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Reduction of Lie algebroids

Notation

X (A, p, M), (Â, p̂, M̂) vector bundles

X (Π, π) : (A, p, M)→ (Â, p̂, M̂) epimorphism

Definition (Reduced Lie algebroid)

Let A andÂ be Lie algebroids with exterior derivativesdA anddÂ respectively. The

bundleÂ is areduced Lie algebroidof A if (Π, π) is a Lie algebroid homomorphisma,

i.e. dA ◦Π∗ = Π∗ ◦ dÂ.

aThis definition of Lie algebroid morphism is equivalent to theinicial one given byHiggins-Mackenzie,

J. Algebra 129 (1990).
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Definition (Reduced Lie algebroid)
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Definition (Section of an epimorphism)
A section ofΠ is a set of maps between fibers

S=
{

Ŝx
x : Â̂x→ Ax | π(x) = x̂, x ∈ M

}

such thatΠx ◦ Ŝx
x = idÂ x̂

, for all x ∈ M.

Notes
1 The setSdoes not have to define a vector bundle morphism, but when it doesS is

a section in the usual sense.

2 A sectionSdefines a mapS : Γ(Â)→ Γ(A) in the following way

S(v̂)(x) = Ŝx
x(v̂̂x),

for all x ∈ M.
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Reduction theorem

X (A, ρ, [·, ·]A) Lie algebroid overM

X (Π, π) : (A, p, M)→ (Â, p̂, M̂) surjective submersion

1 ∃ (Π̃, π) : (A∗, τ, M)→(Â∗, τ̂ , M̂) surjective submersion, such that

S=
{

Ŝx
x := (Π̃x)

∗ : Â̂x→ Ax | π(x) = x̂, x ∈ M
}

is a section ofΠ

2 Im S is a subalgebra of(Γ(A), [·, ·]A)

3 dA ◦Π∗ ◦ Π̃ = Π∗ ◦ Π̃ ◦ dA, whereΠ̃ : ΩΠ̃(A)→ Ω(Â) is defined by

Π̃(α)(v̂1, . . . , v̂k) = α(S(v̂1), . . . , S(v̂k))

for all Π̃-projectableA-k-form α.

Patŕıcia Santos (CMUC/ ISEC) Reduction and Lagrangian mechanics on L.A. September 11th, 2007 6 / 22



Reduction theorem

X (A, ρ, [·, ·]A) Lie algebroid overM
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∗ : Â̂x→ Ax | π(x) = x̂, x ∈ M
}

is a section ofΠ

2 Im S is a subalgebra of(Γ(A), [·, ·]A)

3 dA ◦Π∗ ◦ Π̃ = Π∗ ◦ Π̃ ◦ dA, whereΠ̃ : ΩΠ̃(A)→ Ω(Â) is defined by
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Reduction theorem

Then,Â is a reduced Lie algebroid ofA with exterior derivative

dÂ := Π̃ ◦ dA ◦Π∗,

and Lie algebroid structure(ρ̂, [·, ·]Â):

• ρ̂ = Tπ ◦ ρ ◦ S

• [·, ·]Â ◦ π = Π ◦ [S(·), S(·)]A

Note
An equivalent version of this theorem was proved byDavid Iglesias, Juan Carlos

Marrero, David Mart́ın de Diego, Eduardo Martı́nez and Edith Padŕon, SIGMA 3

(2007).
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dÂ := Π̃ ◦ dA ◦Π∗,

and Lie algebroid structure(ρ̂, [·, ·]Â):
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Example: Poisson manifold

X (M,Λ) Poisson manifold and(T∗M,Λ♯, [·, ·]T∗M) associated Lie algebroid

X π : M → M̂ surjective submersion andσ : M̂ → M is such thatπ ◦ σ = idM̂

X Π = (Tσ)∗ : T∗M → T∗M̂ and Π̃ = Tπ : TM→ TM̂ are submersions overπ

X Im S is a Lie subalgebra of(Γ(T∗M), [·, ·]T∗M) and the space of sections of

Cσ = Ker(Tσ)∗ is an ideal of this algebra.

The reduced structure onT∗M̂:

(i) ρ̂ = Tπ ◦ Λ♯ ◦ S, with Sπ(x)
x = (Txπ)∗ : T∗

π(x)M̂ → T∗
x M;

(ii) [·, ·]Â ◦ π = Π ◦ [S(·), S(·)]T∗M, with S = π∗ : Γ(T∗M̂)→ Γ(T∗M).
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Poisson reduction

Notation
X (A, ρ, [·, ·]A) Lie algebroid overM

X (A∗, {·, ·}A∗) associated Lie co-algebroid

Poisson reduction in the sense of Marsden-Ratiu ’86
Let C be a subbundle ofTA∗ such that:

1 it defines a surjective submersion(Π, π) : (A∗, τ, M)→ (Â∗, τ̂ , M̂)

2 ∀F, G ∈ C∞(A∗) such thatdF, dG∈ C0, thend{F, G}A∗ ∈ C0

��

(Â∗, τ̂ , M̂) is endowed with a Poisson structure{·, ·}
∧

that satisfies:
{

F̂ ◦Π, Ĝ ◦Π
}

A∗

=
{

F̂, Ĝ
}

∧

◦Π, ∀F̂, Ĝ ∈ C∞(Â∗)
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2 ∀F, G ∈ C∞(A∗) such thatdF, dG∈ C0, thend{F, G}A∗ ∈ C0

��
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Theorem

(A, ρ, [·, ·]A)
LAR
−→ (Â, ρ̂, [·, ·]Â) =⇒ (A∗,ΛA∗)

PR
−→ (Â∗,ΛÂ∗

)

Proposition

If (A∗,ΛA∗)
PR
−→ (Â∗,ΛÂ∗

) thenÂ := (Â∗)∗ is a Lie algebroid:

• ρ̂ = Tπ ◦ ρ ◦ S

• S([·, ·]Â) = [S(·), S(·)]A

whereS=
{

S
x̂
x := (Πx)

∗ : Â̂x→ Ax | π(x) = x̂, x ∈ M
}

.

Note

(A, ρ, [·, ·]A)
LAR
−→ (Â, ρ̂, [·, ·]Â)⇐=/ (A∗,ΛA∗)

PR
−→ (Â∗,ΛÂ∗

)
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• S([·, ·]Â) = [S(·), S(·)]A

whereS=
{

S
x̂
x := (Πx)
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Example: Lie groupG

Let G be finite dimensional Lie group with Lie algebrag.

• (Π, π) : (TG, p, G)→ (g, p̂, {·}) is the canonical projection defined by the

tangent representationΦ(g) = TLg of the action ofG on itself by left

translations, withTG≡ G× g we haveΠ(g, X) = X for all X ∈ g andg ∈ G.

• With T∗G≡ G× g
∗ the projectioñΠ : T∗G→ g

∗ = T∗G/G defined by

Π̃(g, α) = α, for all g ∈ G andα ∈ g
∗, is a surjective submersion over

π : G→ G/G = {·}.

By Marsden–Ratiug∗ is endowed with a linear Poisson structure such that

Π̃ : T∗G→ g
∗ is a Poisson morphism. Then, we can prove that the conditionsof the

reduction theorem are satisfied andg, with its usual structure of Lie algebroid, is a

reduced Lie algebroid ofTG.
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Reduction of a Lie algebroid prolongation

X (Π, π) : (A, p, M)→ (Â, p̂, M̂) submersion

X Â reduced Lie algebroid ofA

��

T Π = (Π,Π, TΠ) : T A→ T Â is a Lie algebroid surjective homomorphism over

Π : A→ Â.

��

T Â is a reduced Lie algebroid ofT A.
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T Π = (Π,Π, TΠ) : T A→ T Â is a Lie algebroid surjective homomorphism over

Π : A→ Â.
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Prolongation←→ Reduction by symmetry

X (A, ρ, [·, ·]A) Lie algebroid overM

X Φ : G→ Aut(A) Lie algebroid representation ofG onA

X Φ eΦc define proper and free actions ofG onA andA∗

��

A satisfies the reduction theorem conditions, and thenA/G is a reduced Lie algebroid

of A overM/G.

��

T (A/G) ≃ (T A)/G is a reduced Lie algebroid ofT A.a

aUsing a different approach, this result was also proven byManuel de Léon, Juan Carlos Marrero and

Eduardo Mart́ınez, J. Phys. A: Math Gen. 38 (2005).
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Patŕıcia Santos (CMUC/ ISEC) Reduction and Lagrangian mechanics on L.A. September 11th, 2007 14 / 22



Prolongation←→ Reduction by symmetry

X (A, ρ, [·, ·]A) Lie algebroid overM

X Φ : G→ Aut(A) Lie algebroid representation ofG onA

X Φ eΦc define proper and free actions ofG onA andA∗

��

A satisfies the reduction theorem conditions, and thenA/G is a reduced Lie algebroid

of A overM/G.

��

T (A/G) ≃ (T A)/G is a reduced Lie algebroid ofT A.a

aUsing a different approach, this result was also proven byManuel de Léon, Juan Carlos Marrero and
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Example: Principal fiber bundleP(M, G)

Consider a principal fibre bundleP(M, G) and the associated gauge algebroid

(TP/G, p, M).

• The canonical projectionΠ : TP→ TP/G is a homomorphism of Lie algebroids

overπ : P→ M that defines the homomorphism of Lie algebroids

T Π : T (TP)→ T (TP/G) overΠ. Note thatT (TP) ≡ T(TP).

• Let φ be the (right) action of the Lie groupG onP. Then,Φ(g) := Tφg defines a

Lie algebroid representation ofG onTP.

We can prove thatT Φ = (Φ,Φ, TΦ) is a Lie algebroid representation ofG onT (TP)

and thenT (TP)/G∼= T (TP/G), that is,T(TP)/G∼= T (TP/G).
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Reduction of Lagrangian mechanics on Lie algebroids

Notation

X Â reduced Lie algebroid ofA

X (Π, π) : (A, p, M)→ (Â, p̂, M̂) submersion

Lemma

We haveT Π ◦ S= Ŝ◦ T Π andT Π ◦∆ = ∆̂ ◦Π, whereŜand∆̂ are, respectively,

the vertical endomorphism and the Liouville section ofT Â.
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Theorem
Let L ∈ C∞(A) be aΠ-invariant Lagrangian of a dynamics Lagrangian system onA,

i.e. there existsl ∈ C∞(Â) such thatL = l ◦Π. Then:

• Êl ◦Π = EL

• (T Π)∗θ̂l = θL =⇒ (T Π)∗ω̂l = ωL

WhenL is regular, then we have:

• l is regular

• T Π ◦ XL = X̂l ◦Π

Therefore, the Lagrangian dynamics onA induced by a regularΠ-invariant

LagrangianL = l ◦Π reduces to the dynamics on̂A given byl.
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Outline

1 Reduction of Lie algebroids & Poisson reduction

2 Reduction of Lagrangian mechanics on Lie algebroids

3 Hamel symbols and nonholonomic mechanics on Lie algebroids
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Adapted coordinates to nonholonomic restrictions

Notation
X (A, ρ, [·, ·]A) Lie algebroid overM

X k nonholonomic linear restritions onA

φa(q, v) = Φ̂a(q, v) = φaβ(q)vβ ,

whereΦ̂a is a linear function defined by theA-1-formΦa

Adapted coordinates

•

{
(qi , wα) | i = 1, . . . , n, α = 1, . . . , s

}
local coordinates onA

• wα = Φαβ vβ the lastk coordinates coincide with the restrictionsφa, i.e.

wI = ΦIβvβ , ∀I = 1, ..., (s− k),

ws−k+a = φa, ∀a = 1, ..., k
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Associated with the new coordinatesA, we consider on the prolongation ofA the

following basis of local sections:

X ′
α(a) = (a, fα(p(a)), Xα(a)), V ′

α(a) =

(
a, 0,

∂

∂wα

∣∣∣∣
a

)
,

whereXα = Ψβα ρi
β ∂qi

∣∣
w, for all α = 1, . . . , r, whereΨαβΦβγ = δαγ .

Lie algebroid structure onT A

[X ′
α,X ′

β ]
T A = γǫ

αβX
′

ǫ , [X ′
α,V ′

β ]
T A = 0 , [V ′

α,V ′
β ]

T A = 0 ,

ρT A(X ′
α) = Xα , ρT A(V ′

α) =
∂

∂wα
,

where[fα, fβ ]A = γǫ
αβ fǫ.
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Euler-Lagrange equations in adapted coordinates

Let L ∈ C∞(A) be a regular Lagrangian of a dynamical system on the Lie algebroid A

with a non-conservative forceQ.

Euler-Lagrange generalized equations:

d
dt

(
∂L

∂wα

)
= Ψβα ρi

β

∂L
∂qi

+ wǫγβ
ǫα

∂L
∂wβ

+ Υα,

with:

• q̇i = wαΨβαρi
β , whereΨ = Φ−1

• Υα is theα-component of the nonconservative forceQ, in the new coordinates

• γβ
ǫα Hamel symbols
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Gauge algebroidTG/G of a Lie groupG

Let G be a Lie group ande its neutral element.

• Using the mapTLg−1 : TG→ G× TeG given byTLg−1(g, ġ) = (g, ξ) we can

identify TG with G× TeG.

• If (ξI ), for I = 1, . . . , dimG, is the set of coordinates ofξ ∈ TeG with respect to

a basis{eI} of TeG, then we can define a set of quasi-velocities(ξI ) onTG by

ξI eI = ξ = TgLg−1(ġ). If g is a point inG of local coordinates(gI ), then(gI , ξI )

defines a set of quasi-coordinates inTG.

A regularG-invariant LagrangianL ∈ C∞(TG) in quasi-coordinates is given by

L(g, ġ) = l(ξ), wherel is a function on the Lie algebrag = TeG. The Euler-Lagrange

equations of the gauge algebroidTG/G≡ g are given by:

d
dt

(
∂l
∂ξI

)
= ξJcJI

K ∂l
∂ξK

,

wherecJI
K are the structure constants of the Lie algebrag of the Lie groupG with

respect to the basis{eI} of g.
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