) >

Using the Sobolev inequality and the fact that @) is bounded, we take r > 0
sufficiently small so that

inf p(u) > 0.
ot
On Y, we have
1 1 2y 2
plu) = 5(1=Ay) QC(IVUI +(a" + g)u QIU\ <0, (10)

and on the finite dimensional space Y & Rz,

p(u )<CIIUI|2—— — =00 as lul| — +oo.

We take R sufficiently big so that

H]l\%)XQO = 0.



With these choices of r and R, inequality (8) is satisfied.
To insure (9) it is enough to choose z so that

L anye
maxe < g5

For u € D"*(Q°) such that [, (|Vul® + au?) > 0,

/2
1 foe(IVu)? +au2)>N
tu) = — *
1?2%)(%0( U) N ( (fQC Q\u 2*)2/2

(for other u € D*(2) this maximum is zero). Hence, it is enough to prove
there exist a small positive € and a point P. € Q¢ for which

Vul? 2 .
max Joc ([Vul +au)<S. (11)

u€Y BRU, p, (ch Qlu 2*)2/2*

Notice that U.p. ¢ Y for small €, independently of the choice of P.. So
suppose u =y + tU, p. with y € Y and ¢ > 0, chosen so that

- Qluf = 1. (12)

Let us prove that ¢ and [, Qly|* (like any norm of y) are uniformly bounded
for small . Since there exists a constant n > 0 such that

74 b
for all a, b € R, it follows that

1 > [oe QI + foe QItUL P,
1) (foe QUY> " U p. | + foe QlylItUz | )
Joc QU + Joe QItU- p. [
1 (|Qlaoly[Z O D72 1 [Qluclyla |t - Ce-212)

Joo QPP + foo QIRULI* = nlQlc(lyl* + [t*)Ce™ =22
(Joe Qlul* + CIHZ") (1 — Ce¥-212)

This shows that [, Q|y|*" and ¢ are uniformly bounded for small e.
For u = y + tU. p, satisfying (12) we have the following estimates.

Jvak+aiy = [ (VP <o)+ [ 1960RF + attn)

—{—2/ Vy - V(tU.p.) + ay(tU. p.)].
QC

2]+ [al [T,

a+0 > _(la

2%

Vv

(A\VARAYS

8



Writing y as y = 2?2—11 Ce i€i,

n—1
[ eVt +ayton)) < Y [ 0=+ gledlelUr,
Qe =1 79
< CE(NfQ)/Q.
From the calculus inequality

11+ 2> > 1+ 2%, for z € R,

1= Qlu
0c

> Z QltU&PE
0c

Z / Q'tUe,Pg
QcC

As observed above in (10),

742 [ Qy(tU.p)* !
QC

2 _ 0 (N-2)/2

| Vol +at) <o

Combining the previous estimates,

2+ a(tU. p.)?] + CeW=2/2

[ vk saty < [ 9

B 2/2*
1+Ce(V=2)/2 2 2
< (Ege)" | IV + )

+CeN=2)/2
fQC “VUe,Ps |2 + CL(UE,Ps)Q]

(fQC Q|U57P8 2k ) 2/2*

We are now in position to prove

+ CeW-2/2, (13)

Theorem 4.2. Under the assumptions of Cases 1, 2 or 3 above, problem (1)
has a solution.

Proof. As observed above, it is enough to establish (11) to guarantee (9).
In Case 1 we use estimate (13), N > 5 and refer to [5]. In Case 2 we use
estimates (6), (13), and N > 7.

Suppose the hypotheses of Case 3 hold. Let w € RY with |w| = 1. We
denote by A, B and C various positive constants and assume p > 0 is big



enough that Q C B,/2(0). Then,

/QC ‘VUE,/MP = /RN ‘VUe,pr

(NN = 2" 2o — pwl?

N-—-2 2
— N —2
A /Q<52N<N—2> e = o)
CeN-2
< K — AN

2 _ 2 2
/C aUe,pw o /C aUe,pw + /C aUa,pw
Q Q me/Q(pw) Q \Bp/Q(pw)

+
pa pN—4

> = / Qoo‘Ua,pr* _/QoolUs,pw
RN Q

+/ (Q - Qoo)|U€,pw‘2*
QO\B, /2(pw)

+/ (Q - Qoo)|Ue,pw 2z
Qcme/Q(pw)

IN

2%

Z KZQOO - Qoo/ ’Us,pw ”
RN\B,,/(pw)
* C2 *
of o wre G
RN\B,, (26 (0) (p/2)P Jur "
ceN CK
> K@ — LN e
p PP
Combining (13) with the last three estimates,
S Ag? C
2 2 _ (N=2)/2 , =
/QC(|VU| + au®) < ON-BN " + Be + >
We choose p satisfying
—A2 $ BEND2 = & L= ()0 V-0)/2e),
It follows that
S 2B\""
2 2y o P (N-2)/2 i (N—=6)p/(2a)
/QC(|VU| ) < o - Be +C(A) S(N=)p/(20).

10
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N-2

The assumption p > %= « implies that (11) is satisfied for small e. This

N—-6

finishes the proof. O

Remark 4.3. The proof above goes through if we just assume (7) in a cone.
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