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1 Introduction

The purpose of this work is to investigate the existence and nonexistence of least
energy solutions, having some symmetry properties, of the nonlinear Neumann
problem
—Au+AIu=Qu* "', u>0, inQ,
N

%20 on 012,

under symmetric assumptions on the coefficient function @@ and the domain €.
The problem (I) originates in the study of mathematical models in biological
pattern formation theory governed by diffusion and cross-diffusion systems such
as the Gierer and Meinhardt and the Keller and Segel models. In this respect
the reader is referred to the survey article [16] by Ni.

The number 2* is the critical Sobolev exponent, 2* = %, and A > 0. The
domain © ¢ RY, N > 3, is bounded, with smooth boundary, and G-invariant,
where G is a finite subgroup of O(IN); that is, if 2 € Q and g € G, then gx € Q.
The vector v denotes the outward normal to 9€2. The coefficient ) is Holder
continuous on 2, nonconstant, nonnegative, and also G-invariant, that is

Q(z) = Qgx), forr € Qand g € G.

Solutions will be obtained as minimizers of the constrained variational prob-
lem

mac = inf{E\(u)|u € HL(Q), [, Qlul*" =1},

1Partially supported by FCT.




where
Ex(u) ::/(|Vu|2—|—)\u2)
Q

and
HLQ) :={uec H (Q)|u(-)=u(g-), for every g € G}.

If Q = 1 on Q, and with no symmetry assumptions, the problem (7)) has an
extensive literature.

In the subcritical case, this problem has been studied by Lin, Ni, Takagi [14]
and Ni, Takagi [17], [18]. They obtained existence of a least energy solution
for X sufficiently large. This solution has exactly one maximum point Py in €.
Py € 9Q and H(P\) — maxpq H as A — oo, where H is the mean curvature of
0f) with respect to the outward normal.

In the critical case, existence of a least energy solution was proved by
Adimurthi and Mancini [1] and X.J. Wang [21]. Denoting by m, the corre-
sponding least energy in this case,

my = inf { E\(u)| [, |ul*" =1},
and by S the best Sobolev constant,
Jrx [Vul?

S = inf —RTIC
ueD-2(RN)\{0} (fRN \u|2*)27*

they proved that
my < iz for A > 0.
2N

and proved that this condition yields the existence of a minimizer. The least
energy solutions are single-peaked in the sense that they attain their maximum
at exactly one point Py € 09, for large A\. Moreover H(P\) — maxgq H as
A — o0.

Besides the study of least energy solutions, higher energy solutions have
also been constructed. Adimurthi, Pacela and Yadava [3] proved existence of
a solution concentrating at a strict local maximum of the mean curvature H,
with H > 0, for n > 7. They also proved that solutions blow up at critical
critical points of H as A — oo. See also [4]. These results were extended to
dimensions n = 5, 6 by Z.Q. Wang [23]. With the aid of the Lyapunov-Schmidt
type reduction method, Adimurthi, Mancini and Yadava [2] proved existence of
a solution concentrating at a nondegenerate critical point of the mean curvature,
with positive mean curvature, as A — oo, for n > 6.

More recently, Gui-Ghoussoub [13] gave a general construction of a multi-
peaked solution having a finite number of peaks on the boundary, provided the
mean curvature of the boundary has the same number of strict local maximums,
with positive mean curvature, for n > 5. Rey [19] constructed solutions having
a finite number of peaks on the boundary, provided the mean curvature of the
boundary has the same number of nondegenerate critical points, with positive
mean curvature, for n > 6.

In the case of symmetric domains, Z.Q. Wang [22], [24], [25], [26], proved
existence of multi-peaked solutions belonging to symmetric Sobolev spaces.

Chabrowski and Willem [8] investigated the effect of the coefficient () on the
existence of least energy solutions.



In this work we study the effect of symmetries of the coefficient @) on the
existence of multi-peaked solutions of (I)) in symmetric Sobolev spaces. This
is done by combining the techniques used in [8] and [26]. As a by-product we
obtain inequalities involving weighted Lebesgue norms with the critical Sobolev
exponent and the H' norm.

The organization of this work is as follows. In Section 2 we give the minimum
level S at which compactness of E fails, and we give the asymptotic behavior
of the infimum my g, as A — co. In Section 3 we examine the situation where
concentration occurs at the boundary of 2, as A — oo, and prove there exist least
energy solutions for all positive A. In Section 4 we examine the situations where
there exists a A > 0 such that least energy solutions exist for 0 < A < A and least
energy solutions do not exist for A > A. The argument is by contradiction. If
least energy solutions were to exist for all positive A, then concentration would
occur in the interior of ). Using an estimate due to Brezis and Nirenberg,
this leads to a contradiction. In Section 5 we derive two Sobolev inequalities as
corollaries of the results of Section 4. Finally, for the reader’s convenience, in the
Appendix we give the proof of Struwe’s compactness lemma for this Neumann
problem.

2 Preliminaries

First recall the case that Q@ =1 and Q = R". The Talenti instanton

N—2
N(N —2 2
U(z) := _NWN-2)
N(N —2) + |z|?
2
minimizes the ratio M among nonzero functions in D“2(RY). The
N ug* ox
minimum is the Sobolev constant S. The instanton U satisfies

—AU =U?"1, (1)

/ VU :/ Uz = g% @)
RN RN

Let € > 0. For later use, we define the rescaled function U, p := e U ( - E_P),

which also satisfies equalities (1) and (2).
Now let €, @Q and G be as in the Introduction. Let
Qum = maxQ, Qm = max @
Q

oQ

so that

and

k := min{#G(x)|z € Q\ {0}},

where G(z) denotes the orbit of z and #G(z) is the cardinal number of G(z).
Define

Ey(u) ::/Q“Vu\er)\uz]

2*1}

on H'(Q), and
Vo) = {ue @) [ ol




Let
myxqg:= inf FEy(u).
rG uGVG(Q) A( )

As stated in the Introduction, our main objective is to inquire about the
existence of minimum for my ¢. Suppose that 0 €  and Q(0) > 0. Our first
Lemma will concern the comparison of m) ¢ with the quantity .S, which we now
define. Let

N

. , Sk¥ S Sk

S := min

) N—-2" N-—2

2% QuY Q)T Q¥

Note that if the minimum is equal to the first term, then

Qm > Qum /2%*’“ ;

Qu = k72 Q(0) /273 .
Otherwise, either the minimum is equal to the second term,
Q) > 275G, [k
Q(0) = Qur [k,

or the minimum is equal to the third term,

s
Case 3: { Qs > 2V 2 Qm,

Case 1:

Case 2:

Qu > k™2Q(0),

and, of course, these two last cases occur simultaneously if the second and third
terms are equal and smaller than the first one.

Lemma 2.1 For all A >0, my g < S.

Proof. The proof is standard. In the Case 2, concentrate an instanton at
the origin, cut it off far away from the origin using a positive symmetric test
function and multiply the product by a constant, so that the result belongs to
the space Vi (2). The proof in Cases 1 and 3 is similar, but instead of one
instanton use an invariant function obtained using k instantons, concentrated
at points of maximum of @, and @y, respectively. O

The function A — mjy g is increasing and continuous. So, there exists a
A € RT U {400} such that mag < S for A < A and maxg = S for A > A.
The value A cannot be zero because my g < S for small A, as can be seen by
evaluating E(u) for u constant in V(£2). So we give the following

Definition 2.2 A :=inf{\:my ¢ = S}.

We now recall the concentration-compactness principle [15]. Let u,, — u in
HY(), u, — u ae. on Q and |u, > — p, [Vu,|> = i in the sense of measures
on . Then, there exists at most a countable set .J, numbers pi > 0and f; >0
and points z; € Q, j € J, such that

po=lul® +> pda,,
jeJ

> [Vul* + " i,
jeJ



Moreover, if z; € €, then S(MJ) < fi; and if x; € 09, then = . (MJ) 2 < fj.

The first inequality is a consequence of the Sobolev inequality and the second
of the Cherrier inequality [9].
The next lemma gives a criterion for the existence of minimum for mjy ¢.

Lemma 2.3 If m) ¢ < 5’, then my ¢ 1s achieved.

Remark. The proof we now give relies on the concentration-compactness
principle. An alternative proof follows from Corollary A.7 of Struwe’s Com-
pactness Lemma in the Appendix.

Proof. Let {u,} C HA() be such that [, Qlu,|>" = 1, for each n, and
Ey(up) — my . We may assume that u, — u in HL(Q), up, — w in L?(Q2) and
u, — u a.e. on ). Applying the concentration-compactness principle we can

write
/Q\ul2 Q) =1

JjE€J

and

mxG :nler;OEA(un) > /(|Vu|2+)\u +Z/‘LJ
JjeJ

Let jo be the index j such that z;, = 0, if such an index exists.

/ Qi + QO+ S HGE)Q )y =1 (3)
@ [2;]€(@\{0})/G
We have
maxg > /(|Vu|2+>\u +Zu]
jedJ
> mAG(/Q|U|2> + Z fij + fijo + Z i
z;€Q\{0} ;€00
> mag (/ Q|u|2’>2 + e
Q z;€Q\{0} Q( ) !
PO T sy AT S
Q(O) z]eaQQ x]) N 2N
o* 2% Ski N—2
> mac( [ Qul + ) —— (#G(2;)Q(z;)u;) =~
@ [e;le@\{oh/c @pf
S Sk~ N-2
e (QO)pyy) ™ + Y. s (#G(2)Q(w)y) T
Q(0)™~ lo,]c00/G 28 Qul

Recalling that my ¢ < S and using Eq. (3), it follows that all the u;’s are zero.

So fQQ|u|2* = 1. Since mx.c > [(IVul® + Au?) > my g, we conclude that u

is a minimizer for mjy ¢. O
So § is the minimum level at which compactness of E fails.



Remark 2.4 Obviously, A\ — my g is strictly increasing for A < A and my g
is not achieved for A > A.

The next lemma gives the asymptotic limit of my ¢ as A — +o0.

Lemma 2.5 limy_,ooc my g = S.
Proof. Once again, the proofis by contradiction and relies on the concentration-

compactness principle. Suppose that the limy_,oc my,¢ = S0 < S. Let (Aj) be
a sequence, \; — oo, and u; € V() be a minimizer for my; ¢. The sequence
(u;) is bounded (say by S.o) in H'(2). From the inequality \; [, u5 < Soo, we
deduce that u; — 0 in L?(2). We may assume that u; — 0 in H'(Q), u; — 0
a.e. on 2. By the concentration-compactness principle, there exists at most a
countable set J, numbers p1; > 0 and fi; > 0 and points z; € Q, j € J, such

that
n=2_ uide,
jeJ
and
jeJ

Let jo be the index j such that z;, = 0, if such an index exists. Then
Q(0)pj, + Z #G(2)Q(z)p; =1 (4)
[z;]€(Q\{0})/C

and

W
8
\Y

Zﬂj
jed
Sk~ N2
> S #G() Q)
[z;)e(@\{0})/G @

v

S N2 Sk~ Nz
+—5== (QO0)j,) ¥ + —w— (#G(z;)Q(z;)pj) ¥
e s e

Recalling that we are supposing S, < S and using Eq. (4), it follows that all

the 11;’s are zero, which is impossible. Therefore, Soc = S. O

3 Existence of least energy solutions for all po-
sitive A

It follows from the results of the previous section that there exists a least energy
solution of (I)) for A < A, and there does not exist a least energy solution of
(Iy) for A > A. Therefore it is important to determine if A is finite or not. We
start by proving that A = oo in Case 1.

Theorem 3.1 Assume N > 3, and Q has a smooth boundary. Suppose Q., >
Qm /Qﬁ and Q,, > kzﬁQ(O) /Qﬁ. Suppose also that Q., = Q(y) for
some y € 0, with #G(y) = k, H(y) > 0 and |Q(z) — Q(y)| = o(|lz — y|) as

x—y. Then A = o0, i.e., myg < S for all A > 0.



Proof. Let R > 0 be small and ¢ be a radial C°°-function such that

[ 1 if 2| < R/2,
#(2) { 0 if|z| > R.

Fixing y as in the statement of the theorem, Adimurthi and Mancini [1] proved
that for sufficiently small £ > 0,

Ex(Ue (- —y))
ey =720 g

<

g AnH(y)elog L —ande + O(e) + o(Xe), N =3,
— — 1 AnH(y)e — ayre? log% +0 (62 log %) +o ()\52 log %) , N =4
2N AnH(y)e —anie® + O(e?) + 0 (Ae?), N > 5,
where Ay and apy are positive constants depending on V.
We now want to estimate Jy(Ue (- — y)), where

SVl 4+ xe).

JA(U) 2
(Jo Qul")*
To do that, we first show that
[ Qv @ de = [ QU@ do +ofe), (5)
Q Q

In fact, let § > 0. Fix p such that

1Q(z) — Q(y)| < bz —yl for [z —y| < p.

Then
/ Q) — Q)UZ, (x)dr < / Sz — y|UZ, (x) da
Q QNB,(y)
- 1Q(z) — Q(y)|UZ, (x) dx
Q\Bp(y)
< e |2|U% (2) dz + O(eN)
Bp (0)
< Cde+0(eN)
< Cée,

if € is sufficiently small. This proves (5). Hence, it follows that

S AnH(y)elogt +O(e), N =3
JA(Ua,yso(-—y))<_{ NH(y)elog - + O(e), ,

Q%Q% ANH(y)e + ole), N > 4.

Choosing R small enough so as to obtain functions with disjoint supports, we
get

Jx (Z Us,gy(p(' - gy)) = k%Jz\(UE,y‘p(' - y))?

which obviously implies the desired result. O



4 Nonexistence of least energy solutions for A\
sufficiently large

In contrast to the result of the previous section, where A = +00, we now prove
that A < oo in Cases 2 and 3. In the next lemma we suppose, by contradiction,
that A = 400 and examine the behavior of a sequence of minima of my, ¢ as
An — 400 in the situation of Case 3. To simplify, we first consider the case that

0¢&Q.

Lemma 4.1 Let 2 be a smooth bounded G-invariant domain such that O & Q.
Let Q be nonnegative and Holder continuous in Q0 and suppose Qnr > PRE Qm-
Let M := Q= *(Qxr). Suppose that my, . 15 achieved by a nonnegative u, where
the A\, form a sequence converging to co. Let P, be a point where u, achieves
its mazimum. Then, up to a subsequence, (P,) converges to a point in M as
n — oo and there exists a sequence (g,,), with £, > 0 and &, — 0, such that

_N-2 L . —gP,
lim Vun—VZ[En 2 U(S%kiQﬁg)] —0.
n— oo 1>
g " L*(@)
_N-2
Note: €, > = maxg Uy.

Proof. As we saw in Lemma 2.1,

2z

ma,g < S = S§72

Qn

for all A > 0. Since we are assuming that my_ ¢(£2) is achieved for a sequence
An — 00, by Remark 2.4 A = 400 and m ¢ is strictly increasing in A. Hence,
mac < S for all A > 0. Recall that by Lemma 2.5 my ¢ — S as A — co. We
can assume the functions u,, satisfy

* .
—Auy, + Apuy, =my, ¢Qu 1 in Q,

Uy > 0 in Q,
%:0 on 0f2.

The maxima M, := maxg u, = u,(P,) satisfy

* * >\
)\nMn <m Pn Mg - or M727‘ - z 7’”7
=~ /\,L,GQ( ) - m)\mGQ(Pn)

since Q(F,) = 0 implies u,, = 0, which is impossible. So M,, — co. Up to a
subsequence we can assume P, — Py € ). We note that there exist gg =id, g1,
e+, gk—1 € G and ¢ > 0 such that

o< |g2PO - ngO‘v
i1#7,4,7=0,...,k—1. So, for n sufficiently large,

ag
|9 P — g Pu| > 3



N-—2
Let A, := QN Bs(P,) and &, be such that En’ = ﬁn’ so that \,e2 =

N-—-2

)\RMJ(?*Q} <my, ¢Q(P,) < SQ . We also define Un(2) :=en? Un(enx+Py)
and B, := @. Then

n

—Avy, + Melv, = my, ¢Q(enz + Py)v2 1 in B,

0<wv, <1 in By,
vy on 9 (—Q;f’) NOBy,,
v, (0) = 1.

Again up to a subsequence, we can assume that \,e2 — a > 0 and that
w converges in the extended nonnegative real line. Let B be such that

N
XB = limy, .o XB,, = liMy, o0 X An=rn .

By elliptic regularity theory v, € Cﬁf‘(én), for some o > 0 independent
of n. Furthermore, by Theorems 15.3 (which deals with LP estimates) and 7.3
(which deals with Schauder estimates) of [5], in each compact set we can find a
bound for the C% norm of v, which is independent of n. We can also apply
Lemma 6.37 of [11] to extend, if necessary, the functions v,, up to 9B, to obtain
functions w,, whose C?* norm is uniformly bounded. The functions w,, have a
subsequence which is convergent in C2_(B) to a function v satisfying

loc

—Av+av=SQ(Py)v* "' in B,

0<wv<l1 in B,
%:0 on 0B,
v(0) = 1.

Suppose that lim,, . dist(Pn,00) _ g ¢ ]Ra'. Then B is a half space and

€n
Py € 9Q. We extend v by reflection to R and call the extension v. We
recall that u, is bounded in H'(Q) and that the rescaling does not change
the L2 norm or the L? norm of the gradient. By lower semicontinuity, the
function v is in DV2(R"Y). From the equation we conclude that v € L*(R"Y).
By Corollary B.4 of [27] (Pohozaev’s identity in an unbounded domain), a = 0.
1 1 1
Hence v(z) = U(Bx) where 32 = SQ(P,), or f = Z2ETQU)2 Ny,

2%
Qxr

/|w2 - ﬂQ*N/ vUP
B B

1 N
— 762_1\[‘5?
2
N-—2
2*
1 M

1
982 H Bz

k™ Q(Py) 2




On the other hand,

N

/\VU|2 < liminf/ |V, |?
B n—oo Jp.

= liminf/ |Vu,|?
An

n—oo

IN

1
—liminf [ |Vu,|?
k Q

n—oo

IN

1
— lim sup/ |V, |?
k Q

n—oo
1

o 6

IN

1 k%
= —w=5.
Quf

MJ’_M N—2 N-—2 2
So @7 'V < 2Q(Py)z < 2Qn* , which implies Qy < 2¥-2Q),, and
contradicts our initial assumption.

Therefore lim, dist(;;:,aﬂ) = oo and B = R". As before, we get v(x) =
U(Bz). Now
[wee = g [ vop
B RN
A
1 M
= S
B QR
Again,

1 k¥
A‘VU|2 S E N—ZS‘

N-—2

N-2, N—2

So Q" Y < Q(Fy)

Py € M and [, |[Vu,|* — S.
Now we note that

, which is equivalent to Qu < Q(Fp). Therefore

: S
nh_{{.lo ||an||%2(3n) =|[V[U(B - )]||i2(RN) A
for g = Szkw Qﬂi This implies
Jim [[Vo, = VUG )lllz2(s.) = 0, (6)
as is shown below. Hence,
. =2 T Pn
lim ||Vu, -V |e, 2 U|(pP =0.
n—oo En LQ(A,,L)

Similarly, since R
lim HVUnHQL%Q) =5,

10



we finally conclude that

lim

n—oo

N—-2

I N e

g

Proof of (6). Let 0 < e < 1.
e There exists a R > 0 such that

Obviously,

e Since v,, converges to

/ Vo, — VIU(B ) < €2,
Br(0)

for n sufficiently big.

—c <

x| Uy

A

IN

So

for some constant ¢. Since [, [Vou,|* <

/ VU@ P <
RN\ Br(0)

/ N
Br(0)
U5 - ) in C2,(RY),

loc

[ vwe e
Br(0)

/ VU )] — Vo +/ Voal? +
BRr(0) Br(0)

+2 /BR(O)(V[U(ﬁ )] = Vu,) - Vo,

€2+/ an|2+2€\/g.
Br(0) k

/ Vo2 >
Br(0)

El
k>

/ |V1}n|2 < ce.
B, \Br(0)

e Combining the previous inequalities,

- / Vo, — VIU(S )2
B,NBRr(0)

L AN R L L
B,\BRr(0) B, \BRr(0)

/B Vo, — VU8 )2

+2 / |V, |2
Bn\Br(0)

€2+ (c+1)e + 2v/ce,

IN

11

1
2

( / VU -
B, \Br(0)



for n big, which is what we wanted to prove. O

Now we suppose that 0 € . Combining the arguments of Lemma 4.1
with the ones of Lemma 3.1 of [26] one easily gets the following three results,
corresponding to Cases 2 and 3 above. The first result tells us that in Case
2, and when \,, — +o00, the sequence (u,), of minima of my, g, is close to a
sequence of instantons concentrating at the origin.

Lemma 4.2 Let Q be a smooth bounded G—invariantidomain such that 0 €
Q. Let Q be nonnegative and Hélder continuous in Q0 and suppose Q(0) >

2ﬁQm /kﬁ and Q(0) > Qu /kﬁ Suppose that my, ¢ is achieved by
a nonnegative u, where the \, form a sequence converging to co. Let P, be

a point where u, achieves its maximum. Then, for n large, P, = 0 and there
exists a sequence (e,,), with £, > 0 and €, — 0, such that

N—

lim HVun _v {en =y (SéQ(O)}v')]

n— o0 En

=0. (7)
L2(Q)

The next lemma shows how concentration occurs in Case 3.

Lemma 4.3 Let Q be a smooth bounded G-invariant domain such that 9 € 0.
Let Q be nonnegative and Holder continuous in ) and suppose Qpr > 28-2Q,

and Qpp > kﬁQ(O). Let M := Q71 (Qum). Suppose that my, ¢ is achieved
by a nonnegative u, where the A, form a sequence converging to oo. Let P,
be a point where u,, achieves its mazimum. Then, up to a subsequence, (P,)
converges to a point in M as n — oo and there exists a sequence (e,), with

en >0 and g,, — 0, such that

Vi, -V {E;NZQU <S%k?va§[' ;gP”ﬂ
g

n

lim
n—oo

=0. (8
L2(Q)

Lemma 4.4 Under the hypothesis of Lemmas 4.2 and 4.3 but assuming Qpr =
kﬁQ(O) > 257 Q,,, either (7) or (8) hold.

Next we state Lemma 4.7 of [24]. It allows us to compare the energy of the
functions u,, with the energy of instantons.

Lemma 4.5 Assume N > 5. Let A\, >0, A, = 00, 0, >0, 0, — 0, P, € Q,
P, — Py with Py € Q, and v, € H'(Q), v, >0, v, = 0 in H(Q) be such that

Us
V'Un B v/ nyPn
||U0'717Pn||L2* (RN)

If By, (vy) < S, then there exist sequences (0,) and (yn), 0, > 0, yn € Q, such
that, modulo a subsequence, 6, /cn — 1, yn — Po,

=0.
L2(Q)

lim

n—oo

Ey, (vs) > By, ( Ubnn ) +0(87) + o(An67) (9)

Us,y | L2 (mY)

and X\, 62 = 0(8,,).

12



The next well-known Lemma, due to Brezis and Nirenberg [7], gives an
estimate for the energy of an instanton.

Lemma 4.6 Suppose N > 5. Let y be an interior point of Q. There exists a
constant by > 0, depending only on N, such that

By (000} — 5 by As + O(8) + oA,
|Us | L2* (m)

O( - ) and o( - ) are uniform in X and y as § — 0 for A > 1 and for y in a
compact subset of Q.

The main result in Case 2 is
Theorem 4.7 Assume N > 5. Suppose Q(0) > 253 Q) /kﬁ and Q(0) >
QM/kﬁ. Then A < co.

Proof. The proof is by contradiction. Suppose A = co. Choose a sequence
An, — 00. For each n, since my, ¢ < S, we can take u, € V& (Q) that minimizes
E), . By Lemma 4.2, there exists a sequence (g,,), with £, > 0 and &, — 0,
such that Eq. (7) holds. We define v, := Q(0)27 u,,. Note that

Ey, (v,) = Q(0)F Ey, (u,) < S

lim Han -V {U;NQQS_NALZU ()}
n—oo O"’L

En

and

f— ()7
L2(©)

with o, = . Using Lemma 4.5, with P, = 0, we get sequences (J,,)

52QO)N
and (yp), 0p, > 0, y, € Q, such that, modulo a subsequence, 6, /0, — 1, y, — 0
and Eq. (9) holds. Lemma 4.6 implies that E_ (v,) > S, for n large. We have
reached a contradiction. Therefore A < co. O

On the other hand, the main result in Case 3 is

Theorem 4.8 Assume N > 5. Suppose Qp; > 2ﬁQm and Qpp > kﬁQ(O)
Then A < oco.

Proof. Suppose A = co. Choose a sequence A, — oo. For each n, since
my,.c < S, we can take u, € V() that minimizes E), . By Lemma 4.3, there

ny

exists a sequence (e,), with £, > 0 and ¢, — 0, such that Eq. (8) holds. We

1
define v,, := K3+ Q3 un. Let 0 and Py be as in Lemma 4.1. Note that

/ [[Vua|® + A02] = k7 Q% / [[Vug[* 4+ Apud]
QNBg (Po) QNBg (Po)
2 8
< kFQi =5

and

lim Hwnv {UnN22SN42U( : P”ﬂ

n—oo




with 0, = ——r—. Using Lemma 4.5, with {2 replaced by Q N Bz (/%), we

S%k% QY
get sequences (d,,) and (y,), 6, > 0, y,, € , such that, modulo a subsequence,
On/on — 1, y, — Py and

/ [[Vun|? + Av2] > O(82) + 0(And7)
QﬂB% (Po)

2 2
U U,
_|_ / v On,sYn + An On,Yn
QNBe (Po) ||U5n7yn||L2*(RN) HUc?n,ynHL?*(RN)

Lemma 4.6 implies that meBa(PO) [[Vun|* + Apv2] > S, for n large. Hence
1

Ey, (uy) > kk 115 = S We have reached a contradiction. Therefore
2% Q2*

A < . Y 2 O

In the case that the equality @y = k¥2@Q(0) holds, by Lemma 4.4 we get

Theorem 4.9 Assume N > 5. Suppose Qp = kﬁQ(O) > 2ﬁQm. Then
A < 0.

5 Sobolev inequalities

From the results of Section 4, we derive two Sobolev inequalities. From Theo-
rem 4.7 we get

Corollary 5.1 Assume N > 5._ Let Q be a G-invariant domain with 0 €
and @ be Holder continuous on Q, G-invariant, nonnegative and satisfy Q(0) >

252Q,, /kzﬁ , Q(0) > Qu /k‘ﬁ Then there exists a A(Q2, Q) such that,
for all u € HL(Q),

2
*

(/QQuP*)2 SW([)|VU|2+A(Q’Q)/Q“2)'

From Theorem 4.8 we get

Corollary 5.2 Assume N > 5. Let Q be a G-invariant domain with 0 € )
and Q be Hélder continuous on Q, G-invariant, nonnegative and satisfy Qn; >
2ﬁQm, Qv > k‘ﬁQ(O). Then there exists a A(Q,Q) such that, for all
u € HL(Q),

2

(fow) <5 ([ [ )

Remark. If 0 ¢ Q the same result holds, provided one ignores the condition
relating Qs and Q(0).
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Appendix

For the reader’s convenience, in this Appendix we give a proof of Struwe’s
compactness Lemma [20] for our Neumann problem. We follow the argument of
Theorem 8.13 in Willem’s book [27]. See also Bahri and Lions [6] and Clapp [10].

Throughout this appendix we denote by N a fixed integer, N > 3. Let ()
be a smooth bounded domain of RY. Let a, Q : © — R be Holder continuous,
with a positive and () nonnegative and not identically equal to zero. We denote

Qum = maxg Q. In H' we use the norm |[ul|3,, = [Vul?, + [ul?.. As usual,
let DV2(RY) := {u € L (RY) : Vu € L*(R")} with norm [[u[3,.pv, =
fRN ‘V’U/‘Q

Define

Val*  w? 1
= - HY(Q
p(u) /Q{ 5 tag Qo |, ueHI(Q)
and, for a smooth domain S of RY and Q € C(S),

Vul? 12"

We will start by proving a few Lemmas. We will use the following assump-
tion, which will later be satisfied.
(A): (yn) is a sequence in Q, y,, — yo, (A\n) is a sequence in RT, A, — 0, and
)\%dist(yn, 09) converges in the extended nonnegative real line.

Under (A) it follows that x 2-ua = XS pointwise, where Sy is a half space

or So = RY; xg denotes the characteristic function of the set S.

Lemma A.1 (Brezis-Lieb Lemma). Assume (A). If (uy) is bounded in LP(RY),
1 <p<oo, and up, — u a.e. on RY, then

n—oo SO

fim ( [ QO gl = [ @O+ ) - u> — [ Quo)lur.
/\nn )\:n
Proof. By Fatou’s Lemma, |u|p g~y < 0o. For each e > 0 there exists a
¢(e) such that, for all a, b in R,
lla + 0" — |af"| < elal” + c(e)[b]".
Taking a = u,, — u and b = w,
[ = QM + yn)|unl? — Q(Anz + yn)lun — ul” — Q(yo)|ul?| —
eQAn + yn)|un — ufP) "
< (1@ + yn)[un[” = QAnz + yn)|un — ul’| -

QA + yn) |ty — ulp)jL + Q(yo)|ul?
< Que(e)|ul? + Qurlul? = Qu (1 + c(e))|ulP.

By Lebesgue’s dominated convergence theorem, [o_y, fZ — 0. Since
n

1QAnz + yn)|unl” = QAnz + yn)|un — ul” — Q(yo)|ul"|

15



we obtain

timsup [ Q0w+ )i = QUhn + i) — ul” = Quo)]ul”| <

n— oo
)‘TL

0+ Qs sup [uy — ulogy)

Letting € — 0 the result follows. O
Note. The same proof shows that if (u,) is bounded in LP(2), 1 < p < oo,
and u, — u a.e. on §2, then

([ Q= [ Qun—ul?) = [ Qlur.

Lemma A.2 Suppose (A) is satisfied and xo-uw, — Xs,- Suppose also that
An _
u, € D2(RY), u, — u in DV2(RY), with u € L2(Sy). Let w € DH2(RY)

N_2
and wy(x) := Ap 2wz +yn). Then, for any e > 0 there exists ap € N such
that n > p implies

fﬂgi Q()\nm + yn)|un|2*_2unwn — fﬂ;i Q()\nx -+ yn)|un _ U‘Q*—Q(un _ U)U}n

— Jocu Qyo)|ul* ~2uwy| < ellw||m ()

Proof. e By the mean value theorem
’Q(/\nx + ) [un|* "2 tn — QA + y)|tn — ul? "2 (up — u)’ =

(2" = DQAnz + Yt — Oxul* ~2[ul < (2 = 1)Quallttn| + [uf]* > [ul,
with 6, € (0,1). Let w € DY2(RY).

fﬂ;i\BR(O) Q()\nl' + yn)|un|2*_2unu)n
_ fn;i\BR(O) QA + )t — ul> =2 (un — w)wy,

a0y Qo) > 2|
< CQM[lun g*_2 + ‘ulg*—2] (fﬁ;yn\BR(O) ‘u|2*>
.

+QM (fQ;:L’” \Br(0) |U’|2 )

L
3

2
"LU | * (Q—yn
nl|r2 (%)

27*
[wnl g2 (925m)

For every & > 0, there exists R > 0 such that for every w € DV2(RY) the last
expression is less than §||w|[ g1 ().
o Let M = supg,np,(0) |u|.

Q()\nx + yn)lun‘g*_Qun - Q()\nx + yn)|un - U|2*_2(un - U) <

Qur(2" = 1)(Jun| + M)* 2 M.

16



Suppose 1 < p < % Since u,, — w in Ll(i*—2)p because of Rellich’s theorem,

Krasnoselski’s theorem implies that

Zn = QA + ) |un|? "2un — QA + ) |un — ul? "2 (un — u)
~Q(yo)|u* ~*u
— 0
in LP(Sy N Bgr(0)), and in particular for p = %, S0 fBR(O) |zn|%xn;gn — 0.
Now

fL;y" NBr(0) Q(Anz + yn)|un|2* “2upwy,

n

- fsz;yn NBr(0) QM + yn)|um — ul? =2 (up — w)wy,

n

_fﬂ%’”ﬂBR(O) Q(yo)|u|2*72uwn‘
S |Q()\nl' + yn)|un|2*72un - Q(Anl’ + yn)|un - u‘2*72(un - ’LL)
~Qo)lul _2“|L%( )|wn|

_ 2N _
%QBR(o) L2N—5(%QBR(O))

< cf|w|| g ()

and ‘wn|L2§/i5 (25221 B (0))

e Combining the two previous results, we get the assertion in the statement
of the lemma.

Note. The same proof shows that if u, — u in H*(Q), with u € L>(Q),
then

Q@) |unl* "Pun — Q@) un — ul* 7 (un —u) — Qa)|ul* ~*u

in H=1(Q). O
Lemma A.3 Suppose that

Up — U in HY(Q),

Up — U a.e. on 2,

p(un) — ¢,

' (up) — 0 in HY(Q).
Then ¢'(u) =0 and vy, := up, — u is such that
anH%—[l(Q) = Hun‘ﬁfl(ﬂ) - H’U’H?—Il(ﬂ) +o(1),

¢Q(Un) — C— QD(U)v
P (vn) — 0 in H=1(Q).

Proof. e Since v,, — 0 in H'(Q),
||Un‘|%{1(9) = fQ ‘V;Ln — Vul? J;fQ |tn, — ul?
= lunllFr ) + ullF o) = 2 Jo Vun Vi — 2 [g upu
= ||Un||%(1(9) - ||U||%(1(Q) +o(1)
e Since v, — 0 in H'(Q), (vy) is bounded in L2 (), v2 — 0 in L¥2 and
s0 [ av?: — 0. Using the Brezis-Lieb Lemma,
YVup—Vul? Up—U 2*
1W»?(Un) :fg [‘ 2 | _Ql 2*‘
YV, |? Vul|? up |? ul?”
:fﬂ[‘ ek - E - oyl 4 ol }+0(1)
= @(un) — p(u) — fQ au% + fQ au® + o(1)

= p(un) — p(u) — [ avy + o(1)
= p(un) — o(u) + o(1).

—~ A~
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e ' (u,) — 0 in H~1(Q) implies that, for all w € H*(Q),

0= lim ¢'(up)w = lim [Vuan + au,w — Q|un|2*_2unw} = ¢'(u)w

n—oo n—o0 Q

because u, — u in H'(Q). So ¢'(u) = 0. This implies that u € C?(2). On the
other hand, the preceding lemma implies that, for all w € H* (),

Vo w = [o [VonVw — Qlun|*” ~2vpw]
= Jo [VunVw — VuVw — Qlu,|* ~2upw + Qlul? ~2uw]
+o(||w|| g1 ()
= ¢ (un)w — @' (W)w — [ aupw + [, auw + of||w|| g1 (o))
= o([[w]| 1 (0))-

O
Lemma A.4 Assume (A) andxn;yn — XS0~ Supposeu, € DV2(RY), v, (z) :=

N2
A2 un(Apz +yn) and

Up — in DV2(RY),
Up — VU a.e on RV,
wQ(Un) —C,

Vp(un) =0 in H-H(Q).

Then

—Av = Q(y0)|v|2*721}, in SO) % =0 on aSOv

and the sequence

wn (%) 1= tn(Z) = An? v (fﬂ /\nyn>

satisfies
lwallF ) = llunllin gy = [VV[Z2(s,) +o(1),
wQ(wn) — = wQ(yo)(v)v
Yo(wy) — 0 in H71(Q),

where the integral in gy, (v) is computed in Sp.

Proof. e Note that v(w/\y”> e L¥(Q) c L*). Since v, — v in
DERY),

||wn||§{1(g) :fQ|vwn|2+fQ|wn|2
N
= Jacn [V0n =) + Jun = A7 v (5522) 22,
ffn va | Vop|? ,fs |Vo|? +|un|L2(Q)+0(1)

= fQ |Vun| + |Un|L2 Q) fso |V1}|2 o(1)
= unls gy — V0T + 00

18



e The Brezis-Lieb Lemma yields,

Vwy, 2 W, 2
Yo (wn) :fQ‘ 2‘ fQQl ‘
:fﬂfy ‘V(UH—U)‘ fQ un )\ x+y )lvn 'U‘
)\'VL
= fﬂ yn % - f51Ay71 Q(/\nx'i'yn)‘vgl
Vv
_fso I 2| +f5’0 I ‘ +0(1)

= 1o (un) = ¥q(y,) (v) + (1)
= ¢ = Pq(yo) (v) +o(1).

2—N
o For 2 € DY2(RY) let 2z, = Ay 2 (%) Since (1) — 0 in H-1(Q)
and v, — v in DM2(RY),
0 =lim 1/)22(’&”)2” = lim fQ VoV, — Qlun|? ~2un 2]
= lim fn i [Vu,Vz = QA + yn)|vn]? ~2v,2]
= fs Vsz — Q(yo)|v]?" 2wzl
ie., wb(yo)(v) = 0. Therefore v € C?(Sy). Let z € DV2(RY) and z,(z) =
N—-2
An? z(AnT + ypn). By Lemma A.2,
\%(wn)zl WJQ(A x+yn)( U)Zn‘/
|wQ(An1+yn)(vn)2n ’l/)Q(yO)(v)Zn| + o([|2[|m (@)
= [Yg(r, 04y, (Vn)2nl + o2l m1(0))

= ¢ (un)z] + of||2[| a1 (@)
= o[zl a1 (e)-

O

Lemma A.5 Suppose S is a half space and By is a ball with radius one whose
center belongs to S. Let Q € c(9), Qu :=supQ < o0, u € DY2(RY) and
v € D(By). There is a constant o such that

[ <ot ([ muw@'“'?y [ v

Proof. By Poincaré’s inequality,
~ * ~ a4 -
Js @Rl = [l@QF =)@ F we?)]
< (Jsran o @)™ (Js Qo) ™
* %
< 0O (Jspam o Q) ™[5 19 (00)2

Finally, we can prove the main result of this Appendix.

Theorem A.6 Suppose the conditions in the second paragraph of this Appendix
are satisfied. Let (u,) be a sequence in H'(Q) such that

o(up) — ¢ and ' (up) — 0 in HH(Q).

19



Then, replacing (uy,) by a subsequence, if necessary, there exist
e a function vo € H'(Q) such that

—Avg + avg = Q|vo\2*’2vo,

o m points yb € Q and m sets S;, i = 1,...,m, where each S; is either a half
space or RN
o for eachi=1,...,m, a function v; € D"*(RN) such that
i 2*—2 . dv;
—Av; = Q(yg)|vil v; i Sy, 5 = 0 on 0S;,

e and sequences (¥e), (\L), i =1,...,m, satisfying v, € Q, v\, — yb, N, > 0,
AL — 0,

Lo i + Lo

—dist(y,,,002) — d € Ry or —dist(y,,, 082) — oo,

A A
satisfying

2—N

U —v0 = iy (M) 72 v (x;;/,ﬁ)HHl(Q) =0

m
||Un|\%11(9) - H'UOH%P(Q) +Z |V”i|2L2(si)»
i=1

o(vo) + Y o (vi) = c.
i=1
If up, >0 a.e. on Q for all n, then vg > 0 and v; >0 fori=1,...,m.

Proof. e For n big,

1
sup p(un) + ||un||H1(Q) > o(un) — Qf@/(“n)un

1
:N/Q|Vun\2+a|un|2

C
2 NHunH%{l(Q)'

So [|un|| 1 () is bounded. We extend each u,, to HY(RY), with [tnl| g mvy <
Cllunl|lgr) < C.

e We assume that u,, — v in D"2(R") and u, — vy a.e. on RY. By
Lemma A.3, ¢'(vg) = 0, and u’, := u,, — vy is such that

[l 0y = lunllz @) = llvoll gy + o(1),
hq(uy) = ¢ — ¢(vo),
Vi (up) — 0 in H1(Q).
o If [, Qul*” — 0, then u} — 0 in H'(Q) and the proof is complete. If

N-2
2

—1
fQQ|u}1|2* + 0, then choose 0 < § < (Q%U%QM ) sufficiently small, so

that
/ Qlul|* > 6.
Q
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Consider the Levy concentration function

Qn(r):= sup/ Q|u711|2*.
QNB»(y)

yeQ

Since Q,,(0) = 0, Qn(c0) > & and Q,, is continuous, there exist sequences (y;,)
and (AL) such that y. € Q and A} > 0 for all n, and

12 1)2*
s—swp [ Qi = [ Qi
yeQJONB; 1 (v) QNB;1 (v3)

We may assume y. — y € Q, AL — A > 0 and 5-dist(y,, 0Q) converges
in the extended nonnegative real line. Then there exists a set S; such that

Xo-yl = XS;p-
A

Let v} (z) := (AL) "2 ul (\z +y}). Since [[u}|lpr2@yy = [[vh]pre gy, we
may assume that v} — v; in DH2(RY) and a.e. in RY. Note that

s= sw [ Qe = [, Qe kgl
yexz;ly}L A}lntl(y) 2 NB1(0)

n

e Suppose v1 = 0. Then v} — 0 in L2 _(S;). We wish to prove Vvl — 0 in

loc

L2 _(S1). Let h € D(RY), with support contained in a ball of radius one. We

loc

have

ooy VD = [ vev@a s [, e

_ / VoLV (h2ul) + o(1)

1
An

- /9 L QU i)W (0P + G0 0y () (BP0) + 0(1)
>\71

- /;Z—y}l Q(/\'}Lx + yrlL)h2|U71L|2 + 0(1),
IRV
using Lemma A.5 and appropriate diffeomorphisms,
2
~
< 0@y / Q\Lz +y)oa* | x
< M 0yl . yh) ok

Nsupp h

T
n

< oy V(RO + o)
)\’}L

oQuT SR [ IV +ol1)

A

IN

1
_ 5/ V(L) + o(1).

n

Therefore Vol — 0 in L2 _(S), and, since v

loc

(S1). This contradicts [q_,1
AL
that v; #£ 0.

' —0in L2 (S1), vt — 0in

LY, | QL+ y)len]* = 5> 0. We conelude

ﬂBl(O
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o If A\j > 0, then u), —= 0 in H'(Q) and [[u},]| g1 g~y < C implies v}, — 0 in
H'(S}). This is a contradiction. So A§ = 0 and S is a half space or S; = R".
e By Lemma A .4, the function v; satisfies

ov

—Av; = Q(yd)|v1]* ~2vy in Sy, a—: =0 on J5;.
If S, =RY,
St oy < (V0 oy = [ QU

Hence N

) 3

v ()
RV y

and

N N
2 2

_ Q(yé) 2 S i S > i S
e = S P 2 g 2 NQut

On the other hand, if S; is a half space,

o > 2 (5)
S1 2 Q(yO)

yo Sz
o 98 [ s

m

vl

and

e Also by Lemma A.4, the sequence

1
2—N T —Yn
) = o) - ) (158

satisfies

||un||H1(Q) HunHHl(Q) - HU0||:;-11(Q) - \VU1|%2(51) +o(1),
bo(up) — ¢ = @(vo) — Py (v1),
Yo(up) = 0in H-H(Q),

where the integrals in wQ(yé)(vl) are computed over Sj.
e We iterate the above procedure to find sequences (y%), (%), (v), (A}),

N
(S;) and (v;) as in the statement of the Theorem. Since |V’UZ|L2(S ) = S,

2
M

the iteration must end at some finite index m.
e Suppose now that u, > 0 for all n. Then clearly vg > 0. Using the
functionals

o) = [ |-

2 2*
/ |V;t| B Qu; 1 ’ u e DVARY),
s

and the maximum principle, we conclude that the v;’s with ¢ > 1 are positive
and that they are necessarily instantons or half-instantons. O

*] u € HY(Q),
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Corollary A.7 Let

Vo) = {ue @) [ Qu =1

and
Ea(u) ;:/ [IVul? + 2]
Q
Let
m = inf  E)\(u).
rG ueVa () A( )
. 2 2
If myc < S =min ZSk Ny —, RN |, then my g is achieved.
2N QY QO N QN

Proof. Let (u,) be a minimizing sequence. Without loss of generality, we
can suppose that u,, > 0. By the Ekeland variational principle (see Theorem 8.5
in [27]), (u,) is a Palais-Smale sequence for

2 2 2*
) = /Q {'V“' L eol } we HY(Q).

2 2 2*

By Theorem A.6, there exists a function vy € H*(f2) satisfying

*
2 721)

—Avg + Avg = my,gQ|vo 05

m points y§ € Q, m sets S;, where each S; is either a half space or RY, and m
functions v; € DV2(RY) satisfying

. * 6 7
—Av; = mA,GQ(y6)|vi\2 20, 311}/ =0 on 09;,
such that .
R mx,G
B(v0) + > Urmy s (Vi) = N (10)

i=1
We easily conclude (cf. [12]) that

1 4
he (mA,GQ(yé)) v

Multiplying Eq. (10) by N and taking into account the invariance of Vg (Q),

. . 2—N
+ Z #G (o) (macQyh) * S
lysle(2\{0})/G

2-N N
2

Ex(vo) + 11 (mx,cQ(0)) 2 S

vl

+

&

Y G maQui) T 2 = mae,

[yi]€oQ/G

where [; is either 1 or 0, according to if there exists a y§ = 0 or not. If any of
the v;’s, with ¢ > 1, is nonzero, then

vz

h (mcQ(O) T 5% + > k(macQu) ® ST+

lvgle(@\{0})/G
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+ Y k@)

5 <myg-
[yileo/G

Solving for my ¢, we get S < ma,, which contradicts our initial assumption.
Therefore all the v;’s with ¢ > 1 are zero, and it follows, again from Theorem A.6,
that u,, converges to vg in H*($). But then, of course, vy € V(Q) and Ej (vy) =

m,G- O
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