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Abstract

Mixed type (forward-backward) functional differential equations (MTFDEs)
are, in general, ill-posed. This issue of MTFDEs poses problems for both classical
and numerical analysts. It is done a brief review of our preliminary work with
autonomous and non-autonomous linear MTFDEs using collocation, least squares
and finite element methods. In particular, this paper is concerned with the approx-
imate solution of a nonlinear mixed type functional differential equation (MTFDE)
with deviating arguments arising from nerve conduction theory. The considered
equation describes conduction in a myelinated nerve axon in which the myelin to-
taly insulates the membrane. As a consequence, the potential change jumps from
node to node. As described in [1], this process is modeled by a first order non-
linear functional-differential equation with deviated arguments. A solution of this
equation is searched. Following the approach introduced previously in [5], [6], [2],
using collocation and least squares methods and in [4], [7], using a finite element
method, some new computational methods for the solution of this problem are
proposed and analysed. Numerical results are obtained and compared with the
ones presented in [1].

Key words: Mixed-type functional differential equation, method of steps, collo-
cation, Newton method, nonlinear
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1 Introduction

In this paper we consider equations of the type

δv′(t) = F (v(t)) + β(t)v(t− τ) + γ(t)v(t + τ), (1)

where v is the unknown function, δ is a known constant, β(t), γ(t) and F (v(t)) are
known functions. These methods were extended to the non-autonomous case (when
δ = 1 and α, β and γ are smooth functions of t). In particular, we are concerned
about a nonlinear mixed type functional differential equation (MTFDE) with deviat-
ing arguments arising from nerve conduction theory. The considered equation describes
conduction in a myelinated nerve axon in which the myelin totaly insulates the mem-
brane. As an immediate consequence, the potential jumps from node to node (figure
1). The modelling equation corresponds to a boundary value problem (BVP) of first
order. We search for a solution of a boundary value problem defined in IR, which takes
given values at ±∞.

Figure 1: Nerve axon

In this work is considered the following nonlinear MTFDE

RCv′(t) = F (v(t)) + v(t− τ) + v(t + τ), (2)

where −∞ < t < +∞, v(−∞) = 0 and v(+∞) = 1. The equation (2) is also considered
in [1] where we find a detailed derivation of the model. The unknown v(t) represents
the transmembrane potential at a node in a myelinated axon, in the nerve conduc-
tion model. F reflects the current-voltage model. R and C are respectively axomatic
nodal resistivity and nodal capacity. This model is described with detail in [1]. It is
considered a mathematical model formulated from an equivalent electric circuit model
which assumes the so called pure saltatory conduction (PSC). It means that the myelin
has higher resistance and lower capacitance when compared with the membrane; if the
membrane is depolarized at a node, myelin tends to jump the next node and excite the
membrane there. In this model the myelin insulates the membrane.
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2 Numerical Method

As stated before, the problem arose from nerve conduction theory and is modeled by
equation (2). It is not an easy problem to solve numerically: it is advanced-retarded and
is a BVP defined on IR with τ unknown. It is assumed pure saltatory conduction. In
addition, the circuit model supposes that the nodes are uniformly spaced and electrically
identical, the axon is infinite in extent and in the axon cross-sectional variations in
potential are negligible. Several models can be obtained using different current-voltage
expressions. Using FitzHugh-Nagumo dynamics for the nodal membrane, without a
recovery term, we assume that a supra-threshold stimulus begins a propagated axon
potential and consequently travels down the axon from node to node. With adequate
variable substitutions, one can get the following non-dimensional model:

v′(t) = f(v(t)) + v(t− τ) + v(t + τ)− 2v(t), (3)

where −∞ < t < +∞, v(−∞) = 0 and v(+∞) = 1. The function f is given by
f(v) = bv(v− a)(1− v) with a the threshold potential in the non dimensional problem
(0 < a < 1), τ the non dimensional time delay and b related with the strength of the
ionic current density (b > 0). The solution at any node should be monotone increasing.
This arises from the current-voltage relation f(v), once a node is turned on, it cannot
return to rest potential v = 0.

2.1 Scheme

Instead of model (3) we propose

v′(t) = f(v(t)) + v(t− τ) + v(t + τ)− 2v(t), (4)

where −L < t < +L, with the boundary conditions at [−L− τ,−L] and [L, L + τ ] for
some positive integer L. L is considered large enough. We want to solve (4) using an
adapted method of steps, similar to the work found in [5, 6, 2, 7, 4], which we call an
enhanced method of steps. The algorithm is described below and it is based on the
idea of predictor-corrector methods.

Enhanced Method of Steps

1. Compute τ

(a) In order to compute the boundary conditions [−L − τ,−L] and [L, L + τ ],
we must find the characteristic roots for the linearized equation, at L and
L, as done in [1];

(b) Knowing the solution v and its k first derivatives at −L − τ and −L (k it
is the number of steps), we can determine by recurrence formulae, using an
initial guess for τ ; the value of v(0) (limit from left);

@CMMSE                                                               Page   874  of 1328                                               ISBN 13: 978-84-613-5510-5



Solving a Nonlinear Forward-Backward Differential Equation

(c) Knowing the solution v and its k first derivatives at L and L + τ , we can
determine by recurrence formulae, using an initial guess for τ , the value of
v(0) (limit from right);

(d) Then, in order to get v continuous at t = 0, we adjust the parameter τ , till
the limits from left and from right will coincide at t = 0.

2. For the computed value of τ , construct the first iterate of the solution

at [−L, L]

(a) Use values of the initial guess for the solution on the interval [−L,−L + τ ].

(b) Construct the auxiliary solution at sucessive intervals with amplitude τ using
the ordinary method of steps;

(c) Correct the solution at sucessive intervals with amplitude τ by solving equa-
tion (4) in each interval and using the auxiliary solution at the neighbour
intervals;

(d) Continue until we reach the interval [L, L + τ ]. We get a vector W =
(w(L), w(L+h), w(L+2h), ..., w(L+τ)), where w represents the approximate
solution.

3. Compute the Jacobian matrix

(a) For each grid point ti, at the interval replace the value w(ti) of the initial
guess by w(ti) + ǫ and repeat step 2 with the new initial approximation.
This will give the vector

Wi = (wi(L), wi(L + h), wi(L + 2h), ..., wi(L + τ)), i = 1, . . . N ;

(b) For each vector Wi, compute the i− th row of the jacobian matrix.

4. Apply the Newton method

(a) Obtain the components of the right-hand side of the jacobian and solve the
linear system;

(b) Update the initial guess of the solution.

5. Iterate this process until the norm of the difference between iterates

is less than a certain tolerance value
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So, in summary

• Based on the approximation of the solution and on the method of steps, compute
the value of τ , for which the solution of the problem exists;

• The nonlinear equation (4) with the respective boundary conditions is reduced
by the Newton method to a sequence of linear BVP;

• The numerical solution of each linear BVP is obtained by the collocation method.

A question arised was how to choose the initial approximation to guarantee con-
vergence?

The solution of test problem can then be used as initial approximation for the
numerical solution of the target problem. The idea, proposed by Chi et al in [1], is to
use a continuation method.

The continuation method consists on the approach of the target problem using a
test problem, by formulae (5)

fa(v) = αftest(v) + (1− α)ftarget(v), 0 ≤ α ≤ 1. (5)

Figure 2: Continuation method. a = 0.05, b = 15, N = 81.

In figure 2 is computed the approximate solution for target problem considering
a = 0.05, b = 15 and N = 81.

3 Final Remarks

To analyse the convergence of the numerical scheme we take into account some test
problems with known solutions. Numerical results are compared with the results ob-
tained by other methods presented in [1]. A question in study is how the solution
of equation (4) will be affected by changing the parameters of the problem and the
deviating argument τ .
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Abstract

We present a dynamical system modeling a disease that has a weak and a
strong form, for which a vaccine is available. The latter however does not confer
permanent immunity, but allows disease relapses. The mathematical model is
investigated, providing a framework for the understanding of the epidemilogy of
the human papilloma virus infection.

Key words: epidemics, vaccination, basic reproduction number
MSC 2000: AMS codes (92C60, 92D25, 92D30)

1 Introduction

The human papilloma virus (HPV) is a virus belonging to the group of papillomaviruses
couniting more than 100 types of viruses. Infections due to HPV are largely diffused,
causing skin diseases among other disorders. The virus spreads by contact. If the
infection is caused by papilloma of type 6, 11 or other milder ones, there are therapies.
The infection caused by types 16, 18 or other high risk ones leads instead to tumors. All
tumors of the cervix are caused by HPV. In the course of their life, an estimated 70% of
women becomes infected by HPV, in most cases the infection being of short duration,
although the latency period for the cervical cancer may last decades. The infection is
usually asymptomatic, although detected by routine screening examinations, like the
PAP test.

External treatments are available, like interferon and imiquimod, or podofillotoxine
and podofilline. There are also available vaccines, like Gardasil, against genotypes 16-
18 of HPV, which are responsible of about 70% of tumors, as well as genotypes 6 e
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