A family of sharp inequalities for Sobolev functions

Pedro M. Girao*
Mathematics Department
Instituto Superior Técnico

Av. Rovisco Pais
1049-001 Lisbon, Portugal

(e-mail: girao@math.ist.utl.pt)

Abstract
Let N > 5, Q be a smooth bounded domain in RY, 2* = %, a>0,8=
inf{fRN Vul? | ue L2 (RY), Vu € L*RY), [ox [u]* = 1} and [[u]|? =
|Vul3+alu|3. We define 2 = 2N 2% = % and consider g such that
2 < g <2, Wealsodeﬁnes:27N+ﬁ and t = ﬁ~2*£q. We
prove that there exists an ag(q, a, Q) > 0 such that, for all u € H'(Q)\{0},

S U ’
S ul < ol + a ( ”|2J2> ulg' n,

w5

where the norms are over 2. Inequality (I),, is due to M. Zhu.

1 Introduction

Let N > 5, Q be a smooth bounded domain in RV, 2° = ]\Qf—fl, 2% = 2%\7__21),
9% — 2N

5, a> 0 and [[u]|?* = |Vul3 + alul3. Unless otherwise indicated, norms
are over {). We recall that the infimum

Jo |Vul?

S = inf 2*)2/2*

sy Vel

N2
is achieved by the Talenti instanton U(z) := (%) ’

M. Zhu proved in [23] that there exists ag > 0 such that

o [ul3 < ||ul[* + aolul3,, (1)
2N

for all uw € H(Q). It was announced by the author in [12] that there exists
Ao > 0 such that

- lull o
2 |u %* S ||fu’||2 +ao 2*/2|u|§#7 (2)
2N U)o

for all w € H*(Q2) \ {0}. In this work we prove a family of inequalities which
includes (1) and (2) as special cases.

The work of M. Zhu was motivated by the works [1] and [19], by Adimurthi
and Mancini and by X.J. Wang, respectively. They imply that one cannot
expect the existence of a constant &g such that

S _
Sl < ulf® + ol
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for all w € HY(Q). In [23], M. Zhu raises the L? norm on the right hand side to
a higher L7 norm in order to obtain an inequality valid in H'().

The work [12] was motivated by [19], the referred work of X.J. Wang, and
by [10], by D.G. Costa and the author. Both [19] and [10] consider the problem

* .
—Au+au+oui~ !l =u"1 inQ,

u>0 in Q, (P)ag
g—:j =0 on 0.

From [19] we know that if ¢ < 2%, then problem (P),, has a ground state
solution for all values of @ > 0. From [10] we know that there exists ag > 0
such that if o < ag, then problem (P), o# has a ground state solution and if
a > g, then problem (P), 9% has no ground state solution. The solutions of
(P)a,q correspond to critical points of the functional ®,, : H'(Q) — R, defined
by

1, o

1 o
@) = 5 ul? + ulf — 5l 3)

We recall that a ground state solution, or least energy solution, of (P), 4 is a
function u € H(Q) such that

D, (u) = i}\lff d,.

The set N is the Nehari manifold, N := {u € H'(Q)\ {0} : & (u)u = 0}.
When ¢ = 2% it is possible to determine explicitly the function ®, | by solving
a quadratic equation. The analysis of [10] takes advantage of this fact. As a
by-product it implies a certain inequality (see (15) of [10]). Inequality (2) is an
improvement of the inequality in [10].

The idea of the proof of inequalities (1) and (2) is based on an argument by
contradiction. Indeed, consider the the functionals ¥, : H' \ {0} — R defined
by

[l Jul3, [Jull? [l 2#
U, (u) = or U,(u)= +a — U5
’ Julz. " ful3. ’ Juls. " ufp

Let (ay) be any sequence of nonnegative real numbers such that o — 4o00. If
(1) (respectively (2)) is false, then, for each k, infzi (o) 0} Ya, < 2% This
implies that ¥,, has a line of minima (with 0 removed), which are called least
energy critical points of ¥,,. One of these, uy, satisfying an appropriate nor-
malization condition, is chosen. Using the blow-up technique, it is possible to
prove that there exist a sequence (Uy) of Talenti instantons, concentrating at
the boundary of €, such that the H! norm of the difference between u;, and Uy,
approaches zero, as k — +o0o. The value of ¥,, (U) can be used to estimate
U,, (ur) from below. However, ¥, (Ux) > 2% for large k. This contradicts
the hypothesis that ag = +00. We use this argument to prove our family of

inequalities. We remark that in the present analysis the functional ®, in (3) is
replaced by @, : HY(Q) \ {0} — R defined by

N
2

31) (14 ad(u)) =,

1 1
a0 = (Gl - o



where § : H'(Q) \ {0} — R, depending on ¢, is homogeneous of degree zero.
This leads to the problem

(1+ 2ad(u)) (—Au+ au)
+%MM§FDWPQU::(1+(1+s%)a&@)mﬁx%¢inQ
u > 0 in €,
%7: =0 on 0,

where s € [0,1] and ¢ € [, 1] are constants which depend on ¢ and N.

Our approach is based on the work [2], due to Adimurthi, Pacella and Ya-
dava. We use [1], [10], [19] and [23], already mentioned. Of course, Talenti [18§],
Brezis and Nirenberg [7] and P.L. Lions [15] are also of major importance. To
our knowledge, Hebey and Vaugon [13] were the first to use a contradiction argu-
ment based on blow-up estimates to obtain sharp Sobolev inequalities. We refer
to Adimurthi and Yadava [3], Brezis and Lieb [6], Chabrowski and Willem 8],
Li and Zhu [14], Lions, Pacella and Tricarico [16], Z.Q. Wang [20, 21] and M.
Zhu [22] for related results.

The organization of this work is as follows. In Section 2 we introduce a
family of functionals, derive their associated Euler equations and state our main
theorem. In Section 3, arguing by contradiction, we assume that least energy
critical points exist for all positive values of « and analyze their asymptotic
behavior. In Section 4 we prove our main theorem. Finally, in the Appendix
we prove a technical estimate similar to those in Adimurthi and Mancini [1].

2 The functionals and their associated Euler
equations

Let N >5,a >0, a > 0and € be a smooth bounded domain in RN. We regard
a as fixed and « as a parameter. Denote the L? and H' norms of v in by

Nl=

Julp == ([ful?)”  and lul| == (Vul3 + alul3)* .

Unless otherwise indicated, integrals are over §).

Let
2N

T N-2
be the critical exponent for the Sobolev embedding H(Q) C LI(Q),

2 = 2*(N) :

2 =2 (N) := % and 2% =2%(N) := 2(Jifv__ D
We consider ¢ such that
2 <q<2”,
and define s € [0,1] and ¢ € [Z,1] by
s=2-N+ 5z, (4)
and
t= 5 7 ()



We easily check that?
qt = % -5+ 2. (6)
Moreover,
=2 = s=0 and t=2,
g=2% — s=1 and t=1.

We recall that the infimum

S~ |Vul?

S = inf 2*)2/2* 5

s oy Vel

which depends on N, is achieved by the Talenti instanton

U(z) :== (M) o2

This instanton U satisfies )
—~AU =U? 1, (7)

so that

v o1 INE
szQN\/TTF(J). (8)

2 _ 2" _ oF _ _
ANWU\—AQU _ 5% Z [N(N = 2)] 2

The value wy is the volume of the N — 1 dimensional unit sphere:

N
2

2w

Substituting this value in the previous equation,

N+1

_ T [N(V -2)]
2V T (5

N
2

w2

S

Let ¢ > 0 and y € RY. We define the rescaled instanton

Us-,y = 5N22U(xy) ) (9)

£

which also satisfies (7) and (8).
We are interested in studying the C? functionals ¥, : H'(Q) \ {0} — R,

defined by
lJul|? Julgt
U, (u) = l+a—2 ). (10)
" Jul3. ] |25l 3/

We regard VU, as a restricted functional, in following sense. Consider the
functionals 8 and § : H'(Q) \ {0} — R, homogeneous of degree zero, defined by

TThe reader can also verify that s = (v — 1) X

b
q—2 _ s N-1
G and t = % + .



and g
u
o(u) = —L——— CTPYOR
[l 22 [/
We can write ¥, in terms of «, § and 0 as
U, = B(1 + ad).
Consider also the C? functionals ®,, : H'(Q2) \ {0} — R, defined by

N
2

N
@) (1|| 2 1||2*) Lo )7 gyt + asw)
a(u) = Sllull® = o |ulz- o = ®p(u ad(u
2 2 ul [ ]2/

We recall that the Nehari manifold is
N = {ue HY @)\ {0} : @l (wu =0} = {ue HYQ)\ {0}« [[ull® = [uf3 }.
For any u € HY(Q) \ {0}, there exists a unique 7(u) > 0 such that 7(u)u € N.

The value of 7(u) is
N—

o ()

N
¥ (Ta(u)? = ®o(r(u)u).
Next we derive the Euler equation associated to ®,. Since

O = (1+ad) 1 [@)(1 + ad) + X dyad']

and

and

Fe) = - =91 [(Vu o aup)

+ a0 [

|ulg
RN
2 |uls

for all p € HY(), the critical points of ®,, satisfy

[1 +ad(u) (1 —2-9) N p (252 ﬁjfi)]/(vu-wmw)

.\’ W22\ | e . )
1 u 1 . " i B
2 <|u|§I/2> _2‘*( ul ) 5 ofulgl )/(Iulq up)

- [1 + ad(u) (1 — & —|—s2*8N m!z)] /(|u|2*72u<p) = 0,

(11)q
for all p € H'(Q). However, this equation can be simplified. By taking ¢ = u,
i.e., by differentiating ®, along the radial direction, we deduce that ||u||> =
|u|3-. So the critical points of ®,, satisfy

(1+ $ad(u)) (—Au+ au)
+%ta\u|g(t_1)|u|q*2u = (1 + (1 + s%) aé(u)) lul> “2u in Q,
0

% on 0.
(12)a

2*—2

up),
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Conversely, we now check that the solutions of (12), are solutions of (11),, i.e.
the solutions of (12),, satisfy

lJull* = |uf3.. (13)
By multiplying (12), by u and integrating over Q we get

o*
2%

(1+ 300(w) llul 2 + Fafulg’ = (1+ (1+ %) ad(w)) Ju

or

(1+ gas0) ( 31/2)2 + i) ;1;2)“ =14 (1+5%) 0d(w). (19)

‘ulg* ‘ulz*

Let
c1 =1+ Fad(u), 2= Lad(u)
and
|l
|u 3:/2.

Equation (6) implies that
c1te=1+ (1 + s%) ad(u)

Hence, we can write (14) as

S

(:172 + 0272* =1 + co.

Therefore « has to be one, and the solutions of (12),, are solutions of (11).
The critical points of ¥, satisfy

(14 Sad(u)) ESutow)

Tall? )
+Zad(u) ‘u\|1|3 L= (1 + (1 + s%) a5(u)> |u|‘u o £ inQ,
du =0 on 0.

If u is a critical point of ®,, then every nonzero multiple of u, in particular u, is
a critical point of ¥,. Conversely, if u is a critical point of ¥, then 7(u)u is a
critical point of ®,. We are interested in proving existence and nonexistence of
least energy critical points of @, or equivalently of ¥,. We recall that a least
energy critical point of ®, is a function u € H(Q) \ {0}, such that

N
2

O, (u) =infd, = inf L(T,
) W Hl(ls%\{O}N( )

Remark 2.1 System (12), possesses one and only one constant solution u =
N—-2
a 4

Our main result is

Theorem 2.2 Let N > 5, Q be a smooth bounded domain in RY, ¢ >0, a > 0
and 2° < q < 2#. There exists a positive real number oy = ao(q, a,Q) such that



(i) if o < a, then U, has a least energy critical point wy; Vo (ty) <

[\V]
z\w‘fﬂ

(ii) if & > ap, then U, does not have a least energy critical point and

iz = inf U,.
2% HY(Q)\{0}

oo

This theorem obviously implies that . <V¥,,,ie

7

2

S
Jul
2 < [Jull®+ a0 ( v | lul,
2*

|u

27"

for all w € H*(Q) \ {0}.

Remark 2.3 [t is easy to check that

U, () =aQF (14 -2 ).
(1) = alg2 ( e

S

a < 5
2[Q)*

the least energy critical points of ¥, might be constant for o such that U, (1) <

S .
—3, L.€.
2N

So, if

)

S/2Q)* —a
as/2 '

This simple observation yields the following lower bound for ag:

a S |Q|1—t .

S/~ —a

Qo 2 ‘Q|17t ! as/Z

A second lower bound for ag is given in Lemma 4.5.

Remark 2.4 Let k > 0. By scaling, we easily check that
Q
g (q, ak?, > =rap(q,a,Q).
K

In fact, if uw € H'Y(Q) and v : % — R is defined by v(z) = I{¥U(KI), then
veH! (%) satisfies

Kol = I
t

olt oy = Il

|U|L2*(% = |ulz-,

|V'U|L2 %) = |V7.L|2



3 Asymptotic behavior of least energy critical
points
We consider the minimization problem corresponding to

0 = inf U,
HY(Q)\{0}

From Adimurthi and Mancini [1] and X.J. Wang [19], we know that

S
0< S < —. (15)
2N
Obviously, S, is nondecreasing as « increases. Choose any point P € 0). By
testing ¥V, with U, p and letting ¢ — 0, we conclude that S, < 2% for all
N
a > 0.

o

Remark 3.1 If S, < . then S, is achieved.

2

We can assume the minimizer is a nonnegative function. In fact, by the maxi-
mum principle, a nonnegative minimizer is positive in ).

Remark 3.2 The map o +— S, is continuous on [0, +00].
The proof of this remark is similar to the one of Lemma 3.2 of [10].

By the previous remark, the value

oo ::sup{aER:S’a<€,} (16)

2N
is well defined. By (15) it is not zero. Remark 3.1 implies

Remark 3.3 The map a — S, is strictly increasing on [0, o). If o €]y, +00],
then U, does not have a least energy critical point.

Therefore, to prove Theorem 2.2 we just have to establish that «q is finite.
Arguing by contradiction, we assume that the value ag in Theorem 2.2 is infinite
and analyze the asymptotic behavior of least energy critical points as @ — +o0.

Lemma 3.4 The limit of S, as a tends to 400 is

lim S, = o (17)

a——+00 2%
Suppose S, < 2% for all a > 0. Choose a sequence oy — 400 as k — +o0o and
N

let ug, be a minimizer for U, satisfying (12)q, . The sequence (uy) satisfies

up — 0 in H(Q),

S%
klirrgo (V|3 = khi& lu |2 = 5 (18)
and
klim agd(u) = 0. (19)



If we denote by

M, = maxuy (20)
Q
and )
e = M, "7, (21)
then
and
Q€L — O, (23)
as k — oo.

Proof. Suppose S, < 2% for all &« > 0 and choose a sequence oy — +00 as
N

k — +o00. Let ug be a minimizer for ¥, satisfying (12),,, which necessarily
exists by Remark 3.1 and rescaling. The functions uy, satisfy

ug||? S
I k‘z' = Blug) < Vo, (uk) < —
|’U,k o 2N
and
lug|® = Jugl3-, (24)
because of (13). Together,
S
llul ¥ < =,
2N

the sequence uy, is bounded in H'(().
The definition of ¥, (equality (10)) and (24) imply that

ol lols® st S
ST T B S 2k

for all positive integers k. If we combine this inequality with the fact that the
norms |ug|o+ are uniformly bounded we deduce that uj, — 0 in H(£2). We can
assume that uy — 0 a.e. on Q, and |Vug|?> = g and |u|>” — v in the sense of
measures on €. So,

T [Vurf3 = ||l
—00
and
lim fugl3- = [|v]],
k—oo
where
- |2 <[]l
V|2~ .
2% = 1H

Now equality (17) follows from

S el

W

Taking the limit of both sides of (24) as k — +o0,
[T = [lpell- (26)



Combining (25) and (26),

S5
lull =1l = =~
or (18).
Equalities (18) imply there exists a constant ¢ such that
lugl2s > ¢ >0, (27)

for all positive integers k. Another consequence of (25) is that limy o B(ug) =

-2 and so

2N
lim akﬂ(uk)é(uk) =0.
k—oo

However,

klim arB(ug)d(ug) = 2% klim o (ug).

Equality (19) follows.
Combining (19),

|u| 2

S(up) = ap—=>
(092 (uk) ak|uk %*

and the fact that the norms |ug |2+~ are uniformly bounded, we also get

. t
kh_)rr;o agug|l = 0. (28)

(/e
([ ()]
[ ()]
()

— 2 *
= M V7 |ugl3!

But, from (5),

|ug |2

\Y]

= ek\uk@it.
This, (27) and (28) imply (22) and (23). O

Remark 3.5 Suppose that oy, converges to a positive real number and Sy, /

2%. Let u, € HY(Q) be a minimizer for W, satisfying (12)a, and suppose

up — 0 in HY(Q)). The previous argument shows that (18), (19), (22) and (23)

hold.

Lemma 3.6 Suppose S,, < 2% and either o — —+00, or the hypothesis of
N

Remark 8.5 hold. Let u, € HY(Q) be a positive minimizer for U, satisfying
(12)q, . Then
klim [Vup — VUe, p.l2 =0 (29)

10



and Py € 09, for large k, where Py, is such that ui(Py) = My, and My and e
are as in (20) and (21), respectively.

Proof. We use the Gidas and Spruck blow up technique [11]. Let Qj :=
N-—-2

(Q—Py) /e and vy, : Q — R be defined by vy (z) := €, 2 ug(epz + Py). We can
assume that P, — Py and Qi — Qo. We let L = limg_ 4 oo dist (Pg, 9Q) /e €
[0, +o0].

From
t N_2gt _ N
|Uk|(£?(ﬂk) = &7 e wld
= e lulf’,
we deduce that
(k) = €xd(vk), (30)
where the norms in §(v;) are computed in . Also,
t—1)  q—1 N22q(t-1) —N(t-1) N52(g-1) |
|Uk|%(q(gk))vg (x) = €k2 a €L ( )6k2 a |Uk|g(t 1)UZ (eka:+Pk)

N _
e Ju| 8 Vul ez + Pp).

Thus,

Ntz
= ¢,7 Aug(epz + Py)

N+42

= € 2 uz*_l(ekx + Pk)

)

)

) = G:#uk(ekx + Py)
)

q(t—1) -1

N2 _
€k|vk|Lq(Qk)’Ug = €,° |Uk|g(t_1)uz I(Ekf-l-Pk)

The functions vy satisfy

(1 =+ %ekam(vk)) (—A’Uk =+ aeivk)

+%t€kak|vk|%(;(_gl,3)”q71
_ (1 + (1 + s%) ekaké(vk)) vl = 0 in Qp, (31)
0< v S’Uk(()) = 1 in Qy,
% = 0 on 0Q.

Suppose that L = +o0o. Then Q. = RY. We use (19), (23) (which obviously
implies ¢; — 0), (30) and

|”k|(iq(9k) :/Q UZZ/Q UI% :/ui = |ug
k k

(from (27)). By the elliptic estimates in [4],

2>, (32)

v — v in C’ic(Qoo)
where v satisfies

—Ap =21 in Qq,
0<v<v0)=1 in Q.

11



By lower semicontinuity of the norm, v € L? (Q4) and Vv € L?(Q). There-
fore v = U. From (18),

w2

S
2 b

&

S

=/ IVU|? < lim |Vug|3 =
RN k—oo

which is impossible.

So L is finite. This implies that Py € 02. Without loss of generality, we
assume that Py = 0 and that in a neighborhood Bg(0) = {z € RY : |z| < R}
of 0 the sets 2 and 9 are described by

QNBr(0) = {(@',zn) € Br(0)|zn > g(a)},
90N Br(0) = {(2',zn) € Br(0)|zx = g(2')},

where g : Br(0) N {(0,zx)| xnx € R} — R is such that g(0) = 0 and Vg(0) = 0.
We make the change of coordinates associated to the map ¢ = (¢1,...,9¥N) :
Br(0) — RN, with

_ _ L g(a') —an ) @ / . .
vi(x) = a; T+ Ve@)E O ('), for1<i< N -1,
Un(z) = zy—g(@).

The determinant of the Jacobian of ¥ at 0 is 1. We can choose Ry > 0 and an
open neighborhood V' C Br(0) of zero, such that

1V — Bpg,(0) is a diffeomorphism,
YNV — BRO(O)+ = {(yl7yN) € BRo‘yN > 0}7
’(/J 00NV — {(y/ayN) € BRo‘yN :O}

If u:V — R is smooth and v : Bg,(0)+ — R is such that v(y) = u(x¥"1(y)),
then

N
B0 = X auslo) o +Z
S0 0) = dw) 5 () on uy =0,

with a; ;, b; and d smooth functions,

ai;(y) = 0i; + O(ly])
and
d(y) =1+ [V~ () ]* > 1.
As above, (¢"1(y))’ denotes the first N — 1 coordinates of ¥~1(y). We let
Qr = ¥(Px) and denote by (Qr)n the N-th coordinate of Q. We also let
By = (Br,(0)+ — Q) /ex. We define wy, : Br, (0)+ — R by wi(y) = ux (v (y))

and Wy : By — R by wy(2) = Efwk(ka + Q). The functions wy, satisfy
(1+ Sepord(vg)) x
N - 2 N - an )
_Zi,jzlamxkaaT% — D iz1€kbi, k% + ae%wk)
1) ~q—1
+(Lekak|vk‘Lq Q:)wg

- (1 + (1 + 87) ekak§(vk)) wy, 1 = 0 in By,

0<U~Jk§11~)k(p) =1 ian,
98— 0 on OBy,

12



with 9B, = 9B, N (RNil X {_(Qk)N/Gk}),
i jk(x) = aij(err 4+ Qr) = 0ij + O(lepr + Q) (33)

and sz(az) = b;(exz + Q).
We use again (19), (23), (30), (32), and we also use (33). By elliptic regu-

larity theory, Wy — w in C2 (Bs) where By, = {(2/,2n) € RN 12y > —L}

and
2% -1

—Aw =w in By,

0<w<w(0)=1 in B,

2w —0 on 0Be.
TN

We deduce that w = U. Moreover, L has to be zero. i
Suppose Py ¢ 9Q for large k. Since Vi, (0) = 0 and 9% = 0 on 9By N

6361\7

(RN=! x {—(Qr)n/€x}), by the mean value theorem there exists 7, € R, with
—(Qr)n/ex < ri < 0 such that sz“;”“ (0,7) = 0. Recalling that @ — w in
N

a
C? (By), it follows that gi?j’ (0) = 0. This is impossible because w = U and
N
gig (0) < 0. We conclude that Py, € 99 for large k.
N
Returning to (31),
v, — v in O2 (Qoo) (34)
where Q. = Rf and
—Ap =¥ 1 in Qq,
0<v<v(0)=1 inQ,
% =0 on 0.

So v = U. Finally, from (18), (34) and

S
2 _
LGRS

N
+

vz

we deduce (29). O
As in [2] and [5], let

M :={CU.,,C eR,e >0,y € 00}

and d(u, M) = inf{|V(u — V)|2,V € M}. The set M\ {0} is a manifold of
dimension N + 1. The tangent space T¢, ¢, 4, (M) at CiUg, ,, is given by

0 0
T, e (M) =span U ,C U, ,C—U.,,1 <i <N -1
e or; (Cr.ey)

where T,,(0Q) = span{7y,...,7Tn_1}.
As in Lemma 3.6, let u;, € H'(Q) be a positive minimizer for ¥, satisfying
(12),,. For large k, the infimum d(ug, M) is achieved:
d(uk,./\/l) = |V(uk — Ck;UEk’yk)‘Q for CkUemyk e M. (35)
Furthermore,
Cr=1+o0(1) (36)

13



yr — Po and eg /e, — 1 (see Lemma 1 of [5] and Lemma 2.3 of [2]). From (23),
AREER — 0. (37)

We define
wy = up — CrUqy 4y
so that
/VUSk,yk - Vwyg = 0. (38)

On the one hand, from (29),

Jim [V (ug = CxUs, )2 = 0.

On the other hand, from Poincaré’s inequality, and the fact that both the average

of uy and the average of CyUs, ,,, in €1, converge to zero,

lim |uk - CkUak,yk 2% = 0.
k—o0
Together,
lim ||wg|| = 0. (39)
k—o0
Our next aim is the lower bound for [Vwy[3+cay [ U272 w} in Lemma 3.11
where ¢ is a constant. To obtain that lower bound we consider two eigenvalue
problems. The first one can be regarded as the limit of the second, in a sense
made precise below.

Lemma 3.7 (Bianchi and Egnell [5], Rey [17]) The eigenvalue problem
—Ap=pU%* 20 in RY,
?Tf =0 on ORY, (40)
i U? 2% < 0o

admits a discrete spectrum py < po < ps < ... such that py =1, po = ps =

c.=pun =2"=1and uny1 > 2" — 1. The eigenspaces Vi and V(o«_1), corre-
sponding to 1 and (2* — 1), are given by

Vi = span U,

span{ ag;jy
iy

Now we let € > 0, v, > 0, and y. € 0Q with lim. oy = yo. Let {¢; <},

be a complete set of orthogonal eigenfunctions with eigenvalues p11 . < po <
p3.e < ... for the weighted eigenvalue problem

Vier—1) O,forlgigN—l}.

—Ap+ v UL 20 = w2, %0 in Q,
g—f = on 01},
with ¢1 . > 0 and

/QU2 _2901',5%',5 =0;,j-
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Let
Q.= (Q—y.)/e
The sets (2. converge to a half space as € — 0. For a function v on €2, we define
v on € by
N-—2
o(x) :=¢e 2 v(ex + ye).

The relation between these eigenvalue problems and the one considered in

Lemma 3.7 is given in

Lemma 3.8 Suppose y. € 08, lim,_oy. = yo, lim._¢ 2 v, = 0 and the sets
Q. converge to Rf. Then, up to a subsequence,

lim Hie = Hs (41)
e—0

and

lim [ U? "2(pi. — 3:1)2 =0, (42)
e—0 Q.

for all positive integers i. The functions p; and p; satisfy
—AQZ,L = MiU2*72¢i m Rf,
9Pi _ N
o —2(*) L on ORY,
fRi U B Soz = ]-7

and the functions @; are supposed extended to RN by reflection. In particular,
from the previous lemma, 1 = 1, o1 = CU for some constant C > 0, p; =
2 —1 for2 < i < N and uns1 > 2* —1. Also, {p;}Y, is in the span of
{0ULy/0yil g, for1<i< N —1}

We postpone the proof, since it requires the following Lemma and Remark.

Lemma 3.9 Suppose y. € Q, p. € H(Q),

/wzwaao and /W%FHQ

as e — 0. Then

as € — 0.

Proof. We denote the average of ¢, in Q by ¢.. By Poincaré’s inequality,

|<106 _@5 2% > 0

The limits in this proof are taken as € approaches zero. So we can write . =
@ + 1., with 9. — 0 in L2 . We know that

/wﬁ%é+wwﬁm3:dn

and we estimate the three terms on the left hand side. There exists a b > 0 such
that

/ UL 232 > bpie®.

15



Also,

N+2
‘ / UL 2nege| < |nelo 2] < / pla=? m,) o
< Clnelox|@ele®.
If 2” < ¢ < 2%, then
/Ug,llznﬁ < [nel3- (/U;ggg—mﬁ)ﬁ
< Clne 3*58. (43)
If ¢ = 2%, then
.
Juse < w ([usF)”
< Olnel3.clloge| . )

Thus,
bpZe® < C|@ele® + o(1).
This shows that @.e2 is bounded. But if ¢.c2 is bounded this shows that

@ec? — 0. (45)
We want to prove that
[ 0226+ 200+ 32) = o)
For the first term on the left hand side we have, by (45),
/ UZ,720% < Cg2e? — 0.
For the third term we have
/ U2, %02 < Cln:f3. — 0.

We claim that the remaining term also converges to zero. This will prove the
lemma. For the second term we have the estimate

N+2
L 2% -2 < - N1!2 Niz N
Ce = UE’yE Pelle| > |775|2*‘905| €,Ye .
If N =5, then
_ __4 N2 ., N2 s
G < Olrela- 6c]e 07795 < Ol 616”5 = Clnelae | <.
If N =6, then ,
Ge < Clnelo| @2 logel3.
Finally, if N > 7, then
¢ < C|77€ 2% 9276'52'
In all three cases, (45) implies that (. — O. O

16



Remark 3.10 If in the previous lemma, instead of assuming [ |Vp.|*> — 0,
we assume that [|Ve|? is bounded, then we can still conclude p.e: — 0,
fo;f@? — 0 and fo;:QgEgnE — 0, ase — 0.

Proof of Lemma 3.8 We basically adapt the argument of the proof of Lem-
ma 3.3 of [APY] (and Lemma 5.8 of Z.Q. Wang in [21]), modified according to
Lemma 3.9 and Remark 3.10. The value of kg in Lemma 3.3 of [APY] is equal
to N.

The proof is by induction. We first consider i = 1. By the Rayleigh quotient,

M1, is given by
inf { |Vul3 + v. / U 2u? /Uffyfuz = 1}

inf{/ |vv|2+62*5u€/ Uat=2y2 / U? 22 :1}.
QE Qs QE

To estimate p; . from above, we choose v, : {2, — R defined by

vE:U/(fQEUz*)é.

From the assumption e2~*v, — 0 as € — 0, we get

Hi1,e

Jan [VUJ?
H1,e < / |V |2 +52_Su€/ Ust—242 o — = = =1,
Q Q

- . N

as ¢ — 0. Hence limsup,_,gp1,e < pi. Up to a subsequence, which we still
denote by &,
gii%ul,s = fi1 < p1.

The functions ¢ . satisfy

— 2 qt—2 2
Hi1e = ‘v¢1,6|2+VE/Ug,y£ ¢1,57

50 |[V1clz is bounded and [ U2, 2¢7 - — 0, as € — 0. If ji; were equal to 0,
then |Vpi ]2 — 0 and ngL:QQDiE — 0, as ¢ —» 0. Lemma 3.9 would imply
1= fo,*yZQ(p%e — 0, as € — 0, a contradiction. So fi; # 0 and |V |2 /4 0
as e — 0.

The functions @1 . satisfy

7A¢115 + 62751}5th72¢1,6 = ,LLLEUQ*iQ@Ls in Q,
951,8 >0 in QE’
8335 =0 on 09,
f]Rf U? 72@%,5 =1

By the hypothesis lim. o2~ %, — 0, and elliptic regularity theory [4], ¢1. —
¢1 in C2_(RY), as € — 0, where $; satisfies (40) with p = fi;. We conclude
that 47 = pq and ¢1 = 5.

We will now prove (42) in case i = 1, i.e.

/ U2*_2(951,€ - 1) = /Us2;:2(9017€ - §17€)2 — 0, as e =0,
Qe

17



where ¢ (- ) = 5_¥¢1 ( - ;yf). The function @; belongs to LQ*(RN) and
G — 0in H'(Q). We denote the averages of 1. and <1, in Q, by @1,
and & ¢, respectively. By Poincaré’s inequality, we can write 1. = @1.c + 71 ¢
and 1. = e + (1,e With |91 ]2« and [(1 ¢|2+ uniformly bounded, as e — 0.

Moreover,

/ U sl = [U e

+ /UEQ,LZZ(T]LE _41,6)2'

The first two terms on the right hand side converge to 0 as € — 0, due to
Remark 3.10. But

and

These equalities and, again, Remark 3.10 show that 7; . — 51,5 in C2, (Rf), as
e — 0. We conclude that the term

/Qs U2 (771,5 - 51,5)2

also converges to 0 as ¢ — 0 (see (3.42) and (3.43) in the proof of Lemma 3.3
of [APY]). This proves (42) for i = 1.

Now assume that (41) and (42) hold for 1 <¢ < L —1,

To estimate pr, . from above we choose v, : 2. — R defined by v. = ¢r.
Let v. = > 0, a; Pic. Clearly,

o0
Zru‘i,saie :/ Ve |? +€275V‘E/ U202 — pr (46)
i=1 Qe c
and
L—1 e’} [e%s)
Z Mi,ea?,s + KL, Z az?,s < Z ,U/LEG,%’E. (47)
i=1 i=L i=1
We claim that a;. — 0 for 1 <¢ < L —1 and ZfiL ais — 1,as e — 0.
Indeed,
Aje = / U2*_2Ue¢i,s
Qe
- / U 20 +/ U " 20e(Bic — @i)-
QE QE

18



Ase — 0, for 1 <i < L —1, the first term on the right hand side approaches
fRN U? ~231$; = 0 and the second one is bounded by
&

(/ U2*2v3> (/ U"’*?(@i,s—@)?) ~o.
Qe Q.

oo

2 _ 2% 2 2 2*—2-2 _
E am—/U v, — U p7 = 1.
i=1

N
Q. RY

Moreover,

This proves our claim.
Combining (46), (47) and the previous claim, we have limsup,_,o . < pr.
Up to a subsequence, which we still denote by ¢,

lim pp e = fir, < pr.
e—0

The value of py . is

pre = inf{/ |VU\2+52_SVE/ th—2v2/ U? 2% =1,
QE QE QE

/ U2*_2¢i,51}:0 for1<i<L-— 1}.
Q.

We repeat part of the argument given for ¢ = 1 and conclude that ¢r . — ¢, in
C2_(RY), as e — 0, where ¢, satisfies (40) with p = fir,. The space consisting

loc

in the completion with norm |V - |12~y of the smooth functions with compact

support in RY is dense in L?(U 2**Qdac). Therefore the Gagliardo-Nirenberg-
Sobolev inequality implies that ¢, € L?" (RM). So we can also conclude

lim [ U¥ "2(pr. —¢r)? =0. (48)
e—0 Q.

To prove that ¢, = ¢, and fif, = pr, we show that ¢, is orthogonal to ¢;
for 1<i<L-—1.Solet1<i<L-—1. Then

OZ/U;;:QSOZ',ESDL,E :/
Q

as € — 0, as the difference [, U2**2¢Z—,E¢L’E—fRN U? —2(;¢1,, approaches zero,
c +
as € — 0, because of (42) for ¢ =4 and (48). Indeed,

/ U 2, ppo — / U 25, — /
Qe RY Qe

+ /Q U? (@i — ¢i)pL

€

U 720, cpre — /N U* 20,01,
R

€

U2*_2S5i¢L _ /N Uz*_295i§5L
]R+

+ / U2 2, (1. — bL).
Q

€

Using Lemma 3.8 and the proof of Lemma 3.4 of [APY], we deduce
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Lemma 3.11 Suppose y. € 0N, lim._oy. = yo and lim._ge? v, = 0. There
exists a constant y1 > 0 such that, for sufficiently small ¢,

&,Ye &,Ye

|Vw|3 +V€/th_2w2 > (2* —1+71)/U2*_2w2 + O(%||w|?)

for w orthogonal to Th . . (M).

4 Proof of the main theorem

In this section we prove Theorem 2.2 and give one more lower bound for «g, in
addition to one in Remark 2.3.
Assume the positive functions

uk = CkUsk,yk + wk;

satisfy (18), (35), (36), (37) and (39).
We start by collecting some useful estimates. For brevity, we shall write

Uk = Uekvyk_.
Estimate for [ Ugwy: From Lemma 4.1 of [10],

O (e will) if N =5,
’/Ukwk <{ 0 €i|1ogg,c|%||wk\|) if N =6, (49)
0 (bl if N>

Estimate for fUlf*_lwk : From [APY], Equations (3.15), for N > 5,

/Ulf*_lwk = O(exl[wel])- (50)
Estimate for [ U™ |wg|: Since (¢—1)#5 > (% — ) 2 =2 >

s (for N > 4),

N2
_1)2N_
Jurtial < ke ([o0%)
_gq—1\2*-1
S Clwk 2*82\,(1 2*71) 2%
N=2 (g% _
= Clwk Q*Ekz (2"=a)
1/t
= 0" lwl)). (51)

Estimate for [UF?w?: If 2 < ¢ < 2#, then (gt — 2)& < &5, From (43)
in the proof of Lemma 3.9,

/Ugt72|wk|2 < Clwg|3.€5. (52)
If ¢ = 2%, from (44) in the proof of Lemma 3.9,
/UgtiQ\ka < Clwg|2-x| log ex| ¥ . (53)
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Estimate for fU,fth% :

[ UE 2t = Ol ). (54)

Now we will obtain a lower bound for U,, (ug). Let vy = ui/Cy = Uk +
Wy = Uy + wy/Ck. Because of (36), the sequence (vy) satisfies (18) and the
sequence Wy, satisfies (39). Of course, d(vy, M) is achieved by Uy. Because ¥,
is homogeneous of degree zero, U, (ug) = ¥y, (vg). We will compute ¥, (vg)
but we will still call vy by ug, and w by wg.

The value of U, (ug) is the sum of G(u) and o B(ug)d(uy). As in [10], we
can obtain the following lower bound for §(ug):

VULE s 2 .
o 225 [l = @ - ) [ U7 20] +ofew)
2*

for any fixed number v, < 1.
We also wish to obtain a lower bound for

o B(ug)d(ur) = ax

B(ug) >

S

[l

242%5/2

Julg". (55)
|Uk o

We obtain a lower bound for ||ug||® from
||’u,kH2 = HUkHz + 2(f VU - Vwy Jraf Ukwk) + |\wk||2.
Using (2.17) and (2.38) in Adimurthi and Mancini [1], (38) and (49),

N

S
sl | = =5 + Oe) + O] )

This implies that

s
N

> (i) +0(ex) + Ol ).

—(2+2%5/2)
|2+

We obtain a lower bound for |u from

30 = Uy

|, 2 +2*/U,3*-1wk+ W/U,f*-zw%oumw)

(see [APY]), where r = min{2*,3}, i.e., r =3 if N =5, and r = 2* if N > 5.
Using (2.18) in Adimurthi and Mancini [1], (50), (54) and
(1 +Z)7n > 1- nz,

for n > 0 and z > —1, we deduce

. s¥\ T
el > ( 5 ) +O(er) + O(llwel ).

For the product we obtain the lower bound
[Ju|®

242%s/2 =

27755 + O(er) + O(||wil[?) (56)
|Uk|2

= A1+ A+ Az

To estimate |ug|¢* we use
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Lemma 4.1 Suppose 2° < q < 2# and t is given by (5). For x> —1,
t
(1+2)" > 1+ Tlal? - glal.

Proof. From (6) if follows that % < g, as s > 0. We will consider separately
the cases > 0 and x < 0, since the inequality is obviously true if x = 0. For
x> —1, z # 0, define

qt, 2
fl@) =1 +2)T =1 = Zfa|* +qla].

Then ,
f'(x) = q(1 +2)7 ' — gz| 'signx + gsigna.

If 2 > 0, then f'(z) > ¢(1 4 z)7 ' —qz?~1 > 0. If =1 <z <0, then
f@)=q(+ @) gt —q <0,

as 2
(1+z) 42t <1,
since both z — (1 + )7~ ! and 2 277! are convex. (]

As a consequence of Lemma 4.1,

t
qt q_ gt a3 2 _
lug|d > |Ukld+ 5 | Up "lwel® —me )

R q—1 q . qt a—% 2
nrc=min g q [ Ul wgl, [Ukld+ 45 [ Uy " lwgl?

We now use the fact that (1 —2)? >1—zfor 0 <z <1and 0<n <1 to write

with

t
_2 2 _ _
uly > (10ilg+ % [ 02 lt) = alwils® [ upl

Estimates (51), (59) and the Holder inequality yield

t
-2 2 t—1)1
(1ot + % [ 02 fhual?) - el e ol

Y

|ug |2

q_ gt q—3 2 '
\Ukld + % | Uy "lwkl? | + O(ex)||wel]

t
tot _2 2
- 21&|Uk|3t+23_tzf(/vz t|wk|f) T 0wl
tat _
> pelU + e [ U2+ Ol

Using (59) again,

Y

t t,t —
ak|uk|gt B(qéN) aREr + ‘Q|11—t %ak/Ugt 2’LU]% -+ o(aksk) (57)

= DB+ Bay+ Bsg.

22



The next step is to substitute (56) and (57) in (55). We notice that
(A1 + Az + A3 i) B,k = o(oek)

and
(Agk + A3 1) B1 g = o(agey).

The term As ;Ba i, is also o(age). In fact, if P < g < 2% by (52),
AQ,kBng =0 (akez+1||wk||2) = O(Oék&‘k).
If g = 2%, by (53),
AgBaj = O (ak5i| 1ogek|%|\wk||2) = o(aker).

So,

akﬁ(uk)(S(uk) > 2N1\72S2;NB(qéN)tak€k

2—N

R {B(q, N)tozkswrvzQﬁ_tqtttak/U;ft_sz]

+ o(ager),

Y

for any fixed number 2 < 1. This is our lower bound for oy /5 (uk)d(uk).
Combining the lower bounds for 5(ux) and for agG(ug)d(ur),

Ukl3 -
|VU ’;'2 +2_%SQ2NB(q,N)takEk
k

2%

\IIOL)C (uk}) Z

2—N

r2 2 1 gt t—2 2
+2 N S 2 |:’YQ||'LU]€|| +’Y2‘Q|1*i q2 A Ulg wk

—(2F = 1)/ U,f*—%,i} + o(aer).

From Lemma 3.11, the term inside the square parenthesis is greater than

We choose 72 > (2(2:%)% As a consequence, this term is greater than o(eg).
Hence,
VU3 -
U, (up) > ||U |kz|2 +27% 8% B(g, N) ey, + o(cwer).-
k|2*

Recall, from Adimurthi and Mancini [1], that for N > 5 and y € 99,

[VUeyl3 _ S

12 _ 2 _2"W SA(N)H(y)e + O(e?), (58)
Ueyl3- 2%
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with N_s
1 I'(&===
A(N) _ Njgli (N2_2)
v T (552)
and H(y) the mean curvature of 9 at y with respect to the unit outward
normal. Therefore,

S
Vo, (ur) = —=
2N
2 ,2=N ¢ ~ A(N)
+ 277572 B(q,N) axeg 1_2SQB(q,N)tH(yk)OT+O(1)
5 5
2%’
for large k.

Remark 4.2 If in the argument above, instead of using the inequality

($+y) 221 t-T +21 ty7

we use
(z+y) > (1 -9 et + 1y,

forz, y >0 and ¢ such that 0 < ¢ < 1, then we obtain the following lower bound
for Uy, (ug):

5 + 2"F2 (1-9)' "' B(¢.N)"
2% SNZ— ot

N A(N) H
ALEL |:1 — a- g)l tS q(N))t L&;k) +0(1) .

|

Proof of Theorem 2.2. So assume «g, in (16), is +00. Choose a sequence
ay, — 400 as k — 400 and denote by uy, a positive minimizer for ¥, satisfying
(12)4,,. From Lemmas 3.4 and 3.6, the conditions (18), (35), (36), (37) and (39)
hold. Hence S,, = U, (ux) ich is i ible. Therefore

« is finite. Remarks 3.1 and 3.3 imply Theorem 2.2. (]
We give one more lower bound for ay, in addition to one in Remark 2.3.

Lemma 4.3 The value ag has the lower bound

A(N) max H.

>otgy V)
a0 = SzB(q,N)t 9}

Proof. Suppose o < 215% B NT N), maxpq H. Choose P € 92 such that H(P) =
maxgn H. From (58),

S

~

B(Ue.p) = (N)H(P)e + o(e).

From (2.17) and (2.38) in Adimurthi and Mancini [1],
s¥\?
|Ue.pl” < <2> +0(e)
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and, from (2.18) in Adimurthi and Mancini [1],

N\ —(5+3&
(2+42%5/2) Sz ( )
U o5 < +0e).

Together,

[Uepll® o2 oo
U, P|2+2*5/2 =

Moreover, from (59),
Ue plgt < 24N c + 0(c?)

Combining the last two estimates,

(86)(Uep) <277 877 BGN e 4 o).
We can estimate S, from above by

Se < UL (Ue, p)
S Z—N B( N)‘ N A(N) 1
< - 9, t 2~ 7 P
< 3z sr—ae 275 B, )tH(P)a 14 0(1)

as ¢ — (0. Since we are supposing a < 25T %H(P), the value of S,

satisfies S, < 2% This proves the lemma. d
N

Appendix: The estimate for |U.,|! for y € 00

In this Appendix we prove that if y € 0€), then

B(q, N «
|Us,ylg _ <Qa )6(2 (gl-i—l/t)7
B(q, N
= —%;léﬁ+0@HWy (59)
with N2 N
T (N=2 N
]RN

by adapting an estimate due to Adimurthi and Mancini [1] (Usyy is defined in
(9)). By a change of coordinates we can assume that y = 0,

Br(0)NQ ={(2",zn) € Br(0)|lzn > p(2')}

and
Br(0) N 0Q = {(z',zn) € Br(0)|lzn = p(2')},

for some R > 0, where 2’ = (z1,...,2n_1),
N-1
=Y N+ 0P,
i=1
MER 1<i<N-1
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Let U, := U, and 3 := {(2',2n) € Br(0)|0 < xny < p(z’)}. Then

1
vli=5 [ wvr- fuse [ wn
Br(0) by BE(0)nQ

(60)

if all the \;’s are positive. If all the \;’s are negative, then the minus sign on
the right hand side turns into a plus sign. Henceforth we will assume all the
Ai’s are positive. The final estimate for |U.|¢ will hold no matter what the sign
of the \;’s, for it holds when the A;’s all have the same sign.

We will estimate each of the three terms on the right hand side of (60). For

the third term we have

L™
BS(0)NQ

A
T
Q
c
S
=)

- 0 (EN—%)
0 (7).

Using this estimate, for the first term on the right hand side of (60) we have

. ),
_ Uq
2 JBr) ©

with

in particular,

B(2’,N)

and

%/RNU&?’—FO(aN_%)

E%/RNU‘I—i—O(aN_ )

ol

=

N~ N

B(g,N)et +0 (aN—f),

+oo TN_l
IV =~ 2>]%“}N/o (14 r2) 520 dr
N N=2_ _ N
N2 N
NV — 2 ¥ L (r (QL?qu ),
T g(N:l?’)
ey -y )
r(*F=)
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B(2#,N) = =2[N(N -2)]

2

w|Z
—
—
I
]

= —

So we are left with the estimate of the second term on the right hand side
of (60). Let o > 0 be such that

Ly :=={z e RY||z;| < 0,1 <i < N} C Bz(0)

and define
Ay :i={2||z;] <o,1<i< N -1}

For the second term on the right hand side of (60),

/EU;? /ma vz +0 (N4
/ /p(I)Ugdedx/+O(5N_i>

p(z") N2q .
(/ / ° dmNd:C)—i—O(aN_t);
e+ |2[2)"F

using the change of variables /2 + |2/|2 yy = xN,

N72

Ve 1.’ ].
= 0 / S —2, 1/ ZH I2ﬁdyNd$/
A, (24 [2/2) T 03 (I+yy) = ¢

+ O (EN_%);

let k > 0; fos (1#2)“ dt < s for s> 0 and fos (1+1tg)ﬁ dt =s— %53+ “(';731)55 _
O(s") for small s; thus [ 1+t2

- 0 ENQZQ/ %dm’
Ao (24 [2'?) =1
713
/ Ix‘ — d.T/
A (& + D) T

dt = s+ O(s3) for all s and we can continue

Combining the estimates for the three terms on the right hand side of (60),

Ulg = 5Ba, M)t +0 (7).
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