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1. Introduction

We assume familiarity with matroid theory. The notation and terminology used in this article follow Oxley [10]. In
recent years, the circumference of a matroid has appeared in some bounds, for example, in an upper bound for the size of a
minimally n-connected matroid and in a lower bound for the size of a n-connected matroid having a circuit whose deletion
is also n-connected, for n € {2, 3} (see [6-8]). Using these bounds and results about matroids with small circumference, it
is possible to improve some bounds found in the literature.

In this paper, we construct all 3-connected matroids with circumference 6 and large rank. This is the first interesting case
because there is no relevant family of 3-connected matroids with circumference smaller than 6, since Lemos and Oxley [8]
proved the following:

Theorem 1.1. Suppose that M is a 3-connected matroid. If r(M) > 6, then circ(M) > 6.

By this result, every 3-connected matroid with circumference at most 5 has rank at most 5. Junior and Lemos [4] proved
that a 3-connected matroid having a rank at most 5 is Hamiltonian, unless it is isomorphic to Uy 1, FJ', AG(3, 2), Jo, Or J10,
where ] is the matroid whose representation over GF (2) is given by the matrix

1 000 0 0 1 1 1 1
01 00 O0OT1TTO0T1T11
0 01 001 T1TO0 11
0 001 01 1 1 01
0 000 1 1T 1T 11020

and Jy is the matroid obtained from J;o by deleting the last column.
Junior [3] constructed all matroids with circumference at most 5. With the knowledge of all matroids with circumference
¢, for example, one can calculate all the Ramsey numbers n(c + 1,y) for matroids, for every value of y (for a
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definition of n(x, y) see Reid [13]). These numbers were completely determinate by Lemos and Oxley [9] using a sharp
bound for the number of elements of a connected matroid as a function of its circumference and cocircumference.
The definitions of paddle and k-separating set, for a positive integer k, can be found in [11,12]. For an integer n exceeding

2,afamily Cf, ..., C; of pairwise disjoint cocircuits of a 3-connected matroid M is said to be a book of M provided:
r(¢H = Il +2, (1.1)
for every non-empty subset I of {1, ..., n}, where ;' = |J,,; . Fori € {1, ..., n}, choose g; € C;". Observe that {a; : i € I}

is a set of coloops of M \ (C;* — {a; : i € I}). In particular,

rEM) =G =rM\ (¢ —f{ai:iel}) —{a:iel}] <rM)—|I|. (1.2)

By (1.1) and (1.2), C} is a 3-separating set of M unless| = Jorl = {1,...,n} and [E(M) — C{*] """ nl = 2.By Lemmas 2.1
and 4.7 of [11], {CY, ..., G, E(M) — C{} )} isapaddle of M provided |[E(M) — C}; | = 3.1fL = cly (C7) Ncly (), then
cy(Gf) =G UL forevery ¥ # 1 C {1, ..., n}. We say that L is the back of this book. Our main result is the following:

.....

Theorem 1.2. If M is a 3-connected matroid such that r(M) > 8, then the following statements are equivalent:

(i) circ(M) = 6.
(ii) Thereis a book C7, ..., C; of M having back L such that {C§, ..., C, L} is a partition of E(M).

In the previous theorem, it is easy to see that (ii) implies (i). Therefore we only need to establish (ii) assuming (i). This
shall be done in Section 5. Now, we sketch its proof. We fix a circuit C of M such that |C| = 6. In Section 2, we establish
that each connected component of M/C has rank 0 or 1. In particular, E(M) — cly (C) is the disjoint union of cocircuits
Cr, G, ..., Cr_5 of M. Itis not difficult to prove the existence of a 3-subset Z; of C;* which is independent in M. In Section 3,
we describe the possibilities for M|(C U Z;). In Section 4, we show that A; U A; U Ay is a dependent set of M, where i, j and
k are pairwise different and A, is any 2-subset of C;*. This piece of information is essential to establish, in Section 5, that

Cf, G, ..., Cr_5is a book of M. Moreover, this book can be increased with 3 more cocircuits, say C;_,, C;_; and C;, such
that this new book satisfies (ii) of Theorem 1.2.
For aninteger n exceeding 2, a family of 3-connected matroids My, . . . , M}, is said to be a tangerine having stem L provided:

(i) r(M;) = 3,foreveryi € {1,...,n};and
(i) Lis a modular line of M;, for everyi € {1, ..., n}; and
(iii) E(M;) NE(M;) = L, for every 2-subset {i, j} of {1, ..., n}.

A geometric representation of a tangerine is given in the next figure.

M3

o~

2 ]\/[nfl

M, M,

The main result of this paper can be restated as:

Theorem 1.3. If M is a 3-connected matroid such that r(M) > 8, then the following statements are equivalent:

(i) circ(M) = 6.
(ii) Thereisatangerine My, ..., M, having L as stem such that, forsomeX C LM = P, (My, ..., My)\X, where P,(My, ..., My)
denotes the generalized parallel connection of My, ..., M.

Note that these results generalize the construction given by Cordovil, Junior and Lemos [2] of the 3-connected binary
matroids having circumference 6 and large rank. We tried but we could not construct the 3-connected matroids with
circumference 7 and a large rank, that is, we could not generalize the other main result of Cordovil, Junior and Lemos [2]. In
the future, we hope to construct all the 3-connected matroids with circumference 6 and small rank. One needs this result,
for example, to obtain all the matroids with circumference 6.
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2. Contracting a maximum size circuit

In this section, we accomplish a major step necessary to establish the main result of this paper. We completely describe
the result of a maximum size circuit contraction in a 3-connected matroid having circumference 6. The first difficulty in
dealing with 3-connected matroids with circumference 7 is to show a similar result.

The proof of the next proposition is close to the proof of Proposition 2.1 of [2]. Dealing only with matroids having
circumference 6 simplifies the proof, since we can use symmetry. New subcases emerge because we are considering non-
binary matroids. Our approach to the construction of the non-binary matroids with circumference 6 became distinct from
the binary case after the proof of Proposition 2.1, otherwise the number of subcases that we need to consider will become
enormous. The other approach was appropriate to deal with the binary matroids with both circumference 6 and 7. We
remind the reader that the lower bound on the rank is essential in Proposition 2.1.

In this paper, we use Tutte’s geometry. It is natural to use Tutte’s geometry because we are dealing with circuits of a
matroid. A T-flat of a matroid M is a union of circuits of M. The dimension of a T-flat F of M is defined as dim(F) = r*(F) — 1.
Note that a T-flat F of M has dimension O if and only if F is a circuit of M. A T-flat having dimension 1 or 2 in M is called
respectively a T-line or a T-plane of M. For a T-flat F of a matroid M such that dim(F) > 1, the set

w(F) ={X CF:F—XisaT-flat of M so that dim(F) = dim(F — X) + 1}

is a partition of F called the canonical partition of F. When F is a T-line of M, X belongs to 7 (F) if and only if F — X is a circuit
of M|F. Note that 7t (F) is the set of series classes of M|F. In particular,

(T1) If C is a circuit of M contained in a T-flat F of M, then
C=U{X:Xen(F)and X C C}
= U{F —F :FisaT-flatof M,C € F' C F and dim(F") = dim(F) — 1}.

A T-flat F of M is said to be connected provided M|F is connected. We also need the following results.

(T2) IfL; and L, are different T-lines contained in a T-plane of M, then L; NL, contains exactly one circuit of M (4.171 of [15]).

(T3) If Lis a connected T-line of M, then |7 (L)| > 3(4.23 of [15]).

(T4) If C is a circuit of M|P, where P is a connected T-plane of M, then there are at least two connected T-lines of M|P
containing C (4.26 of [15]).

Now, assume that L is a T-line of M having canonical partition {L;, L, ..., L}, for some n > 2. Note that C is a

circuit of M|L ifand only if C = L — L;, for some i € {1, 2, ..., n}.If C; and C, are different circuits of M contained in L,
then L — C; and L — C; belong to the canonical partition of L, say L; = L — Cy and L, = L — C,. Therefore L = C; U Gs.
Moreover, when n > 3, L — L3 is a circuit of M that contains C; A C; = L; U L,. We resume these observations in the
next two properties:

(T5) The union of two different circuits contained in a T-line L of M is equal to L.

(T6) The symmetric difference of two different circuits contained in a connected T-line L of M is contained in another circuit
C of M|L. Moreover, C may be chosen avoiding any element belonging to the intersection of these two circuits.

A result of Seymour [14] that gives conditions to extend a k-separation of a restriction to the whole matroid will

be fundamental in the proof of the next proposition. To apply this result, we need to give more definitions. Let M be a
matroid. For F € E(M), an F-arc (see Section 3 of [14]) is a minimal non-empty subset A of E(M) — F such that there
exists a circuit C of M with C — F = Aand C N F # . Such a circuit C is called an F-fundamental for A. Let A be a F-arc
and P C F.Then A — P if there is a F-fundamental for A contained in AU P. Thus A 4 P denotes that there is no such
F-fundamental. Note that, when F is a connected T-flat of M, A is an F-arc if and only if F U A is a connected T-flat of M
such that dim(F U A) = dim F + 1. We use also the next observation:

(T7) Let L be a T-line of M and let A be an L-arc. If C is an L-fundamental for A and D is a circuit of M|L such thatL — D Z C,
then C U D is T-line of M. Moreover, C U D is connected provided A 4 L — D.

Note that (T7) holds because C U D is a T-flat of M satisfying C ¢ CUD & LUA; C and L U A are T-flats of M having
respectively dimensions 0 and 2; and the dimension is an increasing function.

Proposition 2.1. Suppose that M is a 3-connected matroid such that r (M) > 8.If circ(M) = 6, then the rank of every connected
component of M /C is at most one, for every maximum size circuit C of M.

Proof. Fix a maximum size circuit C of M. It is enough to show that circ(M/C) < 2 because a connected matroid with a
circumference of 1 or 2 is isomorphic to Up ; or Uy ,, for some n > 2, respectively. Suppose that circ(M/C) > 3. By Lemma
2.2 of [2], there is a circuit A of M/C such that [A] > 3 and A is an C-arc. Hence L = C U A is a connected T-line of M. If the
canonical partition of L is equal to {X1, X3, ..., X;;}, for some m exceeding two, then A = X;, for somei € {1, 2, ..., m}, say
A = X;.AsC = L — Ais a circuit of M having maximum size, it follows that 3 < |A| < |X;|, foreveryi € {1, 2, ..., m}. Thus
m = 3, |A| = 3 and |Xy| = |X3] = 3 because

6=ICl=IL—Al = X2 + IX3] + - + [Xn| = |A[(m — 1) = max{3(m — 1), 2|A]} = 6.
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In resume, the canonical partition of L is {X;, X5, X3} and so X; U X5, X; U X3 and X, U X3 are the circuits of M contained in
L. Moreover, each of them has 6 elements. In particular, there is a symmetry between X7, X, and Xs. This symmetry shall be
used in this proof.

Let 4 be the set of L-arcs. For a 2-subset {i, j} of {1, 2, 3}, we define A; = {A' € A 1A > X}, Aj={A € A A —
XiUXj}, A" = A — (A1 U Ay U As) and A" = 415 N Aq3 N Azs. We divide the proof into some lemmas.

Lemma 2.1. If A’ € A/, then |A'| = 1. Moreover,

(i) A € A”; or

(ii) there is a circuit C4 of M such that A = Cy — L and (|ICy N X{|,|Cy N X3],|Ca N X3]) = vy, for some y €
{(1,2,2),(2,1,2), (2,2, D}.

Proof. We argue by contradiction. Assume that |A’| > 2 or, when |A’'| = 1,A” € A" and Cy does not exist. Let D be a circuit
of M|(L UA’) such that A’ = D — L. Remember that L UA" = L U D is a connected T-plane of M. Assume that

IDNXi| < IDNX;| < [DNXs.
As A" € g, it follows that |[D N X;| > 1. Observe that
IDNX;| <1 and [DNXy| <2, (2.1)

since |[D| = |A’'| + IDNXq| + |DNX3| + DN X3| < circ(M) < 6.
Next, we establish that

X3 € D. (2.2)

If ID N X3| < |X3], then, by (T7), (X; U X,) U D is a connected T-line of M. So, by (T6), there is a circuit D; of M such that
(X1 UX3) AD C Dq.Hence

|A'l + X1 = D| + |X; — D| + DN X3] < [D1| < 6. (2.3)
Observe that

3=1X| = X2 + (IDNX5] = [DNX;|) = [X; — D + [DN X5]. (2.4)
By (2.3) and (2.4),

|A'| + |X; — D| < 3. (2.5)

By (2.1) and (2.5), |A'| = 1, |X; — D| = 2 and |D N X;| = 1. Moreover, we have equality in (2.3)-(2.5). In particular,
IDNX;] = IDNX3|.If IDNXy| = |[DNX3| = 1, then (|D; N X4], [D1 N X3], |D1 N X3]) = (2,2, 1); a contradiction. If
IDNX5| = DN X3| = 2,then (IDNXq|, IDNX5|, |IDNX3|) = (1, 2, 2); a contradiction. Therefore (2.2) follows.

By (2.2), X3 € D. Now, we establish that

DNX; = . (2.6)

If (2.6) does not hold, then [D N X;| = |[D N X3| = 1. By (T7), (X; U X3) U D is a connected T-line of M. As |[D N X;| = 1, it
follows, by (T6), that there is a circuit D, of M such that

X2 UX3) AD C D, C[(X;UX3) UD] — (DN X3). (2.7)
As Xy € D, and X, € D,, it follows, by (2.2) applied to D,, that X3 C D, because D, — L = A". But

7 < |A|+DNXi|+ X — D| + |X3| < Daf;
a contradiction and (2.6) follows. By (2.6), A’ € A»3. As A" & A", it follows that

A & Ay, forsomeic (2, 3). (2.8)

In the next paragraph, we construct a circuit D3 such that X; N D3 = @, X, € D3 and A’ = D3 — L. Replacing D by D3, when
necessary, we may assume thati = 2 in (2.8).
Remember that (X, U X3) U D is a connected T-line of M. By (T7), for e € X3, there is a circuit D3 of M such that

(Xz UX3) AD - D3 - [(X2 UX3) U D] — €. (29)

As X; € D3 and X3 Z D3, it follows, by (2.2) applied to D3, that X; € D3. Thus we construct the circuit D3 as described in the
penultimate line of the previous paragraph.

Observe that D U (X; U X3) is a T-line of M. Let D,4 be the circuit of M contained in [D U (X; U X3)] — f, for some f € Xs.
Note that

AUMDNXy) =D— (X;UX3) C Dy

and D4 — L = A'. By (2.2) applied to D4, X; C D,. In particular, D4 meets both X; and X,. By (2.6) applied to D4, Ds N X3 = @
and so A" — (X; UX;); a contradiction to (2.8) (remember thati = 2). O
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Lemma2.2. A — A" # (.

Proof. Assume that A’ — A" = (). Hence A’ — X; or A’ — (X, UX3), for every L-arc A’. As {X1, X, U X3} is a 2-separation of
MIL, it follows, by (3.8) of [ 14], that there is a 2-separation {X, Y} of M such that X; € X and X, U X5 C Y; a contradiction.
Therefore Lemma 2.2 follows. O

Lemma 2.3. A; = (), foreachi € {1, 2, 3}.

Proof. Suppose that «; = ¥, sayi = 1. By Lemma 2.1, foreachA’ € A’ — A", there is a circuit Cy of M such that A" = Cy — L
and (|Cy NXq[, |Cay NX3], ICax NX3]) = y,where y € {(1, 2,2), (2,1, 2), (2,2, 1)}. Choose Cy so that |Cy NX7| is minimum.
Now, we prove that

(ICy NXql, [Cy N X, |Gy NX3]) = (1,2, 2). (2.10)

If (2.10) does not hold, then |Cy N X;| = 1, for some j € {2, 3}. By(T7), C4 U (X U X;) is a connected T-line of M. By (T6), M
has a circuit D such that Cy A (X3 UX;) € D. Hence

ID| = [Cy — (X3 UX)| + (X UXj) — Corl
= [A'| + ICw N X511+ [1X1 — Car| + 1X; — Car]
=[1+2]+[1+2]=6.

We must have equality along the last display. Thus (|D N Xq[, |[D N X3, |D N X3]) = y, for y = (1, 2, 2). We arrive at a
contradiction since D — L = A’. Thus (2.10) holds.

For A; € A4, let Dy, be a circuit of M such that Ay = Da, — Land D4, € X; UA;.ForeachA” € A" — A" and Ay € A, we
establish that:

Da, = A1 U (X; — Cy). (2.11)

Assume that (2.11) does not hold. Now, we establish that [Da, N X1| > 2.1f [Da, N X1| = 1, then Dy, A (X4 U Xy) is a circuit
of M. Therefore [Ds, A (X1 UX;)| < 6and so |Da,| < 2; a contradiction because M is 3-connected and so is simple. Hence
|Da, N X;q| > 2. Therefore Dy, intercepts both sets belonging to {X; — Ca, X; N Cy}. In particular,

1< |(Cx ADx) N Xl (2.12)

As Cy N Dy, # ), it follows that C4 U Dy, is a connected T-flat of M. Observe that Cy» U Dy, is a T-line of M because A; and
A’ are disjoint series classes of M|(L U A; UA’) and (D, U Cy) — (A; UA') is an independent set of M|L. By (T6), there is a
circuit D of M such that D4, A C4 € D. Thus

|A1] + |A'l + [Cy N (X2 UX3)| 4+ |(Cor A Day) N X4| < |DJ.

By (2.12),3 + |Ca N (X2 U X3)| < |D| and so 7 < |D|; a contradiction. Therefore (2.11) holds.

Let X be a subset of X; such that D,, = A; U X, for some A; € 4. By (2.11), forevery A" € A" — A", X N Cy = ¥. As
A" — A" # (J, by Lemma 2.2, it follows that X is uniquely determined. Hence D4, = X U A4, for every A; € +;. Note that
{X, L — X} is a 2-separation of M|L such that

(i) Ay — X, for every A; € 4Aq; and
(ii) A” — L — X, forevery A” € A — ;.

(Note that (ii) occurs when: A” € A, U A3 orA” € A" because X, UX3 CL—X;A” € A" — A" because Cy» —A” C L —X.)
By (3.8) of [ 14], there is a 2-separation {X’, Y’} of M such that X C X’ and L — X C Y’; a contradiction. Therefore Lemma 2.3
follows. O

By Lemma 2.3, A = 4’. By Lemma 2.1, L = C U A spans M and so r(M) = 7. We arrive at a contradiction. The result
follows. O

3. Local structural results

For a circuit C of a matroid M, let A be C-arc. Observe that C U A is a connected T-line of M. Hence there is a partition
Iy (A, C) = {Wq, Wy, ..., Wi} of C, for some integer k exceeding 1, such that (C — W;)UA, (C—W5)UA, ..., (C—W,)UA
are circuits of M. (Equivalently {A, Wy, W», ..., W;} is the canonical partition of C U A.) For C-arcs A; and A,, we say that:

(i) A1 and A, are strongly disjoint provided A; N A, = @, min{|A¢], |A2|} = 2 and (M/C)|(A; U Ay) = [(M/CO)|A{] &

[(M/C)]Az]; and
(ii) Wy and W, cross provided @ & {W{NW,, Wy —W,, W, — W7, C— (W UW,)}, where W; € Iy (A;, C), foreachi € {1, 2}.

Lemma 3.1. Let C be a circuit of a matroid M such that |C| = circ(M) = 6. If A1 and A, are strongly disjoint C-arcs and, for
ie{l,2},W; e IIy(A;, C), then:
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(i) Wy — W, = |W, — W;q| = 1, when W, and W5, cross.
(i) |Wq| = |W,| = 2, when Wy and W, cross. Moreover, 3 = |ITy (A1, C)| = [Ty (A;, C)|.
(iii) If |W;| = 3, then, for i € {1, 2}, thereis W/ € ITy (A;, C) such that W; € W,. Moreover, 2 = |ITy (A, C)| = [Ty (A, O)|.

Proof. First, we show (i). By definition, ¥ & {W; "W, Wy — W5, Wy, — W3, C— (W UW,)}.AsP = CUA;UA; isaT-plane
of M, it follows that [(C — W;) UA{JU[(C — W,) UAy] = P — (W; N W,) is a connected T-line of M. Therefore M has a
circuit C; so that

AT UA) U W —Wo) U (W, —Wq) =[(C— W) UA]A[(C— W) UA] C G (3.1)
Hence
|A1] + |Az| + Wi — Wy| + W, — Wy| < |G| < 6. (3.2)

As () & (W7 — Wy, W, — Wy}, it follows, by (3.2), that [W; — W;| = |W, — W;| = 1. Thus (i) follows.
Now, we establish the first part of (ii). By (i), [W;| = |W,| because, fori € {1, 2},

Wil = (Wi N W,| + Wi — W3 = Wi N W[ + 1. (3.3)

If [Wq| = |W,| = 3, then |ITy (A1, C)| = |ITy (A3, C)| = 2. Therefore C — W, € [Ty (A, C) and C — W, crosses W;. By (i)
applied to Wy and C — W,,

Wi —(C—=W))| = [WiNW,| =1. (3.4)

We arrive at a contradiction because, by (3.3) and (3.4), |[W;| = |W,| = 2. Thus the first part of (ii) follows. To establish
second part of (ii), it is enough to show that

[Ty (A;, C)| > 3, foreachi e {1,2}. (3.5)

Suppose that (3.5) does not hold for some i, say i = 2. Therefore ITy (A3, C) = {W,, W, }, where W, = C — W,. As W, cross
both W5 and W}, it follows, by the first part of (ii), that 2 = |W;| = |W,| = |W,|; a contradictionsince 6 = |C| = |[W,|+|W;|.

Next, we prove (iii). Observe that ITy(A;, C) = {W;, C — W;} because |W;| = 3. By (ii), no set belonging to ITy (A, C)
crosses Wy or C — Wy and so [ITy (A2, C)| = 2.If Ty (A, C) = Iy (A, €), then (iii) follows for W; = W, = W;. Assume
that [Ty (A1, C) # Iy (Az, C). There is W, € ITy (A3, C) such that [W;| = 4. Note that W} contains W; or C — W. Again (iii)
holds. O

Lemma 3.2. Let C be a circuit of a matroid M such that |C| = circ(M) = 6. If Z is a 3-subset of E(M) — C such that Ais a C-arc
satisfying |ITy (A, C)| = 2, for every 2-subset A of Z, then:

(i) M|(C U Z) is binary; or
(ii) Z is a circuit of M.

Proof. Suppose thatZ = {ay, a3, as}. Fori € {1, 2, 3},L; = C U (Z — @) is a T-line of M which contains exactly 3 circuits of
M, by hypothesis. If (i) does not hold, then, by Tutte’s characterization of binary matroids, M |(CUZ) has a T-line L containing
at least 4 circuits. Hence L # L;, foreveryi € {1, 2, 3}. By (T2), there is a unique circuit C; of M such that G; € LNL;.Let Dbe a
circuit of M|L different from C;, C, and Cs. In particular,Z C D.By (T4), M|(CUZ) hasaT-line L’ such thatD C L"and L’ # L.
If D; is the circuit of M contained in L' N L;, fori € {1, 2, 3}, then D; # C, otherwise, by (T5),CUZ C CUD =D;UD =L'.
Moreover, D; # C;, otherwise, by (T5), L’ = DU D; = D U (; = L. Therefore C(M|L;) = {C, G, D;}.

Now, we show that Lq, L, L3, L and L’ are the only T-lines of M|(C U Z). Let L” be a T-line of M|(C U Z) such that
L" & {Ly, Ly, L3}. Hence C £ L”.In particular, for eachi € {1, 2, 3}, C; or D; is contained in L” because, by (T2), L” N L; contains
a circuit of M. Therefore L” contains at least two of C;, 3, C3 (and so L” = L) or L” contains at least two of D;, D, D3 (and
sol” = L'). Thatis, L, Ly, L3, L and L’ are the only T-lines of M|(C U Z). As Ly, L, and L are the only T-lines of M|(C U Z)
avoiding D, it follows, by (T1), that

D=[(CUZ) - L]JU[(CUZ) —L]U[CUZ) —L3] ={ay,az,a3} = Z.

Thus (ii) follows. O

Lemma 3.3. Let C be a circuit of a matroid M such that |C| = circ(M) = 6. Suppose that A’ is a C-arc such that |W| = 3, for
eachW e ITy (A, C). If Z is an independent 3-subset of E(M) such that A is a C-arc strongly disjoint from A’, for each 2-subset
A of Z, then the cosimplification M|(C U Z) is isomorphic to F;. Moreover, M|(C U Z) has just one non-trivial series class S and
Selly@,C).

Proof. By Lemma 3.1(iii), [ ITy (A, C)| = 2, for every 2-subset A of Z. As Z is not a circuit of M, by hypothesis, it follows, by
Lemma 3.2, that M|(CUZ) is binary. Let N be the cosimplification of M |(CUZ). Observe that CNE(N) is a circuit-hyperplane of
Nandsor(N) = |CNE(N)|.AsZ isanindependent set of N, it follows that |[E(N)—Z| > 3.Therefore N is isomorphic to M (Ky)
or Ff since r*(N) = 3.1f N = M(Ky), then there is a partition {W;, W5, W5} of C such that [Ty (Z — a;, C) = {W;, C — Wj},
foreachi € {1, 2, 3}, where Z = {a;, a3, as}. In particular, |[W;| = |W,| = |W3| = 2; a contradiction to Lemma 3.1(ii)
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since there is i € {1, 2, 3} such that W; crosses W, for each W € Iy (A, C). Therefore N = F;. If Sy, S, S3, S4 are the series
classes of M|(C U Z) which are contained in C, say |S;| > 2, then, for eachi € {2, 3, 4}, thereisaj € {1, 2, 3} such that
Iy (Z — a;, C) = {S; US;, C — (S1 U S)}. By Lemma 3.1(iii), there is W; € ITy (A’, C) such that C — W/ C S; U S; because
[W/| = |C —W/| =3and |S; US;| > 3.Thus, foreachi € {2,3,4},C— (5;US) € W/.As [W/| =3,2 <|C— (5 US;)| and
IS1| = 2, it follows that S; N W/ = ¢ because, by Lemma 3.1(ii), W/ and S; U S; do not cross. Hence W; = W, = Wj and so
S, US3 US, = Wy. In particular, Sy = C — W; € ITy(A',C). O

4. An auxiliary lemma

Let C be a Hamiltonian circuit of a matroid M. Ife € E(M) — C, then C U e is a T-line of M. The element e is said to be
C-large provided |7 (C U e)| > 4. That is, M|(C U e) contains at least 4 circuits or equivalently M|(C U e) is non-binary.

Lemma 4.1. Let C be a Hamiltonian circuit of a connected matroid M such that
IDNC|+2|D—C| <6, forevery circuit D of M. (4.1)
If E(MM) — C| = 3 and |C| = 6, then

(i) E(M) — C is a dependent set of M; or
(ii) thereis a graph G such that M = M(G) and E(M) — C is contained in the star of a vertex of G; or
(iii) the elements belonging to E(M) — C can be labeled as e, f and g, where e and g are C-large, and the elements belonging to
C — X can be labeled as a, b, c and d, where X is a 2-element series class of M, such that the geometric representation of
(M \ X)* is given in the next figure.

Moreover, when (iii) happens, f is not C-large and M is the parallel connection of M \ X and a matroid isomorphic to U, 3 having
X Uf as its ground set.

e /

Proof. Observe that C U e is a connected T-line of M, for each e € E(M) — C. Moreover, {e} € m(CUe) and 7 (C Ue) — {e}
is a partition of C. As (C U e) — X is a circuit of M, for each X € 7 (C U e), it follows, by (4.1), that [X| > 2, when X ## {e}. In
particular, |7 (C Ue)] = 3 or |7 (C Ue)| = 4 and, in the last case, |X| = 2, for every X € = (C U e) such that X # {e}. We
need the next two sublemmas.

Sublemma 4.1. Suppose that E(M) — C = {e, f, g} is an independent set of M. If |m(C Ue)| = |x(C Uf)| = 4, then:

(i) ForeachX € mw(CUe)andY € m (CUf)satisfying [ XNY| = 1, {e, fJUXAY) isacircuit of M. Moreover, E(M)—[(XNY)Ug]
is a T-line of M having {(X —Y) Ue, (Y = X) Uf,C — (X UY)} as canonical partition.
(ii) T(CUe) Nm(CUS) # 0.
(iii) If X e m(CUe)Nm (CUS), then |[r (CUgZ)| = 3 or X € m(CUg). Moreover, when | (CUg)| = 4, Lemma 4.1(iii) follows.

Proof. (i) Note that |X| = |Y| = 2 because, by hypothesis, X NY = #andso X # {e}and Y # {f}.AsX € 7w (C Ue) and
Y € n(CUf),it follows that (CUe) — X = (C — X) Ueand (C — Y) U f are different circuits of M. Note that the T-flat
L=[(C—=X)Uel]U[(C=Y)Uf]={e,flUIC— (X NY)]isaT-line of M because it is properly contained in the T-plane
{e, f} U C of M. By (T6), there is a circuit D of M|L such that {e, ff/U X AY) =[(C—=X)Ue] A[(C—=Y)Uf] € D.By(4.1),
D ={e,f} U (X AY). Moreover, the sets belongingtow (L) areL— D=C - (XUY),L—[(C—X)Ue]l=fU (Y —X) and
L—[(C=Y)Uf]=eU (X —Y).Thus (i) follows.

(ii) Assume that 7(C U e) N 7(C U f) = @. It is possible to label the elements of C by a, x, b, y, ¢,z so that 7 (C U
e) = {{a,x},{b,y},{c,z}} and 7 (C U f) = {{x, b}, {y, c}, {z, a}}. By (i) applied when (X, Y) is equal to ({a, x}, {x, b})
or ({b,y}, {y, c}) or ({c, z}, {z, a}), we conclude respectively that {e, f, a, b}, {e, f, b, c} and {e, f, c, a} are circuits of M.
As |{e,f,a, b} — {e,f,b,c}| = 1, it follows that L = {e,f,a, b} U {e,f,b,c} = {a, b, c,e,f}is a T-line of M. Note that
L—{e,f,a,b} ={c},L—{e,f,b,c} ={a}and L — {e, f, c, a} = {b} belongs to 7t (L). The other sets of 77 (L) are contained in
{e,f}.Thus {e, f} € w(L) orboth {e} and {f} belongtox (L).If{e, f} € w(L),thenL—{e, f} = {a, b, c} isacircuit of M properly
contained in C; a contradiction. If {e} € w(L),thenL—{e} = {a, b, c, f} is a circuit of M. Hence (CUf)—{a, b, c, f} = {x, y, z}
belongs to 7 (C U f); a contradiction because every set in 7 (C U f) contains 1 or 2 elements. Therefore (ii) follows.

(iii) To establish the first part of (iii), we argue by contradiction. Assume that |7 (C U g)| = 4and X ¢ 7 (C U g). There
isY e r(CUg)suchthatY NX # @,say X = {a,b} and Y = {b, c}. By (i) applied to (e, g, X,Y) or (f,g,X,Y), we
conclude respectively that {e, g, a, c} and {f, g, a, c} are circuits of M. As |{e, g, a,c} — {f, g, a,c}| = 1, it follows that
L=1{eg,actU{f,g,a,c} ={ef,g, ac}isaT-line of M. Observe that L — {e, g, a,c} = {f}and L — {f, g, a, c} = {e}
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belongs to 7 (L). By hypothesis, {e, f} is not a circuit of M and so {a, c,g} ¢ m(L). Hence there is Z € m (L) such that
g &€ Z < {a,c,g}. Thus L — Z is a circuit of M that contains {e, f, g}. By (4.1),L — Z = {e, f, g}; a contradiction, since,
by hypothesis, E(M) — C is independent. We have established the first part of (iii). Now, we prove the second part of (iii).
Suppose that [ (C U g)| = 4andsoX € n(C U g).Forh € {e,f, g}, consider [T, = w(C U h) — {h}.IfY # X and
Y € [y NIT,JU[IT. N g ]U[I1.NTIf], then, by the first part of (iii), Y € [I.NITfNIl;.HenceZ = C—(XUY) € IT.NIIf NIl
because X, Y € IT,NII;NII,.Inthis case, [1, = I1; = I1,. Therefore X, Y, Z are the non-trivial series classes of M. Moreover,
co(M) is a line. Thus E(M) — C is a dependent set of co(M) and so of M; a contradiction to hypothesis. Hence Y does not
exist. That is, [/Tf N I1g] U [T, N IT,] U [IT, N ITf] = {X}. We can label the elements belonging to C — X by a, b, ¢, d
sothat 7(C Ue) = {{e}, X, {a,c}, {b,d}},n(CUSf) = {{f},X,{a,d}, {b,c}} and 7 (C U g) = {{g}, X, {a, b}, {c, d}}. By
(i), {e,f,a, b}, {e,f,c,d}, {e,g,b,c}, {e g, a,d}, {f,g b,d} and {f, g, a, c} are circuits of M. We have the second part of
(iii). O

Sublemma 4.2. Suppose that E(M) — C = {e, f, g} is an independent set of M. If |[x(C Ue)| = 4and |x(C U f)| = 3, then
Lemma 4.1(iii) follows.

Proof. By the main result of Bixby [1] (see Proposition 11.3.7 of Oxley [10]), M|(C U {e, f}) has a minor H isomorphic to Uy 4
having f as one of its elements. If H = M|(C U {e, f}) \ X/Y, where X and Y are disjoint subsets of C U {e, f} and X is chosen
with maximum cardinality, then L = (C U {e, f}) — X is a T-line of M|(C U {e, f}) containing at least 4 circuits and having
f as one of its elements. As L = C U f, since |7 (C U f)| = 3, it follows that e € L. Thus {e, f} C L. Let X, and X; be elements
of w (L) containing respectively e and f. Note that X, # Xy, otherwise the circuit L — X, of M is properly contained in C. As
L — X is a circuit of M|(L U e) that contains e, it follows that |(L — X;) N C| = 4, since |7 (C U e)| = 4. In particular, |L| > 6.
Assume that w (L) = {X¢, X, X1, X2, ..., Xk}, for disjoint subsets Xi, X, ..., Xi of C satisfying [X;| < [Xa| < -+ < [Xi],
where k > 2. But L — X is a circuit of M containing {e, f} and so, by (4.1),

241X < Xl +1Xp | + [Xa] < Xl + 1Xp| + [Xo + - + Xl = L = Xq| = [L] — |[X1] < 4.

Thus |X;| = 2,|L| = 6 and we have equality along the previous display. In particular, X, = {e},X; = {f},k = 2 and
|X3] = 2. Moreover, (L) = {{e}, {f}, X1, X2} and X, UX, Uf = L —eisacircuitof M|(CU f). If X3 = C — (X1 U X3),
then 7 (C U f) = {{f}, X1 U Xy, X3}. Hence X1, X3, X3 are series classes of M|(C U {e, f}) and 7 (C U e) = {{e}, X1, Xo, X3}. If
X; = {x;, y;},fori € {1, 2, 3}, thenf and y;3 arein parallelin M |(CU{e, f})/{x1, X2, x3} and M |(CU{e, f}) /{x1, x2, x3}\f = Uz 4.

Let g be the element in E(M) — (C U {e, f}). If X1, X, and X5 are series classes of M|(C U {e, g}) or M|(C U {f, g}), then
X1, X, and X3 are also series classes of M|(C U {e, f, g}) because, by the previous paragraph, X;, X, and X3 are series classes
of M|(C U {e, f}). Therefore {e, f, g} is a dependent set in the rank-2 matroid M|(C U {e, f, g})/{x1, X2, x3}. So {e, f, g} isa
dependent set in M; a contradiction. We may assume that at least of of the sets X;, X5, X3 is not a series class of M |(C U{e, g})
and of M|(C U {f, g}). First, we establish that |7 (C U g)| = 4. Assume that |77 (C U g)| = 3. Replacing f by g in the
argument of the previous paragraph, we conclude that X;, X; and X5 are also series classes of M|(C U {e, g}); a contradiction.
Thus |7 (C U g)| = 4. Replacing e by g in the argument in the previous paragraph, we conclude that X3 € 7 (C U g),
since X3 is the unique 2-element set belonging to 77 (C U f). As X3 is a series class of M that spans f, it follows that M
is the parallel connection of M; = M|(X3 U f) and M, = M \ Xs. Observe that M is a triangle and that r(M;) = 4.
Moreover, L, = (C — X3) U {e,f} and Ly = (C — X3) U {f, g} are T-lines of M, having respectively canonical partitions
{{e}, {f}, {a, b}, {c, d}} and {{f}, {g}, {a, c}, {b, d}}, where a, b, c, d label the elements of C — X3. Observe that E(M,) is a
T-plane of M,. For each z € {a, b, c,d}, there is X € {{a, b}, {c,d}} and Y € {{a,c}, {b,d}} suchthatz ¢ X U Y. By
Lemma 4.1(i), (Le —X) U (Ly — Y) = E(M,) — z is a T-line of M, having canonical partition {(X —Y)Ue, (Y =X)Ug, {f, z}}.
That is, we conclude that E(M,) — a,E(M,) — b, E(M,) — ¢, E(My) — d are T-lines of M, having canonical partitions
{{e, c}, {g, b}, {f, d}}, {{e, d}, {g, a}, {f, c}}, {{e, a}, {g, d}, {f, b}}, {{e, b}, {g, c}, {f, a}} respectively. There just another T-
line of M,, namely E(M;) — f. Its canonical partition is {{e}, {g}, {c, b}, {a, d}}. We have Lemma 4.1(iii). O

Now, we return to the proof of Lemma 4.1(iii). If E(M) — C is a dependent set of M, then (i) follows. Assume that E(M) —C
is an independent set of M. If |7 (CUe)| = 4, for every e € E(M) — C, then (iii) follows from Sublemma 4.1(iii). Suppose that
|r(CUf)| = 3,forsomef € E(M) —C.If [ (CUe)| = 4, forsome e € E(M) — (CUf), then (iii) follows from Sublemma 4.2.
Thus, we can assume that |7 (C U e)| = 3, foreverye € E(M) — C.

By the dual of (4.2) of Lemos [5], M|(C U {e, f}) is a binary matroid, for each 2-subset {e, f} of E(M) — C. First, we show
that M|(C U {e, f}) is not a subdivision of M (Ky4). If M|(C U {e, f}) is a subdivision of M (Ky), then e and f label edges of a
perfect matching of K. Therefore there are circuits D1 and D, of M|(C U {e, f}) such that D; N D, = {e, f} and C € D; U D>.
Hence, by (4.1),

2 2 2
122 Y (DN Cl+2ID; — Cl1 = Y D NCl+2l{e.fi] =8+ Y IDiNC| =8 +]C;
i=1 i=1 i=1

a contradiction. Thus M|(C U {e, f}) is not a subdivision of M (K4). In particular, there are X, € 7(CUe) and Xy € w(CUf)
such that X, € X;. But this property holds for every 2-subset {e, f} of E(M) — C. So it is possible to label the elements of
E(M) — C by a,, ay, az such that, for each i € {1, 2, 3}, there is X; € 7 (C U @;) satisfying X; C X, C X35.Asboth X; and C — X;
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span g; in M, it follows that X1, X; U a, X, U ay, X, U {ay, ax}, X3 U {aq, ap} and X5 U {aq, a», as} are all 2-separating sets of
M. We have (ii).

To finish the proof of this lemma, when (iii) happens, we need to establish the extra property. We use the labeling fixed
in (iii). In M*, X is a parallel class of cardinality 2. As r*(M) = 4, it follows that each circuit of M is the complement of some
plane of M*. Let Y be a 3-subset of {a, b, c, d}. By (iii), there is a unique plane Py of M* that contains Y. Moreover, X is not a
point of this plane. By (4.1), Py N [E(M) — C] # (. Hence, by (iii), there is a 3-point line Ly of M*/X such that Ly C Py. As
Ly U X is a plane of M* and Ly C Py N (Ly U X), it follows that Ly is contained in a line of M* and so Ly is a line of M*. Now,
we prove that there are different 3-subsets Y and Z of {a, b, c, d} such that

Assume that (4.2) does not hold. For Y = {b, c, d}, we may assume that Ly = {c,d, g}. Asg & Lz, whenZ = {a, b, c},
it follows that L; is equal to {a, c, e} or {b,c,f}, say L; = {b,c,f}. For W = {a, b, d}, we conclude that f and g do not
belong to Ly and so e € Ly . Therefore Ly = {b, d, e} is a line of M*. That is, {c, d, g}, {b, c, f} and {b, d, e} are lines of M*.
Thus {b, c, d, e, f, g} is contained in a plane of M*; a contradiction because {e, f, g} is a plane of M*. Therefore (4.2) holds.
Without loss of generality, we may assume thatg € Ly NLz, when Y and Z are as described in (4.2). In particular, {a, b, g} and
{c, d, g} are lines of M*. Hence {a, b, c, d, g} is contained in a plane P of M*. If e or f belongs to P, say e, then M* is the series
connection of M*/X and N, where N is a matroid isomorphic to U; 3 such that E(N) = X U f. The extra property of M holds,
when (iii) happens. We may assume that both e and f does not belong to P. Let P’ be the plane of M* that contains {e, f, a}.
First, we show that ¢ & P’. Assume that c € P’. As X U {a, c, e} is a plane of M*, it follows that {a, c, e} € P' N (X U{a, c, e})
is contained in a line of M* and so {a, c, e} is a line of M*. Hence e € P; a contradiction. Thus ¢ ¢ P’. Similarly, d & P’. Note
that b ¢ P’ because g ¢ P’ — remember that {e, f, g} is a plane of M*. Therefore P’ = {e, f, a}; a contradiction because
E(M) — P’ is a circuit of M that does not satisfies (4.1). O

Lemma 4.2. Let {Y, Y, Y3, C} be a partition of E(M), for a connected matroid M, such that C is a Hamiltonian circuit of M and
|Y1] = |Y2| = |Y3] = 2. Suppose that

IDNC|+2|D—C| <86, (4.3)

for every circuit D of M such that, foreachi € {1,2,3},Y; € D.If |C| = 6 and T is a transversal of (Y1, Yo, Y3), then at least
one of thesets Y1, Y,, Y5, T, T AY{,T AY,, T A Ysisdependentin M.

Proof. We argue by contradiction. Suppose the result does not hold for M. Thatis, Y1, Y, Y3, T, T AY;, T AY,andT A Y5
are independent sets in M. Observe that M; = M|(C U T) satisfies the hypothesis of Lemma 4.1. As T is independent in M, it
follows that Lemma 4.1(ii) or (iii) holds for M|(CUT). First, we prove that Lemma 4.1(ii) happens. Assume that Lemma 4.1(iii)
occurs. We can label the elements of T by e, f, g so that e and g are C-large. Moreover, M |(CUT) has a series class X such that
|X| =2and X Uf is a triangle of M. If f € Y3,say Y3 = {f, f'}, then M|[C U (T A Y3)] satisfies the hypothesis of Lemma 4.1.
As e and g are C-large, it follows that Lemma 4.1(iii) holds for M, = M|[C U (T A Y3)]. Moreover, X is a series class and X U f’
is a triangle of M,. Thus X is a series class of M|(C U T U Y3) and f and f’ are in parallel in this matroid; a contradiction and
Lemma 4.1(iii) cannot happen for M|(C U T). Hence Lemma 4.1(ii) occurs for M|(C U T).

Assume that T = {ay, ay, as}, where g; € Y;, fori € {1, 2, 3}. By Lemma 4.1(ii) applied to M|(C U T), it is possible to
relabel the sets Y;’s such that there is X; € 7 (C U q;) satisfying

X1 & X2 & X3 and  (IX3], X2, [X3]) = (2,3, 4). (4.4)

Lemma 4.1(ii) also holds for M|[CU(T AY;)] because g; is not C-large, for every j € {1, 2, 3}. Therefore there isX; € w(CUa)),
where Y; = {a;, a;}, such that X; can be replaced by X/ in (4.4). If A is a 2-subset of Y; U Y, U Y3, then by the dual of (4.2) of
Lemos [5], M|(CUA) is binary. IfX; = X/, then g; and q; are in parallel in M because M|(C U{a;, a}) is binary; a contradiction.
HenceX; # X/, foreveryi € {1, 2, 3}.As Xy # X|, [Xq| = [X]| = 2, X;UX] € X; and |X;| = 3, it follows that X, = X; UX] and
IX1NX1| = 1,sayX;NX; = {e}.But M|(CU{ay, a}}) isbinary and so [(C—X;)Ua; ] A[(C—X))Ud|] = [C—(Xz—e)]U{a;, d}}
is a circuit of M; a contradiction to (4.3). O

Lemma 4.3. Let C be a circuit of a matroid N such that |C| = circ(N) = 6. Suppose that Z,, Z, and Z5 are pairwise disjoint
3-subsets of E(N) — C satisfying:

(i) Z; is an independent set of N, foreachi € {1, 2, 3}; and
(ii) (N/OI(Z1UZy UZ3) = [(N/C)IZ1] ® [(N/C)|Z] & [(N/C)|Z3] = U1 3 ® Uy 3D Uy 3.

If A; is a 2-subset of Z;, for eachi € {1, 2, 3}, then A; U A, U A3 is a dependent set of N.

Proof. Suppose that A; UA, UA; is an independent set of N. Observe that A, A, and As are pairwise strongly disjoint C-arcs.
First, we establish the next sublemma.

Sublemma 4.3. Foreachi € {1, 2, 3}, there is a; € A; such that (A; U A, U A3) A {a;, a} is an independent set of N, where
Zi — Ai = {af}
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Proof. We argue by contradiction. Assume this result is not true for some i, say i = 1. Hence (Z; — a) U A, U A3 and
(Z;—ad")UA,UA5 are dependent sets of N, where A; = {a, a’}. So there are circuits D and D’ of N suchthat D C (Z;—a)UA,UA5
and D' C (Z; — d’) UA; U Asz. As A, U Az is an independent set of N and, for each 2-subset A of Z;, A is a series class of
N|(CUAUA; UAs), it follows thatZ; —a € Dand Z; — a’ € D'. Note that (Z; — a) N (Z; — a’) = {d]}. Therefore there is a
circuit D” of N such that

D" € (DUD') —d} CA T UA, UA;s;
a contradiction because A; U A, U Az is an independent set of N. [

Fori € {1, 2,3}, setY; = {a;, a;} and Z; — Y; = {z;}, where g; and a] are defined in the statement of Sublemma 4.3. Let
M = N/{zy, z3, z3}. By hypothesis, Y;, Y, and Y5 are all independent sets of M. Observe that T = {ay, a,, as} is a transversal of
(Y1, Yo, Y3) such that T is an independent set of M. By Sublemma 4.3, T AY; is an independent set of M, foreveryi € {1, 2, 3}.
As the conclusions of Lemma 4.2 do not hold for (M, C, Y1, Y, Y3), it follows that (4.3) does not hold for (M, C, Y1, Y>, Y3).
Let D be a circuit of M such that Y; Z D, for every i € {1, 2, 3}, and (4.3) does not hold for D. AsD' = DU {z; : Z, N D # @} is
a circuit of N, it follows that

6>|D|=|DNC|+|D-C|+|{zi:ZND#®¥}| =|DNC|+2|D—Cl;
a contradiction since this is the inequality (4.3) for D. Therefore A; U A, U A3 is a dependent set of N. The result follows. O

5. Proof of the main result

Choose a circuit C of M such that 6 = |C| = circ(M). Let My, . .., M, be the connected components of M /C having a rank
equal to 1. By Proposition 2.1,
n
n= Zr(Mi) =r(M/C) =r(M) — (IC| = 1) = 3. (5.1)
i=1
Now, we establish that, for everyi € {1, ..., n},
r(E(My)) > 3. (5.2)

First, observe that E(M;) is a cocircuit of M because M; = M/[E(M) — E(M;)] and M; is a connected matroid having a rank
equal to 1. As M is 3-connected, it follows that

2 < r(EMy) +r*(E(Mp) — [E(My)|
< r(E(My)) + [IE(My)| — 1] — [E(Mj)]
= r(EMy) — 1.

Therefore (5.2) follows. By (5.2), for eachi € {1, ..., n}, there is a 3-subset Z; of E(M;) which is independent in M, say
Z; = {a;, b;, c;}. Note that every 2-subset of Z; is a C-arc. Moreover, 2-subsets of different Z;'s are strongly disjoint C-arcs.

A

Lemma 5.1. If Ais a 2-subset of Z;, forsomei € {1, ..., n}, then |W| £ 3, for every W € I1y (A, C).

Proof. Suppose that |[W| = 3, for some W € IIy(A,C), say i = 1. Therefore |ITy(A,C)| = 2 and |W| = 3, for
every W € Iy (A, C). For each j € {2, 3}, by Lemma 3.3, M|(C U Z;) has just one non-trivial series class, say S;, and its
cosimplification is isomorphic to F;. Moreover, by the last sentence of Lemma 3.3, S; € ITy (A, C). First, we establish that

Sy #Ss. (5.3)

Assume that S; = Ss3. Let W, and W3 be different 2-subsets of C — S,. Forj € {2, 3}, there is a 2-subset A; of Z; such that
W; € Iy (A;, C); a contradiction to Lemma 3.1(ii) because W, and W5 cross and |ITy (A,, C)| = |ITy (A3, C)| = 2. Thus (5.3)
follows.

Let A’ be a 2-subset of Z; such that A’ £ A.If W € ITy(A’, C), then, by Lemma 3.1(ii), W does not cross W', for every

we lJ U M@0 =2@) U@,
i€{2,3} Aje P (Z)
where $,(Z) denotes the set of all 2-subsets of a set Z. Hence W = S, or W = S3. That is, AU S; and A’ U S; are circuits of M,
for bothi € {2, 3}. In particular, S, and Ss are series classes of M|(C U Z;) and so Z; is dependent in M; a contradiction. O
Lemma 5.2. For a 2-subset {i, j} of {1, ..., n}, it is possible to rename the elements of Z; — a; and Z; — a; so that {a;, b;, a;, b;}
is an independent set of M.

Proof. If this labeling cannot be done, then {a;, b;, a;} and {a;, a;, b;} span respectively Z; and Z;. Hence {a;, b;, a;} spans Z;UZ;.
Therefore Z; spans Z; because

3=<rZ) =<rZVz) =r({a, bi, a}) < 3.
We arrive at a contradiction to orthogonality because Z; C E(M;) and E(M;) is a cocircuit of M suchthat E(M;) NZ; = @. O
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The next lemma is the core of our proof.

Lemma 5.3. Fori € {1,...,n}, r(E(M;)) = 3. In particular, E(M;) is a 3-separating set of M.

Proof. To establish that E(M;) is a 3-separating set of M, it is enough to prove that the equality holds in (5.2). If Z; spans
E(M;), then the equality in (5.2) follows. Assume that Z; does not spand; € E(M;) —Z;, sayi = 1. By Lemma 5.2, the elements
of Z, — a; and Z3 — a3 can be labeled so that

{ay, by, as, b3} is an independent set of M. (5.4)
By Lemma 4.3, AU {ay, by, as, bs} is a dependent set of M, for every 2-subset A of Z; U d;. By (5.4),

{aq, az, by, as, b3} spans Z; U dy in M. (5.5)
Therefore

r({ai, by, ¢1, dy, az, by, a3, b3}) = 5. (5.6)

As a; and as are coloops of M /[CUE (M;)]|{ay, as}, it follows that Z; U{d4, a;, as} is an independent set of M; a contradiction
to (5.6). Therefore d; does not exist and we have equality in (5.2). O

Lemma 54. If a; € E(M;),fori e {1,...,n},then[E(M;) —a{]U---U[E(M,) —a,]is alineof M/{ay, ..., a,}. In particular,
r(EMy)U---UEMy)) =2 +k.

That is, E(M,), ..., E(My,) is a book of M.

Proof. By Lemma 5.2, we can label the elements of Z; — a; and Z, — a, so that
{aq, by, ay, by} is an independent set of M. (5.7)

By (5.7), {b1, by} is an independent set of M /{ay, ..., a,}. Consider L = clyq,,....a,) ({1, b2}). The first part of this lemma
follows provided we establish that

[E(M1) —a1]U--- U[E(Mp) —an] S L. (5.8)
Choosea € [E(My) —a;]U ---U[EM,) — ay],saya € E(M;) — a;. If i > 3, then, by Lemma 4.3, {a;, b, az, by, a;, a} is
dependent in M and so {bq, by, a} is dependent in M /{a4, ..., a,}. Thatis,a € L.Ifi < 2,sayi = 1, then, similar to the first

paragraph, there is by € E(M3) — as such that
{ay, by, as, b3} is an independent set of M. (5.9)

Hence L = cly(q,.....a,} ({b2, b3}). The result follows because {a1, a, a, b, as, b3} is dependent in M. The second part of this
lemma follows easily from the first. O

Suppose that Z is a 2-subset of Z;, for somei € {1, ..., n},sayi = 1.IfA € [Ty (Z, C) and |A| = 2 (it exists by Lemma 5.1),
then D := (C —A) UZ is a maximum size circuit of M. Such a circuit D is said to be a cousin of C. Observe that M5, ..., M,, are
the rank-1 connected components of M /(C U D). By Proposition 2.1, there is a rank-1 matroid Mp such that Mp, M>, ..., M,
are the connected components of M /D. Note that A C E(Mp) because A is a series class of M |(C U D). By the previous lemma
applied to D, E(Mp), E(M>), ..., E(M,) is a book of M. In particular, A N [cly (E(M3)) N cly (E(M3))] = @.

Lemma 5.5. If D is a cousin of C, then E(Mp) NE(M;) = (.
Proof. Assume that E(Mp) N E(M;) # ¥, say a € E(Mp) N E(M;). By Lemma 5.4,
r(E(Mq1) UE(My)) = r(E(Mq1) UE(M3)) =r(E(Mq) UE(M2) UE(M3)) — 1 =4.
Therefore
mm/a([E(M1) UE(M2)] — a) = ry/a([E(M1) U E(M3)] — a) = ryja([E(M1) UE(M2) UE(M3)] —a) — 1 =3.

In M/a, [E(M;) U E(M,)] — aand [E(My) U E(M;)] — a are planes. As ry /o ([E(M1) U E(My) U E(M3)] — a) = 4, it follows,
by submodularity, that {[E(M;) U E(M,)] — a} N {[E(M;) U E(M;)] — a} spans a line L of M /a. In particular, E(M;) —a C L.
Note that L = cly/q(E(M3)) Ncly,q(E(M3)). Replacing M1 by Mp in the previous argument, we conclude that E(Mp) —a C L.
Therefore ry o ([E(Mp) U E(M1)] — a) = 2 and so r(E(Mp) U E(M;)) = 3. Hence E(M;) spans E(Mp) in M. In particular,
A=C—D C E(Mp) — E(M,) is contained in the line cly (E(M>)) N cly (E(Ms)); a contradiction. O

By Lemmas 5.4 and 5.5 and Lemma 2.1 of [11], when D is a cousin of C, E(Mp), E(My), . .., E(M,) is a book of M.

Lemma 5.6. If D and D’ are cousins of C, then E(Mp) = E(Mp) or E(Mp) N E(Mp) = .

Proof. Suppose that E(Mp) N E(Mp) # () otherwise the result follows. Similar to the proof of the previous lemma, E (Mp)
spans E(Mp) in M. As E(Mp) N [cly (E(M3)) N cly (E(M3))] = @ and cly (E(Mp)) — E(Mp) C cly(E(M3)) N cly (E(M3)), it
follows that E(Mp/) € E(Mp). Interchanging the role of D and D’ in the previous argument, we obtain E(Mp) € E(Mp). Thus
E(Mp) =EMp). O
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Lemma 5.7. If D and D’ are cousins of C such that E(Mp) N E(Mp) = @, then the result follows.

Proof. Applying the comment made before the statement of Lemma 5.6 for both D and D', we get that E(Mp/), E(Mp), E(M;),
..., E(My) isabook of M. If W = E(Mp) U E(Mp) UE(M;) U --- U E(M,), then W is a 3-separating set of M and so

rEM) —W)<rM)+2—-1TW)=rM)+2—-2+R2+n]=r(M) —n—2. (5.10)

By (5.1) and (5.10), r(E(MM) — W) = 3. If W = (EM) — W) — [cdy(E(My)) N cly(E(Ms3))], then
W', E(Mp), E(Mp), E(My), ..., E(M,) is a book of M having E(M) — [W/ U E(Mp) U E(Mp) UEM;) U ---U E(M,)] as
its back. The result follows. O

We may assume that E(Mp) N E(Mp) # @, when D and D’ are cousins of C. By Lemma 5.6, E(Mp) = E(Mp). As
r(E(Mp)) = 3and (C — D) U (C — D') € E(Mp), it follows that (C — D) N (C — D) # (. Thatis, if A; € My (W;, C)
and A; € ITy(W;, C) satisfies |A;] = |Aj| = 2, where W; and W, are respectively a 2-subset of Z; and Z;, then A; N A; # 0.
In particular, |ITy (W, C)| = 2, for every 2-subset W of some Z;. By Lemma 3.2, M|(C U Z) is a binary matroid, for every
k e {1,...,n}. Observe that M|(C U Z) is a subdivion of M(Ky) or F;. It cannot be a subdivion of M(Ky4) otherwise C is
partitioned in 3 2-subsets each one belonging to IT,, (W, C), for some 2-subset W, of Z, (these 2-subsets are the non-trivial
series classes of M|(C U Z)). Therefore M|(C U Z) is a subdivion of F; having just one non-trivial series class S (with 3
elements). Moreover, S does not depend on k. We have a contradiction by Lemma 3.1(ii).
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