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Introduction

For a second�order nonlinear ordinary differential equation (ODE), a singular bound-
ary value problem (BVP) is investigated which arises in hydromechanics and nonlinear
field theory when static centrally symmetric bubble�type (droplet�type) solutions are
sought. Being defined on a semi�infinite interval 0 < r < ∞, this ODE, with a polyno-
mial nonlinearity of the third order with respect to a desired function, possesses a regular
singular point as r → 0 and an irregular one as r →∞. Using some results for singular
Cauchy problems (CPs) and stable initial manifolds (SIMs), we give the restrictions
to the parameters for correct mathematical statement of the above singular nonlinear
BVP, solving as well an accompanying problem concerning the transfer of the boundary
condition from a singular point into a close regular one. Due to a certain variational ap-
proach and some results for so�called ground state problem, the necessary and sufficient
conditions for existence of bubble�type or droplet�type solutions are discussed (in the
form of additional restrictions to the parameters) and some estimates are obtained.
For a bubble model in the modern theory of nonhomogeneous or two�phase fluids with

the equations of state depending on the derivatives, the singular nonlinear BVP under
consideration has been posed and partially studied in [1] including numerical simulation
of the problem (some preliminary results have been announced also in [2]�[4]).
In the present work we give briefly some results concerning a more complete and

accurate theoretical analysis of this BVP and its applications. We don't present here
the numerical methods and computational results. The detailed analytical�numerical
investigation of the above singular nonlinear BVP, including physical interpretation of
the numerical results, is assumed to be published in [5].

1. Statement of the problem and preliminary remarks

We study a singular nonlinear BVP of the form [1]:

ρ′′ +
N − 1

r
ρ′ = 4λ2(ρ + 1)ρ(ρ− ξ), 0 < r < ∞, (1)

| lim
r→0+

ρ(r)| < ∞, lim
r→0+

rρ′(r) = 0, (2)

lim
r→∞

ρ(r) = ξ, lim
r→∞

ρ′(r) = 0. (3)

Here all the variables are real, N , λ and ξ are the parameters, λ > 0 (the multiple 4λ2

may be omitted by change of the variable r).
The following preliminary assertions are evident enough (for some details, see [1], [5]).

Proposition 1. 1) For any fixed N, ξ ∈ R, the singular nonlinear BVP (1)�(3) is
solvable: it has at least one constant solution

ρ(r, ξ) ≡ ρξ = ξ; (4)
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in addition, the accompanying singular problem (1), (2), considered separately, has yet
at least two constant solutions independent of ξ:

ρ(r) ≡ ρtr = 0, ρ(r) ≡ ρ− = −1; (5)

when ξ : ξ(ξ + 1) > 0, there are three constant solutions to Eq.(1), defined by (4) and
(5), where ρ− < ρtr < ρξ, for ξ > 0, and ρξ < ρ− < ρtr, for ξ < −1.
2) For fixed N ≥ 2 and ξ : ξ(ξ + 1) > 0, any solution to the singular nonlinear BVP

(1)�(3) satisfies the restrictions:

−1 < ρ(r, ξ) ≤ ξ ∀r ∈ R+, if ξ > 0, (6)

ξ ≤ ρ(r, ξ) < 0 ∀r ∈ R+, if ξ < −1; (7)

for N : 1 < N < 2, the same is valid with the replacement of the conditions (2) by the
conditions

| lim
r→0+

ρ(r)| < ∞, lim
r→0+

ρ′(r) = 0. (8)

3) For any N, ξ ∈ R, BVPs (1)�(3) and (1), (8), (3) are invariant with respect to the
transformation

ρnew = −ρ− 1, ξnew = −ξ − 1. (9)

For integer N ≥ 2, the operator in the left�hand side of Eq.(1) is the radial part of
the N�dimensional Laplace operator relating to the centrally symmetric solutions.

Definition 1. For fixed integer N ≥ 2 and ξ : ξ(ξ + 1) > 0, let ρ(r, ξ) be a monotone
solution of BVP (1)�(3), lying in the domain (6) or (7), respectively, and different from
(4). For ξ > 0, if there exists R(ξ) > 0 such that ρ(R(ξ), ξ) = 0, then we say that
ρ(r, ξ) defines a (hyper)spherical interface (a wall) of a bubble, or simply a bubble with
a radius Rb = R(ξ); for ξ < −1, if there exists R(ξ) > 0 such that ρ(R(ξ), ξ) = −1, then
we say that ρ(r, ξ) describes a droplet with a radius Rd = R(ξ).

We will use Definition 1 formally for any N > 1.

1.1. Bubbles and Droplets in the Capillary Fluid Models. Concerning the phys-
ical models in this subsection, see, e.g., [6]� [9] and references therein.
In the second gradient theory (or shell�like theory), for nonhomogeneous or two�

phase capillary fluids (fluid � fluid, fluid � vapor, fluid � gas, etc.), an additional term,
depending on the gradient of density ∇ρ, is added to the classical expression E0(ρ) for
the volume free energy:

E(ρ, |∇ρ|2) = E0(ρ) +
γ

2
|∇ρ|2, γ = const > 0.

Under isothermal process, the action functional

J(ρ,~v) =

t2∫
t1

∫
RN

[
ρ
|~v|2

2
− E(ρ, |∇ρ|2)

]
dxNdt

is introduced where ~v(~r, t) is the vector�velocity of the particles of the medium, N = 2, 3.
Taking into account that the law of conservation of mass has to be true in any domain
Ω ⊂ RN (which leads to the equation ρt + div(ρ~v) = 0) and using the D'Alembert�
Lagrange principle in order to find a solution of δJ = 0 with the above�mentioned con-
straint (that implies a complex problem on a conditional extremum), the corresponding
vector system of partial differential equations (PDEs), with respect to ~v(~r, t) and ρ(~r, t),
has been deduced.
For a medium in the equilibrium state, there is one PDE with respect to ρ(~r) which can

describe the formation of microscopical bubbles in a nonhomogeneous or two�phase fluid,
e.g., vapor inside one liquid. When centrally symmetric solutions are sought, depending
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on the radial variable r in the polar coordinates in RN , the physical model leads to the
following singular nonlinear BVP:

γ

(
ρ′′ +

N − 1
r

ρ′
)

= µ(ρ)− µ(ρl), r ∈ R+, (10)

lim
r→0+

ρ′(r) = 0, lim
r→∞

ρ(r) = ρl > 0, (11)

Here the function µ(ρ) = (dE0/dρ)(ρ) is the chemical potential of the medium, ρl is
the density of the external liquid. Whenever a strictly increasing solution ρ(r) to the
problem (10), (11) exists, for some ρ(0) = ρv, 0 < ρv < ρl, then ρv is the density of
the gas at the center of the bubble and the solution ρ(r) determines an increasing mass
density profile.
For the simplest model, suggested in [1], µ(ρ) is a third�degree polynomial on ρ with

three distinct real roots:

µ(ρ) = 4α(ρ− ℘1)(ρ− ℘2)(ρ− ρl), 0 < ℘1 < ℘2 < ρl, α > 0.

In this case, the qualitative behavior of µ(ρ) is analogous to the real chemical potentials
for the Van der Waals and other fluids near the critical temperature. Introducing the
normalized values ρnew = (ρ− ℘2)/(℘2 − ℘1), λ =

√
α/γ(℘2 − ℘1) > 0,

ξ = (ρl − ℘2)/(℘2 − ℘1) > 0, (12)

and writing ρ instead of ρnew, we obtain the relations: ρv = ρ(0) [℘2 − ℘1] + ℘2,

µ̃(ρ) = µ(ρ(℘2 − ℘1) + ℘2)/[γ(℘2 − ℘1)] = 4λ2(ρ + 1)ρ(ρ− ξ). (13)

As a result, we obtain the singular nonlinear BVP (1)�(3) (with more accurate statement
of the boundary conditions in the singular points).
If the bubble�type solutions exist, many important physical properties depend on

them: the gas density inside the bubble, the bubble radius, surface tension, interface
thickness, etc.
Besides the bubbles there are the droplet models when the density of the medium

inside the object is higher than outside: 0 < ρl < ρv, 0 < ρl < ℘1 < ℘2; in this case
(12) implies ξ < −1.

1.2. Bubbles in the Models of Nonlinear Field Theory and Cosmology. A
different physical model, described below, is widely studied in the nonlinear field theory
and relativistic cosmology where the bubbles can be treated as the classical patterns
of the elementary particles or the domains in the universe, respectively (see, e.g., [10],
Chapter 12, [11], Chapter 5). In the (N + 1)�dimensional Minkowski space with the
coordinates x0 = t, x1, . . . , xN (N ≥ 1), let us consider the scalar neutral field ρ(~r, t)
with the Lagrangian

L =
1
2

(
∂ρ

∂t

)2

− 1
2

N∑
j=1

(
∂ρ

∂xj

)2

−W (ρ).

Here W (ρ) is the Higgs�type self�action potential of the field,

W (ρ) = λ2(ρ− w1)(ρ− w2)(ρ− ξ)2, w1,2 = [−(ξ + 2)∓
√

2(ξ + 2)(1− ξ)]/3, (14)

and, since w1,2 must be real, this implies

−2 ≤ ξ ≤ 1. (15)

Here and further we use a system of units with c = ~ = 1 where c is the speed of light
in vacuum and ~ is the Plank constant.
The Lagrange�Euler PDE takes the form

∂2ρ

∂t2
−∆Nρ +

dW

dρ
(ρ) = 0, ~r ∈ RN , t ∈ R, (16)
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where ∆N is the N�dimensional Laplace operator and dW/dρ coincides with the right�
hand side of Eq.(13). If ρ(~r, t) is a solution of Eq.(16) for t ≥ t0 and E(t0) = E0 < ∞,
where

E(t) =
∫

RN

[
1
2

(
∂ρ

∂t

)2

+ |∇ρ|2/2 + W (ρ)

]
dNx

is the energy integral, then E(t) ≡ E0, t ≥ t0.

Definition 2. Let ρ ≡ ρvm be a constant solution of Eq.(16), so that (dW/dρ)(ρvm) = 0.
We say that ρvm is a true vacuum of the field iff it is a point of absolute minimum of
W (ρ), otherwise it is a false vacuum.

For Eq.(16), if we look for a (hyper)bubble as a stationary centrally symmetric solution
with a finite energy, then we obtain again the nonlinear singular BVP (1)�(3) (here
the bubbles are called sphalerons). Moreover, from (15) and Definition 1, we have two
admissible intervals for the values of ξ:

0 < ξ < 1; (17)

−2 < ξ < −1. (18)

The well�known mechanistic interpretation of the model is the following (in detail, see
[10], Chapter 12). Due to the substitution (9), we can consider only the case (17) when
the formulas (14) determine the Higgs�type potential W (ρ) with two distorted vacua
ρ− = −1 and ρξ = ξ (a true vacuum and a false one, respectively). Let us interpret r as
the time variable and ρ as a "coordinate" and introduce the potential W̃ (ρ) ≡ −W (ρ)
and the force F̃ (ρ, ξ) = −(dW̃/dρ)(ρ, ξ). Then we can rewrite Eq.(1) in the form

ρ′′ + (N − 1)ρ′/r = F̃ (ρ, ξ), r > 0, (19)

and we can treat Eq.(19) as the second Newton law for a "point mass" (a unit mass
"ball") in the field of potential forces where the term (N − 1)ρ′/r plays the role of
depending on time friction. When N > 1, due to the friction term, we obtain the
restriction (17) as a necessary condition for a bubble�type solution to exist.

Remark 1. For ξ = 1, we obtain from (14) the Higgs potential

W (ρ) = WH(ρ) = λ2(ρ2 − 1)2 (20)

with two degenerate true vacua ρ± = ±1. Eq.(16) with the Higgs potential (20) has
the exact one�dimensional solutions which are called the domain walls. In general, they
move with constant velocity v, 0 < v < 1, perpendicular to their surface: ρw±(~r−~r0, t−
t0, ~n, v) = ± tanh

(
λ
√

2 [(~n,~r − ~r0)± v(t− t0)] /
√

1− v2
)
, where ~n is the unit vector

of the direction of wave propagation; the stationary solutions correspond to v = 0.
The bubbles can be treated approximately as curved domain walls. However it is well
known that Eq.(16) with the potential (20) has no stationary N�dimensional bubble�
type solutions for N ≥ 2 (concerning dynamical problems for the bubble�type solutions
to Eq.(16), some results were obtained in [12], [13], for N = 3 and ξ = 1).

2. Associated singular nonlinear Cauchy problems

Definition 3. We say that the singular nonlinear BVP (1)�(3) is correctly formulated
on R+ iff both the local singular problem (1), (2) at the point r = 0 and the singular
CP (1), (3) at infinity have one�parameter sets of solutions.

Further, we use the classification of singular points for linear and nonlinear ODEs
according to [14].
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2.1. The regular singularity at zero. Eq.(1) has a regular singularity as r → 0 and
the limit conditions (2) are equivalent to the following ones (with unknown parameter
ρ0):

lim
r→0+

ρ(r) = ρ0, lim
r→0+

rρ′(r) = 0. (21)

For the linearized CP in the neighborhood of r = 0, characteristic exponents are ν1 = 0
and ν2 = 2−N . Then, from Theorem 5 in [15] and the results of Section 30 in [16], the
following assertion is valid.

Proposition 2. For any fixed N ≥ 2 and ξ, ρ0 ∈ R, the singular nonlinear CP (1),
(21) has a unique solution ρ(r, ρ0) in the class C[0, r0]

⋂
C1(0, r0], for some r0 > 0. This

solution is a holomorphic function at the point r = 0 represented by the series

ρ(r, ρ0) = ρ0 +
∞∑

k=1

ρ2k(ρ0)r2k, 0 ≤ r ≤ r0, (22)

where the coefficients ρ2k, depending on the parameter ρ0, are determined by the recur-
rence formulas:

ρ2(ρ0) = (2λ2/N) ρ0(ρ0 + 1)(ρ0 − ξ), (23)

ρ2k(ρ0) =
{∑k−1

m=0

[
ρ2k−2m−2

(∑m
l=0 ρ2lρ2m−2l + (1− ξ)ρ2m

)]
− ξρ2k−2

}
×

×2λ2/[k(2k + N − 2)], k = 2, 3, . . . .
(24)

For N : 1 < N < 2, the formulas (22)�(24) define also the solution to the singular
nonlinear CP (1), (21) but which is unique only in the class H[−r0, r0] of the holomorphic
functions at the point r = 0; however, as a solution to Eq.(1) satisfying the conditions

lim
r→0+

ρ(r) = ρ0, lim
r→0+

ρ′(r) = 0, (25)

it is unique in the class C1[0, r0].

Corollary 1. For any fixed N > 1 and ξ ∈ R, the local singular problem (1), (2)
has a one�parameter set of solutions ρ(r, ρ0). Each solution of this set is a holomorphic
function, at the point r = 0, represented by the series (22)�(24), so that it satisfies
conditions (8) (three constant solutions, defined by (4) and (5), belong to this set and
correspond to the values of ρ0 equal ξ, 0 or −1, respectively).

Taking into account Propositions 1, 2 and Definition 1, we can deduce the following
necessary condition.

Corollary 2. For fixed N > 1 and ξ : ξ(ξ + 1) > 0, let ρ0 = ρ0(ξ) be such that
the function ρ(r, ξ) = ρ(r, ρ0(ξ)) from the set (22)�(24), being extended to the right, is
a bubble�type, for ξ > 0 (resp., a droplet�type, for ξ < −1), solution to the singular
nonlinear BVP (1)�(3). Then ρ0(ξ) satisfies the condition

−1 < ρ0(ξ) < 0. (26)

Moreover, for the corresponding solution ρ(r, ξ) satisfying the restrictions (6) (resp.,
(7)), the conditions (2) and (8) are equivalent and ρ′′(0, ξ) > 0 (resp., ρ′′(0, ξ) < 0).

Remark 2. For any fixed N > 1 and ξ ∈ R, depending on the choice of ρ0(ξ) ∈ R, the
solutions of the singular nonlinear CP (1), (21) have different behavior: there are the
singular blow�up, bounded monotone and oscillating solutions. The needed bubble�type
or droplet�type solution, i.e., existing globally and satisfying (3), separates the set of
blow�up solutions from the set of oscillating ones and is called a separatrix solution (for
a detailed analysis, see [5]; it follows also from the mechanistic interpretation of the
model).
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2.2. The irregular singularity at infinity. Eq.(1) has an irregular singularity as
r → ∞. Due to the classical results of [16] with their detailing in [17] and some results
of [15], concerning the singular CPs, we obtain

Proposition 3. For any fixed N ∈ R and ξ : ξ(ξ + 1) > 0, the singular nonlinear CP
at infinity (1), (3) has a one�parameter family of solutions. For N = 1, this family is
represented by a convergent exponential Lyapunov series

ρ(r, b) = ξ +
∞∑

k=1

Bkb
k exp (−kκr), r ≥ r∞, (27)

where b is a parameter, |b exp(−κr∞)| is small,

κ = 2λ
√

ξ(ξ + 1) > 0, (28)

and the independent of b constants Bk are defined by the recurrent formulas:

B1 = 1, B2 = (1 + 2ξ)/[3ξ(1 + ξ)], (29)

Bk =
[
(1 + 2ξ)

∑k−1
l=1 BlBk−l +

∑k−1
m=2

∑m−1
l=1 BlBk−mBm−l

]/
/

[(k2 − 1)ξ(ξ + 1)], k = 3, 4, . . . ,
(30)

For N 6= 1, the one�parameter family of solutions to the singular nonlinear CP (1), (3)
is represented by a convergent exponential Lyapunov series

ρ(r, b) = ξ +
∞∑

k=1

Ck(r)bkr−k(N−1)/2 exp (−kκr), r ≥ r∞, (31)

where b is a parameter, |br−(N−1)/2
∞ exp(−κr∞)| is small, κ is defined by (28) and the

independent of b coefficient functions Ck(r) are the solutions to the recurrent sequence
of singular linear CPs:

C ′′1 − 2κC ′1 − (N − 1)(N − 3)C1/(4r2) = 0, r ≥ r∞,

limr→∞C1(r) = 1, limr→∞C ′1(r) = 0;
(32)

C ′′2 − [4κ + (N − 1)/r]C ′2 + [3κ2 + (N − 1)(2κ/r + 1/r2)]C2 = 4λ2(2ξ + 1)C2
1 , r ≥ r∞,

limr→∞C2(r) = B2, limr→∞C ′2(r) = 0;

C ′′k − [2kκ + (k − 1)(N − 1)/r]C ′k + {(k2 − 1)κ2 + (N − 1)[k(k − 1)κ/r+

+((k2 − 2k)(N − 1) + 2k)/(4r2)]}Ck =

= 4λ2
[
(2ξ + 1)

∑k−1
l=1 ClCk−l +

∑k−1
m=2

∑m−1
l=1 ClCk−mCm−l

]
, r ≥ r∞,

limr→∞Ck(r) = Bk, limr→∞C ′k(r) = 0, k = 3, 4, . . . ,

where Bk are defined by (29), (30). Each coefficient function Ck(r) is defined uniquely,
by recurrence, and, for large values of r, is represented in the form of an asymptotic
series in negative powers of r:

Ck(r) ∼ Bk +
∞∑

s=1

c(k)
s /rs, k = 1, 2, . . . , (33)

where the coefficients c
(k)
s may be defined by the substitution of (33) in the above

equations for Ck(r). In particular, for k = 1, the following formulas are valid from (32):

c
(1)
1 = (N − 1)(N − 3)/(8κ), c

(1)
s+1 = c(1)

s [−s(s + 1) + (N − 1)(N − 3)/4]/[2κ(s + 1)],

s = 1, 2 . . .. (The constant solution (4) belongs to the family (31) with b = 0.)

The next necessary condition follows from Propositions 1, 3 and Definition 1.
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Corollary 3. For fixed N ∈ R and ξ : ξ(ξ + 1) > 0, let b = b(ξ) be such that the
function ρ(r, ξ) = ρ(r, b(ξ)) from the set (31), being extended to the left, is a bubble�
type, for ξ > 0, or a droplet�type, for ξ < −1, solution to the singular nonlinear BVP
(1)�(3). Then b(ξ) satisfies the conditions:

b(ξ) < 0, if ξ > 0; b(ξ) > 0, if ξ < −1.

2.3. Correct statement of the singular nonlinear BVP: restrictions on the
parameters. From Corollary 1, Proposition 3 and Definition 3, we obtain

Corollary 4. For any fixed ξ : ξ(ξ + 1) > 0 and N ≥ 2, the nonlinear singular BVP
(1)�(3) is correctly formulated on R+ and is equivalent to the singular nonlinear BVP
(1), (8), (3); for N : 1 < N < 2, the same is valid with the a priori requirement that a
solution to the BVP (1)�(3) is a holomorphic function at the point r = 0.

Then to solve the original nonlinear singular BVP (1)�(3) with fixed N > 1 and
ξ : ξ(ξ + 1) > 0, we must find from the set (31) a particular solution of Eq.(1) which
also satisfies (2), i.e., belongs to the family (22)�(24). Alternatively, we can look for a
particular solution of the set (22)�(24) which additionally fulfills (3), i.e., belongs to the
family (31).

3. Analytic stable initial manifolds and the boundary condition
transfer

In this section, we use the idea of the boundary condition transfer from infinity to a
finite point in order to get the equivalent nonlinear BVP on a finite interval (in general,
with a variable right boundary), which has both theoretical and practical interest. For a
history of the problem and the initial concepts of the boundary condition transfer from
the singular points of ODE systems, see, e.g., the survey [18]. Some existence theorems
about the differential and analytic SIMs, for nonlinear ODEs, can be found in [19],
Chapter XIII. In what follows, we use the results of [20] taking into account as well
the more general results of [21]�[23] to describe SIMs for nonlinear ODE systems. (For
N = 1, we have a simpler autonomous ODE and the corresponding assertions can be
obtained by different ways.)

Proposition 4. For N = 1 and any fixed ξ : ξ(ξ + 1) > 0, the values of solutions to
the singular nonlinear CP (1), (3) (i.e., belonging to the family (27)) form in the phase
plane of the variables (ρ, ρ′), in the neighborhood of the point (ξ, 0), a one�dimensional
SIM invariant with respect to r. This analytic curve, as the Lyapunov manifold of
conventional stability, is given by the relation

ρ′ = −κ(ρ− ξ) + β(ρ− ξ), |ρ− ξ| ≤ ∆, ∆ > 0, (34)

where κ is given by (28) and β(z) is a solution to the singular nonlinear Lyapunov�type
problem,

dβ

dz

(
−κz + β

)
= κβ + 4λ2z2(2ξ + 1 + z), |z| ≤ ∆, ∆ > 0,

β(0) =
dβ

dz
(0) = 0;

this problem has a unique solution in the class C1[−∆,∆] and it is a holomorphic
function at the point z = 0:

β(z) =
∞∑

k=2

βkz
k, |z| ≤ ∆,

β2 = −4λ2(2ξ + 1)/(3κ), β3 = (β2
2 − 2λ2)/(2κ),

βk =
(∑k−1

m=2 mβmβk+1−m

)/
[κ(k + 1)], k = 4, 5, . . . ;

(35)
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this solution is represented in the explicit form

β(z) = κz
(
1−

√
1 + 8λ2(2ξ + 1)z/(3κ2) + 2λ2z2/κ2

)
,

for all |z| ≤ ∆ such that this formula makes sense. Thus Eq.(34) can be rewritten in the
explicit form

ρ′ = −κ(ρ−ξ)
√

1 + 8λ2(2ξ + 1)(ρ− ξ)/(3κ2) + 2λ2(ρ− ξ)2/κ2, |ρ−ξ| ≤ ∆. (36)

Remark 3. For ξ = ±1, replacing κ in (36) by sign(ξ)κ, we obtain the whole Lagrange
manifold generated in the phase plane by the values of the exact one�dimensional so-
lutions ρw±(r − r0) = ± tanh

(
λ
√

2
(
r − r0

))
, r, r0 ∈ R (see Remark 1 concerning the

planar domain walls).

Proposition 5. For any fixed N : (N ∈ R)
∧

(N 6= 1) and ξ : ξ(ξ + 1) > 0, the values
of solutions to the singular nonlinear CP (1), (3) (i.e., belonging to the family (31))
form in the phase plane of the variables (ρ, ρ′), in the neighborhood of the point (ξ, 0),
a one�dimensional SIM depending on r as on parameter. This analytic curve, as the
Lyapunov manifold of conventional stability, is given by the relation

ρ′ = −κ(ρ− ξ) + α(r, ρ− ξ), r ≥ r∞, |ρ− ξ| ≤ ∆, ∆ > 0, (37)

where κ is given by (28). Here α(r, z) is analytic function at the point z = 0, for each
r ≥ r∞, α(r, 0) ≡ 0, and is a unique solution, in this class, to the singular nonlinear
CP at infinity:
∂α

∂r
+

∂α

∂z

(
−κz+α

)
= κα−N − 1

r

(
α−κz

)
+4λ2z2(2ξ+1+z), |z| ≤ ∆, r ≥ r∞, (38)

lim
r→∞

α(r, z) = β(z) uniformly on z : |z| ≤ ∆, (39)

where β(z) is defined by Proposition 4. For large enough values of r and small enough
|z|, this solution may be represented in two equivalent forms:

α(r, z) ∼ β(z) +
∞∑

k=1

αk(z)/rk, |z| ≤ ∆, r ≥ r∞,

α(r, z) =
∞∑

k=1

α̃k(r)zk, |z| ≤ ∆, r ≥ r∞.

Here the coefficient functions αk(z) are holomorphic at the point z = 0 solutions to
a recurrent sequence of singular linear Lyapunov�type problems whereas α̃k(r) are the
solutions to a recurrent sequence of singular CPs at infinity (for a Riccati�type ODE,
when k = 1, and for linear ODEs, when k ≥ 2) which, for large enough values of r, have
asymptotic expansions on integer negative powers of r. As a result, the expansion of the
form

α(r, z) ∼
∞∑

k=1, m=0, k+m≥2

αk,mzk/rm, |z| ≤ ∆, r ≥ r∞, (40)

is valid where the coefficients αk,m are defined by the formal substitution of (40) in
Eq.(38), αk,0 = βk (k = 2, 3, . . .) where βk are defined by (35).

In more detail, for αk(z) we obtain the singular linear Lyapunov�type problems:

dα1

dz

(
−κz + β(z)

)
=
[
κ − dβ

dz
(z)
]
α1 + (N − 1)[κz − β(z)], |z| ≤ ∆, α1(0) = 0;

dαk+1

dz

(
−κz + β(z)

)
=
[
κ − dβ

dz
(z)
]

αk+1 + kαk −
k∑

l=1

αl
dαk−l+1

dz
+

+(N − 1)[κz − β(z)− αk], |z| ≤ ∆, αk+1(0) = 0, k = 1, 2, . . . .

Alternatively, for α̃k(r) we have the singular CPs at infinity:

α̃′1 − [2κ − (N − 1)/r]α̃1 + α̃2
1 = (N − 1)κ/r, r ≥ r∞, lim

r→∞
α̃1(r) = 0; (41)
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α̃′k − [(k + 1)κ − (N − 1)/r]α̃k +
k∑

m=1

mα̃mα̃k+1−m = 4λ2[δk,2(2ξ + 1) + δk,3], r ≥ r∞,

lim
r→∞

α̃k(r) = βk, k = 2, 3, . . . ,

where βk are defined by the formulas (35), δk,j is the Kronecker delta.
All these problems are uniquely solvable by recurrence and their solutions are repre-

sented by the expansions indicated above. For example, for the solution to the singular
CP (41), for large enough r, we obtain:

α̃1(r) ∼
∞∑

s=1

α1,s/rs, α1,1 = −(N − 1)/2, (42)

α1,s =

[
(N − s)α1,s−1 +

s−1∑
m=1

α1,mα1,s−m

]/
(2κ), s = 2, 3, . . . . (43)

Corollary 5. For fixed N ∈ R and ξ : ξ(ξ + 1) > 0, let ρ(r, ξ) be a solution to the
singular nonlinear CP (1), (3), i.e., belonging to the set (31). Then the values of ρ(r, ξ)
belong to the SIM (37) for all r ≥ r∞. It means that the limit boundary conditions (3)
at infinity for the solutions to Eq.(1) are equivalent, for large enough r and small enough
|ρ − ξ|, to the nonlinear relation (37) (for N = 1, it is the same as the relation (34)
which is equivalent to (36)) where κ is defined by (28) and α(ρ − ξ) is described by
Proposition 5.

Remark 4. Corollary 5 and Proposition 5 give us the algorithm for replacement of the
limit boundary conditions (3) at infinity by the equivalent nonlinear relation (37) taken
in a finite point r = r∞ (nonlinear boundary condition of the third kind). For any fixed
N ∈ R and ξ : ξ(ξ + 1) > 0, the following approximations to SIM (37) are valid: for
autonomous approach, coinciding with the case N = 1, equation of SIM has the explicit
form (36); for a linear approach, we have the relation

ρ′ = [−κ + α̃1(r)](ρ− ξ), (44)

which defines a tangent to the SIM (37) taken in the limit stationary point (ξ, 0) and
depending on r as on parameter. For large enough r, α̃1(r) can be defined approximately
by the asymptotic expansion (42), (43) (for N = 1, α̃1(r) ≡ 0).

4. Restrictions on the parameters as the necessary and sufficient
conditions for the solutions to exist

4.1. The necessary conditions. First, we use the known variational approach of [24].
Eq.(1.1) may be considered as the Lagrange�Euler equation for the functional

J(ρ) =

∞∫
0

(
1
2

(
dρ

dr

)2

+ W (ρ)

)
rN−1dr, (45)

where W (ρ) is defined by (14) which is equivalent to W (ρ) = 4λ2
∫ ρ
ξ (s + 1)s(s − ξ)ds.

The functional J(ρ) is considered on the class of functions for which the integral (45)
converges.
Let ρ(r) be a nonconstant solution of Eq.(1), for which the integral (45) converges,

and ρσ(r) = ρ(σr) where σ is a positive parameter (ρ1 ≡ ρ). Then we obtain

=(σ) = J(ρσ) = J1(ρ)/σN−2 + J2(ρ)/σN , (46)

where Jj(ρ) (j = 1, 2) are independent of σ:

J1(ρ) =

∞∫
0

1
2

(
dρ

dr

)2

rN−1dr, J2(ρ) =

∞∫
0

W (ρ)rN−1dr.
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Differentiating (46) with respect to σ, we obtain

d=
dσ

(σ) = −(N − 2)J1(ρ)/σN−1 −NJ2(ρ)/σN+1. (47)

Taking into account that the function ρ(r), corresponding to the value σ = 1, is the
solution of variational problem, we must put (d=/dσ)σ=1 = 0. Then (47) implies

J2(ρ) = −[(N − 2)/N ]J1(ρ) (48)

(according to [25], the similar relations are associated both with G.H.Derrick and the
other names; for some more general problems, it is known also as the Pokhozhaev iden-
tity).
For a nonconstant solution, J1 is positive; if W (ρ) ≥ 0 ∀ρ ∈ R then J2 is positive

as well and, for any N ≥ 2, (48) is not satisfied. Hence the existence of at least one
nonconstant solution requires that W (ρ) < 0, for a certain range of values of ρ, that
implies from (14) the restriction

−2 < ξ < 1. (49)

Concerning the singular nonlinear BVP (1), (8), (3) with N > 1, there is a simpler
way leading to the same necessary condition for the existence of a nonconstant solution.
Namely, let ρ(r, ξ) be a nonconstant solution of the above BVP for which the integral

I =

∞∫
0

(ρ′(s, ξ))2

s
ds (50)

converges. Then, multiplying Eq.(1) by ρ′ and integrating between zero and r, we obtain

(ρ′(r, ξ))2

2
+ (N − 1)

r∫
0

(ρ′(s, ξ))2

s
ds = W (ρ(r, ξ))−W (ρ0(ξ)) ,

where ρ0(ξ) = ρ(0, ξ); in particular for r →∞ we get

(N − 1)

∞∫
0

(ρ′(s, ξ))2

s
ds = −W (ρ0(ξ)) . (51)

Due to (51), we conclude that the value W (ρ0(ξ)) must be negative, for any N > 1,
that implies the restriction (49) once again.
As a result, taking into account also Propositions 2, 3 and Corollaries 1, 4, we obtain

Proposition 6. For each fixed N ≥ 2, the restriction (49) is the necessary condition for
the existence of a nonconstant solution to Eq.(1), for which the integral (45) converges.
Concerning the singular nonlinear BVP (1), (8), (3) with N > 1, the same restriction
(49) is the necessary condition for the existence of a nonconstant solution, for which
the integral (50) converges; under condition ξ(ξ + 1) > 0, connected with the correct
statement of the above BVP, the restriction (17) (resp., (18)) is the necessary condition
for a bubble�type (resp., a droplet�type) solution to exist.

Proposition 6, Corollary 2 and the formula (51) (in the same way as the mechanistic
interpretation of the models) lead to more exact estimates for ρ0(ξ) = ρ(0, ξ) than (26).

Corollary 6. For any fixed N > 1 and ξ : ξ(ξ + 1) > 0, let ρ0(ξ) be such that the
solution ρ(r, ξ) = ρ(r, ρ0(ξ)) of the singular nonlinear CP (1), (25), being extended to
the right, is a bubble�type, for ξ > 0, or a droplet�type, for ξ < −1, solution to the
singular nonlinear BVP (1), (8), (3). Then ρ0(ξ) satisfies the restrictions:

−1 < ρ0(ξ) ≤ w2(ξ) = [−(ξ + 2) +
√

2(ξ + 2)(1− ξ)]/3 < 0, if 0 < ξ < 1; (52)

−1 < w1(ξ) = [−(ξ +2)−
√

2(ξ + 2)(1− ξ)]/3 ≤ ρ0(ξ) < 0, if − 2 < ξ < −1. (53)
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4.2. The sufficient conditions. For the singular nonlinear BVP (1), (8), (3) with
N > 1 and ξ : ξ(ξ + 1) > 0, the restrictions (17), (18) on the parameter ξ are not only
necessary, but also sufficient conditions for the existence of a bubble�type or droplet�
type solution. It follows both from the mechanistic interpretation of the model and some
results relating to the so�called ground state problem applicable to the above BVP (see,
e.g., [26] and references therein).
In [26], as a special case, the authors search for a nonnegative solution on R+ (ground

state) to the following singular nonlinear BVP with N > 1:

u′′ + [(N − 1)/r]u′ + f(u) = 0, r ∈ R+, (54)

lim
r→0+

u(r) = α > 0, lim
r→0+

u′(r) = 0, (55)

lim
r→∞

u(r) = lim
r→∞

u′(r) = 0. (56)

Here f(u) is a locally Lipschitz continuous on [0,∞) function and f(0) = 0. Then in
particular the following assertion is valid (see, e.g., Theorem 2 in [15]): for any fixed
N > 1 and α ∈ R+, the singular nonlinear CP (54), (55) has a unique solution, at least
on some interval 0 < r ≤ r0(α), r0(α) > 0.
Let us introduce the function

F (s) =

s∫
0

f(t)dt, (57)

which is continuous on [0,∞) and F (0) = 0.
The formulated below assertion follows from some more general results of [26] (see

Theorem 1 and Lemma 2.1 therein).

Theorem. Let the following conditions be fulfilled: (i) f(u) is a locally Lipschitz con-
tinuous on [0,∞) function and f(0) = 0; (ii) for the function (57), there exists β > 0
such that F (s) < 0 for 0 < s < β, F (β) = 0 and f(β) > 0; (iii) there is a finite value
γ > β such that γ = min{s > β : f(s) = 0}. Then, for each fixed N > 1, there exists
α ∈ [β, γ) such that the solution to the singular nonlinear CP (54), (55) is continuable
on R+ monotone decreasing function satisfying the conditions (56), i.e., there exists a
nonnegative monotone solution to the singular nonlinear BVP (54)�(56).

For ξ > 0, introducing the variable substitution ρ = ξ − u, we obtain, from (1),
(25), (3), the singular nonlinear BVP (54)�(56) where f(u) = 4λ2u(ξ − u)(u − ξ − 1),
α = ξ − ρ0 > 0 (due to (26), ξ < α < 1 + ξ).
Then we have: f(0) = f(ξ) = f(ξ + 1) = 0; f(u) < 0 ∀u ∈ (0, ξ); f(u) > 0

∀u ∈ (ξ, ξ + 1); f(u) → −∞ as u → ∞. Moreover, for the function (57), we obtain
F (s) = −λ2s2(s − s1)(s − s2), where s1,2(ξ) = ξ − w2,1(ξ) (for w1,2(ξ), see (14)).
Then, if the restriction (17) is valid, we have: F (0) = F (s1) = F (s2) = 0; F (s) < 0
∀s ∈ (0, s1); F (s) > 0 ∀s ∈ (s1, s2); F (s) → −∞ as s →∞.
As a result we obtain that the hypotheses of the above Theorem are satisfied where

β = s1(ξ) = ξ − w2(ξ) (ξ < β < 1 + ξ), γ = min{s > β : f(s) = 0} = ξ + 1, and the
condition α ∈ [β, γ) implies the same restrictions on ρ0(ξ) as (52).
Using Corollary 4, the properties of substitution (9) and the above Theorem, due to

[26], we finally obtain

Proposition 7. For the singular nonlinear BVP (1), (8), (3) with N > 1, the restriction
(17) (resp., (18)) is the sufficient condition for a bubble�type (resp., a droplet�type)
solution to exist, and if ρ(r, ξ) is the above solution then the estimate (52) (resp., (53))
is valid where ρ0(ξ) = ρ(0, ξ).

5. Conclusions

We have described two different nonlinear physics models leading to the singular
nonlinear BVP (1)�(3) and have presented very briefly some results concerning the
mathematical analysis of this BVP. In particular, we have obtained the theoretical



12 N.B. Konyukhova, P.M. Lima, M.L. Morgado and M.B. Soloviev

background for its numerical solution by efficient shooting methods (see [1], [5]). From
the mathematical point of view, the problem under consideration is interesting by itself
as an example of a singular nonlinear BVP which can be investigated in detail, both
analytically and numerically.
A more complete analytical�numerical investigation of the problem will be presented

in [5]. The comparative analysis for the computed physical magnitudes in [1] and [5]
confirms their qualitative accordance with the expected results for the bubble and droplet
models in hydromechanics and nonlinear field theory.
As a future work, it would be interesting to consider the modifications of Eq.(1) for the

cases of Van der Waals and other types of fluids; the corresponding dynamical problems
are more difficult, especially when nonlinear vector systems of PDEs are considered in
hydromechanics (in the case of the scalar PDE (16), the dynamics of the bubbles have
been investigated numerically in [12], [13], for N = 3 and ξ = 1).
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