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Reduction of Lie algebroids

Notation
v (A p,M), (A,p,M) vector bundles
v (II,7) : (A, p,M) — (A P, M) epimorphism
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Reduction of Lie algebroids

Notation
v (A p,M), (A,p,M) vector bundles
v (II,7) : (A, p,M) — (A P, M) epimorphism

Definition (Reduced Lie algebroid)

Let A andA be Lie algebroids with exterior derivativelg andd; respectively. The
bundleA is areduced Lie algebroiaf A if (I1, ) is a Lie algebroid homomorphismn
i.e.daoIl* =II* o dj.

aThis definition of Lie algebroid morphism is equivalent to thieial one given byHiggins-Mackenzie
J. Algebra 129 (1990).

vy
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Definition (Section of an epimorphism)
A section ofll is a set of maps between fibers

S= {§:I//&$(HAX|7T(X):/)Z,X€ M}

such thafll, o § = idg, forall x € M.
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Definition (Section of an epimorphism)
A section ofll is a set of maps between fibers

S= {S;(:Ay(ﬁAxhr(X):XXE M}

such thafll, o § = idg, forall x € M.

Notes
@ The setSdoes not have to define a vector bundle morphism, but whereg $lis
a section in the usual sense.

@ A sectionSdefines amag : I'(A) — I'(A) in the following way
SO (X) = (W),

for all x € M.
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Reduction theorem

v (A p,[,]a) Lie algebroid oveM
v (IL7) : (A p,M) — (3\, P, M) surjective submersion }
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Reduction theorem

v (A p,[,]a) Lie algebroid oveM
v (IL7) : (A p,M) — (3\, P, M) surjective submersion J

@ 3 (I, ): (A*, 7,M)— (A*, 7, M) surjective submersion, such that

S= {321—( ) A= A T(X) =%, x € M}lsasectlonoﬂ
® ImSis a subalgebra d"(A), [+, -]a)

© daoIT* o I = IT* o II o da, wherell : Q(A) — Q(A) is defined by
(a)(V, ..., %) = a(S(W),...,SW))
for all II-projectableA-k-form a.
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Reduction theorem

Then,Ais a reduced Lie algebroid &€ with exterior derivative
d; == I o da o IT%,

and Lie algebroid structurg, [, -]3):

) ']A om=1Io [S()7 S()]A
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Reduction theorem

Then,Ais a reduced Lie algebroid &€ with exterior derivative
d; == I o da o IT%,

and Lie algebroid structurg, [, -]3):

solaom =10 [S(-),S()]a

Note

An equivalent version of this theorem was proveddsyid Iglesias, Juan Carlos
Marrero, David Marin de Diego, Eduardo Mamez and Edith Padm, SIGMA 3
(2007).

Paticia Santos (CMUC/ ISEC) Reduction and Lagrangian mechanics on L.A. September 11th, 2007



Example: Poisson manifold

v (M, A) Poisson manifold an@T*M, A% [-, -]t-m) associated Lie algebroid
v 7:M — M surjective submersion and: M — M is such thatr o o = idg
v II=(To)*:T*"M — T*M and Il = Tx : TM — TM are submersions over

v ImSis a Lie subalgebra aff’(T*M), [-, -]t-m) and the space of sections of
C, = Ker(To)* is an ideal of this algebra.
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Example: Poisson manifold

v (M, A) Poisson manifold an@T*M, A% [-, -]t-m) associated Lie algebroid
v 7:M — M surjective submersion and: M — M is such thatr o o = idg
v II=(To)*:T*"M — T*M and Il = Tx : TM — TM are submersions over

v ImSis a Lie subalgebra aff’(T*M), [-, -]t-m) and the space of sections of
C, = Ker(To)* is an ideal of this algebra.

The reduced structure affM:
() p=TroA oS with S = (Tym)* : T2 M — TyM;

~

(i) []gom=T0o[S(-),S()r-m, With S=x*:[(T*M) — I(T*M).
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Poisson reduction

Notation
v (A p,[,]a) Lie algebroid oveM

v (A", {,-}A.) associated Lie co-algebroid
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Poisson reduction

Notation
v (A p,[,]a) Lie algebroid oveM

v (A", {,-}A.) associated Lie co-algebroid

Poisson reduction in the sense of Marsden-Ratiu '86
Let C be a subbundle oFA* such that:

@ it defines a surjective submersi¢H, 1) : (A*,7,M) — (A*,7, M)
® VF,G € C>*(A*) such thatF, dG € C°, thend{F, G} € C°
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Poisson reduction

Notation
v (A p,[,]a) Lie algebroid oveM

v (A", {,-}A.) associated Lie co-algebroid

Poisson reduction in the sense of Marsden-Ratiu '86
Let C be a subbundle oFA* such that:

@ it defines a surjective submersi¢i, 7) : (A*, 7,M) — (,5?,?, l\7|)

® VF,G € C>*(A*) such thatF, dG € C°, thend{F, G} € C°

ﬂ

(ZF .7, M) is endowed with a Poisson structyfre-} , that satisfies:

{?oﬁ,éoﬁ}N - {ﬁé}A oI, VF,Ge C®A)
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Theorem
(A7 P ['a ]A) S (A7 P, ['7 ]/A) — (A*7AA*) E) (A*,A’A‘*)
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Theorem
LAR &

(Av Ps [" ]A) - (A7 2 ['7 ]AA) = (A*vAA*) = (A*’AAA

)

Proposition
If (A%, Aa) == (A%, A5 ) thenA := (A*)* is a Lie algebroid:
TropoS

([]a) = [g(')»_(')]

e p=
e S A
whereS = {3‘: = (TL)* : Ay — A 7(X) =%, x € M}.
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Theorem
LAR &

(Av P [" ]A) = (A7 ﬁ’ ['7 ]AA) = (A*vAA*) E) (A*’AAA*)

Proposition

If (A*, AA*) (A* Ag) thenA := (A*)* is a Lie algebroid:

e p=TropoS

* S a) =[() S()la
whereS { : —>Ax|7r()_?,xeM}.
Note

Ap, [ 1a) BB A ) <= (A An) B

(A%, Ag)
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Example: Lie groufs

Let G be finite dimensional Lie group with Lie algebga
o (II,m) : (TG, p,G) — (g,p,{:}) is the canonical projection defined by the
tangent representatiab(g) = TLg of the action ofG on itself by left
translations, witifG = G x g we havell(g, X) = X for all X € g andg € G.
« With T*G = G x g* the projection] : T*G — g* = T*G/G defined by
ﬁ(g, a) = a, forallg € Ganda € g*, is a surjective submersion over
mT:6G—G/G={1}
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Example: Lie groufs

Let G be finite dimensional Lie group with Lie algebga
o (II,m) : (TG, p,G) — (g,p,{:}) is the canonical projection defined by the
tangent representatiab(g) = TLg of the action ofG on itself by left
translations, witifG = G x g we havell(g, X) = X for all X € g andg € G.
« With T*G = G x g* the projection] : T*G — g* = T*G/G defined by
ﬁ(g, a) = a, forallg € Ganda € g*, is a surjective submersion over
m:G—G/G={}.
By Marsden—Ratiyg* is endowed with a linear Poisson structure such that
I:T*G — g* is a Poisson morphism.
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Example: Lie groufs

Let G be finite dimensional Lie group with Lie algebga
o (II,m) : (TG, p,G) — (g,p,{:}) is the canonical projection defined by the
tangent representatiab(g) = TLg of the action ofG on itself by left
translations, witifG = G x g we havell(g, X) = X for all X € g andg € G.
« With T*G = G x g* the projection] : T*G — g* = T*G/G defined by
ﬁ(g, a) = a, forallg € Ganda € g*, is a surjective submersion over
m:G—G/G={}.
By Marsden—Ratiyg™* is endowed with a linear Poisson structure such that
I:T*G — g* is a Poisson morphism. Then, we can prove that the conditibtiee
reduction theorem are satisfied gndvith its usual structure of Lie algebroid, is a
reduced Lie algebroid of G.
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® Reduction of Lagrangian mechanics on Lie algebroids
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Reduction of a Lie algebroid prolongation

v (IL,7): (A p,M) — (A P,M) submersion
v Areduced Lie algebroid ok

Paticia Santos (CMUC/ ISEC) Reduction and Lagrangian mechanics on L.A. September 11th, 2007 13/ 2:



Reduction of a Lie algebroid prolongation

v (IL,7): (A p,M) — (A P,M) submersion
v Areduced Lie algebroid ok

|

T = (IL,II,TI) : TA — TAis a Lie algebroid surjective homomorphism oveJ‘
Im:A— A
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Reduction of a Lie algebroid prolongation

v (IL,7): (A p,M) — (A P,M) submersion
v Areduced Lie algebroid ok

|

T = (IL,II,TI) : TA — TAis a Lie algebroid surjective homomorphism oveJ‘

m:A— A

ﬂ

TAis areduced Lie algebroid afA. J
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Prolongation—— Reduction by symmetry

v (A, p,[,-]a) Lie algebroid oveM
v ®: G — Aut(A) Lie algebroid representation & on A
v ® e ®° define proper and free actions@fon A andA*
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Prolongation—— Reduction by symmetry

v (A, p,[,-]a) Lie algebroid oveM
v ®: G — Aut(A) Lie algebroid representation & on A
v ® e ®° define proper and free actions@fon A andA*

ﬂ

A satisfies the reduction theorem conditions, and #é&a is a reduced Lie algebroi]

of AoverM/G.
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Prolongation—— Reduction by symmetry

v (A, p,[,-]a) Lie algebroid oveM
v ®: G — Aut(A) Lie algebroid representation & on A
v ® e ®° define proper and free actions@fon A andA*

ﬂ

A satisfies the reduction theorem conditions, and #hé&a is a reduced Lie algebroi
of AoverM/G.

T(A/G) ~ (TA)/G is areduced Lie algebroid afA.2

aUsing a different approach, this result was also proveMaypuel de Lén, Juan Carlos Marrero and
Eduardo Martnez J. Phys. A: Math Gen. 38 (2005).
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Example: Principal fiber bunde(M, G)

Consider a principal fibre bund”(M, G) and the associated gauge algebroid
(TP/G,p,M).
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Example: Principal fiber bunde(M, G)

Consider a principal fibre bund”(M, G) and the associated gauge algebroid
(TP/G,p,M).

e The canonical projectiofl : TP — TP/G is a homomorphism of Lie algebroid

overw : P — M that defines the homomorphism of Lie algebroids
TII: 7(TP) — 7(TP/G) overlIl. Note that7 (TP) = T(TP).

« Let ¢ be the (right) action of the Lie group onP. Then,®(g) := T¢g4 defines a

Lie algebroid representation & on TP.

(¢))
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Example: Principal fiber bunde(M, G)

Consider a principal fibre bund®M, G) and the associated gauge algebroid
(TP/G,p,M).

e The canonical projectiofl : TP — TP/G is a homomorphism of Lie algebroid

overw : P — M that defines the homomorphism of Lie algebroids
TII: 7(TP) — 7(TP/G) overlIl. Note that7 (TP) = T(TP).

« Let ¢ be the (right) action of the Lie group onP. Then,®(g) := T¢g defines a

Lie algebroid representation & on TP.

We can prove thaf ® = (¢, , T®) is a Lie algebroid representation @fon 7 (TP)

and then7 (TP)/G = T (TP/G), that is, T(TP)/G = T (TP/G).

(7))
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Reduction of Lagrangian mechanics on Lie algebroids

Notation
v Areduced Lie algebroid ok
v (I, : (Ap,M) — (3\, P, M) submersion
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Reduction of Lagrangian mechanics on Lie algebroids

Notation
v Areduced Lie algebroid ok
v (I, : (Ap,M) — (3\, b, I\7I) submersion

Lemma

We haveT Il o S= So 71l and7 Il o A = A o II, whereSandA are, respectively,
the vertical endomorphism and the Liouville sectior7ok.
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Theorem
LetL € C>(A) be all-invariant Lagrangian of a dynamics Lagrangian systemon
i.e. there exists € C>(A) such thal. = | o II. Then:

L4 E| oll = E|_
o (TI)* = 6, = (T = wL
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Theorem
LetL € C>(A) be all-invariant Lagrangian of a dynamics Lagrangian system\on
i.e. there exists € C>(A) such thal. = | o II. Then:

e Eoll=F

o (TI)* = 6, = (T = wL
WhenL is regular, then we have:

e |isregular

e TTloX =X oIl

Therefore, the Lagrangian dynamics Aimduced by a reguldr-invariant
LagrangiarL = | o II reduces to the dynamics @ngiven byl.
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® Hamel symbols and nonholonomic mechanics on Lie algebroids
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Adapted coordinates to nonholonomic restrictions

Notation
v (A, p,[,-]a) Lie algebroid oveM
v" k nonholonomic linear restritions oh
$a(0,V) = @a(q, V) = Gas(AV7,
where@ is a linear function defined by th&-1-form &,
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Adapted coordinates to nonholonomic restrictions

Notation
v (A, p,[,-]a) Lie algebroid oveM
v" k nonholonomic linear restritions oh
$a(0,V) = @a(q, V) = Gas(AV7,
where@ is a linear function defined by th&-1-form &,

Adapted coordinates
e {(d,w*)|i=1,...,n, a=1,...,s} local coordinates oA
o W*= .3 v? the lastk coordinates coincide with the restrictiong i.e.
W= oV, VI=1.,(s—k),
wsk — g va=1 ..k
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Associated with the new coordinatAswe consider on the prolongation Afthe
following basis of local sections:
J

whereX, = Vo p' g 94|, foralla=1,...,r, where¥,5® 3, = da.

Y@ = @ L p@)Xul@), Vala) = (a0 50

Lie algebroid structure of A

[X/Ow XIB]TA = ’YZﬁXe/ 3 [X/aa V/B]TA = O, [V/om Vlﬁ]TA = 0,
0
X' = ') =
pralX’s) Xa s pra(V ) e’

where[f,, f5]a = 7 5fc.
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Euler-Lagrange equations in adapted coordinates

LetL € C>(A) be aregular Lagrangian of a dynamical system on the Lie abikB
with a non-conservative foro@. J
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Euler-Lagrange equations in adapted coordinates

LetL € C>(A) be aregular Lagrangian of a dynamical system on the Lie abikB
with a non-conservative foro@. J

Euler-Lagrange generalized equations:

d/oLy CaL L
dt(awa> = Yoar sgg T W ko gyp + Ta

with:
o § =wWVg,p 5, wherel = o1

e T, is thea-component of the nonconservative foi@ein the new coordinates

e v Hamel symbols
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Gauge algebroidG/G of a Lie groupG

Let G be a Lie group ane its neutral element.

e Using the mapgiLy-: : TG — G x TG given by TLg-1( = (g,¢) we can
identify TG with G x TeG.

o If (¢"),forl =1,...,dimG, is the set of coordinates éfc T,G with respect to
a basis{e } of TG, then we can define a set of quasi-velociti¢y on TG by
g'e =& = Tylg-1(9). If gis a point inG of local coordinatesg'), then(g', ¢')
defines a set of quasi-coordinated .
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Gauge algebroidG/G of a Lie groupG

Let G be a Lie group ane its neutral element.

e Using the mapgiLy-: : TG — G x TG given by TLg-1( = (g, &) we can
identify TG with G x TeG.
o If (¢"),forl =1,...,dimG, is the set of coordinates éfc T,G with respect to
a basis{e } of TG, then we can define a set of quasi-velociti¢y on TG by
g'e =& = Tylg-1(9). If gis a point inG of local coordinatesg'), then(g', ¢')
defines a set of quasi-coordinated .
A regularG-invariant Lagrangiar € C>(TG) in quasi-coordinates is given by
£(g9,9) = 1(¢), wherel is a function on the Lie algeb@= T.G.
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Gauge algebroidG/G of a Lie groupG

Let G be a Lie group ane its neutral element.

e Using the mapgiLy-: : TG — G x TG given by TLg-1( = (g, &) we can
identify TG with G x TeG.

o If (¢"),forl =1,...,dimG, is the set of coordinates éfc T,G with respect to
a basis{e } of TG, then we can define a set of quasi-velociti¢y on TG by
g'e =& = Tylg-1(9). If gis a point inG of local coordinatesg'), then(g', ¢')
defines a set of quasi-coordinated .
A regularG-invariant Lagrangiar € C>(TG) in quasi-coordinates is given by
£(g9,9) = 1(¢), wherel is a function on the Lie algebm@= T.G. The Euler-Lagrange
equations of the gauge algebrdi®/G = g are given by:

d/al\ 5 ¢
a (o) =€ see

wherecy K are the structure constants of the Lie alggpbod the Lie groupG with
respect to the basig } of g.
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