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Abstract

For a k-connected graph or matroid M, where k is a fixed positive integer, we say that a subset X of E(M) is k-removable
provided M\ X is k-connected. In this paper, we obtain a sharp condition on the size of a 3-connected binary matroid to have a
3-removable circuit.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

Removable circuits and cocircuits play an important role in studying the structure of graphic matroids (see [11,12,
24,25]). There has been much interest in the study of removable circuits and cocircuits in graphs and matroids lately
(see [1,4-8,10,12-14,16-18,21,22]).

Hobbs conjectured that every 2-connected graph with minimum degree at least 4 has a 2-removable circuit.
Robertson and Jackson independently gave a counter-example to this conjecture (see [7]). Mader [17] proved this
conjecture for simple graphs. Goodyn, van der Heuvel and McGuinness established it for graphs without a Peterson
Graph as a minor. For more results on graphs that extend this conjecture see [7,14,22]. Inspired by this conjecture,
Oxley [20] proposed the following problem: does a simple 2-connected binary matroid with cogirth at least 4 have a
2-removable circuit? Lemos and Oxley [14] constructed a cographic matroid that provides a negative answer to this
question.

For a 2-connected graph G with having minimum degree at least four, we have that

E(G)] = 2[V(G)]. ey
If M is the graphic matroid associated with G, then this inequality translates as

|E(M)| = 2r(M) + 2. @)
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For a 2-connected matroid, a condition on the size of the cogirth does not guarantee the existence of a 2-removable
circuit, but a condition on its number of elements does.

Theorem 1. Let M be a 2-connected matroid. If M is non-empty, then M has a 2-removable circuit provided:

(i) (Lemos and Oxley [14]) |[E(M)| > 3r(M); or
@ii) (Junior [8])r(M) >3 and |[E(M)| = 3r(M) — 1, or
(iii) (Junior [8]) M is simple, r(M) > 7 and |[E(M)| > 3r(M) — 3.

Each item of the previous result is sharp. Lemos and Oxley [15] proved that:

Theorem 2. If M is a 3-connected matroid such that r (M) > 6 and |E(M)| > 4r(M) — 5, then M has a 3-removable
circuit.

This result is sharp. Lemos and Oxley [15] construct an infinite family of matroids that attain this bound. But all
the matroids in this family are non-binary. For binary matroids, in this paper, we prove the following result (it was
conjectured in [9]):

Theorem 3. If M is a 3-connected binary matroid such that r(M) > 10 and |E(M)| > 4r(M) — 8, then M has
a 3-removable circuit.
Theorem 3 is sharp even for graphs as the next example shows. Let {U, V} be a partition of the vertices of the

complete bipartite graph K4 ,, for n > 3, such that U and V are stable sets, |U| = 4, and |V | = n. Let K 4(1321 be a
simple graph obtained from K4 , by adding a set with 3 edges P joining vertices belonging to U so that P is a path.

Note that M (K fz)\C is not 3-connected, for every circuit C of M (K fg). Moreover,

|E(M(K)| = 4n+3 = 4r(M(K)) —9. 3)

For more detail in removable circuits in graphs and matroids, we recommend Oxley’s excellent survey [19]. For
notation and terminology in matroid theory, we follow Oxley’s book [20].

2. Known theorems

In this section, we state some theorems from other papers that are used in the proof of Theorem 3. Let M be a
matroid. We define A;(M) to be the set of connected components of M. We set A1 (M) = |A1(M)|. Now M can be
constructed from a collection A2 (M) of 3-connected matroids by using the operations of 1-sum and 2-sum. It follows
from results of Cunningham and Edmonds (see [3]) that A, (M) is unique up to isomorphism. We denote by A, (M)
the number of matroids in A, (M) that are not isomorphic to Uj 3. Theorem 1.3 of [15] can be stated as:

Theorem 4. Let M be a 3-connected matroid other than Uy 3. If N is a non-empty spanning restriction of M, then
M has a 3-connected restriction K such that E(N) C E(K) and

|E(K)| < |[E(N)|+ A1 (N) + 22(N) — 2, “)
unless N is a circuit of size at least four, in which case, |E(K)| < 2r(N).

A circuit C of a matroid M is said to be Hamiltonian provided |C| = r(M) + 1. If M has at least one circuit,
then circ(M) denotes the circumference of M, that is, the maximum cardinality of a circuit of M. The 3-connected
matroids having small circumference must have small rank. Lemos and Oxley [16] proved that:

Theorem 5. Suppose that M is a 3-connected matroid. If r(M) > 6, then circ(M) > 6.

Cordovil, Junior and Lemos [2] constructed all the 3-connected binary matroids having circumference equal to 6
or 7 with large rank. These matroids are central in the proof of the next result (see [2]):
Theorem 6. Let M be a 3-connected binary matroid such that circ(M) € {6,7} and r(M) > 10. If M\C is not 3-
connected for every circuit C of M, then |E(M)| < 4r(M) — 8.

Using Theorems 5 and 6, we conclude that a counter-example for Theorem 3 must have circumference at least
eight. Using the main result of the next section, we conclude that the circumference of this counter-example must be
eight.
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3. Two auxiliary functions

For a matroid M, we consider the following function
S(M) =3r(M) — |[E(M)| — A (M) — A2 (M). &)

First, we show that § is both 1-additive and 2-additive. (A function f defined in the class of matroids is called k-
additive when

J(N) = f(N1) + f(N2) +--- + f(Nn) (6)

provided the matroid N is the k-sum of matroids Ny, N3 ..., Ny.)

Lemma 1. If the matroid M is the 1-sum of matroids M, M3 . .., My, then
(M) = 8(My) + (M) + - -+ + 5(M,). @)

Proof. This result holds because all the functions involved in the definition of § are 1-additive. O
Following Seymour [23], we consider the 2-sum of matroids M and M; having e as a common element only when
the connected component of e in M; has at least three elements, for both i € {1, 2}.
Lemma 2. [f the matroid M is the 2-sum of matroids My, M, . .., My, then
S(M) =6(My) +8(Ma) + - - + 6(My). 3

Proof. We need to prove this result only when two matroids are involved. When n = 2, we have:
r(M) =r(My) +r(Mz) — 1
|[E(M)| = |E(M)| + |E(M2)| —2
MM) = 1(My) + A (M) — 1
Ao (M) = ha(M1) + 22(M2).
The result follows easily from these identities. [

Observe that:

Lemma 3. If M is a coloop, then §(M) = 0.
For a matroid M, we define the following function:
A(M) = max{§(N) : N is arestriction of M}. ©)]
Now, we prove the main result of this section:
Proposition 1. If M is a 3-connected matroid such that r (M) > 2, then M has a 3-connected spanning restriction N
such that

3r(M) — A(M) —2 when M is not Hamiltonian,

2r(M) when M is Hamiltonian. 10)

[E(N)I S{

Proof. If M has a Hamiltonian circuit, then the result follows by Theorem 4. Assume that M is not Hamiltonian. Let
H be a restriction of M so that §(H) = A(M). Choose a basis B of M such that BN E(H) spans E(H) in M.
Hence B — E(H) is a set of coloops of K = M|[E(H) U B]. Therefore K = H & [M|(B — E(H))]. By Lemmas 1
and 3, §(K) = 8(H). In particular, §(K) = A(M). By Theorem 4, M has a 3-connected restriction N such that
N|E(K) = K and

[E(N)| < [E(K)|+ A (K) + A2(K) —2 =3r(K) — 8(K) — 2. (11)
Thus |E(N)| < 3r(M) — A(M) — 2 and the result follows. [
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The previous result shows the importance of the function A. This function is hard to compute, but for our
application, we just need an upper bound for it such as §(N), when N is a restriction of M with small corank.
For example:

Lemma 4. If M is a circuit with at least 3 elements, then §(M) = |[E(M)| — 2.
4. Special pairs

We say that (M, C) is a special pair provided M is a connected matroid having C as a circuit, E(M) # C and,
forevery K € A{(M/C), ry/c(E(K)) = 1 and E(K) is an independent set of M having at least 3 elements. In this
section, we establish some properties about special pairs.

In the next section, we prove that every connected component of M/ C has rank equal to O or 1, when C is a largest
circuit of a counter-example M of Theorem 3. Moreover, (M |[UgeA,m/c):rH)=1(C U Bp)], C) is a special pair,
where By is a basis of M|E(H). Therefore the results obtained in this section will be fundamental to conclude the
proof of Theorem 3.

Lemma 5. Let (M, C) be a special pair. If {Z, W} is a 2-separation of M, then:

() If K € A{(M/C), then E(K) € Z or E(K) C W.
(i) CNZ#Pand CNW # 0.

Moreover, r(Y)=|CNY|+ |{H € Ay(M/C) : E(H) CY}|, foreachY € {Z, W}.

Proof. ForY € {Z, W}, r(CNY) =|CNY|—48y,wheredy =0,when C € Y,and§y = 1,whenC C Y.If Xy isa
subset of Y — C such that, foreach H € A{(M/C), | Xy NE(H)| =1,whenY N E(H) # ¢, and | Xy N E(H)| =0,
when Y N E(H) = @, then

r(¥) =r(¥ NC)+ |Xy| =Y NCl+ |Xy| - dy 12)

because Xy is a set of coloops of M/C. There is €y such that ey > 0 and

r(Y)=1YNC|+ |Xy|+ ey —dy. (13)
Therefore

L+rM) =r(Z) +r(W) =I[C|+|Xz| + |Xw| + (ez + ew) — (67 + w). (14)
As|A(M/C)| < |Xz| 4+ | Xwl, say, for some € > 0,

|[A1(M/O)| = 1Xz| + [Xw| — €, 15)

and r(M) = |C| — 14 |A1(M/C)|, it follows that
O0<ez+ew+e=056z+déw <1. (16)

If (i) does not hold, then E(K) N Z # @ and E(K) N W # @. In particular, ¢ > 1. By (16), ¢ = 1 and
{6z,0w} = {0,1}, say dw = 1. Thus C € W, since dw = 1, and E(H) € Z or E(H) < W, for each
H € A{(M/C) — {K}, since ¢ = 1. (That is, (i) holds for each element of A;(M/C) other than K.) Moreover,
by (16), ez = ey = 0. There is H € Aj(M/C) such that |[E(H) N Z| > 2 because C N Z = ¥ and (i) holds for every
H € A{(M/C) — {K}. We arrive at a contradiction because [E(H) N Z] U X7 is an independent set of M and so
€z > 1. Therefore (i) follows. In particular, ¢ = 0.

Suppose that (ii) does not hold. Then CNZ = BorCNW = @, say C C W. In particular, 6z = 0 and
dw = 1. By (i), there is H € A1(M/C) such that E(H) € Z. As E(H) U X7 is an independent set of M and
|[E(H)U Xz| > |Xz| + 2, it follows that €z > 2; a contradiction to (16). Therefore (ii) follows and so §z = §y = 0.
By (16),ez = ew = 0. Thus r(Y) = |Y N C| + | Xy|, foreach Y € {Z, W}. With this, we conclude the proof of this
lemma. [

Lemma 6. Let (M, C) be a special pair. If {Z, W} is a 2-separation of M, then there are matroids Mz and My such
that:



R. Cordovil et al. / Discrete Mathematics 309 (2009) 655-665 659

(1) E(Mz) =Z Ueand E(My) = W U e, where e is a new element.

(ii)) M = Mz &2 My.
(iii) ForY € {Z, W}, My is a circuit or (My, (C NY) U e) is a special pair.
(iv) 41 (M/C) = A1(Mz/Cz) U Ay(Mw /Cw).

Proof. Observe that (i) and (ii) follow from Section 2 of Seymour [23]. We need to prove only (iii) and (iv). Observe
that Mz and My are connected because M is connected. By Lemma 5(ii), Cy = (C NY) U e is a circuit of My, for
each Y € {Z, W}. By Lemma 5(i), E(K) € Z or E(K) € W, foreach K € A{(M/C),say E(K) € Z. Observe
that £ (K) is independent in Mz. We need to show that K is a connected component of Mz/Cz.If f € C N W, then
M7 is obtained from M\(W — C)/[(W N C) — f] by renaming f by e. Thus Mz/Cz = M\(W — C)/C. As K
is a connected component of M/C and E(K) C Z, it follows that K is a connected component of Mz/Cz. Hence
AM(M/C) C Aj(Mz/Cz)U A (My /Cw). The equality holds because

E(M)—C =[EMz)— Cz]U[E(Mw) — Cw]. (I7)
With this identity we conclude the proof of this lemma. [

As a consequence of this lemma, we have the following decomposition (use induction):

Lemma 7. Let (M, C) be a special pair. If
(M) ={H € Jo(M) : E(H)N[E(M) — C] # 7} (18)
and I'h(M) = Ay(M) — I'' (M), then:

() If H e (M), then H = Uz 3 and E(H)N E(M) C C.
(i) If He I(M) and Cy = E(H) — [E(M) — C], then Cy is a circuit of H and (H, Cy) is a special pair.
(iii) Ay (M/C) =Uper,m) Mi(H/Ch).
(iv) The matroid obtained by making the 2-sum of the matroids belonging to the family {H|Cy : H € I''(M)}JUI>(M)
is M|C.

Lemma 8. If (M, C) is a special pair, then
SM)=8(MIC)+ Y (Cul=3)— > (EK) -3, (19)

Hel'[(M) KeA (M/C)
where Cyp = E(H) — [E(M) — C], for H € I'/(M).
Proof. By Lemma 7(iv), M|C is the 2-sum of the matroids belonging to ]"l/(M) U I2(M), where ]"l/(M) ={H|Cq :
H € I''(M)}. By Lemma 2, we have that
S(M|C) = > S(H) and 8(M)= »  8(H). (20)
Hel|(M)UT>(M) HeAy(M)

By Lemmas S and 7(ii), for H € I'/(M),

SCHY =3(rHIC)+ Y, 1|=[Ical+ > |EKI|-1-1
KeA(H/Cpy) KeA((H/Cy)
= §(H|Cq) — Z (IE(K)| —3) +22(H|Cy) — 1.
KeA(H/Cy)
Hence
S(M) = Z S(H)

HeAy(M)

Yo sH)Y+ ) 8(H)

Hel'| (M) Hel>(M)
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Yo |sEHICH - YD (EKI=3+rHICH) -1+ Y SH)

Hel[(M) KeA(H/Cp) Hel»(M)
= Y. sHA+ Y, HICmH-D- Y (EK)-3)
Hel'[(M)UT> (M) Hel1(M) KeAi{(M/C)
=8(MIC)+ Y uHICh—D— Y (EK)-3)

Hel[ (M) KeA(M/C)

and the result follows because Ay (H|Cg) = |Cg| — 2 (in the passage from the third to the fourth line of this display,
we use Lemma 7(iii)). [

A special pair (M, C) is said to be unitary provided |A;(M/C)| = 1. A special pair (M, C) is said to be strong
provided M is binary and A(M) = §(M|C). By Lemma 4, when (M, C) is a strong special pair, C is a largest circuit
of M.

Lemma 9. If (M, C) is a unitary strong special pair, then |I'y(M)| = 1, say I''(M) = {N}, and:

() If |IE(M) — C| = 3, then N = M(K4).
(i) If |[E(M) — C| = 4, then N = M (Wy).
(iii) If |E(M) — C| € {3, 4}, then E(N)N C = @

Proof. Foreach H € I'/(M), weset Cy = E(H) —[E(M) — C]. By Lemma 7(ii), Cy is a circuit of H and (H, Cg)
is a special pair. By Lemma 7(iii), A1(M/C) = Ugep,m) A1(H/Cy) and so

I=|4M/O)l= )" |A(H/Ch)I. @1)
Hel'|(M)
As A1(H/Cyg) # @, when H € [7(M), it follows that |I'y(M)| = 1, say I''(M) = {N}. Observe that

C* = E(N) — Cy is a cocircuit of N because N/Cy is a rank-1 connected matroid. Now, we need to prove (i)
to (iii). By definition, A(M) = §(M|C) and so 0 > §(M) — §(M|C). As

dooAcul=3»— > (EEK)|-3)=(Cnl-3)—(C*| =23, (22)

Hel\(M) KeA (M/C)

it follows, by Lemma 8, that

0> 38(M)—8(M|C) = (ICn| —3) — (IC*| = 3). (23)
Therefore

ICn| < IC*]. (24)
As Cy is a circuit-hyperplane of N and C* is independent in N, it follows that

IC*| < r(N) = I[Cnl. (25)
By (24) and (25),

r(N) =|Cy| =|C"|. (26)

Observe that (i) is a consequence of (26) because, up to isomorphism, there is only one 6-element rank-3 3-connected
binary matroid, namely M (K4).

Now, we establish (ii). By (26), N is an 8-element rank-4 3-connected binary matroid. As C* is an independent
cocircuit of N, it follows that N is not isomorphic to AG(3, 2). Therefore N is isomorphic to Sg or N is regular. If N
is regular, then, by (14.2) of [23], N is graphic or cographic and so, by Tutte’s characterization of graphic matroids
and Kuratowski’s Theorem, N is the matroid of a planar graph. Thus N is isomorphic to Sg or to M (W) because Wy
is the unique 3-connected planar graph with 8 edges having a circuit-hyperplane. By Lemma 9(i) applied to M\a, for
a € C*, a belongs to a triad 7" of N having two elements in common with Cy. Therefore N has at least 4 different
triads and so N is isomorphic to M (W,). Thus (ii) follows.



R. Cordovil et al. / Discrete Mathematics 309 (2009) 655-665 661

We argue by contradiction to prove (iii). Assume that E(N) N C # @,say c € E(N) N C. As ¢ € Cy, it follows,
by (i) or (ii), that there is a 2-element subset X of C* such that ¢ U X is a triangle of M. Thus (c U X) A C is a circuit
of M having more elements than C; a contradiction and so (iii) follows. [

Lemma 10. Let (M, C) be a strong special pair. If |E(K)| = 3, for each K € A;(M/C), then H =
3
MK 4 jc,) Jor each H € Ty (M).

Let {U, V} be a partition of the vertices of the complete bipartite graph K3 ,, for n > 1, such that U and V are
stable sets, |[U| = 3, and |V| =n.Let K 3(3,)1 be a simple graph obtained from K3 , by adding a set with 3 edges joining
vertices belonging to U.

Proof. By Lemma 8,

§(M) =8MI|C) + Z (ICHI—3), (27)
Hel'|(M)
where Cy = E(H) — [E(M) — C1], for H € I')(M). By hypothesis, §(M) < A(M) = §(M|C) and so
0= > (Cul-3). (28)
Hel'|(M)

As |Cy| = 3, foreach H € I')/ (M), it follows that |Cy| = 3, foreach H € I'/(M).
Fix an H € I'/(M). Suppose that A;(H/Cp) = {K1, K2, ..., Ky}. Fori € {1,2,...,n}, let C}' = E(K;). If
N =M|(CUC;UC;U---UCy),then (N, C) is a strong special pair such that A (N/C) = A(H/Cp). Moreover,

Ny =1M)U{L|ICp,: LeI'(M)and L # H} and I'(N)={H}. 29)
Fori e {1,2,...,n},if Ny = N|CU Ci* =M|CU C;", then (NV;, C) is a unitary strong special pair such that
I(N;) = I2(N) and  I'((N;) = {H|(Cy U C/)} (30)

because |Cy| = 3. By Lemma 9(i), H|(Cy U Ci*) = M(K4). The elements of C;" can be labeled by a;, b;, ¢;
so that T; = {a;, b;, x}, S; = {a;, ¢ci, ¥}, Ri = {bi, ci, z} are triangles of H|(Cyg U Ci*), where Cy = {x, y, z}. As

{x,v,a1,as,...,a,}is abasis of H,itfollows that Cy, Ty, T», ..., T,, S1, S2, ..., Sy span the cycle space of H over
G F(2). But these sets also span the cycle space of M(Kéi)l) over GF(2), where K3(,3;1 has u, v, w, vy, v2, ..., v, as
vertices and edges: x incident with # and v; y incident with v and w; z incident with # and w; and, fori € {1, 2, ..., n},

a; incident with v and v;; b; incident with u and v;; and ¢; incident with w and v;. Therefore M = M (K3(3r)l) and the
result follows. [

Lemma 11. Let (M, C) be a strong special pair such that |C| = 8. If |E(K)| = 4, for some K € A{(M/C), then
(M, C) is unitary.

Proof. Suppose this result is not true. Choose a counter-example (M, C) such that |E(M)| is minimum. Hence
[Ay(M/C)| > 2. There is H € A;(M/C) such that H # K. First, we show that E(M) = C U E(H) U
EK),|E(H)| = 3,and [E(K)] = 4. If N = M|(CU X UY), where X is a 3-subset of E(H) and Y is a 4-
subset of E(K), then A;(N/C) = {H|X, K|Y} and so (N, C) is a strong special pair. By the choice of (M, C),
M = N.Thatis, E(M) = CUE(H)U E(K),X = E(H) and Y = E(K). By Lemma 9(ii) applied to the unitary
special pair (M |(C U E(K)), C), there is a matroid L such that L = M(W4) and I'1(M|(C U E(K))) = {L}. By
Lemma 9(iii),

[E(L) — E(K)]NC = 0. 31
Observe that
[[2(M|(CUE(K)))| =4 (32)

because, by Lemma 7(iv), M|C is the 2-sum of the matroids belonging to the family I>(M|(CU E(K))) U{L\E(K)}.
By (31) and (32),

ICNE(L)| =2, forevery L' € Ih(M|(CU E(K))). (33)
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Now, we show that
M (M) =1,  say I''(M) = {L'}. (34)

Assume that (34) is not true. By Lemma 10,

2<|NM)| = MM/C) = {H, K} =2, (35)
say (M) ={Ly, Lx}, where E(H) C E(Ly) and E(K) € E(Lg). By Lemma 9(i), Ly = M(K4). Note that
A (MI(CUE(K))) = [A2(M) — {Lu}]U{Ly\E(H)}. (36)

Hence LF\E(H) € I»(M|(C U E(K))). By (33), |C N[E(Ly) — E(H)]| = 2; a contradiction to Lemma 9(iii)
applied to the unitary strong special pair (M|[C U E(H)], C). Therefore (34) holds.
By (34) and Lemma 8, when C;» = E(L") — [E(H) U E(K)],

(M) =8MI|C)+ (ICp| = 3) — (IE(H)| —3) — (JE(K)| — 3). (37)
Therefore
|Cp |l =4+ [6(M) —8(M|C)] < 4. (38)

But L € A(L'\E(H)) and so L = L'\E(H). By Lemma 9(i) applied to the unitary special pair (M\E(K), C),
L'\E(K) = L1 @&, Ly, where L1 = U3 and Ly = M(Ky). In particular, L'\ E(K) has a unique 2-separation
{Z, W}, say |Z| = 2. Choose e € E(K) such that r(ZU (E(K) —e)) =4 andr(W — E(H)) U (E(K) —¢)) = 4.
Note that L’\e is 3-connected. Therefore {L'\e} = I'| (M \e); a contradiction to Lemma 10 applied to strong special
pair (M\e,C). O

5. There exists no counter-example to Theorem 3

In this section, we prove Theorem 3 by contradiction. Suppose that M is a 3-connected binary matroid such that
r(M) > 10,

|E(M)| = 4r(M) — 8 (39)
and M does not have a circuit C such that M\ C is 3-connected.
Lemma 12. A(M) <6.

Proof. By Proposition 1, M has a 3-connected spanning minor N such that

3r(M) — A(M) —2 when M is not Hamiltonian
[EN)| = {Zr(M) when M is Hamiltonian. (40)
Observe that
r(M)+ A(M) — 6 when M is not Hamiltonian
[E(M) — E(N)| = {Zr(M) -8 when M is Hamiltonian. @1

If E(M)— E(N) contains a circuit C of M, then M\ C is 3-connected because N is 3-connected and spanning. Hence
E(M) — E(N) is independent and so

r(M)+ A(M) — 6 when M is not Hamiltonian
2r(M) — 8 when M is Hamiltonian.

Thus M is not Hamiltonian and A(M) < 6. O

r(M) = |[E(M) — E(N)| = { (42)

Lemma 13. If C is a circuit of M, then |C| < 8. Moreover, A(M) = §(M|C), when |C| = 8.

Proof. By Lemma 4, |C| —2 = §(M|C) < A(M). By Lemma 12, A(M) < 6 and so |C| < 8. Observe that we have
equality in all inequations when |C| =8. [
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Lemma 14. circ(M) = 8.

Proof. Suppose that circ(M) # 8. By Lemma 13, circ(M) < 7. By Theorem 5, circ(M) € {6, 7}; a contradiction to
Theorem 6. [

We say that L is a Tutte-line of a matroid H, when H|L does not have coloops and r((H|L)*) = 2. Observe that
every Tutte-line of M is a subdivision of Uy > or U 3 since M is binary. We prove that:

Lemma 15. If L is a Tutte-line of M, then §(M|L) = |L| — 4. Moreover, |L| < 10.

Proof. We have two cases to consider. If M|L is a subdivision of Uy 2, then M|L is the 1-sum of matroids M|L and
M|L,, where L1 and L, are the circuits of M|L. Hence, by Lemmas 1 and 4,

S(M|L) =8(M|Ly) +38(M|L2) = (IL1] = 2) + (|L2| = 2) = |L]| — 4. (43)
If M|L is a subdivision of Uj 3, then
A (ML) = |L| — 3. (44)

(Remember that, by definition, a matroid belonging to A>(M|L) which is isomorphic to U; 3 does not contribute to
M (M|L).) Thus,

S(MIL) =3(IL| =2) — [L| -1 = (L] =3) =|L| — 4. (45)
The first part of the result follows. By Lemma 12, we have that

|IL| —4=56(M|L) <6 (46)
andso |L| <10. O

Lemma 16. If C is a circuit of M such that |C| = 8, then every connected component of M/C has rank equal
toQor 1.

Proof. Let A be a circuit of M/C. Observe that L = C U A is a Tutte-line of M. By Lemma 15, |C U A| < 10 and
so |A| < 2. Therefore circ(M/C) < 2. The result follows because every connected component of a matroid with
circumference at most 2 has rank equaltoOor 1. I

By Lemma 14, M has a circuit C such that |C| = 8. By Lemma 16, each connected component of M/C has rank
equal to O or 1. Let My, M», ..., M, be the connected components of M/C having rank equal to 1.

Lemma 17. »(E(M;)) > 3, for everyi € {1,2,...,n}.

Proof. If r(E(M;)) < 2, then {E(M) — E(M;), E(M;)} is a 1- or 2-separation of M because r(E(M) — E(M;)) =
r(M) — 1; a contradiction. [

Fori € {1,2,...,n}, let B; be a basis of M;. If N = M|(CU By U B, U---U By), then (N, C) is a strong
special pair because, by Lemma 13, §(M|C) = A(M) and, by Lemma 17, |B;| > 3, forevery i € {1,2,...,n}. By
Lemma 11, |By| = |B2| == |By| =3,sincen =r(M) —7 > 3.

Lemma 18. Fori € {1,2,...,n}, |[E(M;)| € {3, 4}. Moreover, when |E(M;)| = 4, E(M,) is a circuit of M.

Proof. If E(M;) = B;, then the result follows. Suppose that ¢ € E(M;) — B;. There is a circuit C of M such
that e € C C B; Ue. As E(M;) is a cocircuit of M, it follows, by orthogonality, that |C N E(M;)]| is even. But
CNE(M;) = C and so |C| = 4 because M is 3-connected. In particular, C = B; Ue.Ife # ¢’ and ¢’ € E(M;) — B;,
then B; U ¢’ is a circuit of M; a contradiction because (B; U e) A (B; Ue') = e, €'} is a circuit of M. Therefore e’
does not exist and the result follows. [

By Lemma 10, for each H € I'/(N), H = M(K§3|)A1(H/CH)|)’ where Cy = E(H) — (B UByU---U By). In
particular, |Cy| = 3 and CyNC = @. By Lemma 7(iv), M|C = N|C is obtained by making the 2-sum of the matroids
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belonging to the family {H|Cg : H € I'1(N)} U I2(N). As every matroid belonging to this family is isomorphic to
U3 and Cyg NC =@, forevery H € I'1(N), it follows that |[I5(N)| > 4 and so

(V)| < 2. (47)

Lemma 19. If M\ E(M;) is not 3-connected, for some i € {1,2...,n}, then M\E (M) is 3-connected, for every
jef{l,2,...,n}—{i}.

Proof. By (47), the result follows provided we establish that:
There is H € I')/(N) such that E(H) = B; U Cy. 48)
(Remember thatn = r(M) —7 > 3.)

If (48) is not true, then there is H € I'1(N) such that B; € E(H) and E(H) # B; U Cy, say B; C E(H), for
jef{l,2,...,n}—{i}. Observe tha}t I(N) = I»(N\B;) and I'1(N\B;) = [I1(N) —iH}]U{H\Bi}. For a matroid L
belonging to Iy (N) U {H\B;}, let L be the unique binary extension of L such that E(L) = E(L)U[Upg,cg) E(M;)]
and, foreachi € {1, 2, ..., n} satisfying B; € E(L) and |E(M;)| = 4, E(M;) is a circuit of L. We have that:

Ay (M\(cly (C) = €)) ={L : L € T{(N)} U Ia(N)

A (M\[(cly(C) = C)U EM;)D) ={L : L € [I1(N) — {H}]U{H\B;}} U I2(N).
In particular, each 2-separation of M\[(cly(C) — C) U E(M;)] is induced by a 2-separation of M\ (cly (C) — C).
As the elements belonging to cly/(C) — C destroy every 2-separation of M\(cly(C) — C), it follows that these

elements destroy every 2-separation of M\[(cly/(C) — C) U E(M;)]. Thus M\ E (M;) is 3-connected; a contradiction.
Therefore (48) holds and so the result follows. [

If |[E(M;)| = 4, forsome i € {1,2,...,n}, then E(M;) is a circuit of M. By hypothesis, M\ E(M;) is not 3-

connected. By Lemma 19, there is at most one i € {1, 2, ..., n} such that |E(M;)| = 4. By Theorem 4, there is a
3-connected spanning restriction M’ of M such that E(M) — [cly(C) — C] € E(M') and

|E(M))| = |E(M\[cly (C) = CD| = M(E(M\[cly (C) — CD) + A E(M\[cly(C) —C) =2 =5. (49

|E(M\[cly (C) — CD| = |C|+Z|E(Mi)| <9+ 3n, (50)

i=1
it follows that |E(M")| < 3n + 14 = 3r(M) — 7. Consequently
|E(M) — E(M")| > [4r(M) — 8] — [3r(M) =Tl =r(M) + 1; (51)

a contradiction because E (M) — E(M’) contains a circuit C of M and so M\ C is 3-connected. With this contradiction,
we finish the proof of Theorem 3.
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