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Motivation

=

Representations of Lie groupoids and certain
Fréchet-Lie groups associated to Lie groupoids.

Physical motivation: symplectic fiber bundles can serve
as models for the phase space of a classical particle In
Yang-Mills theory.

The symmetry of a (foliated, symplectic) fiber bundle is
described by a groupoid action: internal and external
symmetries.

Use geometric quantization to construct
representations.

Is there an orbit method/correspondence (Kirillov)?
Does quantization commute with reduction in this

setting? J
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Overview

Lie groupoids and Lie algebroids.

Group of bisections.

Symplectic fibre bundles and coupling forms.
Weak momentum maps.

Strong momentum maps.

Relation to the work of Peter Hochs.
Prequantization and quantization (if time allows).

-
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Groupoids
A

Example. A (transitive) groupoid with 3 objects x, v, z:

groupoid Is a category in which all arrows are invertible.
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# asource and atarget map s,t : G — Go;

# an associative partial multiplication
m : Gy := G sxy G1 — G satisfying s(hg) = s(g) and
t(hg) =t(h) forall (h,g) € Go;

#® aunitmap u: Gy — Gp such that u(x) =: 1, Is a left unit
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groupoid Is a septuple (Gy, G, s,t,m, u,1)

Groupoids

a set of objects Gy, a set of arrows Gfy;
a source and a target map s, t : Gi — Go;

an associative partial multiplication
m : Gy := G sxy G1 — G satisfying s(hg) = s(g) and
t(hg) =t(h) forall (h,g) € Go;

a unit map u : Go — G such that u(x) =: 1, IS a left unit
for G* := t~!(z) and a right unit for G, := s~ () for all
x € G,

an inverse map i : G; — G suchthat g=! :=i(g) is a
2-sided inverse of ¢ for all g € G.
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Examples of groupoids

Groups GG — pt; bundles/families of groups;
Sets B = B, the pair groupoid B x B = B;

For a principal H-bundle P — B, the gauge groupoid
P xg P = B (G-maps between the fibers);

For a space B, the fundamental groupoid 7 (B) = B;

For an action of a group GG on a set B, the action
groupoid G x B = B;

For a submersion p : M — B, the groupoid of
diffeomorphisms between the fibers Diff(p) = B.
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#® A groupoid is smooth (or a Lie groupoid) if Gy and G
are smooth manifolds, the structure maps are smooth
and the source and target maps are submersions.

# A Lie groupoid is regular if the foliation of GGy into orbits
t(s~1(x)) for x € Gy is regular.

® A groupoid is transitive if it has just one orbit ¢(s~(z))
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Global bisections

-

Suppose G = B is a Lie groupoid. T

A smooth global bisection is a smooth map ¢ : B — G such
thattooc =idgp and 6 :=soo : B — B IS a Smooth
diffeomorphism.

Denote the set of smooth global bisections of G = B by
Bis™ (G).

Proposition. Bis®(G) is a Frechet-Lie group.

Example: iff G = B x B = B, then Bis™(G) = Dift™(B).

o -

Hochs Colloquium, Nijmegen, 2008 — p. 8/



Lie algebroids

=

fA Lie algebroid is a smooth vector bundle A — B together
with



Lie algebroids

=

fA Lie algebroid is a smooth vector bundle A — B together
with

® alLie bracket [—, —] on the space of sections I'(.A);

o -

Hochs Colloquium, Nijmegen, 2008 — p. 9/



Lie algebroids

=

fA Lie algebroid is a smooth vector bundle A — B together
with

® alLie bracket [—, —] on the space of sections I'(.A);

# avector bundle map p: A — T'B, inducing a Lie algebra
homomorphism on the sections;

o -

Hochs Colloquium, Nijmegen, 2008 — p. 9/



Lie algebroids

=

fA Lie algebroid is a smooth vector bundle A — B together
with

® alLie bracket [—, —] on the space of sections I'(.A);

# avector bundle map p: A — T B, inducing a Lie algebra
homomorphism on the sections;

such that the following Leibniz identity is satisfied
X fY] =X Y]+ (p(X) )Y

forall X,Y e I'(A) and f € C*>(B)

o -

Hochs Colloquium, Nijmegen, 2008 — p. 9/



Lie algebroids

fA Lie algebroid is a smooth vector bundle A — B together T
with

® alLie bracket [—, —] on the space of sections I'(.A);

# avector bundle map p: A — T B, inducing a Lie algebra
homomorphism on the sections;

such that the following Leibniz identity is satisfied
X fY] =X Y]+ (p(X) )Y

forall X,Y e I'(A) and f € C*>(B)

Proposition. A Lie groupoid G = B gives rise to a Lie
algebroid structure on A(G) := u* ker(T's) — B.
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Actions of Lie groupoids/algebroids

-

An action of a Lie groupoid G = B on a smooth map
p: M — BIs a smooth map

=

G sxXp M — M,

satisfying the usual axioms of an action.

An action of a Lie algebroid A on a smoothmapp: M — B
IS a Lie algebra homomorphism

a:I'(A) — X> (M)
satisfying for all X € I'*°(A4) and f € C*°(B)

® of(fX) = (p"f) a(X);
| Tp ((X)) = p(X). o
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More on Bis™(G)
-

fProposition. The Lie algebra of Bis®™(G) Is (iIsomorphic to)
['(A(G)).
Proposition. A smooth action of a Lie groupoid G = B on
M — B canonically induces an right smooth action of
Bis*(G) on M.
Indeed,
m-o=o(r(m))~!- - m,

form € M and o € Bis™(G).
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A symplectic fibration is a fiber bundle p : M — B with
typical fiber a symplectic manifold (F, wg) and for local
trivializations the transition functions preserve wp.
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Symplectic fibrations

-

A symplectic fibration is a fiber bundle p : M — B with
typical fiber a symplectic manifold (F, wg) and for local
trivializations the transition functions preserve wp.

=

We obtain a vertical symplectic form w : Ver A Ver — R,
where Ver = ker(Tp).

Suppose (B, F?) is a foliated manifold.

A foliated symplectic fibration is a submersionp : M — B
such that the restiction to each leaf is a symplectic fibration.

Example. Suppose p : P — B is a principal G-bundle and G
acts symplectically on (F,w). Then P xo F — Bis a

Lsymplectic fibration. J
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cqg(h) = ghg~!is only defined on the isotropy groupoid
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=
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Coadjoint orbits of groupoids

-

A groupoid G = B acts on itself from the left and from the
right by multiplication. The action by conjugation

cqg(h) = ghg~!is only defined on the isotropy groupoid
(family of groups)

=

I(G) = UG£—>B.

xeB

Differentiating and dualizing conjugation we obtain the

coadjoint action of G = B on A*(I(G)) = ker(p)* — B.

Suppose G = B is a Lie groupoid. Denote the orbit foliation

by FB.

Proposition. The orbits of the coadjoint action are
Lsymplectic fibrations over the leaves of F5. J
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Foliated Ehresmann connections
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Suppose (p: M — B,w) Is a foliated symplectic fibration
over (B, F?). The manifold M is foliated by the pullback
foliation M .= p* FB,
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Suppose (p: M — B,w) Is a foliated symplectic fibration
over (B, F?). The manifold M is foliated by the pullback
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Foliated Ehresmann connections

. .

Suppose (p: M — B,w) Is a foliated symplectic fibration
over (B, F?). The manifold M is foliated by the pullback
foliation M .= p* FB,

A foliated Ehresmann connection on p is a distribution
Hor ¢ TF™ such that for all z € B

Tx]:M — Hor, ¢ Ver, .

The connection Hor is
# complete if it has the usual lifting property for curves.

#® symplectic if the parallel transport preserves the
symplectic form.
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Foliated coupling forms
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Using a complete symplectic foliated Ehresmann
connection, we want to extend the form w : Ver A Ver — R to
a foliated coupling form

=

o TFM ATFM S R,

l.e. 0 IS
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Using a complete symplectic foliated Ehresmann
connection, we want to extend the form w : Ver A Ver — R to
a foliated coupling form

o TFMANTFM S R,
l.e. W IS
® FbB-closed,i.e. dv& =0:

® Hor-compatible, i.e. Hor, = Ver;=.

Theorem. If H!(Ver) = 0, then such a foliated coupling form
@ exists.
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Foliated coupling forms

o .

Using a complete symplectic foliated Ehresmann
connection, we want to extend the form w : Ver A Ver — R to
a foliated coupling form

o TFMANTFM S R,
l.e. W IS
® FbB-closed,i.e. dv& =0:

® Hor-compatible, i.e. Hor, = Ver;=.

Theorem. If H!(Ver) = 0, then such a foliated coupling form
@ exists.

In particular, if p : M — B is a fiber bundle with fiber F,
Lsatisfying H'(F) = 0, then this condition is satisfied. J
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e already know
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Proof of the Theorem

W .

® o(Ver @ Ver) = w;

e already know

® o(Ver AHor) = 0, because @ should be Hor-compatible;
Left to find
® w(Hor®Hor)=....

For v,w € T'(TF?) one can prove the following formula

(vF 2 (wh 5 d @) ver = ([vF, w] 2 @) [ver — (@ (@(0F, wh))) [ver-
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Proof of the Theorem

W .

® o(Ver @ Ver) = w;

e already know

® o(Ver AHor) = 0, because @ should be Hor-compatible;
Left to find
® w(Hor®Hor)=....

For v,w € T'(TF?) one can prove the following formula
(F 3 (w2 d7 D)) ver = ([0, 0] 5 D) ver — (" (@(vF, ) [ver-

Hence (Hor @ Hor) 1 d” @ = 0 iff

vlj,wlj 10| Ver = al]:u?vti,wlj or
| v, w2 Olver = (d (w( )|V o
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Proof of the Theorem continued

-

The previous formula is equivalent to

=

AV (o (0%, wh)) = curv(v, w) Jw.
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Proof of the Theorem continued
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The previous formula is equivalent to T
AV (o (0%, wh)) = curv(v, w) Jw.
Thus, finding a suitable @ (v#, w?") is an integration problem.
Note V¢ (curv(v, w) Jw) = 0, hence the class
curv(v, w) Jw] € HY(Ver)

IS an obstruction to the problem.
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Proof of the Theorem continued

-

The previous formula is equivalent to

=

AV (o (0%, wh)) = curv(v, w) Jw.
Thus, finding a suitable @ (v#, w?") is an integration problem.
Note V¢ (curv(v, w) Jw) = 0, hence the class
curv(v, w) Jw] € HY(Ver)

IS an obstruction to the problem.

If H!(Ver) = 0, it has a global solution.
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Weakly Hamiltonian actions

-

A Lie algebra action « of g on a symplectic manifold (M, w)
Is weakly Hamiltonian if there existsamap u : M — g*
(momentum map) satisfying for all X € g

=

d{p,X)=—a(X)sw.
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Weakly Hamiltonian actions

o .

A Lie algebra action « of g on a symplectic manifold (M, w)
Is weakly Hamiltonian if there existsamap u : M — g*
(momentum map) satisfying for all X € g

d{p,X)=—a(X)sw.

A Lie algebroid action « of A on a foliated symplectic
fibration p : (M, FM) — (B, FP) is weakly Hamiltonian if
there exists a bundle map p : M — A* (momentum map)
satisfying for all X € I'*°(A)

¥ (p, X) = —(a(X) 10)|ver:
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Weakly Hamiltonian actions

o .

A Lie algebra action « of g on a symplectic manifold (M, w)
Is weakly Hamiltonian if there existsamap u : M — g*
(momentum map) satisfying for all X € g

d{p,X)=—a(X)sw.

A Lie algebroid action « of A on a foliated symplectic
fibration p : (M, FM) — (B, FP) is weakly Hamiltonian if
there exists a bundle map p : M — A* (momentum map)
satisfying for all X € I'*°(A)

¥ (p, X) = —(a(X) 10)|ver:

Note that the existence of (u, X) is an integration problem
Lwith obstruction class [(a(X) 1 @) |ver] € H(Ver) J
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Weakly Hamiltonian actions of Bis™(G)

-

Suppose G = B actson (p: M — B,®).
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Weakly Hamiltonian actions of Bis™(G)
. o

Suppose G = B actson (p: M — B,®).

Proposition. If the associated action of Bis™(G) on (M, @)

Is weakly Hamiltonian, then the action of G = B is weakly
Hamiltonian

o -
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Weakly Hamiltonian actions of Bis™(G)
f (p: M — B,). T

Suppose G = B acts on

Proposition. If the associated action of Bis™(G) on (M, @)
Is weakly Hamiltonian, then the action of G = B is weakly
Hamiltonian

The converse does not hold in general. One could speak of
a p-weakly Hamiltonian action of a Lie group (in this case
Bis®>*(G)) on M.

o -
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Important example: parallel transport

. .

The holonomy groupoid of the connection Hor on
p: (M, FM) — (B, FP) is the groupoid of parallel transports
along all curves on F5,

Hol"(p) == {T}, : Mgy = Myq1y | 7v:[0,1] — FP}.

o -
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Important example: parallel transport

. .

The holonomy groupoid of the connection Hor on
p: (M, FM) — (B, FP) is the groupoid of parallel transports
along all curves on F5,

Hol"(p) == {T}, : Mgy = Myq1y | 7v:[0,1] — FP}.

Example. If Hor Is the flat Bott connection on the normal
bundle TB/TFE — B, then Hol" (p) = Hol(B, FB), the

well-known holonomy groupoid of (B, F5). (But we shall be
more interested in non-flat connections!)

o -
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Important example: parallel transport

. .

he holonomy groupoid of the connection Hor on
p: (M, FM) — (B, FP) is the groupoid of parallel transports
along all curves on F5,

Hol"(p) == {T}, : Mgy = Myq1y | 7v:[0,1] — FP}.

Example. If Hor Is the flat Bott connection on the normal
bundle TB/TFE — B, then Hol" (p) = Hol(B, FB), the

well-known holonomy groupoid of (B, F5). (But we shall be
more interested in non-flat connections!)

Theorem. A coupling form & exists if the canonical action of
A(Hol""(p)) on p : M — B is weakly Hamiltonian. B

o

Hochs Colloquium, Nijmegen, 2008 — p. 20/



Proof of the Theorem
O

ngredients:

# By the Holonomy Theorem (or Ambrose-Singer

Theorem) the Lie algebra A(I(Hol"*(p))), atz € B
equals the set

{curv, (v, w) | v,w € T(TFP)}.

o -
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ngredients:

# By the Holonomy Theorem (or Ambrose-Singer

Theorem) the Lie algebra A(I(Hol"*(p))), atz € B
equals the set

{curv, (v, w) | v,w € T(TFP)}.

® Then define

~

o(vf, wh) = — (u, curv(v, w))

o -
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Proof of the Theorem
O

ngredients:

# By the Holonomy Theorem (or Ambrose-Singer

Theorem) the Lie algebra A(I(Hol"*(p))), atz € B
equals the set

{curv, (v, w) | v,w € T(TFP)}.

® Then define

~

o(vf, wh) = — (u, curv(v, w))

o -
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The converse

-

The converse (if a coupling form & exists, then the

canonical action of A(Hol" (p)) on p: M — B is weakly
Hamiltonian) holds, if one can choose a smooth bundle map

=

v1 @ vy A(I(Hol"™ (p))) - TB @ TB

satisfying curv o(v; & v9) = id.
Indeed,

o -
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The converse
-

The converse (if a coupling form & exists, then the T

canonical action of A(Hol" (p)) on p: M — B is weakly
Hamiltonian) holds, if one can choose a smooth bundle map

v1 @ vy A(I(Hol"™ (p))) - TB @ TB

satisfying curv o(v; & v9) = id.
Indeed,

» Define (i, X) := —ao((v1(X))Y, (v2(X))F) for
X e A(I(Hol" (p))).

o -
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The converse
-

The converse (if a coupling form & exists, then the T

canonical action of A(Hol" (p)) on p: M — B is weakly
Hamiltonian) holds, if one can choose a smooth bundle map

v1 @ vy A(I(Hol"™ (p))) - TB @ TB

satisfying curv o(v; & v9) = id.
Indeed,
o Define (i, X) := —@((v1(X)), (va( X)) for
X e A(I(Hol" (p))).
#® Extend u, using the connection, which gives a splitting

B 0 — A(I(Hol" (p))) — A(Hol' (p)) = FP — 0.

-
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Hamiltonian actions of Lie algebras

-

A weakly Hamiltonian action « of a Lie algebra g on a
symplectic manifold (M, w) Is (strongly) Hamiltonian if the
momentum map u: M — g* IS

=

o -
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Hamiltonian actions of Lie algebras

-

A weakly Hamiltonian action « of a Lie algebra g on a
symplectic manifold (M, w) Is (strongly) Hamiltonian if the
momentum map u: M — g* IS

=

#® equivariant: forall X, Y € g
ad™(X) (1, Y) = a(X) (1, Y)

where ad™(X) (i, Y) = (u, [X, Y]);

o -
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Hamiltonian actions of Lie algebras
=

A weakly Hamiltonian action « of a Lie algebra g on a T

symplectic manifold (M, w) Is (strongly) Hamiltonian if the
momentum map u: M — g* IS

#® equivariant: forall X, Y € g

ad™(X) (1, Y) = a(X) (1Y),

where ad"(X) (i, Y) = (i, [X, Y]);
or equivalently,

#® Poisson, where g* is endowed with its linear
Lie-Poisson structure

o -
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Hamiltonian actions of Lie algebroids

- .

Problems for both versions in defining momentum maps
u: M — A* for Lie algebroids:
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Problems for both versions in defining momentum maps
u: M — A* for Lie algebroids:

# The coadjoint action is on ker(p)* not on A*;
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Hamiltonian actions of Lie algebroids

- .

Problems for both versions in defining momentum maps
u: M — A* for Lie algebroids:

# The coadjoint action is on ker(p)* not on A*;

# The coupling form on M is in general not related to the

Poisson structure on A*; in particular if M is a (union of)
coadjoint(s).

o -
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Hamiltonian actions of Lie algebroids

- .

Problems for both versions in defining momentum maps
u: M — A* for Lie algebroids:

# The coadjoint action is on ker(p)* not on A*;

# The coupling form on M is in general not related to the

Poisson structure on A*; in particular if M is a (union of)
coadjoint(s).

A solution lies in using Lie algebroid cohomology!

o -
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Lie algebroid cohomology

-

The set of smooth n-cochains (n € Z>g) IS
C"(A) := (A" A¥).

=
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Lie algebroid cohomology

-

The set of smooth n-cochains (n € Z>q) IS
C"(A) =T (A" A*). The graded vector space C*(.A) can
be turned into a cochain complex with differential

=

(dw)(Xl, ce Xn_|_1)

S (=D (X)) (@ (X1, Ky, X))
+ D (=1 ([XZ,X] Xl,... Xiyoo, Xy, X)),

and (d f)(X) := p(X) f for f € C°(A) = C=(B).

o -
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Lie algebroid cohomology
=

The set of smooth n-cochains (n € Z>q) IS
C"(A) =T (A" A*). The graded vector space C*(.A) can
be turned into a cochain complex with differential

=

(dw)(Xl, ce Xn_|_1)

S (=D (X)) (@ (X1, Ky, X))
+ D (=1 ([XZ,X] Xl,... Xiyoo, Xy, X)),

and (d f)(X) := p(X) f for f € C°(A) = C=(B).
Denote the associated Lie algebroid cohomology by H*(A).

o -

Hochs Colloquium, Nijmegen, 2008 — p. 25/



Lie algebroid cohomology
=

The set of smooth n-cochains (n € Z>q) IS
C"(A) =T (A" A*). The graded vector space C*(.A) can
be turned into a cochain complex with differential

=

(dw)(Xl, e Xn_|_1)
S (1) p(X) (WX, Xy X))

+ D (=1 ([XZ,X] Xl,... Xiyoo, Xy, X)),
and (d f)(X) := p(X) f for f € C°(A) = C=(B).
Denote the associated Lie algebroid cohomology by H*(A).

Encompasses De Rham (A = T M), Chevalley-Eilenberg
(A = g) and Poisson (A = T* P) cohomology.

o -
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Action algebroids and momentum map:

. .

Suppose g acts weakly Hamiltonianly on (M, w) with
momentum p : M — g*.
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Action algebroids and momentum map:

fSuppose g acts weakly Hamiltonianly on (M, w) with T
momentum p : M — g*.

The action Lie algebroid gx M = Misgx M — M as a
vector bundle.

o -
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Action algebroids and momentum map:

o .

uppose g acts weakly Hamiltonianly on (M, w) with
momentum p : M — g*.

The action Lie algebroid gx M = Misgx M — M as a
vector bundle. The anchor p: g x M — T M is minus the

action —a.

o -
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Action algebroids and momentum map:

fSuppose g acts weakly Hamiltonianly on (M, w) with T
momentum p : M — g*.

The action Lie algebroid gx M = Misgx M — M as a
vector bundle. The anchor p: g x M — T M is minus the
action —a. The Lie bracket is

X, Y](m) = [X(m),Y (m)]g — ((X) Y)(m) + (a(Y) X)(m),

for XY e I'(g x M).

o -
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Action algebroids and momentum map:

fSuppose g acts weakly Hamiltonianly on (M, w) with T
momentum p : M — g*.

The action Lie algebroid gx M = Misgx M — M as a
vector bundle. The anchor p: g x M — T M is minus the
action —a. The Lie bracket is

X, Y](m) = [X(m),Y(m)]g — (a(X) Y)(m) + (a(Y) X)(m),
for XY e I'(g x M).

Important observations:

o -
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Action algebroids and momentum map:

o .

uppose g acts weakly Hamiltonianly on (M, w) with
momentum p : M — g*.

The action Lie algebroid gx M = Misgx M — M as a
vector bundle. The anchor p: g x M — T M is minus the
action —a. The Lie bracket is

X, Y](m) = [X(m),Y(m)]g — (a(X) Y)(m) + (a(Y) X)(m),
for XY e I'(g x M).

Important observations:

# We can view the momentum map as a
(g x M)-1-cochain € Cl(gx M) =T((g x M)*);

o -
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Action algebroids and momentum map:

o .

uppose g acts weakly Hamiltonianly on (M, w) with
momentum p : M — g*.

The action Lie algebroid gx M = Misgx M — M as a
vector bundle. The anchor p: g x M — T M is minus the
action —a. The Lie bracket is

X, Y](m) = [X(m),Y(m)]g — (a(X) Y)(m) + (a(Y) X)(m),
for XY e I'(g x M).

Important observations:

# We can view the momentum map as a
(g x M)-1-cochain € Cl(gx M) =T((g x M)*);

L ® 4 is equivariant iff %My = —a*w. J
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Hamiltonian actions of Lie algebroids

fSuppose « 1S a weakly Hamiltonian action of a Lie algebroidT
A on a foliated symplectic fibration

(p: (M, FM) — (B, FP),w), with an F-closed 2-form &
extending w, and momentum map u : M — A*.

o -
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Hamiltonian actions of Lie algebroids

fSuppose « 1S a weakly Hamiltonian action of a Lie algebroidT
A on a foliated symplectic fibration
(p: (M, FM) — (B, FP),w), with an F-closed 2-form &
extending w, and momentum map u : M — A*.

There is a notion of action Lie algebroid A x p completely
analogous to the Lie algebra case. As a vector bundle it is

the pullback p*A — M.

o -
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Hamiltonian actions of Lie algebroids

fSuppose « 1S a weakly Hamiltonian action of a Lie algebroidT
A on a foliated symplectic fibration
(p: (M, FM) — (B, FP),w), with an F-closed 2-form &
extending w, and momentum map u : M — A*.

There is a notion of action Lie algebroid A x p completely
analogous to the Lie algebra case. As a vector bundle it is
the pullback p*.A — M. One can view the momentum map

as a 1-cochain p € CH(A x p) = T'((A x p)*).

o -
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Hamiltonian actions of Lie algebroids

fSuppose « 1S a weakly Hamiltonian action of a Lie algebroidT
A on a foliated symplectic fibration
(p: (M, FM) — (B, FP),w), with an F-closed 2-form &
extending w, and momentum map u : M — A*.

There is a notion of action Lie algebroid A x p completely
analogous to the Lie algebra case. As a vector bundle it is
the pullback p*.A — M. One can view the momentum map

as a 1-cochain p € CH(A x p) = T'((A x p)*).

We define: the action is (strongly) Hamiltonian if

APy = —a* Q.

o -
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2 remarks on Hamiltonian actions

- .

# The momentum map being Hamiltonian is (again) an
Integration problem to which the obstruction class is

(0*@] € H*(A X p).

o -
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2 remarks on Hamiltonian actions

- .

# The momentum map being Hamiltonian is (again) an
Integration problem to which the obstruction class is

(0*@] € H*(A X p).

® Lemma: If the action is Hamiltonian, then
ifopu: M — A — ker(p)”

IS equivariant for the coadjoint action on ker(p)*, where
i : ker(p) — A.

o -
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Basic example

Consider a foliated manifold (B, F5).
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Basic example

=

» The holonomy groupoid Hol(B, F?) = B acts trivially on
the trivial symplectic fibration id : B — B, w = 0.

Consider a foliated manifold (B, F5).

o -
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Basic example

=

# The holonomy groupoid Hol(B, F?) = B acts trivially on
the trivial symplectic fibration id : B — B, w = 0.

Consider a foliated manifold (B, F5).

#® The associated Lie algebroid action is the inclusion
X(FB) - x%(B).

o -
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Basic example

Consider a foliated manifold (B, F5). -

# The holonomy groupoid Hol(B, F?) = B acts trivially on
the trivial symplectic fibration id : B — B, w = 0.

#® The associated Lie algebroid action is the inclusion
X(FB) - x%(B).

o Letw € O?(FP) be any FB-closed 2 form. A coupling
form would be zero.

o -
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Basic example

=

# The holonomy groupoid Hol(B, F?) = B acts trivially on
the trivial symplectic fibration id : B — B, w = 0.

Consider a foliated manifold (B, F5).

#® The associated Lie algebroid action is the inclusion
X(FB) - x%(B).

o Letw € O?(FP) be any FB-closed 2 form. A coupling
form would be zero.

# The action is trivially weakly Hamiltonian for any
momentum map x: B — T*F5.

o -
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Basic example

=

# The holonomy groupoid Hol(B, F?) = B acts trivially on
the trivial symplectic fibration id : B — B, w = 0.

Consider a foliated manifold (B, F5).

#® The associated Lie algebroid action is the inclusion
X(FB) - x%(B).

o Letw € O?(FP) be any FB-closed 2 form. A coupling
form would be zero.

# The action is trivially weakly Hamiltonian for any
momentum map x: B — T*F5.

® The action is Hamiltonian if @ is FB-exact: & = —d” u for
a momentum map u € QY (FP).

o -
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Example: gauge groupoids

-

Suppose G is a Lie group, with Lie algebra g acting In
Hamiltonian fashion on a symplectic manifold (F,w!") with
momentum map ! : F — g*. We denote the action by 8.

=

o -
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Example: gauge groupoids
=

Suppose G is a Lie group, with Lie algebra g acting In
Hamiltonian fashion on a symplectic manifold (F,w!") with
momentum map ! : F — g*. We denote the action by 8.

Suppose ¢ : P — B is a principal G-bundle.

=

o -
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Example: gauge groupoids
o o

uppose G is a Lie group, with Lie algebra g acting in
Hamiltonian fashion on a symplectic manifold (F,w!") with
momentum map ! : F — g*. We denote the action by 8.

Suppose ¢ : P — B is a principal G-bundle.

The associated bundle p : P x¢ ' — B'Is a symplectic
fibration, with Ver &2 P x4 T'F, and using this isomorphism
we can define

w([p, v, [p, w]) = w" (v, w),

forpe Pandv,w € T;F, f € F.

o -
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Example: gauge groupoids cont.

-

Suppose 7 € I'*(T*P ® g) is a Lie algebra-valued
connection 1-form on P.

=
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Example: gauge groupoids cont.

fSuppose T € I'*(T*P ® g) Is a Lie algebra-valued T
connection 1-form on P.

Note that T'(P xg F') ~ (TP xo TF)/~, where ~ identifies
the infinitesimal action of g on TP x T F with zero.

o -
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Example: gauge groupoids cont.
=

Suppose 7 € I'*(T*P ® g) is a Lie algebra-valued
connection 1-form on P.

Note that T'(P xg F') ~ (TP xo TF)/~, where ~ identifies
the infinitesimal action of g on TP x T F with zero.

=

Using this, define a coupling form by

&Vj[pj] ([wl, 2}1], [U}Q, 2}2]) = w(]‘:((vl — 6(7(101)), vy — ﬁ(T(wg)))

— (Ho, curvp(wi, wa))

where curv Is the g-valued curvature 2-form on P.

o -
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Example: gauge groupoids cont.

o .

The gauge groupoid P xo P = Bactsonp: Pxqg F — B by
allg, d'Dld’, f1 = la, f],

where ¢, ¢ Pand f € I.
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Example: gauge groupoids cont.

. .

he gauge groupoid P xg P = Bactsonp: P xqg F — B by
allg, d'Dld’, f1 = la, f],

where ¢, ¢ Pand f € I.

For the associated Lie algebroid one can identify

A(P x¢ P) 2 TP/G.

o -
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Example: gauge groupoids cont.

. .

he gauge groupoid P xg P = Bactsonp: P xqg F — B by

a(lg, dNd, f1= g, 1],

where ¢, ¢ Pand f € I.

For the associated Lie algebroid one can identify

A(P x¢ P) 2 TP/G.

Proposition. The Lie algebroid action associated to « is
Hamiltonian with momentum map i : P xqg F — T*P/G
defined by

- u=<uF,T>- B
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Relation to Peter's Ch.12
-

fA semisimple Lie group G, maximal compact subgroup
K CG.
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Relation to Peter's Ch.12

fA semisimple Lie group G, maximal compact subgroup T
K CG.

The projection p: G — G/K Is a principal K-bundle.
Denote the Lie algebra of G by g, of K by ¢.

o -
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Relation to Peter's Ch.12
-

fA semisimple Lie group G, maximal compact subgroup
K CG.

The projection p: G — G/K Is a principal K-bundle.
Denote the Lie algebra of G by g, of K by ¢.

Construct a K-invariant inner product (—, —) on g. Denote
the orthogonal complement of ¢ ing by p: g =¢® p.

o -
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Relation to Peter's Ch.12
-

fA semisimple Lie group G, maximal compact subgroup
K CG.

The projection p: G — G/K Is a principal K-bundle.
Denote the Lie algebra of G by g, of K by ¢.

Construct a K-invariant inner product (—, —) on g. Denote
the orthogonal complement of ¢ ing by p: g =¢® p.
Lemma. The decomposition g = ¢ & p determines a
connection T e I'(T*G ® ¢) on p : G — G/ K with curvature

curv € T(A°T*G @ ¢) satisfying
curv(X,Y) = [ Xy, Yy € &,

forall X,Y € g =T.G.

. -
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Relation to Peter's Ch.12
-

Suppose K acts in Hamiltonian fashion on a symplectic
manifold (N, w), with momentum map pv : N — £*.

=



Relation to Peter's Ch.12
-

Suppose K acts in Hamiltonian fashion on a symplectic
manifold (N, w), with momentum map pv : N — £*.

=

One can form the associated fiber bundle
M:=Gxg N — G/K.

o -
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Relation to Peter's Ch.12
-

Suppose K acts in Hamiltonian fashion on a symplectic
manifold (N, w), with momentum map pv : N — £*.

=

One can form the associated fiber bundle
M =G xg N — G/K. One can identify (cf. Hochs)
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Relation to Peter's Ch.12
-

Suppose K acts in Hamiltonian fashion on a symplectic
manifold (N, w), with momentum map pv : N — £*.

=

One can form the associated fiber bundle
M =G xg N — G/K. One can identify (cf. Hochs)

s T(G/K)=G xp
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Relation to Peter's Ch.12
-

Suppose K acts in Hamiltonian fashion on a symplectic
manifold (N, w), with momentum map pv : N — £*.

=

One can form the associated fiber bundle
M =G xg N — G/K. One can identify (cf. Hochs)

® T(G/K)=G Xk p;
® TM=p*T(G/K)® (G xg TN);

o -
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Suppose K acts in Hamiltonian fashion on a symplectic
manifold (N, w), with momentum map pv : N — £*.

=

One can form the associated fiber bundle
M =G xg N — G/K. One can identify (cf. Hochs)

» T(C/K) =G xxp
® TM=pT(G/K)® (G xig TN);
9 T[e,n]M =2 T,N @y, foralln e N.
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Relation to Peter's Ch.12
-

Suppose K acts in Hamiltonian fashion on a symplectic
manifold (N, w), with momentum map pv : N — £*.

=

One can form the associated fiber bundle
M =G xg N — G/K. One can identify (cf. Hochs)

» T(C/K) =G xxp
® TM=pT(G/K)® (G xig TN);
9 T[e,n]M =2 T,N @y, foralln e N.

Proposition. (cf. Formula 12.2 in Hochs) The coupling form
on M — B is given by extending G-equivariantly after
defining atthe unite, foralln e N, v,w e T,N, X, Y €p

L Jj[e,n](v%—X,w%—Y) ::wg(v,w)—<u7]¥,[X,Y]> J
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Relation to Peter's Ch.12
-

Proposition. The canonical action of G on G x g N factors
through the action of the group of bisections Bis™ (G x g G)
of the gauge groupoid G xx G = G/K.

=

o -
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Relation to Peter's Ch.12
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roposition. The canonical action of G on G x i N factors
through the action of the group of bisections Bis™ (G x g G)
of the gauge groupoid G xx G = G/K.
In Hochs a momentum map x? : M — g* for the G-action is
given

uf g, n] — Ad(g)*(w{fuN(n)).

o -
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Relation to Peter's Ch.12

fProposition. The canonical action of G on G x i N factors T
through the action of the group of bisections Bis™ (G x g G)
of the gauge groupoid G xx G = G/K.
In Hochs a momentum map x? : M — g* for the G-action is
given
i < [g,n] — Ad(g)*(mgp™ ().

But there is also a momentum map for the G x i G-action

s M — A= AY(G xg G) =2 T*G/K.

o -

Hochs Colloquium, Nijmegen, 2008 — p. 35/



Relation to Peter's Ch.12
-

Proposition. The canonical action of G on G x g N factors
through the action of the group of bisections Bis™ (G x g G)
of the gauge groupoid G xx G = G/K.

In Hochs a momentum map x? : M — g* for the G-action is
given

=

i < [g,n] — Ad(g)*(mgp™ ().
But there is also a momentum map for the G x i G-action

s M — A= AY(G xg G) =2 T*G/K.

Proposition. The map p# factors through u:

- RA*/ -

Hochs Colloquium, Nijmegen, 2008 — p. 35/




Lie groupoid/algebroid representations

o .

A representation of a Lie groupoid G = B on a smooth
vector bundle £ — B is a smooth action that is lineatr.
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Lie groupoid/algebroid representations
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A representation of a Lie groupoid G = B on a smooth
vector bundle £ — B is a smooth action that is lineatr.

A representation of a Lie algebroid .4 on a smooth vector
bundle is a bilinear map

7:T(A) x T(E) — T(E)
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Lie groupoid/algebroid representations

o .

A representation of a Lie groupoid G = B on a smooth
vector bundle £ — B is a smooth action that is lineatr.

A representation of a Lie algebroid .4 on a smooth vector
bundle is a bilinear map

7:T(A) x T(E) — T(E)

that is a C*°(B)-linear in the first argument and satisfies for
X, Yel'(A),¢el'(F)and f € C*(B):
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Lie groupoid/algebroid representations

o .

A representation of a Lie groupoid G = B on a smooth
vector bundle £ — B is a smooth action that is lineatr.

A representation of a Lie algebroid .4 on a smooth vector
bundle is a bilinear map

7:T(A) x T(E) — T(E)

that is a C*°(B)-linear in the first argument and satisfies for
X, Yel'(A),¢el'(F)and f € C*(B):

® 7(X)(f€) = frn(X)E+ (p(X) f)E,

o -
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Lie groupoid/algebroid representations

o .

A representation of a Lie groupoid G = B on a smooth
vector bundle £ — B is a smooth action that is lineatr.

A representation of a Lie algebroid .4 on a smooth vector
bundle is a bilinear map

7:T(A) x T(E) — T(E)

that is a C*°(B)-linear in the first argument and satisfies for
X, Yel'(A),¢el'(F)and f € C*(B):

® 7(X)(f€) = frn(X)E+ (p(X) f)E,
® 7([X,Y]) = [x(X),7(Y)].

o -
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Lie groupoid/algebroid representations

o .

A representation of a Lie groupoid G = B on a smooth
vector bundle £ — B is a smooth action that is lineatr.

A representation of a Lie algebroid .4 on a smooth vector
bundle is a bilinear map

m:I'(A) xT'(F) — I'(F)
that is a C*°(B)-linear in the first argument and satisfies for
X,)Yel'(A), (el (F)and f € C*(B):

® 7(X)(f€) = frn(X)E+ (p(X) f)E,
® 7([X,Y]) = [x(X),7(Y)].

Examples: Lie algebra representations (A = g); flat
LConnections (A = T'B); foliated flat connections (A = T]-“B).J
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Foliated Cech cohomology

. .

There exists a version of Cech cohomology for foliations

H*(FP,R). Itis based on functions on open sets of B that
are locally constant along the leaves.

o -
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There exists a version of Cech cohomology for foliations

H*(FP,R). Itis based on functions on open sets of B that

are locally constant along the leaves. There is an
Isomorphism

Hpp(F7) = H*(FP,R).

Moreover, there is also a version with integral coefficients
and

0*(FP,7) = H*(B,7).
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Foliated Cech cohomology
B -

There exists a version of Cech cohomology for foliations

H*(FP,R). Itis based on functions on open sets of B that
are locally constant along the leaves. There is an
Isomorphism

Hpp(F7) = H*(FP,R).

Moreover, there is also a version with integral coefficients
and

0*(FP,7) = H*(B,7).

We say that @ € H% ,(FP) is integral if its class is the
Image of

H*(FP,7) — B*(FB,R) — Hpp(FP).

o -
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Picard groups
N

t 1s wellknown that

~v

H*(B,7Z) = Pic(B),

where Pic(B) is the group of isomorphism classes of line
bundles of B.

o -
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Picard groups
N

t 1s wellknown that T

~v

H*(B,7Z) = Pic(B),
where Pic(B) is the group of isomorphism classes of line
bundles of B.

We denote the group of isomorphism classes of
representations of 4 on line bundles by Pic(.A4) (the Picard
group of A).
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Picard groups
N

t 1s wellknown that T

~v

H*(B,7Z) = Pic(B),

where Pic(B) is the group of isomorphism classes of line
bundles of B.

We denote the group of isomorphism classes of

representations of 4 on line bundles by Pic(.A4) (the Picard
group of A).

Proposition. There is an exact sequence
0— Hl(A) — Pic(A) — Pic(B) — HQ(A).

o -
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Proof of the Proposition

- .

# The first maps [u] to p + 1 on the trivial line bundle.
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# The first maps [u] to p + 1 on the trivial line bundle.
#® The second map forgets the representation.
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Proof of the Proposition
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# The first maps [u] to p + 1 on the trivial line bundle.
#® The second map forgets the representation.

® The last map is the first A-chern class c{, i.e. the usual
first Chern class ¢; composed with p*.
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Proof of the Proposition

- .

# The first maps [u] to p + 1 on the trivial line bundle.
#® The second map forgets the representation.

® The last map is the first A-chern class c{, i.e. the usual
first Chern class ¢; composed with p*.

Suppose L — B is a line bundle, equiped with a connection

V whose curvature is @, I.e. ¢1(L) = |©].
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Proof of the Proposition

- .

# The first maps [u] to p + 1 on the trivial line bundle.
#® The second map forgets the representation.

® The last map is the first A-chern class c{, i.e. the usual
first Chern class ¢; composed with p*.

Suppose L — B is a line bundle, equiped with a connection

V whose curvature is @, I.e. ¢1(L) = |©].
If ¢l (L) = [d*4] for some u € C1(A), then

X = Vx)+2mi (p, X)

IS a representation of A on L — B (Kostant-Souriau
formula).

-
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Prequantization

Theorem. If Aactson (p: (M, FM) — (B, FP),&)ina T
Hamiltonian fashion and & is integral, then there exists

representation of A x p in Pic(.A x p) on a line bundle with
first Chern class |©].

-
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Prequantization

=

Theorem. If Aacts on (p: (M, F") — (B, FB),0) ina
Hamiltonian fashion and & is integral, then there exists
representation of A x p in Pic(.A x p) on a line bundle with
first Chern class |©].

This Is the prequantization representation.

o -
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Prequantization
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Theorem. If Aacts on (p: (M, F") — (B, FB),0) ina
Hamiltonian fashion and & is integral, then there exists

representation of A x p in Pic(.A x p) on a line bundle with
first Chern class |©].

This Is the prequantization representation.

Proof. Since w Is integral there exist a line bundle L — B
with ¢; (L) = @.
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Prequantization

=

Theorem. If Aacts on (p: (M, F") — (B, FB),0) ina
Hamiltonian fashion and & is integral, then there exists

representation of A x p in Pic(.A x p) on a line bundle with
first Chern class |©].

This Is the prequantization representation.

Proof. Since w Is integral there exist a line bundle L — B
with ¢; (L) = @.

Since the action is Hamiltonian,

¢ "P(L) = [~a"@] = [¢4"Pu) = 0 € H* (A x p).

o -
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Prequantization

=

Theorem. If Aacts on (p: (M, F") — (B, FB),0) ina
Hamiltonian fashion and & is integral, then there exists

representation of A x p in Pic(.A x p) on a line bundle with
first Chern class |©].

This Is the prequantization representation.

Proof. Since w Is integral there exist a line bundle L — B
with ¢; (L) = @.

Since the action is Hamiltonian,
" P(L) = [~a’@] = [dPu) = 0 € H* (A p).

By exactness of the previous sequence, we get a
representation of A x pon L — B.

-
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Basic example

Consider a foliated manifold (B, F5).
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Consider a foliated manifold (B, F5).

® We considered the action X(F?) — X(B).
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Consider a foliated manifold (B, F5).
® We considered the action X(F?) — X(B).

® O c Q*FB)was any FP-closed 2 form.
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Basic example

Consider a foliated manifold (B, F5).
® We considered the action X(F?) — X(B).
® O c Q*FB)was any FP-closed 2 form.

® The action was Hamiltonian, if & = —d” . for a
momentum map u € QY (FB).

-
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Basic example

Consider a foliated manifold (B, F5).
® We considered the action X(F?) — X(B).
® O c Q*FB)was any FP-closed 2 form.

® The action was Hamiltonian, if & = —d” . for a
momentum map u € QY (FB).

® If Vis a FP-connection on a line bundle with curvature
@, then V — p is flat.

-
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Gauge groupolid example

-

Recall the setup of this previous example.

=



Gauge groupolid example
fRecall the setup of this previous example. T

Proposition. @ is integral iff w’ is integral. If L — F is a
prequantization, then P xo L — P x g F'is a line bundle with
Cl(P Xa L) = w.

o -
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fRecall the setup of this previous example. T

Proposition. @ is integral iff w’ is integral. If L — F is a
prequantization, then P xo L — P x g F'is a line bundle with

Cl(P Xa L) = w.
About the proof:

o -

Hochs Colloquium, Nijmegen, 2008 — p. 42/



Gauge groupolid example

fRecall the setup of this previous example. T
Proposition. @ is integral iff w’ is integral. If L — F is a
prequantization, then P xo L — P x g F'is a line bundle with
Cl(P Xa L) = w.

About the proof: a connectionVon P xg L — P xg F'In
terms of a connection V! on L — F and the g-valued
connection rongqg: P — B:

o -
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Gauge groupolid example
- o

ecall the setup of this previous example.
Proposition. @ is integral iff w’ is integral. If L — F is a
prequantization, then P xo L — P x g F'is a line bundle with
Cl(P Xa L) = w.
About the proof: a connectionVon P xg L — P xg F'In
terms of a connection V! on L — F and the g-valued
connection rongqg: P — B:

Viwall01,02) = |01, (Vo) = (0 = 2(r(w)) 6]

where ~ is the action of gon P, w € X(P), v € X(F),
01: Px F — Pandf,: P xF — L all with the “right
behaviour” with respect to the actions of G and g and the

Lfiber structures. J
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Gauge groupoid example cont.

-

Hence the preguantization representation

=

[(TP/H) xT(P xg L) — (P xg L)

IS given by

([, [01,65]) = (Vg — 278 (1, m(w))) (61, 62).



Gauge groupoid example cont.

. .

ence the prequantization representation
I(TP/H)xT(P xq L) = T'(P x¢g L)

IS given by

([, [01,65]) = (Vg — 278 (1, m(w))) (61, 62).

Remark. Integrating this representation, one gets the
representations of P xo P = Bon P xo L — B given by

(.1 = [0, 1],

where p,p’ € Pand [ € L.

o -
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Equivariant almost complex structures

fA (vertical) almost complex structure onp: M — B IS T
smooth map of vector bundles

J : Ver — Ver

satisfying J* = —1.



Equivariant almost complex structures

fA (vertical) almost complex structure onp: M — B IS T
smooth map of vector bundles

J : Ver — Ver

satisfying J* = —1.

Suppose A acts on p : M — B. The almost complex
strucure J is A-equivariant, If

(X)), j(v)] = jla(X), v,

forall X e I'(A) and v € I'(Ver).

o -
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Equivariant almost complex structures

fA (vertical) almost complex structure onp: M — B IS T
smooth map of vector bundles

J : Ver — Ver

satisfying J* = —1.

Suppose A acts on p : M — B. The almost complex
strucure J is A-equivariant, If

(X), 5 (v)] = jla(X), ],
forall X e I'(A) and v € I'(Ver).
The polarization of p : M — B w.r.t. JIs

\— P:={ve VerC | J(v)=—iv}. J
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Geometric quantization

fSuppose Aactson (p: (M, FM — (B, FP),&) in a T
Hamiltonian fashion, L € Pic(A) Is a prequantization
representation and J is an almost complex structure on p.

o -
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Geometric quantization

fSuppose Aactson (p: (M, FM — (B, FP),&) in a T
Hamiltonian fashion, L € Pic(A) Is a prequantization
representation and J is an almost complex structure on p.

For each x € B consider the vector space

v =€) | § €T(L), V& =0forallv e I'(P)}.
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Geometric quantization

fSuppose Aactson (p: (M, FM — (B, FP),&) in a T
Hamiltonian fashion, L € Pic(A) Is a prequantization
representation and J is an almost complex structure on p.

For each x € B consider the vector space
Qz = {&lp1() 1§ €T(L), V& =0forallv e I'(P)}.

The union @ = .5 @ forms a continuous field of Hilbert

spaces over B (in the sense of Dixmier). For now, assume
that () — B is a vector bundle.

o -
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Geometric quantization

fSuppose Aactson (p: (M, FM — (B, FP),&) in a T
Hamiltonian fashion, L € Pic(A) Is a prequantization
representation and J is an almost complex structure on p.

For each x € B consider the vector space
Qz = {&lp1() 1§ €T(L), V& =0forallv e I'(P)}.

The union @ = .5 @ forms a continuous field of Hilbert

spaces over B (in the sense of Dixmier). For now, assume
that () — B is a vector bundle.

Theorem. The vector bundle () — B carries a
representation of A.

o -
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Geometric quantization

fSuppose Aactson (p: (M, FM — (B, FP),&) in a T
Hamiltonian fashion, L € Pic(A) Is a prequantization
representation and J is an almost complex structure on p.

For each x € B consider the vector space
Qz = {&lp1() 1§ €T(L), V& =0forallv e I'(P)}.

The union @ = .5 @ forms a continuous field of Hilbert

spaces over B (in the sense of Dixmier). For now, assume
that () — B is a vector bundle.

Theorem. The vector bundle () — B carries a
representation of A.

This representation is called the geometric quantization

Lrepresentation. J
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Example: the gauge groupoid cont.

fGiven an equivariant almost complex structure J* on F, T
one defines an almost complex structure
J:PXGTF%PXGTFOI’]]?:PXGF%Bby

Jlp.v] = [p, I,

forpe Pand v € TF.

o -
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Example: the gauge groupoid cont.

fGiven an equivariant almost complex structure J* on F, T
one defines an almost complex structure

J:PXGTF%PXGTFOI’]]?:PXGFHBby

Jlp.v] = [p, I,

forpe Pand v € TF.

Proposition. If Q7 is the geometric quantization

representation of (F,w’, J), then the geometric
quantization @ of (P x¢ F,©, J) satisfies

Q= PxgQ"

with integrating (P x4 P)-representation
Lﬂ([pap'])[p',(ﬂ = [p,q] for p,p’ € P and q € QF. -
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Remarks and possible future work

- .

#® Symplectic reduction; quantization commutes with
reduction (done).
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reduction (done).

# Orbit method; topological issues, e.g. for action
groupoids.
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Hamiltonian actions of groupoids; Geometric
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#® Symplectic reduction; quantization commutes with
reduction (done).

# Orbit method; topological issues, e.g. for action
groupoids.

# Category of generalized morphisms preserve
Hamiltonian actions of groupoids; Geometric
guantization as a functor on this category.

# When does a Hamiltonian action on the fibration
p: M — B give rise to a Hamiltonian action of a group
on the total space? (through the group of global
bisections).
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Remarks and possible future work

-

o

9

=

Symplectic reduction; quantization commutes with
reduction (done).

Orbit method; topological issues, e.g. for action
groupoids.

Category of generalized morphisms preserve
Hamiltonian actions of groupoids; Geometric
guantization as a functor on this category.

When does a Hamiltonian action on the fibration

p: M — B give rise to a Hamiltonian action of a group
on the total space? (through the group of global
bisections).

What in the case of a Poisson fibration, instead of a
symplectic fibration? J
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